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1 %5
1.1 o-fields

QA (#£0),
A : a family of subsets of 2,
P : the family of subsets of Q.

T 1.1 FCP 2 o-field &5 (i), (ii), (iii)
(i) Qe F
(ii) Ae F = A€ F (F &, complementation \ZBJL T closed.)

(iii)) Ap € F,meN= U, cnyAn € F



ACPDLEZ

o(A) 4 the smallest o-field containing A
={ACQ: AlF AZEBLRND o-field IZHENS }

ACP 75§7T—system<g> A Be A= ANnBecA
E# 1.2 AC P 2 Dynkin 15 L (i), (i), (iii)

(i) Qe A

(i) A€ A= A°c A (F i%, complementation \<BIL T closed.)
(iii)) An € A, neN, A,NA,=0n#m =3 (A, €A

Remark. FEERAEDA THEHKH, CTD Dynkin class DEZRITD LR 228 FAfERZ LD TH .
A C P % Dynkin 1% <% (i), (if), (iii)

(i) Qe A
(11) Al,AQGA, A1CA2:>A2\A1€A

(iii) A, e A,neN, A, CAnp1 = U, en4n €A

neN

==p)

HE B0 2oo0TRVBFAMETH D I EERE.
ACPDOLE

5(A) 2 the smallest Dynkin class containing A
={ACQ: Al AZETHR/ND Dynkin RICEENS }

I 1.1 A2 m-system = o(A) = 5(A).
HE 1.1 £01 A D Dynkin 185 m-system = A ¥ o-field.
EH 11 OFW)  5(A) 25 m-system TH 2 I EERREIZ K,
Dy ={ACQ:ANDB e §(A) for all B e A}

L5 L, Dy I, A &Y Dynkin 5CH 5. ((i) #F 2y 7 T3 L & AN B = (AN B)U B ZHlu
%5.) LEd>TD; DI(A). DEIC

Dy ={BCQ:ANB¢ci(A)foral Aecd(A)}

EBLE, Dy 1, A ZET Dynkin BTH L. L7735 T Dy DH(A). T, 6(A) 2% n-system TH 5 Z
ERERT 5.

#l) R = (—o0,0).

O : R OREALE, T R oKX
7 %, w-system.



w,v %2 (R,B(R) 121} % probability measure £ 95 & &, b L

wA) =v(A),VA eI = pu(A) =v(A),YAe BR) (i.eu=v)

A= {AcB[R): u(A) = v(A)}

L5 L, Al Dynkin %, A 12, T 250,

D\ITA

A > 5(7) PE B(R).

DI, S: frtH2Eflosea O = O(S) 2 S DGR, B(S) = 0(0) Z S D topological Borel field &

>

<.,

1.2 Probability measure on Polish space

S : Polich space (#—7 > FZ) L% (1), (ii) % &7z THERE p 25 S i3\ 2

(i) PEEEZ2ME (S, p) DAAHIX, S DInk DRI & —3KL.

(ii) ERAEZ2M] (S, p) 1%, 586 D> D A[4F (complete and separable).

S EORVARERIE = ;13 (S,B(S)) <51 2 R

TIE 1.2 Any Borel probability measure p on a Polish space is K-regular,
ie. VAEB(S), Ve > 0 ICNLTav N7 FEA K C S BFEL T p(A\K) <e Z2H7.

78 1.2 S : Polish — VA € B(S) 2% LTRD Z & AR

(1

1) Ve > 0,3F : closed, 3G : open such that F C A C G and u(G\ F) < ¢

(Lol 2R cH LR T 5. £ Billingsley Teorem 1.1 )
Proof.

&

F={Ae€B(S): (1.1) DKL }
L7cL &, RO L 2REIEHEIE»ND ¢

() Fo O

(i) F 1%, o-field.

I

(i’) A:closed= AeF

G ={r €8 :plx,A) =infycap(z,y) <1l/n} EEL. TITp(z,A) &, z IZOVWTHFETH S &
HFEY 5.

G L A (11 00) = j(G) L i(A) (n 1 00) = ju(Gn \ A) 10 (0 1 o0)

L7 >TVe>03In>1st u(G,—A) <e.

SLF=AG,=G LUk,

(i) Q € F, F %, complementation (ZBJL T closed TH % Z & I1FHH S 7.

ApeFneN= |JA,=AcF
neN



Z/RT. Ve >0, Vn € N, 3F,, 3G, such that

F, CA, CG,and u(G, \ F,,) <e/2"

(y
(y
A

G=JGn Fu=|JF,

neN neN

EBLE, G HEATHEY, Fy BHEATH S EIZRS 2. W50
Fuo CACG, G\ Fx) <Y u(Gn\Fy)
neN

Lh55.
G\ Fo C | J(Gn\ F)

neN

£h .
G\U ) = n(G\ Fx) <

L73oT, T RE% n ITRLT
G\ (| ) <e
k=1
Ur_, Fr BHEATH 20T, BEWIRS N, O
EHE 1.2 OFEAA) S D metric 2 p. F{aq,az,...} : dense in S.
By ={z € S:p(z,a,) < %} . closed

A

S = UB”k for any kK € N
neN

WZRFL T

N
UBnkTS, as N — oo

n=1

THHD 5, Ve >0, Vk IR LT, IN(k) such that

N(k)
Be=|J Bux ELZEE pu(S\By) <e/2H!

n=1

K:ﬂBk LB K ZHES

keN
I 612, K 1F, 265 (totally bounded) i.e. V6 > 0, Jz1,22,...,7, € K such that

U{xEK:p(xk,m) <0}t=K
k=1

£oT, S BFEMTHS I L5 K IZ compact. Z LT

= (U B <D nBp) <Y g ==
k=1

kEN keN

W~



fliE X D VA € B(S),Ve > 0,3F : closed, 3G : open such that
FCACG, wpG\F)<e/2.
JK, compact C S such that u(K§) <e/2. K=FNKy £¢6{¢& KCAT
WA\ K) < p(A N (F°UK5)
< W(ANF9) 4 m(ANKS) < u(G\ F) + u(K§) < <
O

Polish space Dl
1) R deN
2) 2-1) C([0,1]) = C([0,1],R%) : [0,1] TEZE I N7z RY RS A

plw. ') = mas. fu(t) — w' (1)

2-2)  C([0,00)) = C([0,00),R?) : [0,00) TEZKI 117 R? fitdfERI 5 4

22 ( max lw(t) —w' (t)| A1)

te[0,n]

F702

o0

PR max;eo,n] |[w(t) —w'(t)]
1+ maxyeo,n) |w(t) — w'(t)]

>

P (w,w') =

n=1

3)  3-1) D([0,1]) :[0,1] TEFE S NiAE, AR E SO RY HBIE D 41k

p(w,w') = inf sup {[w(A(t)) —w' ()] + [A(¢) ¢}
te[0,1]
I Tinfy 1F, M0) =0, A1) =1 TH 5 &£ 9 % [0,1] D strictly increasing continuous function \ 4x{&
IZDWTE S, (ZOREIE, FEREICI3Z 25 2w, TORL SMMHIZERTE S, ) 20 p 68 ris D((0,1])
LDk % Skorohod topology & \»9).

wn(t):{o, t € [0, an) w(t):{o, t € [0,a)

1, telal]

ELEE, ap — a,n — 00 THHTH maxepo,q) [wa(t) — w(t)] - 0 TH %%, Skorohod topology T,
Wy, — W, M — 0.
p EFEUAAH (Skorohod MitH) % 5.2 %27 o % H21FT (D[0,1], p’) 1%, complete separable meteric
space (R—7 v FZEfH) 43 LHI2TES.
3-2) D([0,00) : [0,00) TEE S N, A% b > R EBIE D 2k

o0

Z “pp(w,w') A1}

pn(w,w’) = inf b}1P]{|w( () = w' ()] + |A(E) — [}
te[0,n
ZZTinfy 1, A0) =0, A\(n) =n TH 5 &L 7% [0,n] LD strictly increasing continuous function A 2f£
IZ2WTE 3.



1.3 WEX@ERE

(S,S) : measurable space (S set # ), S : a o-field of subsets of S.)

(Q,F, P) : probability space

TCR,T#0

Ve T IZHL, S IZffiz & B HERAH

X :Q— 8, €F/S, (XHS)CF)

MWHEZoNTWB EZE {X,,teT} % S % State space &7 % stochastic process &\ 9.

{X¢,t € T} : stochastic process on (5, S)

A= A(T) = H5% 2 HBED T OEHED SR BEFAL (11, 1o, ..., 1) DAl

W=8T=T ETdef & S Oofcfiiz & 25D 21%

(tl,tQ,...,tn) EANELTBHBLEE (th,Xt2,...,th) @Eﬁ;‘gﬁ%ﬁ% Ptl,tg _____ tn &%( .
Ptl,t2 _____ tn Li, (Sn,Sn) 28T %%%(ﬁ“’gf‘%%

St=o (HAj,Aj €8,1< §n)
j=1
{Pi oty (t1,t2y o tn) € A} ZHERERE (X, t € T} OBERRILHAHRE V.
{ Xt €T}, {Ys, t € T} : stochastic processes on (5, S)
(1) BRRITLAHRPFELWE E (Xt €T} % {Y,,t € T} O version (FBH) L.
(ZOBEITIF {X,t e T}y & {Y,,t € T} DIBEOMERZEFM D LICERSI TR BHEIX R\, )
(2) { X, t € T}, {Vi,t € T} DPIHBOREREMO LICERINTVWD L E,

(X, teT} & {Y,,t €T} % equivalent TH2% &L P(X, =Y,) =1, VteT

(X, t €T} & {Y;,t € T} 1F indistinguishable TH 2 <L P(X, =Y, t € T) =1,

&)

{Xi,t € T} : stochastic process on (S,8) £95. weQ Z2fix §5& X (w) &, W DmEHEES. C
DREED 2 L ZFEARFER w 1ITHT % sample function & 9.

W (GEDZEH, path space ) [IC o-field ZEATE 5.

Cylinder sets : (t1,ta,...,t,) €A, A€ S™

B={weW: (wt),w(t),...,w(t,)) € A}
B = o( cylinder sets 2{K)

X: Q . W € F/B
F B
P Px (image measure)

X 'BcF, X'B)={w:Xw) eBYcF, BeB.



Notation :

i 8% e FIF
1 pop™!
measure image measure (fRHIE)

notation.  (po 1) (A) ¥ u(p~l(A), A€ F'
B: cylinder set D & Z

X'B)={w: (X4, X4,,...,Xs,) EAYEF
{Be€B:X(B) e F} &, cylinder set % & o-field 2727 . WA B D def XD
{BeB: X '(B)e F}=8.
Px(B)=P{X'(B)}, VBeB
o Px &, ARKICAMR {Pyy 1y, 0,5 (b1, b2, .. b)) €A} DO —HEIITEE 5.
o {X;,teT} & {Y,t €T} H equivalent THILUEL Py = Py.
*) cylinder set D&% C LB &, (m-system TH 5 T &ITTER)

PX:PyODC

I
Px =Py on B=0c(C)

1.4 Kolmogorov DILREIE

AB/\:(tth,...,tn)

oW —  S"=85xSx---x8
W w
w — (w(ty),w(ta),...,w(ty))

A= (t17t27...,tn)7 N = (81,82,...,Sm) eA k—g_é

N <X {5} C{tj})o) <= T sp 13D Dt ICFEL W

TAN : Sn — Sm
v W
(xthtza""xtn) (.1‘51,$52,...,.1‘5m)

n

—f
S":Sx---de:fo(A)

L
A={A Ay x - xAy:Ay,...,A, €S}
By=m'(S") ={r " (A): AeS"} W KB 2 o-field

U By 13, W Lo algebra (field) i< % 3.
AEA

B=\/ B\ = o(|J B

AEA AEA



W — 8"  :B/S™ measurable

T ST — 8™ 8" /8™ measurable

o5 W sn
\ W w
wr— Xw)r— (X (W), X, (W)
P— > — D,

P DG
Eﬁ@@ PX ﬁﬁ[ﬁ]o) Ptl,tg,...,tn
W g A gm

T = XN O T

{®)\, A € A} DIE.

(1) YA = (t1,ta.... 1) WKL T, &y &, (S™,8™) IZEF % probability measure.
(2)  consistency condition ([j3z25&f})
N < A= ®y =drom

8 1.3 S : polish space. S = B(S) = S D topological Borel field.

4
S™ = n-fold product o-field of S = B(S™) = S™ D topological Borel field
Proof. n =2 OHH%ZLOIE|T7.

A:{A1XA25A17A2€S} A,:{A1XA25A1,A2€O}
EBL.SP=8x8:=0(A). $TD2EDILZIRT.

o(A) = o (A").
YA C A, WIS B,

A = {Al €eS: A x Ay e U(A/),VAQ c O}
Ay 1%, S LD o-field I27%%. A1 D O. WZIZ, 4, =8S.

.AQ = {A2 €eS: A x Ay e O'(A/),VAl ES}
Ay 13, S LD o-field 1%, Ay S O. WAIC, Ay =S. //

PLEED 82 =8x8=0(A) = o(A) C B(S?) BbDho7DT,

S2 @ open set 2% € S2
ThHHIEEFZIER .

) p: S @D metric, 5?3z = (z1,11), 22 = (22, 92),

p2(21,22) = p(z1,11) + p(x2,92) : S? D metric.

52 O open set 1%, S ? open ball FZ MEMDOFESAE L TRINS.
{2€ 8% :p(z,20) <7} : > 29, FBE r DBHER

S? @ open ball € 82 ZREIX X\, 29 = (z0,y0) € S? : fix

(It & )

{z = (2,y) € S? : p(x,20) + p(y,90) < 7}

= U fe=(@y) e pl@m0) <qpy,yo) <r—q} =+
qE(O,’I‘)ﬁQ

p(z,20) 13, x ® S-measurable function THEHDTxeSxS. O



TEIE 1.3 (Kolmogorov DY EER)
S : polish space, S = B(S), & A€ A (A =n) 1T LT (S",8") IZEIF S probability measure @5 H°
25N TnT, {®y, X € A} DMNEA2 AT

4
(W,B) £ 2 probabillity measure & 5 unique \<H1EL T,
VAEAIKHLT &y=dom, "
Remark. WRATHESG A IZIFAIEESTD L. DEOHITHRON TR 26T [0,0), R 2 EDVDH 5.

Proof.
a= B, HBUNERE

AEA
A D I E THBRINENHERIE &9 Z2XD X 9 1T def TE 3.
ADILB I, B=m,"(A), AcS" LRINE. ZDLE

®(B) = P(A), ( well defined)

2D Oy A D ETHEREMELEZ DI EERTIZL .

Bjed,jeN, BiDByD--, limp o Po(Br)>e>0
\
Nozi Bn # 0
By l&, % Ay e A & Ay e S Z2WT B, =71 (A4,) EEIN5.
A <A< ELTRY (HS2C) . 61, (M| =n ELTRW.
) BL M =m >1 %61, B ORI ny — 1O W Z2M0MAS5. KIZHL M| ne>nm+17%5
1, ng —ny — 1D By 2R MA 3. BT, 20X REERZITAERY. //

A ={t1}, Ae={t1,t2}, Az ={t1,ta,t3},...
(ZZTAZEATLEATLZ, AIVIEFICERT, A DILERAET I ENTES. )
Polish space =@ Borel probability measure 1%, K-regular TdH 5 DT, D ¢ > 0 1< L T 3K, C
A, CS": avNT b st

Dy, (A, \ K,) < neN

e
2n+1’
Ly =7 "(Kn) €A EBLE ®o(Bn\ Ly) < 557 PRY LD 1 <VE<n 1T LT

Ly =7y (my) 5, (Kk))
—_—————
closed set

(2D closed set 1, k=n DL Zi&, compact set)

K, =i, 7l (Kk) : 8™ @ compact set (compact set & closed set OIS X compact set).
Li>Ly>-+, B,>L,DL,
By\L,=B,N(L1NLyN---NL,)¢=BN(LULSU---ULS)
C(Bi\L1)U(B2\ L) U---U(Bg \ L)



£

o~ €
Z (Br — Li) < ngﬂ =e/2.
k=1 k=1
Bi DBy Doy limy oo ®(Bn) >e &0, fEED neNITHLT
(I)O(B)>€ﬁq)0( )>6/2$Ln7é®
HEnlCNLT L, 25 1 8w, 2% n =Ty Y(K,), K, compact (C S") TH 255

(wn(t1), wn(t2) ..., wn(tn)) € Kp

m<n%olfw, €L, TbHEM5

(wn(t1), wn(t2) ... wn(tm)) € K
K, |%, compact TH %26 WML Z M2 L I{n;}jen st
wn, (t4) is convergent as j — oo for each k € N
Z 2T w(ty) = limjoo wy, (ty) EHBC & K, @ compactness & 0
(#)  (w(tr),w(tz) ..., w(tm)) € Ky meN

WeEW Tuwty) =wty), keN E%2XI%bD (W D) 2—ERL (x) I2XD

ZAW (VLo #0, () Bn#0.0
neN neN
1.5 1InEBE=E

T =[0,00), (2, F, P) : probability space.

R EOMERMER {X;,t € T} DIt
{ def

VO=th <t <---<t,
{Xo0, X+, — Xt,_,,k=1,2,...,n} : independent

u, v : R® =0 probability measure

(4 v)(A) = / . Tala+ puldav(dy), A€ BEY

IZXk o TEFRZI NS RY LD probbility measure puxv % p & v @ convolution &> . BHSNIT pxv = vxp

I.V. X Y X+4Y (X &Y &iZindep.)
distribution p v pxv

{Xp,t >0} : MEEBRE L E, 0<s<t X, — X, D% psy EHSL

(12) Hs,t * tu = Hs,u, ( (Xt - Xs) + (Xu - Xt) == Xu - Xs )

10



3%5 Xoo)\%ﬁ%uaﬁ‘%&(Xo,th, ..7 ) i My [ty — 1tk7k*12 nf‘ﬁi%
) (XO,th —Xo,th _tha---7Xt —th 1) = (Xo,}/l,}/g,..., n) @ﬁj\#ﬁ i, ,U,X szlutkfhtk VG\

b5,
E[f(X(),XtU"'aXt )]

n

n
= /d( )f(xo,an + 20y @0+ 1+ -+ @) pu(dag) H Mtk,l,tk(daﬁj)
R n+1 ]

IEBEDFHEEE

w : probability distribution, f : probability distribution T (1.2) Z &7 7.
I
#2472 probability space (Q, F,P) ® LT
XO @ﬁﬁ Cp Xt - Xs @%ﬁ Y Hsgt
BT IMEER { Xt > 0} BHET 5.
ZD &9 BIE#EE X, equivalence 2 BRVT {p, s} 2> 5 unique ICIEE 5.
Proof. 0<t; <ty <.+ <ty ICNL (Xo,Y1,Ya,..., V) & X [[ooy fitn 1t A E T BHEREE
&L (1€>T Xo, (Yj)j—, & independent)
Dy byt = (X0, Xo + Y1, Xo + V1 + Yo, .o, Xo + Y1 4o +Y,,) DIA
&9 5. By 4y 1, |F, consistency condition & A7z 9§ DT,
Q= (RH0:>) = [0,00) ETdef &t R DIz b ORI D 2k,
F= the cordinate o-fields on Q (cylinder sets Z & LiH/ND o-field).

& 8 < & Kolmogorov DILHRERIZ X > T IP: prpbability measure on (€, F) s.t
Oy byt = POTG L 1

Xi(w) =w(t) forwe Q LB &, {X,t >0} 13, (Q,F,P) D ETdef SNIHMEBRT Xog DA = p,
Xt _Xs O)ﬁj\ﬁ Hs,t “6‘37')5 O

{X;,t > 0} MEERE, V0 < s < t WRL X, — Xy OO gy D5t — s DARIC depend T B A
{Xy,t > 0} 1FRFEIZ—FR (temporally homogeneous ) TH % £\ 9.

:O)&gf Hs, s+t = Mt &j”S(
(13) S,t >0 L:j(j‘l/‘( Hs * by = g4t 7})3\5?4 b j")

(1.3) AT {un,t >0} BLOX u BEZoNDE Xg DA p, Xy — X DDA jy_y ZHET X 7
temporally homogeneous additive process {X;,t > 0} 2% (equivalence Z R\ > T unique I2) fEET 5.

Example 1
p(dz) = (2mt) =2~ 1#17/(20) gy
d Xt Gauss 77 (d > 1)
Wt * s = ey < AUSKRIINS 2 HIEEEFE L, path 258 TH % X I ICETEARETH 5.
Z AU T 2 R C path D TH 2 LI % b D = dRICT 5 7 »3EH)

Example 2
pr =n(€ {0,1,2,...}) IZ point mass e_”—, 5.2 % 1 Rouoi
WA 2 kR, path 2 jump 1 @ step function TH 2 L H KA TES. DX IHITEFL
7”_?60)’5: Poisson #fE &) .

11



2 Brown EZ)
2.1 Brown motion
(Q,F,P) : WSR2, {X;,t >0} RfEREREBRL
T 2.1 {X,,t >0} »E 2512 Brown HEH)
{ def

1) Xo=0, VYw (FEAETRNTD w 2L T) X(w) &, t 12D i
2)  {X,,t >0} 1, KRNI —RE 2 n o
3) Xy — Xy DA = oy ¢ ((27(t — 8)) 271017 /20=9) ZHEsREE L § 2 4345)

Remark "Vw, X;(w) (& t Ic2 T, £ 13 3Q) s.t. P(Q) =1, Yw € Qo IR L, X, (w) 1&, ¢ lcoF
i Qo DIMITIE, Xp(w) =0 EEIET 2 5, Vw e QISR L, Xy (w) 1, ¢ 10 5.

X: Q e W = C([0,1] — R9) e F/B
F B =W ® cylinder set Z & i/ND o filed
P Py = Po X~! (image measure)

kD Py ®»Z &% Wiener measure &\>9 .

EIE 2.1 {X(t),t >0} : M@
X(t) — X(s) DA = 2n(t — 5)) Y2121 /20=9) % density £ 52570 (t>s)

4
{X(t),t > 0} 1 path D3R TH % X ) ICLETE 5.
Proof. 0 <t <1. X,(t),n=1,2,... ZXDKHIZ def. (X, (t) = X(k27™), t = k27" & L CTHPIE

ffifi])
k

ZDEE Vn, X,(t,w) & t 1220V T cont. L3> T W =C([0,1] — RY) ICflizffo rv. ERBZED
TZ%. W & Banach space ( sup norm || - ||lo )

Claim.
P( lim || X, — Xnllee=0)=1
n,m— oo

ie. 3X =lim, . X, (a.s.)
1.

(i) Banach Z2[ll W OHIZfi%z & % martingale DEFEZ 5 2 K. (discrete time D¥TL . Hint
Gn = 0(Fian, k € N) £\39) o-fields ZHA. )

(i)  {Xn,n=1,2,} ¥, W-valued martingale TdhH % Z & Z/Rt.
ie. B(Xni|X;,J=1,2,....n) = X, as.

12



Proof of Claim.

2||Xn+1 _Xn”oo
2k +1 k k+1 2k +1

= mas XD - x( - (x () - x
ERE I EZ V5 &
P(IXn 11~ Xl > X
< Y PuxEh - x() -x(MEh e x B s o
0<k<2n—1
< ¥ 1[P<|X(@—If)— Xl > 0+ PUx LD ¢ x5
<k<2n—

::2><2"L/‘ (2m2 1)/ 212/ (2277 g
|z >N

— 2 % 2(1+d/2)nﬂ_7d/20d/ ,),,Cl71672"7ﬂ2d?'1
r>A\

Z 2T ¢q & surface element.

d=10tE (RLTBEELLEY.)

P(|Xni1 = Xnlloo > A) < €22 / =2 g
>A

IN

C’2‘°’”/2l / re=2"" dr = C'Q"/zitfzn)‘2
>A 2X
A >0 %

Zzozl P(HXn—&-l - Xn”oo > >\n) < 00

(2.1)
S A <00

ERpkHicts. (BAIE N, =27/4) Borel-Cantelli ® lemma (& D

P{| X1 — Xnlloo < 27"/4 for all sufficiently large n} =1

Qo = {|Xns1 — Xn| < 2774 for all sufficiently large n} 8 &, w € Q) &5I1E {X,} &

sequences. 2% 0, ANy = Ny(w) such that

n

1Xn = Xmlloo < D0 11X = Xjoalle < D 27M4 <274 sm > N,

Jj=m+1 Jj=m+1

Cauchey

C([0,1] — RY) D5EMTH 225, IX (w) = limy, 0o X, (w) € C([0,1],RY). €T, Claim 7R S L7z,

X(t,w) weQ
0 wgéQo

EBCEA{Y(),0<t<1} 13, {X(),0 <t <1} D modification 127> T 5.
) weQ t=k2" (n=1,2,..., k=0,1,2,...,2% —1)

Y(t,w) =

Y(t,w) = X(k27", w)

LiedioT t=k2"" % olE
PY(t)=X()} =1

13



tm (k27" DIALTDHD) —t,m— o0 T 5L Y(t) DEHTH Y, X(t) HHEFMEE © Ve > 0

P{X(#t)—X(s)|>e} =0, s—t

PX() = X(9) 22} = (2nle = s) ™2 [ PO Dgn 0, s,
|z|>e
P{X(t)=Y(t)} =10
fEsEeE {X(¢),t > 0} 28

(1) O=to<t1 < --- <ty

{X(0), X (tx) — X(tg—1),k =1,2....,n} : independent
2) 0<s<t

X(t) - X(s) O (2nt — 5])~ Y2 /e—lw\z/@lt—slwx
(3) continuous path (Vw)  P{X(0) € dz} = u(dx)
AT EE, p 2T E TS d-dim. BM &\ 5.

Remark {X ()} 2% (u Z#WI5AiE$2%) BM % 61F, {X(t) — X(0)} &, 0 26 HFT 2 BM &> T
Vw3,

2. d>2DtE,

2 L P(| Xns1 — Xnlloo < A) <
02) { S P X1 = Xl € ) < 00

Dnt1An < 00

EHRET N, >0 Z2ED K. (Hint. (27r\t—s|)—d/2/ eI/ Cli=sD gy % s BT %)

x|>A

2.2 F,-Brown EE & stopping time
(Q,F, P) : HEH M
{Ft} = {Ft,t > 0} : increasing family of sub-o-field of F
{ def
(1) Yt > 0, F 1%, o-field TH> T, F DIFIIIGE
2)0<s<t=F,CF
DT, 12 EboRVIRD, {F) (&, £ ie.

vt > 0, ft:ft+EmJTt+5
e>0
CDEIB AR} BPEIAoNTVWE LTS,
e {X,,t > 0} 2% Fi-adapted TH % L 13, Vt > 0, X, &, Fi-measurable, (i.e. VA€ S IZXLT
X H(A) e F)

14



Tz 2.2 (F¢-Brownian motion)

{X:,t >0} : Fi-Brownian motion
{ def

(1) (IFEAETRTD w IZHLT) X, 1d t IZDZF continuous
(2) X 1%, Fi-adapted
(3)VaeR:, VO < s <t
E{ei<Xt7Xs,a)|fS} _ e*(t*8)|a\2/2

Remark (1) &< X(0)=0as. DEZ, 026HFHETS F-BM &),
(2) {X(t),t >0} »* F-BM THIUR, Hiffi OFKTD BM TH 5.

3. Lol Ezitle k.
(Hint. 0 <t <ty <tn, a1,...,00 € REATK LT Ele' Zim X=X pon)] 2234489 k)

(3) {X(t),t >0} PHIFIOFEEKTDO BM DL E F,=0(X(5):0<s<t) £EBL & {X(t),t >0} 13 F-BM
Ek b,

EZ 2.3 0< T < oo random variable
T % stopping time (IEHMEICIX Fy-stopping time)
{ def
00 >Vt > 0 constant, {T <t} € F,
Remark. (1) F, BWEHERETH 5 & F,

Vi>0{T <tle FreVt>0{T<t}cF

o 1
T <t = T<t——
{T <t} nL:JI{ < n}eft

{Tgt}:ﬂ{T<t+%}= N

n=1 n=m

(2) {F:} % right cont. TRVEFWE, Firy =g Frre 2H6DLD F £T 52 LITXD right cont. 12
TEIENHD. 512, bELRSIE F, % completion $5ZEdbH5.

1 oo
{T<t+ﬁ}€ Olft+#zft+:ft

(Q,F,P): 5&fi (complete), {X;,t>0}: d-dim BM, B;=o0(X,,0<s<1)

Biy = () Biye Fi={ACQ:3Be By st. P(AAB) =0}
e>0
Claim) F; b right cont. o-field
) rAEft+:>AEFtJ TN,
AcFip=AcF 1,neN=3B, € B, 1,st. P(AAB,)=0,VYneN
Iy=Upe, Be, EBLED DIy D [T THD

F:ﬁfn: ﬁ GBkEBH#foranymGN

n=1 n=m k=n

15



THBHDT
Te () By =By

meN
ThHhH
AAT = (A-T)U(T - A) c (JA-Tw))u (B - 4)
n=1 k=1
c(J: u(lJ®Br-4) = J(AAB,)
n=1 k=1 n=1
o7

P(AAT) }: P(AAB,)
Eih AeF. O

ﬁ'"}h' LTHh5 complete Lt?b@k complete LT?))EEEYF’ Lf ?60)}: %, *@l‘a‘% )

EIE 2.2 {X;,t >0} % d-dim B;-BM £35. ZDEE {X;,t >0} &, d-dim F,-BM \72 %
(Zhk b Lz {Xy,t >0} 1, d-RIG By, -Brownian motion (27 5. )

Proof. 0<s<t acR?

(1) E{e/Xi=Xem) | F} — o=(=9lal/2 5
(2) E{ei(thXs,a)‘Bs_i_} _ ef(tfs)|a\2/2, a.s.
(1) & (2) DBER
(1) DA E{-|Bsy} ZHEE1X (2) I27%%.
Fs B3 Bsy D completion TH2 I &6 (2) = (1)

ERZR IR (2) 2RI K. 0<s <s+ 1 <t {X,,t >0} !F, B;-Brownian motion TdH %55,

(X —X

2
S+%’a)|B —(t—s—1)|a| /27

E{e 1t =e€ a.s.

Z OGBS BBy} Z2Hid &

(X —

E{e XS+%7Q)|BS+} = 67<t7$7%)|a\2/27 a.s.

n— oo &L
E{e!Xi—Xem)p ) = e—(t—é’)la\z/Z7 as.

O

Stopping time DB
(Q, F, P) : Probability space
{F:} : increasing family of sub-o-field of F, right continuous

0 < T < oo random variable
T 7 stopping time (IEMEICIE Fi-stopping time)
{ def

co>Vt>0,{T<tleF (oo>Vt>0,{T<t}eF)

16



Bl EEDEE a € [0,00] ITNL T, T = a 3, stopping time.
DIFTIE, Ty, Ty, ... &, T ({F} 1CB49 %) stopping time & T 5.

® sup, Ty, inf, T, >.07 . T,, |, stopping time. & {12

n=1

To DI RTEHELWE E, T VT, TAT, IF stopping time
Ty UFN%2TXRTOICT S E T, + Ty I3 stopping time
T + a 1% stopping time (a € [0, 00])

{supT,, <t} = n{Tn <tteF
{inf T, <t} = T <t} e 7

n+T<tt=  |J {i<r}in{hi<rn}))er

r1,72€QN(0,00)
ri+re<t

ZT" =sup{Th +To---+ Ty}
n=1 n

O
@ T % stopping time &9 5.

Fr={A€ F : AN{T <t} € F, for V¢t > 0}
EBCE (BEL Fuo =V, F) Fr dofield THY, T &, Fr-1[lITH L. I 51
(%) Fr={A€ Fo : AN{T <t} € F for ¥t > 0}

WD fD.
NDan{T<t}={T'<t}eF=QcFr
NAcFr=AnN{T<t}eF=>AN{T<t}={T<t}-An{T <t} e F, = A°€ Fr
3) Ap € Fr,n € N= Upen An T <t} = U, en(An N{T < t}) € Fr = Upen An € Fr

Vs, t >0, {T<s}nN{T <t} ={T <sAtheF,={T<steFr £x>TT & Fr AJHl.

(x) DEUE Fh L5L.
AeFr=An{T<t}=U,_,An{T<t- 1Y eF=>AcF,;
A€Fr= AN{T <ty =2 AN{T <t+ L}y eF i foralke N LdtaT AN{T <t}e
ke Fryr =Fr =Fr=AcFr O

®
f'infn T, — ﬂan

EIE Ty BRI RTELWET S E Froar, = Fr, N Fr,. T3 K n,
T1 < T2 :>le C FTQ

"VAE Fing, 1, £E5BEAN{T, <t} =An{infT, <} N{L, <t} eF

17



&0 AeFpr,n=12 ... L7%d3>T ﬁnfnTn:ﬁnan
AEﬂn]:Tn E95%LE AEan,n:LQ,... (:>AE‘F}”,TL=1,2,...)
= An{T, <tleF,n=12,... = An{inf T, <t} =, (An{T, <t}) e Fr == A€ Fin,, 7, O

@
{Th < T}, {T1 <To} € Friam

) {Tl < T2} N {Tl < t} = U0§r<t,r€Q({T1 < ’l"} N {T2 > r} N {Tl < t}) eF
{Tl < TQ} eFr,i=1,2= {Tl < TQ} € Fr, NFr, = Friam,
{Tl < Tg} = {Tl > TQ}C S le/\T2 O

®
Frivr, = Fr, V1, Fsupt, O \/an
n

V) 7A=Y a Y ORGHED S Fryyr, D Fry V Fr, RIS TH .
(CZELDT.) AcFrun £5%. A= AN{TI <THHUAN{T, <Th}) £33 L

AnN{ <TL}n{L <t} =An{Ti <T}n{ <t}N{T1 VI, <t} € F

(1FHEAFH, 2FHE STHHOEROBERY F, IK&EN[T D)
.'.Aﬁ{Tl ng}EFT2
FIC LT - AQ{TQ < Tl} G]rT2 O

® << (£33 Ty >Ty > ) = limy 00 Ty, 13 stopping time
BT DB 1%
FimT, = ﬂan

) IR DAL lim, o T), = inf T, HFBEMOEEX, lim, oo T), =supT), THZ2DTD £hH LD
IZ stopping time. D statement X, @ L DE»PNS. O

@ EE D stopping time T 1%, BEHUE% & % stopping time DIFPFIDIGR & LRI N 5.
) T =2""{[2"T] + 1} 3 & Bll3 k27", k=1,2,3,..., &7 % stopping time
() AT, <ty ={[2"T)+1 < 2™} ={[2"T] + 1 < [2"t]} = {2"T < 2]} € F;
TW>T>---, T, T,nToo.O

2.3 ®YJ/LATME F-Brown EH)

W = C([0,00) — R?) 3w, B= coordinate o-field = o(w(t) : t > 0)
{X(t),t >0} : d-dim BM on (2, F, P)

X Q —_— W
w w
w X(,w)
P — P

w(A) = P(X(0) € A) : {X(t)} DWIHI .
P, p 215540 & § %5 Wiener measure (=69 D & ¥, HLIZ Wiener measure )

{X()}: 0 5% § % d-dim BM
Xo : Ri-valued r.v. indep. of {X(¢)}

18



w: Xo DA
{Xo+ X(t),t >0} &, p ZWIMSAE T2 BM.

=2

g(t,.’b, y) = g(tvx - y)7 g(t,m) = (27Tt)_d/26_ 2t

0=Th <t1 <ty < -+ <ty, Ao,Al,...,AnEB(Rd)

P, (w(ty) € Ag,1 <k <n)= / w(dx) dx1g(ti,x,x1) dxag(te — t1,21,22)
AO Al A2

/ dxng(tn _tn—laxn—lvxn)
An
I u=0, DEZIT P, Do L% P, £

(X(£), >0} : d-dim F-BM
KAE : {F:} 1%, right continuous

HERE 2.1 >0 1L F Lo(Xips — Xp,s>0)
5. Lo #fi# 21 Z3EHE k.

TEIB 2.3 T 28 stopping time (IEWEIZ Fy-stopping time) , A € B(R?)

I
(2.3) P{T<tX(t)— X(T)e A} = /t P{X(t) — X(s) € A}P{T € ds}
0
(2.4) P{X(t)— X(T) e A|Fr} =P{X(t)— X(s) € A}|S:T a.s. on {T <t}

e 2.2 T : stopping time = X(T)1{p<oc} 1&, Fr-measurable

2"T]+1
277,
T, <oo&e T, <oo, limp e X(Th)1lr,<oo = X(T)1lrcoo
X(To)1r,<co0 28 Fr,-WlITH 2 2 L 25 21E, X(T)lreoo &, N, Fr, = Fint, = Fr 1Z2WTHL
{X(TW)11, <00 € A} € Fr, NI

T, = | Tasn T oo

{X(Tn)lTn<oo S A} N {Tn < t}
= |J X2 edn{(k-1)2"<T<k2"}€F.
k:k2—n <t

O

Proof of i 2.3) {T <t} € F. (24) QW% [, dP TR TIUL (2.3) 2185, ko T (24) Zm
HiIEHITH 5.
Vf : R? — R bounded continuous. VB € Fr s.t. BC{T <t},e>0

E{f(X(t+¢) - X(T»)), B}
[nt]+1

= 3 B+ ~X@), B <r<
('.')I<:0)$ﬁ6;kt<E E>t+1:>Bﬁ{E§T<E}=(ZH:J:%)
n n n n n
[nt]+1
k k—1 k
= 3 BUX(+e) - X)L BA{ L T < h = (4
k=1
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BeFr & Bn{E2 <T <5y =Bn{T' <5} -Bn{T' <EY e Fe. n 2+9K 0< L <¢,
1<k<[nt]+1=%<t+e By ffi 21

[nt]+1

()= 3 BUXGE+e) - x(Cnpan it ar <ty
k=1
—%
[nt]+1 k E—1 k
B{E(f(X(t+) = X0 g, BY = Y BUK(+e) - x(Cppatt<r by
k=1

E{f(X(t +¢) = X(Tn)), B} = E{E{f(X(t +¢) = X(s))}|,_s, . B}
T,>T,T, — T, n— oo FEfEds
E{f(X(t+¢) = X(1)), B} = E{E{f(X(t +¢) — X(s5))}],_ B}
el0
(2.5) E{f(X(t) = X(T)), B} = E{E{f(X(t) = X(5))}| ,_7» B}
R D HFBEEE (monotone class theorem) %
Q=R A=0, W={25DHLT5L5% fafk)

ELTHEMT %, (7L, 22 CHEAICNT 2 mBEED S BB O BEEMGIR E 22 2 L2 d 50
T, A=0 &L TWwW3. ) f &L TEED bounded Borel function 2 &£1120>5 f =14, (A € B(RY)) &
BLE (24) T3, 0

HIHEEE (monotone class theorem)
o O : set (#10)
e A : a m-system of sub sets of

e H : a vector space of real valued functions on (2 satisfying the following conditions :

(i) Ho1,14ifAc A
(i) fn>0,fneH,n=1,2..., fo T f f <oo (bounded) % 56X f e H

4

H D {all real valued (bounded) functions on 2 that are o(.A)-mesurable}

Proof.
D= {1,4 S H}

\%, Dynkin JETH % :
(i) D>Q

(i) DP>A,B,ADB=D>A-B (H 23 vector space TH 5 T & ITHE)

20



(iii) P24, ,neN=D>3,2, 4,
D> A AW m-system TH5BIELD

D > §(A) = A Z&TRND Dynkin & = o(A)
tis 5.

f>0: o(A)-measurable function

4

increasing limit of simple functions : f,, = Z?Zl anila,,, Ani € 0(A)

THBHIEICHETS L

DDoo(A)=1s,€eH=>fneH=FfEH

ni

O

TEIE 2.4 T : stopping time < oo a.s.

XT(t)=X(T+t)-X(T), t>0
I
(XT(t),t > 0} &, Fr EHTO 25 HIET 3 d-dim BM ThH 3.

Proof. T, =T A e BREx - x RY) = BR™, 0<t; <ly << tm,
A={weW: (wt),wts),...,w(tm)) € A}, BeFr

P[{(XT"(tl), L X (b)) € A mB}

= ip[{(x(—ul) —X(%),...,X(%+tm) —X(%)) € A}ﬂBﬂ{% <T< %}}
k=1

_ f:p[{()qE ) _X<§),...,X<§ ) —X(S)) e 4] PiBn {% <T< %}]
k=1

- ipo[ﬁ]P[Bm {% <T< %}} - BM Ot

k=1
= Py(A)P(B)
fE->C
A= {(XTn (tl)vXTn(t2)7 7XT" (tm) € A}
EBLL
P(ANB) = Py(A)P(B)

B=Q &t¥5¢L
(2.6) P(A) = Py(4)

%, LTeddo T
(2.7) P(ANB) = P(A)P(B)

E7%.(26) £ (2.7) Tn—oo ET0UE, EEGEHI NS, O
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EH 2.4 O statements % Brown EEID®Y )L I 7% (strong Markov prpperty) &9 .

Reflection principle
{X(t)} : 1-dim F-Brownian motion, X(0) =0

T=inf{t >0: X(t) =a} :stopping time

LT

{X(t) L<T
Y(t) =
X(T) = (X(t) = X(T)) t>T

EEL L Y(#) I3, Brown HEjTH 5.
) (W =C([0,00) = R),B), 3f:WxW —WeBB/B

Y()=f(X_(),X+()), as. Y(,w)=f(X_(,w),Xi(,w)), foralmost all w

X_(t) = X(tAT), X4 (t) = X(T +1) — X(T)
T<ocoas THOH, EH 33 LD X () & X, (-) &, independent, Z LT X, (¢) I, Brown ).

FX-(), =X+ () = X()
TH 5.
X_(-) & X4(-) @ joint distribution = X_(-) & —X,(-) ® joint distribution
THBIEPS
F(X_(), X4 () @ distribution = f(X_(-), —X4(-)) ® distribution
THBDT, V() = f(X_(), X+(-)) 1&, Brown iEE. O

Hitting time
{X(t)} : d-dim F-BM, {F} 1&, right continuous. A € B(R?)

Ta=inf{t >0:X(t) € A}, (inf( = +o0)
T =inf{t >0: X(t) € A}

A : openset &9 5.

{Ta<t} = {0<3Is<tst X(s)e A}
{0<3Ir<tst.reQ,X(r)e A}
U (X eayer

reQ
0<r<t

e T, Ty X, stopping time.
A : closed set £ 9 5.

1
A, =A® Lnbd={zcR?: dist(z,A) = inf |z —y| < —}
n yeEA n
A, & openset TA, | A n— cc.

TS TS, n— oo
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TR <TR &0 limp oo TR, <T3 &, WI5H. —J5 A closed &1

X(lim T )= lim X(T3. )€ A

n—oo n—oo

L7dsn T, limy oo TS, > TG LARBDT, lim, o TS, = T5. O
e>0ITRLT
T =inf{t >e: X(t) € A}

I, stopping time if A is open or closed. stopping time D HFIMRIR X stopping time 7 DT
Ty =1lmT5
A Elfgl A
% stopping time if A is open or closed.
X(t) : 1-dim BM, X(0)=0

T, = inf{t>0:X(t)=a}
T = inf{t>0:X(t)=a}

—fRICTE <Ta THY, TQ(w) >0 £HZ wiZHLT T ="Ta.
a#0 %X T)="T,.
a=0%0EXT =T, as.
) VE>0
P(max X(s) >0)=1, P(min X(s)<0)=1

0<s<t 0<s<t

INED TP =T, as. O

Claim T, < oo as. THDH,

a a2
2.8 P(T, edt) = Tt t>0
(23) (Twe ) = ——e
(2.9) P(M(t) € da) = %e— Sda a>0
Z 2T M(t) = maxo<s<t X ().
)a>0 DL EREIE .
X(t) t<T,
Y(t) = I
X(Ta) - (X(t) - X(Ta)) > Ta
EEL.
M((t,w) > a M(t,w) > a T, <t,
X(t,w)>as & &
X(t,w)>a X(t,w) — X(Tg,w) >0 X(t)-X(T,) >0
2.3 KD
P(X(t)>a) = P(T,<t.X(t)— X(T,) > 0)

= / P(X(t) — X(s) > 0)P(T, € ds) = %P(Ta <t)
0.1
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L7=23>T

1

efgdz
V2t

P(M(t)>a)=P(T, <t) = 2P(X(t)>a)=P(X(t)>a)= 2/00

XoTP(T, <o00)=1. Fx (2.8) & (2.9) &, W% t, a THITHUIESNS. O
6. Lo%XziEde k.

COREREHCSEE T, 0,0 0FERICT, |0,a70.
-.) for any € > 0

lim P(T, > ¢ :11m2/ e 2dx =
al0 ( ) al0 0o V2me

2.4 Standard representation of Brownian motion

W = C(]0,00) — R?), B=o(w(t),t>0), By = o(w(s),0 < s <),
P, =6, @534 &£ 2 Wiener measure : (W, B) 1281} % fERHIEE

{’LU(t),PI} : Bt+ = th — BM

t >0, 0, : shift (operator)

6, W— W
w w
w Orw Orw(s) = w(t+ s)

Strong Markov property. 7T : F;-stopping time, B € B
Po[{w : 0rw € B}|Fr] = Py(r)(B), P —as.
XT(t)=X(T+t)— X(T) = 0pw(t) — 07(0) \&, Fr LHITHS 0 6 HFHET 5 BM.
PUX(T+-) € By A = /APX(T)(B)P(dw), Ae Fr.
a>0, T,(w) =inf{t > 0: w(t) = a},

T(w) = Ty(w) + To(Or,w) = —FE a [TEL TH S XIZHDH T 0 IZHE 5 KFHE

Claim
P{T]0, al0}=1
Proof.
(2.10) Eo{e_T} = Eo{e_(T“+T°°9Ta)} = Eo{e_T“e_ToogTa}

= Eo[Eo{e Tee "0 | Fp ]
= Eyle T Eo{e %% | Fp, }]
= Eole " Eyr,){e T} = Eole "] E4[e~ ™).
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{a+w(t)it >0, R} £ {w(t);t >0, P}
{wt);t >0, P} L {—w(t);t >0, P}

2o L, 4958 L FUHE S (identically distributed) T$H % & & 2K T 2. L2 T
{To, P} £ {T_o, R} £ {T0, P}

&k

(2.11) Bule™™] = Eole~™)

(210) LU X 9121 T

Eole™T:a] = Eyle™To)?
DWEPND DT limalo Ey [e‘TQ“] = limalo Eo[e_T“} ThDHZEICHEETDE
lim Eple Te] =1
lim Fole™*]
(2.10) (2.11) &b
lim Egle 7] =1
lirn ole™"]

)
P{imT =0} =1

DRIN. O
ZD claim PORDI EDBHLNS. Ve >0

Po{3t4,t0,t— € (0,¢) s.t. w(ty) > 0,w(ty) =0,w(t_) <0} =1

d-dim BM
X(t) = (X1(t), Xa(t), ..., X4(t)) % d-dim BM

$ def

1) Xi(8), k=1,2,...,d 1%, 1-dim BM
2) X,(0), k=1,2,...,d D07 51 {X5(¢), ¢t >0}, k=1,2,...,d 337,

[1]. d=1DLE
(1) PAT, <o} =1, VreR VaeR
(2) \
— X
Px{Ta<Tb}:b_a, a<x<b.

2. d=2DEZE G(#0) : open set C R?
(1) P {Tg < <} =1, Vo € R? (recurrent)
(2) P{w(t):t>0}=R%} =1.

B. d>3 DEZE
(1) P {limy o |w(t)] = 00} = 1, Vo € R? (transient)

[4.d>20LE
(1) P AT, =} =1, VYzeR? VacR?
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3 MR

3.1 HERRD
(Q,F, P) prob. space  {F;};>0 :increasing family of sub o-field of F, right continuos
{B(t),t > 0} : Fi-adapted 1-dim BM.
f(t,w) &, RO %2 272§ B4 :
(i) Fi-adapted  (Vt, f(t,-) \& Fp-FIHI )
(ii) progressively measurable i.e. f(s,w) &, [0,¢] x Q FDOBIEE LT B([0,s)) x Fs AIHI.
(iii) fo )?ds < 00,  a.s.

HERBY [) f(s,w)dB(s) ZEHT 3.
DI, 0<t<T, T IZHK.

L% = {[0,T] x Q T def 1 (i), (ii), (iii) DHEE% b D real valued functions 24 }
T
L* = {fGEQ:E[/ f(s,w)?ds] < oo}
0
L>* = {feL®: f & bounded}
Cy = {feL?: fidbounded and continuous in ¢}
S = {fe€L>: step functions}

= {f:W=to<ty < <ty =Tst. ft,w)= f(th—1,w), tp—1 <t < tg,Vk}

S } de&se 10 de&se L2 c £2
Cy
I?2> f.g .
(ro =Bl et 1] = V7D

fer? fn(t”)z{f(tw OIS e

0 otherwise

t
fer™ Lt =mvy) [ | feds= g
t"J—2yvo
fEC, DEZEO=tg<t;<--<t,=T (nEP)ITHL
fn(t,w) = f(tk_l,w), th1 <t<tp,k=12,...,n

EBE foeSand f, — fin L?
fesS td5.
t
/ f(s,w)dB(s)
0

Iy f(s,w)dB(s) DHEE

14
Y fltr-1,w)(B(te) = Blti-1)
k=1

+7f(tz,u))(B(t) — B(tg)), tr_1 <t<ty
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(i) continuous in ¢ (a.s.)

(ii) martingale TH 5 (F ICBALT) : 0<s<t<T

E[/O f(u,w)dB(u)|Fs] = /OS f(u,w)dB(u), a.s.

(ZDREHIE, (i) & ENRTWVS.)

S %, L? Tdense TH L2 5 Vf e L2 1IN LT 3f, €8 s.t.
If = fall? <27°"7°%, neN

fo fa(8)dB(s) £E< L X, (t) — X, () 1Z, continuous martingale Td % 2> 5 Kolmogorov-Doob
@T#% ;b
E[|Xn(T) — Xu(T)[?]

22

P{max |X,(t) — X,,(t)] > e} <

0<t<T

ZIlTe=2"EESL

}qégm\x() Xp(t)] >27"} <2273 =27 m>np

(M = ol < 2o = £+ 20— SIP < 2270073 4 279m-9) < 975008
Borel Cantelli @ lemma X D

P(Ogltzsz | X0 (t) — Xpt1(¢)] > 27" for all sufficiently large n) = 0

LT, IEEAETRTOD w T LT N(w) € N F(EL T

max | X, (t,w) — X,11(t,w)| <27, n> N(w),

0<t<T
ERBHDT
nvm
< -k > :
Orélta<XT|X (t,w) — Xm(t,w)| < k_ZA 27%  n,m > N(w)

Ldio T, {Xa(hw) Ba—v =Bl 5 2DT

3X(t) ' fim X, ), as. w.

n—oo

SO X(t) & JL( )&ddT%
ferl? ot fo dB(s) EXOWEZH .

|/fSWdB /fswds

(ii) “F¥ 0, continuous martingale TH 5.
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feLrotz )
T, = sup{t € (0,7 :/ f(s,w)?ds =n}
0

& stopping time ZE#T S E T, 1T as. (n ] o)

t

t
3 lim 1j0,7,,)(s) f(s)dB(s) déf/o f(s)dB(s), continuous in ¢

n—oo 0

7.
(i) martingale, submartingale, supermartingale M7 %,
(i) FEARFIH (Kolmogorov-Doob DA, optional sampling theorem, convergence theorem )

WIZOWTLH6RTEL ZE.

3.2 Ito DRX (RHBAR)
(Q,F,P) : prob. space  {F;}1>0 :increasing family of sub o-field of F, right continuos

{B(t) = (Bi1(t), Ba2(t), ..., Ba(t)),t > 0} : Fi-adapted d-dim BM.

fit), ..., fa(t) € £2
A(t) : continuous F-adapted, t DILEDHRIX M THER 1 THAZH)

X(0) : Fo-nMlE ¥ 3.

d t
m+§ém@wwwmw

d
Z t)dBy(t) + dA(t)
Ité AT
me (1)dBi(t) + dA;(t), i=1,2,...,n.

FeC2(RY), Y(t) = F(X1(t), Xa(t), ..., Xn(t))

n

Xa(t), ., X (£))dXi(1)

1Z&w% £, Xa(t), ., X (£)dX: ()X, (1)
dB(t) | dBy(t) | dAs(t) | dA; (1)

dBy(t) | at 0 0 0

dBy(t) 0 dt 0 0

dA;(t) 0 0

dA; (1) 0 0
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Then

d d
dX;(0)dX;(t) = O fu()dBu()(D_ fie(t)dBe(t)
k=1 {=1

d
> f() fir(t)dt
k=1

3.3 MERWHAER
(Q,F, P) prob. space  {F;};>0 :increasing family of sub o-field of F, right continuos

{B(t) = (B1(t), Ba(t), ..., Ba(t)),t > 0} : F-adapted d-dim BM.

o :[0,T] x R" —» R" @ R? (r x d BIf7514(K) Borel-HJHll

b:[0,T] x R" — R" (r XIGR7 FL44K) Borel-AJHll

X(0) = (X1(0),..., X,(0)) : R"-valued r.v. Fo-measurable

(H5H\VIF o(dB) =0(B(t) — B(s),0 < s <t <oo) & X(0) M. (£, Fy & o(dB) 13H57))

X(t) = X(0) —l—/o o(s,X(s))dB(s) +/0 b(s, X (s))ds

t d t
T Xi(t) = X;(0) —&—/0 Zaij(s,X(s))dBj(s) —|—/0 bi(s, X(s))ds, 1<i<r

O ##%TEH% X(t) T

(i) continuous path

(ii) Fi-adapted < cont. Z&RET % & progressively measurable

Thrbo% (1) DLV . (B HOME, strong solution )

d
(I1) dXi(t) = 0ij(s, X (1))dB;(t) + bi(t, X (t))dt, 1<i<r

SDE (II) {2%} L C pathwise uniqueness 3 D 372.
{def

X(t),Y(t) = (II) D sol = X(t)=Y(t),¥ as
X(0) = Y (0) as. T

%) b 9 —2®D uniqueness 13, uniqueness in the law sense.

EIE 3.1 (K. Itd)
lot,2)|> < C(1+ |z]?), Y(t,z)e[0,T] x R"
b(t,z)|> < C(1+|zf?) Y(t,x) €[0,T] x R”
E{|X(0)]*} < o0
lo(t,2) = o(t,y)|| < T’z —y]
[b(t, ) = b(t, y)| < C'|lz — g
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I
HX@)} : (1) D sol s.t. E{X(#)]?} <00, 0<t<T

pathwise uniqueness DAL

Proof. iteration

XO @) = X(0)

X (1) = X(0) —I—/Ota(s,X(")(s))dB(s) +/Ot b(s, X (s))ds, n=0,1,2,...
% step T X (™ (t) 1%, cont. path Fp-adapted

E{X" V() - XM (0P} < 2B /OtU(S’X(”)(S)) —o(s, X"V (s))dB(s)*}
#25(] [ 006, X0 (5) b5, X1(6)) s} =

filtbw) e LP({A}),1<j<dDEF

0 £k

(3.1 B{Jy £1(5,0)dBy(s) Jy fils,w0)dBu(s)] = { B f(s.w)ds) 5=k
0 Ji\% o

THhsEw)BERAZHG5 L

*

IN

2 [ E{lo(s, X)) = (s, X 0(5) ) s
0

+2T t E{|b(s, X™(s)) — b(s, X"~V (s))|>}ds

' () (5} — X1 ()21 ds
cl/OEﬂX (s) = X0 (s) ),

IN

where C; = 2(C")? +2T(C")%. L7zi3->T
t
B{X0 () - XD <y [ B{XC(s) - X00(5) s,
0

E{XM™®)[?} <3¢,, 0<t<T &5 5.
E{|X™ ()]}

< 3B{|X(0)?} + 3E{] / o(s, X1 ())dB(s)?} + 3E{] / b(s, X1 (5))ds[2}

< 3B{|X(0)]2} +3C’E{|/t(1 + XD ()2)ds) +3TC’E{|/t(1+ X1 (5)[2)ds)

then
cn <3E{|X(0)*} +3TC(1 4+ cp1) +3T*C(1 + cp1) < 0
n=10DtZ ,
E{IX® (1) - xM (1))} < 01/ B{IXW(s) — X(0)]}ds < ét,
0
n=20tE

ét)?
2!

E{X® @) - X® )2 < @/t E{X@(s) = XM (s)2}ds < a/t esds — ¢
0 0
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—fiz

E(X (1) - XM (02} < ¢

hence m <n

(3.2) E{IX™(t) - XM (@)P}/? < i B{IX*HD (1) — X B (1)]?}/?
k=m
(N
(3.3) < k;n< x ) 0,

ZAZ {X M%) L2([0,T] x Q) T Cauchey sequence.

X(n+1)(t) — X(0)+ /t J(S,X(n)(s))dB(s) n /t b(&X(n)(s))dS
0 0

= X(0) + YD (1) + 2D ()

(3.4) P{XM#)1F,0<t<T THRICRT 2 1 =1

2

0<t<T

max |ZMHD (1) — 2 @) < {/OTb(s,X(”)(s)) —b(s7X(”_1)(s))|ds}

T
<er / XM (5) — X1 () 2ds
0

. 1/2
E{ max 20D () - 2 (1)} < éT/O E{X™(s) = X (s)| }dS]

0<t<T
1/2
T (ac\n—1 Ay 1/2
< ler / @) ol = |l
o (n—=1) n!
; Lo o [ (@)Y
E{}jogltngW“ 0-zmh <y | SV <o

n=0

koTP{ZMW(t)1Z,0<t<T THINKT 2 } =1 208Nk Y OIS IZXOHEE V2

i 3.1 (Doob’s L*-inequality) X, Xs,...,X, > 0 submartingale, E{X2} < 00, 1 <k <mn
DEE

(35) E{maxlgkgn X%} S 4E{X721}

(oo}
(1) 4 (n) < (n+1) (4 (n) () [211/2 _
E{Zogltng\Y =YWl < S B{mas YO0 -y OWP) =

2
r

Z / (0355, X (5)) — 35 (5, X"~ (5))d B (5)

‘Y(nJrl)( zd:
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13, MERET D martingale TH 2 Z 06, EOFELD

x < QZZZ

=1 j=1 n=0

% (5, X1 (s)) = 03j(s, X"~V (s))dBj(s)

"

FoTP{YM@#) 1, 0<t<T THRRIKET 2 } =1 2R &N, (34) &N, LihoT
X (FD(¢) 0) + [ o(s, X™ (s s) + [ b(s, XM (s))ds
N —
X(t) = X(0) + [y o(s, X(s))dB(s) + [y b(s, X(s))ds

&Y fRDFAE (existence) DR S L7z,
uniqueness Z/RY. Y (t) b ) DD LT 5.

E{IXt) -Y(@®)]*} < 2E{|/OU(SaX(S))—U(S»Y(S))dB(S)\2}
—|—2E{|/0 b(s, X () — b(s, ¥ (s))ds|%}

IN

2 [ B{lo(s, X(9) - ol Y(s)Pds

0

ot / B{lb(s, X(s)) — b(s, Y (s))*}ds
0

‘ S) — S 2 S
CAZHW()XWN}d
2% .
E{|X(t) - Y (1)} < C/O E{|X(s) = Y(s)[*}ds
Gronwall’s inequality

0<o(t) <
$(t) < a+b [y p(s)d

0<¢(t) < oo
¢(0) =0 = o(t) =

3(t) < c [y ¢(s)d

} = ¢(t) < ae®
s

T, : stopping time
_ { inf{t>0:|X(t)—Y(t)|>n} fIH>0st |[X({t)—Y()|>n

T otherwisw

B{X{tAT,) - Y({tAT,)?} < C/t E{|X(s NT,) =Y (s ANT,)|*}ds
0
on(t) = B{|X(tAT,) - Yt AT,)]?} LB L

0 < on(t) < o0
¢$n(0) =0 = ¢n(t) =0
(t) < cfg bn(s)ds
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34 RUTZKNOZEH

(Q,F, P) : prob. space {F;}i>0 :increasing family of sub o-field of F, right continuos

{B(t) = (B1(t), Ba(t), . Bd(t)),t >0} : Fi-adapted d-dim BM :
G ik/uk'?"\f@ wIlZHLT) By lEt 22 continuous
(ii) By 1%, Fr-adapted
(iii) V€ e RE, VO < s < t
B{eiBO-BOO £} = o~(=9)F/2 5

Remark. (iii) ¥, XD (iii) TE SR T X,
(i)’ a) E{B(t) — B(s)|Fs} =0,as. 0<s<t
b) E{(B;(t) — Bi(s))(B;(t) — Bj(s)|Fs} = 6;5(t —s),as. 0<s<t

COEZIHZDBUEETHZD1E, Hiw L F =L TH D, 2RESDt TIUXLBM THB I itk 3.

#E# R85 (stochastic integral) f D(s)dB;(s), 1 <i < d %, XD X9 7% process ® = ®(t,w) ITH LT
def SN 3.

(i) @ 13 Fradapted (Vt, f(¢,-) & F-TTHl )
(i) @ i, B([0,00)) @ F HJHI.
(iii) fo s,w)?ds < co, a.s.
DED o-field ZHAT 3.
def { the smallest o-field on [0, 00) x 2 w.r.t. which }

all left continuous Fi-adapted process are measurable in the pair (¢,w)
EE 3.1 {X(t),t >0} is called a predictable process if X (t,w) is P-measurable in the pair (t,w).
Remark. (i),(ii),(iii) % &7z TEED process ® IZX L T, Z D predictable modification 23FFET % : i.e.

T st U |, predictable process
s.t.
P(®(t)=T(t)=1for vt >0

Notation @ = (®1,P,,...,P,) : vector valued

K@@w@zijﬁwa@

® = (®;;) : matrix valued (r x d)

| einis) - ;
S5t Jo @ri(s)dB;(s)
fRE 3.2 @ : vector valued BIR5Y (i), (i), (iii) & &FF.

¢t = Cl(®) = [} ®(w)dB(u) — 5 [ |®(u)2du
i3
E{exp(¢Y)|Fs} <1las (0<s<t)

_7 1foq)13 dB()

H L & D bounded THIUTHSHAL.
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Proof. 60>1,n>1
7, = inf{t > s : exp{¢’)} = n} : stopping time
M (t) = exp{0¢" ™ }(= exp{0¢(} if t <)
It6 DA XD
¢ t Lo 0° 1|2
dexp{6Ct) = Bexp(6C1) (@aB(t) — S(ofat) + © exploct)|e ar

t 2 _ t
m(®) =1+ [ @010, (0dB@ + 5 [ P10, 0

[P <cDLE
6% -0

Blm(0)} <1+

t
& / B (u) }du
L 7D Gronwall kD

2 _
E{nn(t)}gexp{e 5 OCZ(ts)}
n—oo £9%&, Fatou DAL D

Blew(6c)) < x| - 9

=20t E
E{exp{¢{"™}?} <exp{c*(t —s)}
3]
{exp{¢*™} :n € N} (%, uniformly integrable
=10t Z

E{exp{¢!"™}|F} =1 as.
ZZTn—oo &L
E{exp{C}|F} =1 as.
|| %% unbounded D & &, ¢ = (f),..., 05 EDET def ¥ %:

i

o — D,(t,w) if |®;(t,w)| < e
0 othewise

ZDEZE
exp{CH(®9)} — exp{CL(®)},c - < as.
ECE Y
E{exp{CL(®)}|Fs} =1 as.

Fatou Offifi L D, c — 0o DL Z
Blep{C @A} <1 as.
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EIE 3.2 (Girsanov) @ : vector valued FIR5y (i), (i), (iti) % H1=T .

E{al} =1 f_f'La—exp{/ u)dB(u ——/|<I> Wdul,0<s<t<T
ERET 5.
B(t) = B(t) - [ @
P(dw)—ao( VP(dw) on F
4

(Q,B(t),0 <t <T,P) %, d-dimensional F; Brownian motion
Proof. GEHI9RE Z &1

Blexp{vT(&. B() ~ BOHF] = espl 00— 0 Pas.
SWHAZ 5L VA e F,

(36) Blexp{V1(€ B(t) — B(s)}. A] = exp{—C1 (1 - )} P(4)
ThH 5.
(36) 0 = Elaexp{v I B) — B(s)}al]
— BllaexplVI(E B) - Bls)agatal
— Bl1aaElexp{v1(6 B() — B(s)}|F]alal
— BlLaagBlosp{v T B() - B(s)}al Elaf |FIIF] = »

HifiE L D Elal|F) <1l,as. 0<u<v<T &0
Elag] = BlogElaElaf |F]|F]] < Elag] < 1
RELD Elal]=1THZDT, Elal|F)=1,as0<u<v<T £%5%DT

* = E[laagElexp{v/=1(¢, B(t) — B(s)}al|F]]

—7i
(36) D41 = exp{~ 5 |eP (¢ — )} Elog L]
THHDT
Blexp{VI(E, B(t) — B(s)}al| 7] = exp{~g 6t )} as
ZREIX K0

X(t) = exp{V-1(& B - B(s)}al
= @)+ vT9aBw - VT [ (€ awian—g [ [0(0) P}
Ite Dk b

ax(t) = (){(«b(t)w_ 4B(0) - VI B(0)ar — 3000

Z () + v/ —1&,) dt

k=1

— X((@0) + V-IdB() -

X(t)dt
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£-oT
—1+/X u) +vV—1€)dB(u) |§|2/X
® % bdd £T5 &
pixF) =1~ 55 [ Exzi
Rl
EXOIF] = o —5lPa -9} as

® % unbouded D & & @ % trancate 5. HFHIT%Z (Pp An)Vn & LT, al(n), X,(t) ZHTERICESR
5.

t

al(n) "= a! in probability E) T ot i L]
0 Blof(m] = 1"~ Elaf] = 1(5232) } ol e )
L7D>T
ELX, (017 = oxp { ~51eP(t - )} = BX @] e {~JlP( - o)
O

8. (3.7) &R
T 3.3 0<t<T,zeR?

o(t,x) = {oi;(t,x)} : d x d matriz valued
b(t,z) = {b;(t,x)} : d-vector valued
ft,x) ={fi(t,x)} : d-vector valued

($RTC (t,z) D& Borel measurable.) v € R? : fix

I X(t) = x+/0 o(s,X(s))dB(s) +/0 b(s, X (s))ds
DIRIHFIET HHDETH. SHICRDIEZRET 5.
T
(3.8) /0 |f(s, X(s))|%ds <00 a.s.
(3.9) B{al}y=1 77ZL o =exp {/ f(u, X (u))dB(u) — %/ |f(u,X(u))|2du}

I
t
- / flu, X(w)du EBLE (Q,B(t),0<t<T,P) &, d-dimensional F; Brownian motion
0

ZLTX(t) i, ROFRNE 27T

(11) X(t) —:c+/0 / {b(s, X(5)) + (of)(s, X (s) }ds.

Q: (I) D sol X(-) 75 induce I3 W = C([0,T] — RY) 12® prob. measure
Q : (I1) D sol X(-) 25 induce &% W = C([0,T] — R?) LD prob. measure
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EIE 3.4 (Cameron-Martin-Maruyama-Dynkin-Motoo-Girsanov)

HIEMD o & fFIZLT3g(t,x) = (g1(t,2),...,94(t, 7)) s.t.
g(t,x)a(t,x) = f(ta SU)

I
4Q _ ¢
aQ
777 L -
w = [ nwmae - [ (@) + HaoPiewoa
Proof.
T
logad = /Of /\ftX )|2dt
T
= [ ot x@et Xwpaa ——/ lgol2 (¢ X (1))t
0
T
_ /gtx (X (@ fbaX())dtf—/ lgo2(t, X (8))de
0
T T
= [ a0 0= [ 0.0+ 3laoP )t X (0)a
— G(X()
F e Cy(W)

[ F@)tdw) = BFCCC) = BPX()aF) = BIFX)XO] = [ Fu)e™Q(u)
w w

EI 3.5 (Cameron-Martin-Maruyama-Dynkin-Motoo-Girsanov)
(deto(t,z))* >IN >0
o(t,z), b(t,x) DKEITIE, bounded Borel measurable in (t,x)

dX(t) = o(t, X(t))dB(t)
X(0)==x

D solution DMFEL T (S DERT) unique TH 5.

4

dX (t) = o(t, X(t))dB(t) + b(t, X (t))dt
X(0)=x

D solution (Zh% X(-) £2<) PAHEL T (DHDERT) unique TH5. 51T

dQ r —1 r —1 2
99 _ p / (o1 B)(t, w(t))du(t) — / o~ b(, w(t)) Pt}
iQ ; ;

Proof. Theorem 3.4 @ g L LT g=0c"tbo ! LEIFIEI . O
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