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ABSTRACT. For an elliptic curve E over Q, putting K = Q(FE[p]) which is the
p-th division field of F for an odd prime p, we study the ideal class group Clg
of K as a Gal(K/Q)-module. More precisely, for any j with 1 < j < p — 2, we
give a condition that Clx ®F, has the symmetric power Sym’ E[p] of E[p] as its
quotient Gal(K/Q)-module, in terms of Bloch-Kato’s Tate-Shafarevich group of
Sym’ VpE. Here V,E denotes the rational p-adic Tate module of F. This is a
partial generalization of a result of Prasad and Shekhar for the case j = 1.

1. INTRODUCTION

The ideal class groups of number fields, the Tate-Shafarevich groups and the Selmer
groups of elliptic curves are central objects to study in number theory. Many people
have noticed the existence of various relations between the class groups and the
Tate-Shafarevich groups, or the class groups and the Selmer groups. For example
in [14], Washington considered a specific elliptic curve defined by the equation of
the simplest cubic, and studied a relation between its 2-Selmer group and the class
group of its 2-division field. In [6], Nekovar studied a relation between the ideal class
groups of certain quadratic fields and the Tate-Shafarevich groups of twists of the
cubic Fermat curve. We note here that they studied the ideal class groups of abelian
number fields over Q. In this paper, for an elliptic curve E over Q and an odd prime
p, we suppose that the group of p-torsion points E[p| of E is irreducible as a Galois
module, and study the ideal class group of the p-th division field K = Q(F][p]) of
E which is a non-commutative Galois extension of Q. More precisely, we relate the
ideal class group Clg of K with Bloch-Kato’s Tate-Shafarevich groups for symmetric
powers of V,E, where V, I/ denotes the rational p-adic Tate module of E.

Recently Prasad and Shekhar have proved the following theorem on Clg with
K = Q(E[p]), which we first recall. In the situation above, the Galois group
G = Gal(K/Q) acts on the class group Clg. In [10], they considered Clg as a
G-module and proved the following result relating Clx with the Tate-Shafarevich
group II(E/Q) of E over Q.
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Theorem (Prasad-Shekhar). Let pg, : Gal(Q/Q) — Aut(E[p]) = GLy(F,) be the
F,-valued Galois representation associated to E. Suppose that the following condi-
tions on E hold:

(a) E has good reduction at p.

(b) In the case that E has good ordinary reduction at p, a,(E) =1 (mod p), and
E has no CM over an extension of Q,, then pg, is wildly ramified at p.

(¢) For every prime number | # p, the Tamagawa number c;(E/Q;) of E/Q is
prime to p.

(d) E[p] is an irreducible Gal(Q/Q)-module.

Then the condition dimg, (ILL(E/Q)[p]) > 2 implies that the F,-representation Clg ®F,
of G has Elp| as its quotient representation.

From the above theorem, we see that the F,-rank of III(£/Q)[p] gives us the
information on Clg ®F, as a G-module. We remark that they also studied in
[10] the condition on which Clk ®IF, has E|[p| as its quotient representation even
if 111(E/Q) ] = 0.

The main result of this article is an analogy of the above theorem for the symmetric
powers of E[p|. In the following, we further assume that the representation pg,, is
surjective, so the Galois group G = Gal(K/Q) is isomorphic to GLy(F,). It is a
well-known fact that any irreducible representation of G = GLy(F,) in characteristic
p is of the form Sym’Efp] ® det’ (0 < 7 < p—1, 0 < i < p — 2), where det
denotes the determinant character of GLy(F,). So taking the above theorem one
step further, we consider the condition on which the F,-representation Clx ®F, of G
has an irreducible representation Sym’ E[p] as its quotient representation.

Now we explain our main result. For any j with 1 < 7 < p — 1, we define
V;)j = Symj(V;E) to simplify the notation. One of the key objects in the main result
is Bloch-Kato’s Tate-Shafarevich group IIF*(V)/) of VJ whose definition we shall
recall in Definition 2.2 in Section 2. See also [1, Definition 5.1|. The main result of
this article is as follows.

Theorem 1.1. Let p > 3. For any j with 1 < j < p — 2, suppose that the following
conditions on E hold:

(a") E has good reduction at p.

(V') In the case that E has good ordinary reduction at p, a,(E) = 1 (mod p),
and E has no CM over an extension of Q,, then pg, is wildly ramified at p.

(') If E has potentially multiplicative reduction atl # p, then v(j(E)) is prime to
p, where v; denotes the normalized l-adic valuation and j(FE) the j-invariant
of E.

(d') The representation pg, is surjective.
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Then the condition dimg, (IIGX (V/)[p]) = j + 1 implies that the Fp-representation
Clg ®F, of G has Sym’ E[p] as its quotient representation.

Remark 1.2. The assumptions (a') in Theorem 1.1 and (a) in the theorem of Prasad
and Shekhar are the same. The assumption (V') for j = 1 is exactly (b). The assump-
tion (¢’) implies the assumption (¢) when E has good or split multiplicative reduction
at every prime since we have ¢;(E/Q;) = —v;(j(F)) when E has split multiplicative
reduction at {. The assumption (d') also implies the assumption (d). Hence when
j =1, we can deduce the theorem of Prasad and Shekhar from our Theorem 1.1 if
E has only good or split multiplicative reduction at any prime and the representa-
tion pg, is surjective. So interestingly, using Bloch-Kato’s Tate-Shafarevich groups
HISK(VPJ) for various j other than 7 = 1, we can get more information about the
structure of Clg ®IF, as a G-module.

Remark 1.3. We can generalize the argument in this paper for more general Galois
representations other than Sym’ E[p]. In Remark 2.3, we explain that we can show
a result analogous to Theorem 1.1 for the F,-valued Galois representations attached
to modular forms using a similar argument in this article.

We give a sketch of the proof of Theorem 1.1 in Section 2 dividing it into 3 steps.
We prove step 1 in Section 3, step 2 in Section 4 and step 3 in Sections 5 and 6.

2. A SKETCH OF THE PROOF

We mainly follow the strategy of the proof of Prasad and Shekhar in [10]. They
used the classical p-Selmer group Sel,(E/Q) but, to treat representations such as
Sym’ E[p|, we have to deal with Bloch-Kato’s Selmer group H} which we first recall.

For a field F, Gp denotes its absolute Galois group Gal(F/F). We define T7 :=
Syw’(T,E), Al = VJ/TJ = Syn’ E[p>], where T,E is the integral p-adic Tate
module of E. For every prime [, we define a local condition H}(Ql, V;ﬂ) in H1(Qy, V;j)
as

H}(va V;;J) = Ker (Hl(QZM ‘/;)7) — Hl(va ij ® BcryS)) (I=p).
Here Q}" is the maximal unramified extension of Q; and B,y denotes Fontaine’s crys-
talline period ring which is defined in [1, Section 1]. Then we define H}(Q;, A7) :=
m (H}(Q1,V)J)) for each prime I, where m : H'(Q;, V) — H'(Q;, AJ) is the homo-
morphism induced by the natural map 7 : V) — AJ. We define Bloch-Kato’s Selmer
group for VJ and AJ using these local conditions.

{H;@l,w‘) = Ker (HY(Q,, V) — HY(Q", V) (1 # p)
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Definition 2.1. For V)] = Sym’(V,E) and Al =VJT) = Sym’ E[p™], we define
Bloch-Kato’s Selmer groups as

L )
H(Q,V)) := Ker (Hl((@,vpj) [T Loct, H 1(@1, )) |
o HH(QL V)
)

(
1
: . [[Log H (@lv J
H}(Q, 4}) = Ker | H'(Q, 47) 12, AN
e ’ H HH(Qi, A})
where Loc; denotes the restriction of cohomology classes to the decomposition group
at | and the products run over all prime numbers.

The p-part of Bloch-Kato’s Tate-Shafarevich group IIF*(V)/) is defined in [1,
Definition 5.1] as follows.

=
<3

=
<o

b.

Definition 2.2. We define the p-part of Bloch-Kato’s Tate-Shafarevich group for
V(= Synd(V, E)) as
. .

i A
T n(HHQ V)
where the cohomo(ogy groups H} (Q,Ag), H}(Q, V;,J) are defined as in Definition 2.1
and m : HY(Q,VJ)) — HY(Q, A)) is the canonical homomorphism induced by the
natural map w : Vi — Al In other words, LG (V) is defined by the exact sequence

0= 7(HH(Q,V))) = H}(Q,A)) — IIZH (V) — 0.

Now we give a sketch of the proof of Theorem 1.1. In the following argument, we
assume that the conditions (a'), (b'), (¢) and (d’) in Theorem 1.1 hold.

(Stepl) We show the restriction map
Resg g : H'(Q, Syn’ E[p]) — H'(K, Syn’ E[p])¢
is an isomorphism where G denotes Gal(K/Q).

For a number field F, we define the unramified cohomology group H',(F, Sym’ E[p)])
as the subgroup of cohomology classes in H'(F,Sym’ E[p]) which are trivial on the
inertia group at every place of F. Assuming the claim in (Stepl), the restriction
Resg g induces an injective homomorphism between unramified cohomology groups

Resgq : Hy, (Q, Sym’ E[p]) — H, (K, Sym’ E[p])“.

Using class field theory, we have H! (K,Sym’ E[p])¢ = Homg (Clg ®F),, Sym’ E[p]).
Every nontrivial homomorphism in Homg(Clg ®F,, Sym’ E[p]) is surjective since
Sy’ E[p] is irreducible. Thus the condition H. (Q,Sym’ E[p]) # 0 implies that
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Clg ®F), has Sym’ E [p] as its quotient G-module. We will construct nontrivial ele-
ments in H! (Q, Sym’ E[p]) using Bloch-Kato’s Selmer group in the succeeding steps.

(Step2) We show that the image of H}(Q, Sym’ E[p]) in H'(Q\", Sym’ E[p]) is zero
for any prime number [ # p.
Here the cohomology group H} (Q,Sym? E[p]) is defined as follows. We have an
exact sequence
0 — Sym’ E[p] % A7 =5 AJ — 0

from which we obtain an exact sequence

H 0(@,/1%)

pH(Q, Ap)
where the map ¢ in the first exact sequence denotes the inclusion. We define the
cohomology group H} (Q,Sym’ E[p]) as the inverse image of the p-torsion part of

Bloch-Kato’s Selmer group H;(Q, A7)[p] under ¢. Assuming the claim in (Step2), for
the restriction map

Res," : Hy(Q, Sy’ E[p]) — H'(Q}, Sym’ E[p]),

we have Ker(Res)") C H,(Q, Sym’ E[p]). Thus it suffices to show Ker(Res,") # 0 to
get the main theorem.

— H'Y(Q,Syn’ E[p]) = H'(Q, 47)[p] = 0,

(Step3) We study the image of Res," and prove that dimg,(Im(Res,")) < j.

In Definition 2.2, we have an exact sequence
0 — 7(HH(Q,V))) = H}(Q, A)) — IIZH (V) — 0.
Since the group 7(H(Q, V}/)) is p-divisible, the above homomorphism H}(Q, A7) —
LIER (V) is still surjective when restricted on the p-torsion parts. Since H}(Q, Sym’ E[p])
is defined as the inverse image of H(Q, A7)[p] under the surjection ¢, we have a
surjective map H}(Q, Sym’ Ep]) — HIF¥(VJ)[p]. So if we assume the condition
dimg,, (II§" (V;/)[p]) > j+1 in Theorem 1.1, then we have dimg, (H ;(Q, Sym’ E[pl)) >
j + 1. From the claim in (Step3), we have Ker(Res,") # 0 and the theorem follows.

Remark 2.3. We can apply the above argument to more general p-adic Galois
representations. For example, the representations attached to modular forms can
be treated. Let f be a normalized new eigen cusp form whose coefficients are in
Q and level prime to p. For this modular form f, we have an associated integral
p-adic Galois representation py, : Go — Autg, (Ty,) = GLy(Z,), where Ty, is
its representation space which is a free Z, module of rank 2. Let p,, : Gg —
Autg, (T,) = GLy(F,) be the mod p reduction of py,. We consider twists of these
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representations. For a square-free integer D and j € Z, let ps,(4, D) := psp @ Xp ®
Xlye 1 Go = Autg, (T}, (4, D)) = GLy(Z,) be a twist of py, by a quadratic Dirichlet
character xp associated to D and XZyc? where Xy is the p-adic cyclotomic character.
Let p;,(j, D) : Gg — GLy(IF,,) be the mod p reduction of py,(j, D) corresponding to
Ts,(j, D) := Ts,(j, D) ® Z/p. For the F,-valued representation prp(J; D), we have a
number field Ky, ; p) corresponding to the kernel of p; ,(j, D). Let Clyy, (;p) be the
ideal class group of Ky, (; py. We can apply the same argument in this article to the p-
adic representation Vy,(j, D) := T} ,(j, D)®Q, under similar assumptions to those in
Theorem 1.1. Then we can deduce that the condition dimg, (ILIF" (Vy, (7, D))[p]) > 2
implies that the F-representation Cly,, (j.p) ® F), of Gal(Ky,, ;,p)/Q) has T, (j, D)
as its quotient representation. Assuming the Bloch-Kato conjecture, we can make
some numerical examples of the above result with some calculations of special values
of L-functions attached to f and various yp. We will describe the details of this
result in our forthcoming paper.

3. INJECTIVITY OF THE RESTRICTION MAP

In this section, we prove the claim in (Stepl) in the previous section.

Proposition 3.1. Suppose the representation pg, is surjective. Then the restriction
map _ _
Resy /g : H'(Q, Sym’ Efp]) — H'(K, Sym’ E[p])“

s an isomorphism.

(Proof of Proposition 3.1) . '
It suffices to show that H'(G,Sym’ E[p]) = H?*(G,Sym’ E[p]) = 0. We use the
following lemma.

Lemma 3.2. Let G be a finite group and V a finite dimensional representation of
G over a field F' of characteristic p. If there is a normal subgroup H of G such that
(1) #H is prime to p
(2) VI =0
then H'(G,V) =0 for all i > 0.

(Proof of lemma 3.2)
The condition (2) implies H°(G, V) = 0. We have the inflation-restriction exact
sequence
0— HY(G/H, V") 2 Y (G, V) = HY(H,V)°.
Since V# = 0 and #H is prime to p, the first and the third term in the above sequence
are 0 and we get H'(G,V) = 0. Since H'(H,V) = 0, we also have the inflation-

restriction exact sequences for the cohomology groups of higher degree inductively
to get H(G,V) =0 for i > 0. O
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We go back to the proof of the proposition. Since we assume 1 < j < p — 2,
there is an element ¢ € F) such that ¢/ # 1. The central element cI acts on Ep]
by multiplication by ¢, here I denotes the unit matrix in GLo(F,). Then ¢/ acts on
Sym’ E[p] by multiplication by ¢/(# 1). Let C be the subgroup of G generated by
cl. Since cl is a central element and ¢ € F, C' is a normal subgroup of G and #C
is prime to p. So the subgroup C' satisfies the conditions (1), (2) of Lemma 3.2, then
we have H'(G, Sym’ E[p]) = 0 for i > 0 and 1 < j < p — 2. Hence the injectivity of
Resk/q : H'(Q, Syn’ E[p]) — H' (K, Sym’ E[p])¢ follows. O

4. THE COHOMOLOGY GROUP H }(Q, Sym’ E[p])
Next we show the claim in (Step2) in Section 2.

Proposition 4.1. For a prime | # p, suppose vi(j(E)) is prime to p when E has
potentially multiplicative reduction at l. Then the elements in H}(@, Sym’ E[p|) are
unramified outside p.

(Proof of Proposition 4.1)

Since p is an odd prime, any elements in H'(Q, Sym’ E[p]) are unramified at the
infinite place of Q automatically.

For every prime number [ # p, we have the following commutative diagram

H}(Q, Syn Efp]) —— HH(Q, A})[p] — 0

Res}'" res)'’
Ho(Qp, A))
pHO(Q)", A3)

HY(Q}, Sym’ Elp]) — H'(Q}", A})[p] —= 0.

Here Res;" denotes the restriction of cohomology classes to the inertia at [ and ¢ is
the homomorphism induced by the inclusion Sym’ E[p] < AJ. What we have to
show is that for any cohomology classes ¢ € H}(Q, Sym’ E[pl]), we have Res}"(c) = 0.
HO@QA)
pHO(Q}™,A3)
(Case 1) E has good reduction at [.

In this case, Sym’ E[p"] is unramified at [ for any positive integer n. So we have

0 ur i\ S(j+1) —HO(QM7Aj) =
H(Q", A7) = (Qp/Zp)"V™ Y t0 get 5oy = 0.

(Case 2) F has split multiplicative reduction at .

So it suffices to show

In this case, using the result of Tate, we have an isomorphism F(Q;) = Q. /{q)
as Gg,-modules, here ¢ is the Tate period for £ in @Q;. Then for a positive integer n,
the group of p"-torsion points E[p"] is isomorphic to a free Z/p"-module generated
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by (p» and #{/q, where (» and #{/q denote a primitive p"-th root of unity and a
p"-th root of g respectively. So with respect to this basis, Ggw acts on E [p"] via

1 7yn
0 1 ’

where 7., : Ggw — Z/p" is the map defined by g( 7/q) = ~/q - C;Z’"(g) (9 € Gon).
For a positive integer n, we compute H 0(Qyr, Sym’ E[p"]) explicitly. First, we fix a
basis of Sym’ E[p"] over Z/p" as

uy = Cﬁj, Uy = Cﬁjfl ® n/q, ... U= Cﬁj# ® n/g®, ..., up= /g
Lemma 4.2. For an element x := agug + ayuy + -+ + aju; € Sym’ E[p"] with

a; € Z/p", the condition x € Syij[p”]Gle is equivalent to the condition
ap € Z[p", ar7ynlg) = a27yn(9) = -+ = a;74n(g) =0 in Z/p" (Vg € Gopr).

(Proof of Lemma 4.2)
This can be proved by an explicit calculation. For i with 0 <4 < j and g € Ggw,
we have

g(u;) = g( o p\/_@) = ®J 2 ® (Tgn(9)Cpn + p%)@ = (Z:) Tqm(Q)kUz‘—k-
k=0

So for z := agug + ayuy + - - - + aju; € Sym’ E[p"], we can deduce that the condition

x € Sym? E[p"]“@" is equivalent to the condition

J k ‘
1) > (§)wmuntaf= =0 inzp 0<i<i-
k=i+1
for all g € Ggw. When i = j — 1, we have (jzl) a;j7,n(g) = 0 from the equation (1)
to get a;7,,(g9) = 0 since j < p— 2. When i = j — 2, we have

J—1 J
(] _ 2) aj—qu,n(g) + <] . 2) aqu,n(g)Q =0

from (1). Since a;7,,(9) = 0 and j < p — 2, we also have a;_17,,(9) = 0. By
backward induction on ¢, we can get a;7,,(g) =0 for 1 <i < j. O

We go back to the proof of Proposition 4.1. If there is an element g € Ggw such

that 7,,,(g) € (Z/p")*, then we have a; = ay = --- = a; = 0 and Syn’ E[p ]G@ur =
Z/p" for any n from Lemma 4.2. Thus we have H(Q}", A7) = Q,/Z, and %M’AJ)) =

0. So we will show in the following that there exists such g € Ggr under the assump-
tions in Proposition 4.1. It is a well-known fact that if an elliptic curve £ over Q
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has split multiplicative reduction, then v;(j(F)) = —v;(¢) where v; is the normalized
l-adic valuation on @, and ¢ is the Tate period for E. Since we assume v;(j(E)) is
prime to p, g is not a p-th power in Q;. So we have /g ¢ Q; for any n € Z( and
n/q ¢ Qp since vi(q) > 0. Then there exists g € Ggpr such that 7,,,(g) € (Z/p")*
for any n and the proposition follows in this case.

(Case 3) E has non-split multiplicative reduction at .

In this case, E has split multiplicative reduction at [ over the unramified quadratic
extension F of ;. So we can imitate the argument in the (Case 2) over F' to get the
desired result.

(Case 4) F has additive potentially multiplicative reduction at [.

In this case, F has split multiplicative reduction at a prime above [ over a ramified
quadratic extension L of ;. So there exists some quadratic twist £’ of the elliptic
curve F, which has split multiplicative reduction at [ and for each positive integer
n, as Gg,-modules, we have

Ep"] = E'p"] & x
here x denotes the ramified quadratic character corresponds to L. Taking the Tate
period ¢ for E’, for some suitable basis {v1,v2}, we know that the action of Ggw on

E[p"] is of the form:
1 7
(071 ) e

as in the argument in (Case 2). We again fix a basis of Sym’ E[p"] over Z/p"Z as

- | o, ®i-1 RN ®i o B
Up =V, U =V R Vg, ..., U =V RV 'y vy Uj 1= Vg,

For an element x := aguy + a1us + - - + aju; € Sym’ E[p"] with a; € Z/p"Z, we can
show that the condition = € Sym’ E[p"]“*%" is equivalent to the condition

ap € Z/an, aqu,n(g> = a27—q,n<g) == CLqu’n(g) =0 in Z/pn (‘v’g S GL-Q}")

by the same calculation as in the proof of Lemma 4.2 since y is trivial on G.qpr. On
the other hand, we have »/q ¢ Q; for any positive integer n by the assumption that
p does not divide v;(q) = —v(j(£')) = —vi(j(£)). We know #{/q is also not contained
in L-Qp" because L - Q*/Qp" is a quadratic extension and p # 2. So there exists
g € Gr.q» such that 7, (g) € (Z/p")* for every n and we get ay = ay = ... =a; =0
as in the argument in (Case 2). Thus we get (Sym’ E[p"])?=®" = Z/p" - uy and
(Sym? E[pn]) " = (Z/p" - uo) M=/ Let 7 denote a generator of the Galois group
Gal(L/Q;). Then 7(uo) = x(7)7ug = (—1)7ug. So we have

j n G'Qur o 0 (] is Odd)
Sym E[p ] L= { Z/p”'uo (] is even)_
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HO(Q}",4)
pHO(Q}",Ap)
(Case 5) F has additive potentially good reduction at I.

Let p : Gg — GL2(Z,) be the representation associated to the integral p-adic Tate
module of E. It is a well-known fact that when E has potentially good reduction
at [, then #p(Ggwr) is finite and its possible prime divisors are only 2 and 3. See
for example, [2, Section 3.3]. So we get p { #p(Ggw) since we assume p > 5.
Let p; : Gg — GLj;+1(Z,) be the representation attached to Tg. Then we have
Ker(p) C Ker(p;) to get a natural surjection p(Ggpr) — p;j(Gaour). Thus we also get
p 1 #pj(Ggpr). This implies that there is an open normal subgroup U of G such
that p;(U) = 0 and [Ggp : U] is prime to p. Then we have the inflation-restriction
exact sequence

We have = 0 in both cases.

0 — H (G /U, (T)Y) — HY Gy, T9) — H'(U, )V H*(Gayr /U, (T9)V).

Since the order of Ggur /U is prime to p, we have H'(Ggu /U, (T})V) = 0 for i = 1,2
and obtain an isomorphism

H'(Gop, T3) = H'(U, 1) "7

induced by the restriction map. We know that U acts trivially on Tg toget HY(U, T g ) =
Hom(U, T}). Since T} is torsion-free, this group Hom(U,T}) and of course its sub-
group HY (U, T g )G@z“r/ Y are torsion-free. On the other hand, we have an exact sequence
0—T) = V) — A} — 0 from which we also have an exact sequence

0 — (T9)%%" © Qy/Z, — (A))74" — H' (G, T))[p™] = 0.

Since H'(Gqu, T])[p™] = 0 from the above argument, we have (Tg)G@;lr ® Qp/Zy =
(AD9 and (A1) = HO(Ggyr, Al) is divisible. Thus ]%ZAA)) — 0. We have
proved the Proposition 4.1 in all cases. O

5. THE IMAGE OF THE RESTRICTION MAP Res)'

We finally prove the following proposition which is the claim in (Step 3).

Proposition 5.1. For the restriction map

Res)" H}(Q, Sym’ E[p]) — H'( b Sym’ E[p]),
we have

dimg, (Tm(Res,")) < j.
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For the above restriction map, we have a decomposition

eSQgr/QP

: Locp . Ri ur .
Resy : Hy(Q, Syn? E[p]) — H'(Qy, Sym’ Elp]) H'(Q™, Sym’ E[p]).

Here the homomorphism Loc, is the restriction of cohomology classes to the decom-
position group at p, and Resgu g, is the restriction of them to the inertia group at
p. So first we study the image of Loc,. We have the following commutative diagram

H}(Q, Syn E[p]) —— H}Q, A])[p] —0
Locy locp
H'(@,0 A)
PHO(Qy, Ap)
So we have Im(Loc,) C ¢ (H}(Qp, A7)[p]) and there is an exact sequence
HY AJ
pH%(Qy, Ap)

So we have an inequality

H'(Qp, Sym’ Elp]) — H"(Qy, A})[p] — 0.

= N HHQ AD[)) S HHQy, A2)[p) — 0.

H°(Qp, AY)
pH(Qy, A3)
The dimension of H} (Qp, A%)[p} can be computed by p-adic Hodge theory. We use
the following fact in [8, Section 9.2.2].

(3) dimg,(Im(Loc,)) < dimg, ( ) + dimg, (H(Qp, A7)[p]) -

Proposition 5.2. Let V' be a p-adic representation of Gg, and
Dar(V) := (V@ Bar)“>, D (V) := (V @ BjR)“%, where Bag is the Fontaine’s de
Rham period ring. If V is a de Rham representation, then

(4)  dimg, (H}(Qp,V)) = dimg, (Dar(V)/Dr(V)) + dimg, H(Q,, V).

The p-adic representation V,E is crystalline with Hodge-Tate weight {0,1} because
of the assumption that E has good reduction at p. Since the functor Dyg is compati-
ble with taking symmetric powers, we can compute that dimg, (Dar(V}/)/Dir (V) =
(j +1) =1 =j. By the equality (4) and the definition of H(Q,, A7), we have

() dims, (Hj(Qp, A7)[p]) = j + dimg, H(Q,, V).
From (3), (5), we have

H(Qp, A7)

(6)  dimg, (Im(Loc,)) < dimg, (m

) + j + dimg, H(Q,, V).
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In the following, we compute the first term and the third term of the right-hand side
of (6).

Proposition 5.3. Suppose that E has good supersingular reduction at p. Then

. H°(Qy, A)) :
dlm]Fp (m) = dlIIlQp_[—_[O((@p7 V) =0.

(Proof of Proposition 5.3)

Since the computations of dimp HOQuAp) g dimg, H °(Qp, V;DJ) are very similar,

P pH O(vaAi) )
we only describe precise computations for dimp, 0@ Ap)
pHY(Q.A})

If £ has good supersingular reduction at p, for every positive integer n, E[p"]
is isomorphic to the group of the p"-torsion points of the Lubin-Tate formal group
associated to a prime —p over an unramified quadratic extension F' of Q, (|3, Propo-
sition 8.6]). So E[p"] is a free Op/p™module of rank 1 and we take its basis z,
over Op/p", where O denotes the ring of integers of F'. The Galois group G
acts on z, via the character Xzr := xrr mod p". Here xpr : GQEr — Oj is the
Lubin-Tate character associated to the prime element —p of F. We take y, = 2%
as a basis of Sym’ E[p"] over Op/p". For an element = ay, (a € Op/p") in
Sym’ E[p"], the condition that € Sym’E [p"]G@%r is equivalent to the condition
that a(xz7/(g) — 1) = 0 for all g € Gou. Since we assume j < p — 1, there exists
g € Goyu such that Xz7/(g) — 1 € (Op/p")* and we get a = 0. Hence we have
Sym’ E[p"]%e = Sym’ E[p"]“®" = 0 for all n and H°(Qy, A)) = Sym’ E[p>®]¢e = (|)j

Here we introduce some notations for the good ordinary reduction case. If E has
good ordinary reduction at p, we have an exact sequence

0— T,E = T,E = T,E, =0,

where Ep is the mod p reduction of the curve E and E is the kernel of the reduction.
We take a basis {vy,v2} of T,E as a Z,-module such that TpE = Z,v1 and we have
the representation pp : Gg, — GLy(Z,) with respect to this basis. For each positive
integer n, {v; mod p", v, mod p"} form a basis of the free Z/p™-module E[p"] and
this basis yields the representation pp» : Gg, — GLa(Z/p"). The action of g € G,
on T,F can be written as the matrix

Xeye(9)V ™ (g) u(g)
(M) ( 0 ¥(9) ) ‘

Here Xcy. denotes the p-adic cyclotomic character, ¢ is the unramified character
determined by the action of Gg, on T, E,, and u(g) € Z,. Also the action of g € Gg,
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on E[p"] is written as

Xp (9)1nH(9)  un(9)
®) ( 0 Un(9) ) '

Here x,» denotes the mod p" cyclotomic character, 9, is the mod p" reduction of 9,
and u,(g) = u(g) mod p™.

Proposition 5.4. Suppose that E has good ordinary reduction at p. Consider the
following 4 cases.

A) @l #1 mod p.
(A4) a
(B) af, =1 mod p, E has CM over an extension of Q,.

(C) a) =1 mod p, E does not have CM over an extension of Q, and pp,(Gg,)
is not diagonalizable.

(D) a), =1 mod p, E does not have CM over an extension of Q,, pr,(Gq,) is

diagonalizable.
Then, in each case, the dimensions dimg, % and dim@pHo(@p, V;,J) are as in
the table below.
dimension | .. HOQp,AD) | 1. 0 ‘
Case dHn]FP pHO(Qp,Af,) dlm(@pH (Qp> ij)
(A) 0 0
(B) 1 0
(€) 0 0
(D) 1 0

(Proof of Proposition 5.4) ’
Here we also describe precise computations only for dimp, g{%@ﬂ First we

°(Qp. A7)
assume that £ has CM over some extension of QQ,. For each positive integer n, we

take U7 := vy mod p", Ty := vy mod p" as a basis of E[p"] over Z/p", and we take a
basis of Sym’ E[p"] over Z/p™ as follows:

Wo = U_1®j,w1 =t RV, ..., Wy 1= T ®v_2®i, Ce Wy = 7357
Since E has CM, we may assume that u(g) in (8) is 0 for all g € Gg,. Then we have
g(wi) = g @) = (xpr (9)71)7 T @ T2 = xpn(9) Wi (g € Gayr)-

For an element z := agwo+ajw; +- - - +ajw; (a; € Z/p") in Sym’ E[p"], the condition
z € Syn’ E[p"]“%" is equivalent to the condition

aoXpm (9)7 = ao, arxpm(9) "t =an, ... a; 1xpm(9) = a1, aj € Z/p" (Vg € Gaur).
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Since j < p — 2, for each i there exists g € Ggur such that x,» (gt — 1€ (Z/p™)*.
Thus we have Sym’ E[p"]|“%" = Z/p" - w; to get Sym’ E[p"|%e% = (Z/p" - w;)FFoPr=1,
We know Frob, acts on w; via the character ¢¥ = ¢/ mod p" in (8). Since ¢ is an

infinite order character, there exists a non-negative integer s such that Y(Frob,)! =1
mod p* and ¥(Frob,)? 1 mod p*™'. Then

; Z/p"w; (n < s)
J n GQp — J
Especially if s = 0, in other words if ai = ¢(Frob,)? # 1 mod p, then we have
Sym’ E[p*]9e = 0 for all n, and we get
0 (a) #1 mod p)

jGP% 1
(4p)7¢ SLT (1S5 <o)

Thus we get the desired result in the case (B) and partially in the case (A) when E
has CM.

Next we consider the case where £/ does not have CM over an extension of Q,. In
this case, there exists a non-negative integer m such that pg,m (Gg,) is diagonalizable
and pgymi1(Go,) is not diagonalizable. For each n, we take the basis wo, wy, ..., w;
for Sym’ E[p"] over Z/p™ as in the previous argument.

For any n < m, we may assume u,(g) = 0 in (8) for all g € Gigur. So we can imitate
the argument in the case where E has CM, and get Sym’ E[p"|%% = (Z/p™-w;)Pr=1,

For n > m + 1, we have u,(Gg,) # 0 and u,(Gq,) C p"Z/p"Z. We first consider

: Gya . NP .
Sym’ E[p"] %". With respect to the basis {77, 73}, the group Gaav acts on E[p"] via

(40

For an element x := agwy+ ajw; +- - - +a;w; (a; € Z/p") in Sym’ E[p"], we can show

that the condition x € Sym’ ¥ [p”]G@%b is equivalent to the condition
(9) a0 € Z/p"Z, arun(g) = asun(g) = ... = ajuu(g) =0 (Vg € Gav)

by exactly the same computation to the one in the proof of Lemma 4.2 if we think
Up as Ty, We have u,(Gou) = p™Z/p"Z by the definition of the integer m and [5,
Lemma 3.5]. Here we study the image of Gng under the map u,,.

Lemma 5.5. Forn > m+ 1, u,(Goa») = p"Z/p"Z.

(Proof of Lemma 5.5)
When n = m + 1, uni1(Gog) = p"Z/p™ 7 or 0 since up11(Gggp) forms an
additive group. If w;41(Ggar) = 0, then ppg41(Gay) is abelian but we can show
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that this can not be happen using [5, Lemma 3.5] and the definition of the integer
m. Thus we have um+1(Gng) = p™Z/p™ 7. For n > m + 1, taking compatible

bases of E[p"] for all n as in [5, Lemma 3.5|, we have u,(g) = umy1(g) (mod p™*)
for g € Gog» and obtain u, (G ) = p"Z/p"Z(= ua(Gau)). O
Hence if z € Syij[p”]G@?b, we have ay,a,...,a; € p"""Z/p"Z from (9) and
(10) a1y (g) = asun,(g) = ... = aju,(9) =0 in Z/p"Z
still for g € Gigur since u,(Gou) = p™Z/p"Z.
We next consider a condition on ag,ay,...,a; such that x = agwo + -+ - + a;w; €

Sym’ E[p"]“%". For g € Ggy and i with 1 <i < j,
glaaw;) = ag@m® T @ mY) = a9 ® (un(g)77 +72)%

i—i ) N—®j—i (i i~k ®i—k o ——
= axge (907 ® (Z <k>“n(9) o ’“®v2®’“>

k=0
= i (9T @B = aixia (9)wi.
Here we use (10) in the fourth equality for i with 1 < i < j since z € Sym’ E[p”]G‘Q%r -
Syij[p”]G@%b. For i = 0, we also have g(agwp) = aoxf,n (9)wo for g € Gou. So the

condition z € Sym’ E[p"|“%" is equivalent to the condition

(11) Qo Xpn (g)j = ag, .. @1 Xpn(9) = aj-1, a; € P L[p"L
for all g € Gou. Again we can take g € Gy such that x,»(g9)' ™" — 1 € (Z/p")* for
each i to get ap = a1 = ... = a;—1 = 0. Thus we get Sym’ E[p"|%e% = (p"~™Z/p" -

w;) o= for n > m + 1.

If ppp(Gg,) is not diagonalizable, in other words if m = 0, Sym? E[p"]%e =
Sym’ E[p"]“@" = 0 for all n from the above computations and (A7)%% = 0. Thus
we get the desired result in the case (C') and partially in the case (A).

If m > 1, from the above argument, we have

n Frob,=1
J n1Gg, — (Z/p wj) P (n < m)
Sym’ E[p"] { (p""Z)p"Z - w;)FPe= (0= mo+1).

We know that Frob, acts on Sym’ E [p”]G@%1r via the character ¢/ = ¢’ mod p" for
all n. We again take a non-negative integer s such that 1(Frob,)? =1 mod p* and
Y (Frob,)’ # 1 mod p*™'. If s = 0, in other words if a} # 1 mod p, then we have

Sym’ E[p"]“% = 0 for all n. If s > 0 we have

A Z/p™w, (n < min{m, s})
J n1Gao, o Iy ,
Sym E[p ] { pn_mm{m’s}Z/pnwj (n > min{m, S})
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Thus we get
0 (a} #1 mod p)

7)Gop o~ 1
pmin{m,s

So finally, we have the desired result in the case (D) and the case (A) completely.
U

6. NON-INJECTIVITY OF THE RESTRICTION MAP Resqu /g,

From (6) and Proposition 5.4, we deduce Proposition 5.1 in the case (A) and (C),
and the main theorem follows. Since we assume (') in Theorem 1.1, (D) in the
table in Proposition 5.4 does not occur. For the case (B), we prove the following
proposition.

Proposition 6.1. In the case (B), the restriction map
Resqy/q, + 1 (Hp(Qp, A7) [p]) — H'(Qy", Sym’ Elp])
18 not injective.

From this proposition, also in the case (B), we can deduce Proposition 5.1 and the
main theorem follows. Thus the main theorem follows in all possible cases (A), (B)
and (C') under the assumptions in Theorem 1.1.

(Proof of Proposition 6.1)
We have the following commutative diagram

H(Qy, 47) R -
Gy @ )
l Res@gr/(@p

HO( ;r)Agj)
pH(Qyr, Ap)

HY( ;r,Syij[p]).

From the table in Proposition 5.4, we have dimg, (%) = 1 in the case (B).
prip

Since we have already computed Sym’ F [p°<’]G@55r in the case in the proof of Proposi-
H(Qp",Ap)
PHO(Qpr A7)
the dimension of the kernel of Resgur/q, is at least 1. Thus the proposition follows.

O

tion 5.4, we also get dimg, ( ) = 0. So by the above commutative diagram,
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