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Abstract

In this paper, we discuss generating a matrix *-algebra over the real field with a set of
symmetric matrices. This is motivated by an application in structural engineering. We show
that any matrix x-algebra can be generated with at most four randomly-chosen symmetric
matrices. The proof relies on the structure theorem for matrix *-algebras and the notion of
genericity in eigenvalue structure.

1 Introduction

Let M, be the set of matrices of order n over the real field. We say that T C M, is a matriz -
algebra if it contains the identity matrix and it is closed under linear combination, multiplication,
and transposition. Matrix x-algebras have been studied extensively in engineering fields such as
semidefinite programming [2, 4, 12, 15], signal processing [13], and structural engineering [1]. In
these applications, we can reduce the computational effort by exploiting the Artin-Wedderburn
type structure theorem for matrix x-algebras: A matrix x-algebra can be decomposed uniquely
into irreducible components with a single orthogonal matrix. Recently, a numerical algorithm
for finding such decomposition was proposed by Murota, Kanno, Kojima, and Kojima [15] and
Maehara and Murota [12]. A variant of this algorithm was designed by de Klerk, Dobre, and
Pasechnik [4]. Maehara and Murota [14] further developed a simpler decomposition algorithm,
which allows us to control numerical errors.

In this paper, we consider a situation that we do not know an explicit representation of a
matrix x-algebra 7, but instead, we can obtain a symmetric matrix from 7 randomly. In this
setting, we discuss how many symmetric matrices in 7 are required to generate 7. Here, a set
of matrices generates T if the minimum matrix x-algebra containing these matrices coincides
with 7. It should be emphasized that T is a subalgebra over the real field, which is not
algebraically closed, and that generators are restricted to be symmetric. This is in contrast to
other related problems, e.g., generating simple groups [6], Lie algebras [3, 9], and matrix algebras
over algebraically closed fields [11].

This problem is motivated by an application in structural engineering. When we investigate
the deformation of structures, we repeatedly solve a system of governing nonlinear equations,
say, for different loadings. It is noteworthy that the Jacobian matrix is always a symmetric
matrix, which is a consequence of reciprocity of structural systems. Sometimes, structures are
endowed with (geometric) symmetry. In such a case we can make use of the symmetry in
various ways to enhance the computational efficiency of the numerical analysis. For example,
the symmetry implies that all the Jacobian matrices at symmetric deformations are contained
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in some nontrivial matrix x-algebra 7. This means that the Jacobian matrices can be block-
diagonalized simultaneously with a single orthogonal matrix P. If T is explicitly given in
advance, e.g., represented by group symmetry, then we can compute P with the aid of group
representation theory [7, 8]. It should be noted, however, that we often do not know an explicit
representation of 7, for example, when we deal with large complex structures. In such a
situation, it is natural to pick several Jacobian matrices randomly, and to substitute for P an
orthogonal matrix P that diagonalizes the matrix x-subalgebra T generated by these Jacobian
matrices. In fact, this idea was recently introduced in [1] to develop a numerical algorithm for
computing the deformation of symmetric structures. A motivation of this paper is to analyze
this approach theoretically, that is, to estimate the number of Jacobian matrices, which are
symmetric, necessary to generate 7. This is indeed the problem which this paper deals with.

In this paper, we show that any matrix x-algebra over the real field can be generated with at
most four randomly-chosen symmetric matrices (Theorem 3.1). This is optimal in the sense that
some matrix *-algebra cannot be generated with any three symmetric matrices. The proof relies
on the structure theorem for matrix *-algebras. Since a matrix *x-algebra can be decomposed
into irreducible components, it suffices to discuss irreducible cases. By providing the explicit
minimum number of matrices that are necessary to generate each irreducible case, we obtain
Theorem 3.1 for general matrix x-algebras. We remark that large complex structures with
group symmetry, such as dihedral or tetrahedral symmetry, yield matrix x-algebras with special
irreducible components, which can be generated with only two symmetric matrices.

This paper is organized as follows. Section 2 provides some notation and basic results in
the theory of matrix x-algebras. Section 3 is devoted to the proof of our main results. Finally,
concluding remarks are presented in Section 4.

2 Matrix x-algebras

2.1 Structure theorem

Throughout this paper, we denote by R, C, and H the real field, the complex field, and the
quaternion field, respectively. Let M,, be the set of matrices of order n over the real field R,
and S, be the set of symmetric matrices in M,,. We say that T C M,, is a matriz x-algebra
if it satisfies (i) I, € T, and (ii) A,B € T;a,8 € R = aA+ BB,AB, A" € T, where I, is
the identity matrix of order n. The value n is called the order of T. Obviously, M,, itself
is a matrix *-algebra. There are two other basic matrix x-algebras: the real representation of
complex matrices C,, C Mo, and the real representation! of quaternion matrices H,, C Mup,
which are respectively defined by

C(z11) -+ C(z1n)

Ch=RC(Z):= : : Z = (z;) € C™" & and
C(zm1) -+ Clznn)
H(h11) --- H(hip)

Hp = HY) = : : Y = (hij) e HV"
H(hnl) T H(hnn)

'Our definition of H,, is slightly different in signs of the entries from those in [12, 15], but these two are
equivalent.



with

a —-b —c d
C(a+z’b):<z _ab> and H(a+ib+je+kd) = | ° 3 _ad _bc ,
—-d ¢ -b

where a +ib € C and a + ib+ jc+ kd € H.
For two matrix x-algebras 77 and 75, their direct sum, denoted by 71 @ T, is defined as

TieTa={A®B|AcT,BcT),

A O
won- (3 9).

where

and their tensor product, denoted by 71 ® Ta, is
t

TI®T= {Z(Ai@Bi)

i=1

teN,AieTl,BieB(i:l,...,t)},

where
annB - aipB

A & B = : . :
anlB cee a,mB
Note that both 71 & 72 and 71 ® T2 are matrix *-algebras. For notational convenience, we

sometimes identify the identity matrix I,, with the matrix *-algebra {al, | a € R}. For example,
we denote

A O arily, o aipln,
[,oT = ATy and T@ly, = oo A=(ay) €T
O A antlm -+ Qundym
A matrix x-algebra 7 is called simple if it has no ideal other than {O} and T itself, where
an ideal of T means a submodule Z of T such that [A € T,B € T = AB,BA € I]. We say
that 7 is irreducible if no T-invariant subspace other than {0} and R" exists, where a linear
subspace W of R™ is T -invariant if AW C W for every A € T. The matrix *-algebras M, C,,
and H, are typical examples of irreducible matrix x-algebras.

We say that two matrix *-algebras 7; and Ty are equivalent if there exists an orthogonal
matrix P such that

To =P TP, where P'"TiP={P"AP|Ac T}

We denote the equivalence by 71 ~ 7.
From a standard result of the theory of matrix *-algebras [16, 17], we obtain the following

structure theorem for a matrix x-algebra over the real field R. The proof can be found, e.g., in
[10, 15].

Theorem 2.1. A matriz x-algebra T is equivalent to the direct sum of simple matriz x-algebras.
A simple matriz x-algebra is equivalent to the direct sum of equivalent irreducible matriz *-
algebras. Moreover, an irreducible matriz x-algebra of order p is equivalent to one of My, C /2,
and Hy, 4. In other words, it holds that

¢

T = @, ),

j=1

where Tj 1s one of My, , Cp. 1o, and H,. /4 and p; is the order of T; for j=1,...,L.
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Note that the decomposition in Theorem 2.1 is uniquely determined by a matrix *-algebra 7.
It then follows that, with a single orthogonal matrix P, every matrix X in 7 can be trans-
formed simultaneously to a block-diagonal form as

L
P'XP =(Im, ® B;) (1)
j=1

for some Bj € T for j =1,...,L.

2.2 Commutant algebra
For a matrix *-algebra T, the commutant algebra, denoted by T, is defined to be
T ={X|AX = XA VA€ T}

Note that 7" also forms a matrix *-algebra, and that (77)" = T holds.
The following lemma is not difficult to see.

Lemma 2.2.
(i) M}, ={al, |a € R}.
(i) C,, =1, ®Cy.
(ii) H,, = I, @ W, where

a —b —c —d
b a —-d c

W = c d a —b a,b,c,d € R
d —c b a

Note that W is equivalent to Hi, because diag(l,1,1,—1)Wdiag(1,1,1,—1) = H;, where
diag(---) is a (block)-diagonal matrix whose diagonal blocks are in the parentheses.
For two matrix x-algebras 71 and 7z, it follows from the definition that

TCTheT 2T.

Moreover, it can be shown by using Theorem 2.1 and Lemma 2.2 that

(o) =T &T;. (2)
3 Main theorem
Assume that a matrix x-algebra T is generated by symmetric matrices Ay, ..., Ay. Note that,
in our setting, we do not have any information of A;,..., Ay in advance. For a real vector

r= (r(l), .. ,T(N)), put
We denote by span{---} the set of linear combinations of the matrices in the braces, and by

(---) the matrix x-algebra generated by the matrices in the brackets.
The main result of this section is the following.



Table 1: Minimum number of symmetric matrices to generate irreducible matrix x-algebras
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Theorem 3.1. Assume that span{l,, A1,...,An} =T NS,. Then there exists an open dense
subset R C R*Y such that for any (r1,7r2,73,74) € R with r; € RN fori=1,...,4, it holds that

(A(r1), A(r2), A(r3), A(ra)) = T.

We may assume that the coefficient vector (71,72, 73,74) is normalized, for example, to ||r;|| =1
fori =1,...,4. Then, by the proof of this theorem, we can show that A(r1),..., A(r4) generate
T for almost all values of (r1,r2,73,74), or with probability one if (r1,r2,73,74) is chosen at
random. See also remarks for simpler cases after Lemmas 3.4 and 3.9.

To prove Theorem 3.1, it suffices, by Theorem 2.1, to discuss each case of irreducible matrix
x-algebras, i.e., My, C,, and H,,. The main part of the proof is to provide the minimum number
of symmetric matrices to generate each irreducible matrix *-algebra, which is summarized in
Table 1. Note that C; and H; cannot be generated by any set of symmetric matrices.

1. M, (n > 2) can be generated with two randomly-chosen symmetric matrices (Lemma 3.4).

2. Cy cannot be generated with any two symmetric matrices (Lemma 3.7), but can be done
with three randomly-chosen symmetric matrices (Lemma 3.9).

3. Cp (n > 3) can be generated with two randomly-chosen symmetric matrices (Lemma 3.11).

4. Hs cannot be generated with any three symmetric matrices (Lemma 3.16), but can be
done with four randomly-chosen symmetric matrices (Lemma 3.18).

5. Hs cannot be generated with any two symmetric matrices (Lemma 3.19), but can be done
with three randomly-chosen symmetric matrices (Lemma 3.21).

6. H, (n > 4) can be generated with two randomly-chosen symmetric matrices (Lemma 3.23).

In what follows, we will prove 1-6 above in turn.

3.1 Genericity in eigenvalue structure

To obtain our main theorem, we make use of the notion of genericity introduced in [12, 15].
Let X be a symmetric matrix in 7. We say that X is generic(more precisely, generic in
eigenvalue structure) if the matrices By,..., By appearing in the decomposition in (1) do not
share a common eigenvalue, and in addition, for each j = 1,...,¢, it holds that

o If 7; = M,,, then all the eigenvalues of B; are simple.
o If 7j = C,, /2, then all the eigenvalues of B; have multiplicity two.
o If T, = Hp, /4, then all the eigenvalues of B; have multiplicity four.
The following lemma can be proved in a similar way to [12, 15].
Lemma 3.2. Assume that span{l,, A1,...,An} = T NS,. Then there exists an open dense

subset Ry C RN such that for any r € R, the matriz A(r) is generic.
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3.2 Case of M,

In this section, we deal with generating the irreducible matrix x-algebra M,,. Note that if n = 1
one nonzero matrix generates M, = Mj.

The following lemma asserts that if two symmetric matrices satisfy the genericity with some
condition, they generate M,. We remark that a single symmetric matrix X € M, does not
generate M, if n > 2. Indeed, since X is diagonalized by some orthogonal matrix P, we see
(PTXP) C @], M1 C M. Hence (X) & PM,PT = M, holds.

Lemma 3.3. Let X1, Xo be two symmetric matrices in M,, with n > 2. If X1 is generic and
there exists an orthogonal matriz Q such that (a) it diagonalizes X1 and (b) (Q" X2Q)1; # 0
for every j =2,...,n, then it holds that (X1, X2) = M,,.

Proof. Tt suffices to show that (X7, Xs)' C I,,. Indeed, if so, then we have (X1, X3) D Il = M,
by Lemma 2.2 and (2). This, together with (X1, Xo) C M,,, implies that (X1, Xo) = M,,.

Let Y, = QT X,Q for ¢ = 1,2. Then Y; is a diagonal matrix whose diagonal entries are
its eigenvalues, denoted by Ai,...,\,. Assume that A = (a;;) is a matrix in (Y7,Y2)’. By
AY7; = Y1 A, we have

aij)\j = )\iaij for any Z,]

Hence if 7 # j then a;; = 0 holds since \; # \; by the genericity of X;. Moreover, by AY; = Y24,
it holds that

aii(Y2)ij = (Y2)ijaj; for any i, j,
where (Y3);; is the (i, j)-entry of Y5. Since (Y2)1; # 0 by the assumption, we see that a1 = a;;
for every j, and hence A = ol for some o € R. Therefore, (Y1,Y3)" C I, holds. Hence we have
(X1, X2) = Q(Y1,Y2)QT C QI,QT = I,,, which proves the statement. O

By Lemma 3.3, together with Lemma 3.2, we have the following lemma, which says that
almost all pairs of symmetric matrices generate M,,.

Lemma 3.4. Assume that span{l,, A1,...,An} = M, NS, with n > 2. Then there exists an
open dense subset R C R2N such that for any (ri,r2) € R with r; € RN fori = 1,2, it holds
that (A(r1), A(ra)) = M.

Proof. Let (r1,79) € R?N with ri,ro € RY, and X; = A(r;) for i = 1,2. It follows from
Lemma 3.3 that if (a) X is generic and (b) there exists an orthogonal matrix ¢ such that it
diagonalizes X and (Q X2Q)1; # 0 for every j = 2,...,n, then it holds that (X1, Xa) = M,,.
It is not difficult to see from Lemma 3.2 that these conditions are satisfied for any parameter
value (r1,72) in some open dense subset R of R2Y. Thus the statement holds. O

We may assume that the vectors r; and r9 are both normalized to unit vectors in Lemma
3.4. If r1 is chosen at random, then A(r) is generic with probability one by Lemma 3.2. Under
this condition, A(r1) and A(rz) generate M, with probability one if ry is chosen at random,
because A(rs) satisfies for almost all values of ro that (Q' A(r2)Q)1; # 0 for j = 2,...,n for
an orthogonal matrix @ that diagonalizes X;. Therefore, A(r1) and A(r2) generate M,, with
probability one if 1 and ro are chosen at random, respectively.

3.3 Case of C,

In this section, we provide the explicit number of symmetric matrices to generate the irreducible
matrix *-algebra C,,. For a matrix A € C,, there exists a matrix B in C"*" such that C(B) = A.
For 1 < p,q < n, the [p, q]-block of A, denoted by A, ;, means the submatrix C(By,) of order
two, where B,, is the (p, ¢)-entry of B.



We say that an orthogonal matrix P is C-compatible if P = C(U) for some unitary matrix
U over the complex field. Note that a C-compatible orthogonal matrix P preserves the form of
a matrix in C,, that is, PTC,P = Cp,.

We first show the following lemma.

Lemma 3.5. For a symmetric matric X in C,, there exists a C-compatible orthogonal matrix
P that diagonalizes X .

Proof. Since X € C,, N Sy, there exists a Hermitian matrix Y € C™*™ such that X = C(Y).
Then there exists a unitary matrix U that diagonalizes Y, i.e., U*Y'U is a diagonal matrix whose
diagonal entries are its eigenvalues. Note that all the eigenvalues of Y are real. Define P = C(U).
Then, since the mapping C from C"*" to C, is isomorphic, we see that PTP = C(U*)C(U) =
C(U*U) = Iap, ie., P is orthogonal. Moreover, it holds that PT XP = C(U*)C(Y)C(U) =
C(U*YU), which is a diagonal matrix all of whose diagonal entries have multiplicity two. [

Observe that for any nonzero matrix C(a + ib) € Cy, the matrix u~1C/(a +ib) is orthogonal,
where p = va? + b2. This fact gives the following lemma.

Lemma 3.6. Let X1, Xo be two symmetric matrices in C,. Then the following two statements

hold.

(i) There exists a C-compatible orthogonal matriz Q1 such that (a) it diagonalizes X1 and (b)
(QIXng)[Lj] = p;la for some pj € R for every j =2,...,n.

(ii) If X1 is generic and there exists a C-compatible orthogonal matriz Q1 satisfying (a), (b),
and (c) p; # 0 for every j = 2,...,n, then it holds that Q] (X1, X2)Q1 2 M, ® L.

Proof. (i) By Lemma 3.5, there exists a C-compatible orthogonal matrix )y diagonalizing X;.
We denote QS—XlQO = diag(z112, z212,...,z,12), and the [p,g]-block of QE]FXQQO by Cpy =
Clapg + ibpg) for p,q = 1,...,n. Define D = I, and, for j = 2,...,n, define D; to be
D; = u;lClj if C1; # O and D; = I5 otherwise, where p; = | /a%j + b%j. Then Dj is orthogonal
forj=1,...,n.

Let Q) = diag(D{,Dg,...,D;}). Then Q1 = QoQ} is orthogonal and C-compatible, and
Q] X1Q1 = diag(x11z, 2215, . .., 2,13) holds. Moreover, the [p, g]-block of Q] X2Q1 is equal to
DpCquqT, and in particular, the [1, j]-block is equal to p;ls if C1; # O and to O otherwise for
every j = 2,...,n. Thus the statement holds.

(ii) Define Y}, = Q{ X,Q; for h = 1,2. We will show that
(Y1,Y2) C I, ® Ma.

Indeed, let A be a matrix such that Y, A = AY}, for h = 1,2. Since A is commutative with
Y1, the matrix A has the form of A = diag(A1, As,..., Ay), where A;’s are matrices of order
two. This is because z, # x4 holds for distinct p,q by the genericity of X;. Moreover, since
A is commutative with Y3, comparing the [1, j]-blocks of Y1 A and AY; leads to ;A1 = Ajpu,
for 5 = 2,...,n, and hence A; = A; holds since p; # 0. Hence A is contained in I,, ® Mo.
Therefore, since (I, ® M3) = M,, ® Iz by Lemma 2.2, it holds that (Y1,Y5) D M, ® I,. [

Subcase: n =2

We first discuss the case of Ca. The following lemma asserts that Cy cannot be generated with
any two symmetric matrices.

Lemma 3.7. Let X1, X2 be two symmetric matrices in Co. Then it holds that (X1, X2) C Co.
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Proof. By Lemma 3.6 (i), there exists a C-compatible orthogonal matrix @); satisfying (a) and
(b). Then YV}, = Q{ X, Q1 for h = 1,2 have the forms of

1‘1.[2 O IQIQ N12>
Y] = and Y, = 3
! ( 0O ylfz) 2 <MI2 y2lo ®)

for some real numbers z;,y; (j = 1,2) and p. This means that (Y1,Y2) € Mo ® Io C Co. Thus
<X1,X2> g CQ holds. ]

On the other hand, if we have three symmetric matrices with some condition, they generate
Cy.

Lemma 3.8. Let X1, Xo, X3 be three symmetric matrices in Co. If X1 is generic and there
exists a C-compatible orthogonal matriz Q1 satisfying (a), (b), and (c) in Lemma 3.6 with an

additional condition (d) (Q] X3Q1)1.4 # 0, then it holds that (X1, X2, X3) = Ca.

Proof. Define Y}, = Q{ X,Q1 for h = 1,2,3. Then Y; and Y3 take the forms of (3), and Y3 has

the form of
Vo — .%'3[2 C’(a + Zb)
ST \Cla+i)T oyl )

By (d), b # 0 holds. We will show that
(1/17 Y27 Y3>, Ch® Cl.

To see this, let A be a matrix such that Y, A = AY}, for h = 1,2,3. Since A € (Y7,Y2), Lemma
3.6 (ii) implies that A € (My ® I)' = I ® My, that is, A = [ ® A; for some matrix A; of
order two. Moreover, since A is commutative with Y3, we have C(a + ib)A; = A1C(a +ib). By
b # 0, we obtain A; € C;. Hence A € I, ® C1, and therefore, since (I ® C;)’ = C2 by Lemma
2.2, we have (Y7,Y5,¥3) D Ca. Thus (X1, X2, X3) D Q1C2Q = Co, and moreover the equality
holds since (X1, X2, X3) C Cy obviously holds. O

It follows from Lemma 3.8 that almost all triples of symmetric matrices in Co generate Cs.

Lemma 3.9. Assume that span{l,, Ai,...,An} = Co N Sy. Then there exists an open dense
subset R C R3N such that for any (r1,72,73) € R with r; € RN for i = 1,2,3, it holds that
(A(r1), A(ra), A(rs)) = Ca.

Proof. Let (r1,r2,73) € R3V with r; € RN for i = 1,2,3, and denote X; = A(r;). Suppose that
the condition of Lemma 3.8 is satisfied, that is, X; is generic and there exists a C-compatible
orthogonal matrix @ satisfying (a), (b), (c) in Lemma 3.6, and (d) (Q{ X3Q1)14 # 0. Then
it follows from Lemma 3.8 that (X, X9, X3) = C3. By Lemma 3.2, such @, exists for any
parameter value (r1,72,73) in some open dense subset R of R*". Thus the statement holds. [J

In a similar way to Lemma 3.4, A(r1), A(r2), and A(rs) generate Co with probability one
if 71, ro, and 73 are chosen at random from normalized vectors. Indeed, if r; is chosen at
random, then A(r;) is generic for almost all values of r; by Lemma 3.2. Under this condition,
a C-compatible orthogonal matrix ); with the two conditions (a) and (b) also satisfies (c) for
almost all values of ro, and, in addition, ()1 satisfies (QlTXng)M # 0 for almost all values of
rs. Thus A(r1), A(re), and A(r3) generate Co for almost all values of (r1,72,r3). We remark
that we can apply a similar argument for all the other cases in the rest of this section.



Subcase: n > 3

We next discuss the case where n > 3. The following lemmas correspond to Lemmas 3.8 and
3.9 for n = 2.

Lemma 3.10. Let X1, Xo be two symmetric matrices in C, with n > 3. If there exists a
C-compatible orthogonal matriz Q1 satisfying (a), (b), (¢) in Lemma 3.6 with an additional
condition (d) (Q] X2Q1)36 # 0, then it holds that (X1, X2) = Cy.

Proof. Define Y3, = Q{ X,Q; for h = 1,2. We will show that
(Y1,Y2) € I, ® Cy.

Let A be a matrix such that Y, A = AY}, for h = 1,2. By Lemma 3.6 (ii), A = I, ® A; for some
matrix A; of order two. Let C' = (Ya)j23 € C1. Since A is commutative with Y2, comparing
the [2, 3]-blocks of Y24 and AY; leads to CA; = A;C. Since the off-diagonal entries of C' are
nonzero by (d), we obtain A; € C;. Therefore, A is contained in I,, ® Cy. Since (I, ® C1) = C,
by Lemma 2.2, (Y7,Y2) D C, holds. Thus (X1, Xs) 2 Q1C,Q{ = Cy, and the equality holds
since (X1, X2) C C,,. O

Lemma 3.11. Assume that span{l,, A1,...,An} = C,, N Sap, with n > 3. Then there exists an
open dense subset R C R?N such that for any (r1,r2) € R with r; € RN fori = 1,2, it holds
that (A(r1), A(ra)) = Cp.

Proof. This follows in a similar way to the proof of Lemma 3.9. O

3.4 Case of H,

In this section, we discuss the number of symmetric matrices to generate the irreducible matrix
x-algebra H,. The outline of this section is essentially similar to, but more complex than, the
case of C,,.

We say that an orthogonal matrix P is H-compatible if P = H(U) for some quaternion
unitary matrix U; recall that a matrix U over the quaternion field H is wunitary if U*U = I,
where U* denotes the conjugate transpose of U with respect to H, i.e., the (g, p)-entry of U* is
a—1ib— jc—kd if the (p, q)-entry of U is a+1ib+ jc+ kd. Note that an H-compatible orthogonal
matrix P preserves the form of a matrix X in H,, that is, PTH,P = H,. In a similar way to
the case of C,,, we have the following lemma.

Lemma 3.12. For a symmetric matriz X in H,, there exists an H-compatible orthogonal matrix
P that diagonalizes X .

Proof. Since X € H,, is symmetric, we have X = H(Y) for some quaternion Hermitian matrix
Y € H"*"™ where Y being Hermitian means Y* = Y. There exists a quaternion unitary matrix
U such that U*Y'U is a diagonal matrix whose diagonal entries are real. Then P = H(U) is
orthogonal and PT XP = H(U*)H(Y)H(U) = H(U*YU), which is a diagonal matrix. O

For A € H, and B € H"" with H(B) = A, the [p, q]-block of A, denoted by Ay, 4,
matrix H(By,) of order four for 1 < p,q < n, where By, is the (p, ¢)-entry of B.

By analogy with Lemma 3.6, we have the following lemma, which follows from the fact that
for any nonzero matrix H(a+ib+jc+kd) € Hy, the matrix p~'H(a+ib+jc+kd) is orthogonal,
where 1 = Va2 4 b2 + 2 + d2.

is the

Lemma 3.13. Let X1, Xy be two symmetric matrices in H,. Then the following two statements
hold.



(i) There exists an H-compatible orthogonal matriz Q1 such that (a) it diagonalizes X, and
(b) (QITXng)[Lh] = uply for some up € R for every h =2,...,n.

(ii) If Xy is generic and there exists an H-compatible orthogonal matriz Q1 satisfying (a), (b),
and (c) pp # 0 for every h = 2,...,n, then it holds that Q{ (X1, X2)Q1 2 M,, ® I4.

We also make the following observations needed later.

Lemma 3.14. For a matrix Hy in H1, there exists an H-compatible orthogonal matriz P such
that
T . (112 —VIQ
P H\P = <u12 o, ) (4)

for some real numbers a and v, which implies that P (H1)P C C1 ® Is.

Proof. We denote H; = H(a +ib+ jc+ kd) for some real numbers a, b, ¢, and d. Note that Hy
has the form of
"o C(a+1ib) C(—c—1id)
" \Cle—id) Cla—ib) )

We may assume that b # 0 or d # 0, since otherwise H; itself has the form of (4). Without
loss of generality, suppose that d # 0, because a similar argument holds for the case of b # 0 by
symmetry. For an H-compatible orthogonal matrix

I 1
N -1 o
P-( T‘lC(c—z‘d)> v 1C(T —ib) 1 ,
where 7 = V2 + d? and v = Vb2 + 2 + d?, we have
T _f(aly —viy
P HlP - (1/12 (IIQ > ’
Thus the statement holds. ]

Lemma 3.15. Let Hy, Hy be two matrices in Hi. If (d) there exists an H-compatible orthogonal
matriz P satisfying (4), where v # 0, such that all the off-diagonal entries in PTHyP are

nonzero, then it holds that
(Hy,Hs) = H;.

Proof. Define G, = PTH, P for h = 1,2. We will show that
<G1, G2>/ CW.
To see this, let A be a matrix in (G1,G2)’. Since G1A = AG; and v # 0, the matrix A has the
form of
_ (B1 —DBsy

= 5)
for some matrices Bi, By of order two. Moreover, since A is commutative with G5 and all the
off-diagonal entries of Go are nonzero, we have A € W, and hence (G1,G2)" C W. Therefore,

(G1,G2) D (W) = H; by Lemma 2.2. Hence (Hy, Hy) = P(G1,G2)P" D Hy, which proves the
statement since (Hy, Ha) C H;. O

10



Subcase: n =2

We first discuss the case where n = 2.

Lemma 3.16. Let X1, X9, X3 be three symmetric matrices in Ha. Then (X1, X2, X3) C Ha
holds.

Proof. By Lemma 3.13 (i), there exists an H-compatible orthogonal matrix @) satisfying (a)
and (b). Then Y, = Q] X;,Q; for h = 1,2 have the forms of

x11y O xoly NI4>
Y = and Y; =
! ( 0 y1]4> ne <MI4 Y214

for some real numbers xp,y, (h = 1,2) and p. This means that (Y7,Ys) C Mo ® Iy.
Let Y3 = Q X3Q; have the form of

Vi — (963-74 H3>
’ Hy  y3ly)’
where H3 € H;. It follows from Lemma 3.14 that there exists an H-compatible orthogonal

matrix P such that PTH3P = C ® I, for some C' = C(a 4 if8) € C;. Letting Qo = diag(P, P),
we see that Q;YhQQ =Y}, for h=1,2 and

133]2 O Oz]g —5]2

0] x3ly (I al

T 3o 2 2
VaOo —

@2 Y502 aly Bl y3l, O

—BI, oly O ys3lp

This means that Qg (Y1, Y2, Y3)Q2 C Co ® Ir € Ho. Hence (X1, X2, X3) € Q1Q2H2Q5 Q] = Ho
holds. O

Lemma 3.17. Let X1, Xo, X3, X4 be four symmetric matrices in Ha. Assume that Xy is generic
and that there exists an H-compatible orthogonal matriz Q1 satisfying (a), (b), and (c) in Lemma
3.13 with an additional condition that (d) in Lemma 3.15 holds for Hy = (QIXng)[LQ} and
H2 = (QIX4Q1)[172]. Then it holds that <X1,X2,X3,X4> = Hg.

Proof. We denote Y, = QIXth for h=1,...,4. By Lemma 2.2, it suffices to show that
(X1, X2, X3, Xy) € (Ho)' =L oW.

To see this, let A be a matrix such that Y,A = AY}, for h = 1,...,4. By Lemma 3.13 (ii),
A = I, ® A; for some A; of order four. Moreover, since A is commutative with both Y3 and Yy,
the matrix A; is commutative with both Hy = (Y3)[; 9 and Hz = (Yy)[1 9. Since the pair of H;
and Hj satisfy the condition (d) of Lemma 3.15, we have A; € (Hy, Ha)' = H} = W. Therefore,
we obtain (Y7,Y2,Y3,Yy) C Ir ® W. This implies that (X7, Xo, X3, X4)’ C I, ® W, and thus
<X1,X2,X3,X4> :7'[2 holds. ]

Lemma 3.17, together with Lemma 3.2, implies the following lemma, which corresponds to
Lemma 3.9 for Cs.

Lemma 3.18. Assume that span{I,, A1,...,An} = Ha N Sg. Then there exists an open dense
subset R C R*Y such that for any (r1,72,73,74) € R with r; € RY fori=1,...,4, it holds that
<A(T1)7 A(TQ)a A(T’g), A(T4)> = Ha.

11



Subcase: n =3

We next discuss the case where n = 3.
Lemma 3.19. Let X1, X2 be two symmetric matrices in Hs. Then we have (X1, Xo) C Hs.

Proof. By Lemma 3.13 (i), there exists an H-compatible orthogonal matrix @; satisfying (a)
and (b). Let H = (QIXQQ]_)[Q’g]. By Lemma 3.14, there exists an H-compatible orthogonal
matrix P such that PTHP = C ® I, for some C € C;. Then

P O O
Q=@ |0 P O
O O P

is H-compatible and orthogonal, and we have

xoly  pily poly
Qs X1Q2 =X and Qg XoQo = | muly  wly C®I
pely CT®@IL 2y

for some xo,y2, 22, 1, 12 € R. This means that Qg (X1, X2)Q2 C C3 ® Iy C Hs. Hence
(X1, X2) € H3 holds. O

Lemma 3.20. Let X1, Xo, X3 be three symmetric matrices in Hgz. Assume that X is generic
and that there exists an H-compatible orthogonal matriz Q1 satisfying (a), (b), and (c) in Lemma
3.13 with an additional condition that (d) in Lemma 3.15 holds for Hy = (QIXQQ]_)[Z’?)} and
Hy = (QIX?)Ql)[?,S]' Then it holds that (X1, Xo, X3) = Hs.

Proof. Define Y;, = QlTXth for h = 1,2,3. Let A be a matrix such that Y,A = AY), for
h =1,2,3. Since A € (Y1,Ys), Lemma 3.13 (ii) implies A = I3 ® A, where A; is a matrix
of order four. Since A is commutative with both of Y5 and Y3, we see that A1 H; = H1A; and
A1Hy = Ha Ay by comparing the [2, 3]-blocks. Since the pair of H; and Hy satisfy the condition
(d) of Lemma 3.15, we have A; € W. Thus A € I3 ® W. Therefore, (Y1,Y2,Y3) C I3 @ W
holds, and hence (Y7,Ys,Y3) O Hs by Lemma 2.2. Thus the statement holds by (Y1, Ys, Y3) =
Q7 (X1, X2, X3)Q1 and (Y1, Ya, Y3) C Hs. O

Lemma 3.21. Assume that span{l,, A1, ..., An} = H3NS12. Then there exists an open dense
subset R C R3N such that for any (r1,72,73) € R with r; € RY for i = 1,2,3, it holds that
(A(r1), A(r2), A(rs)) = Hs.

Subcase: n > 4

The case where n > 4 is obtained in a similar way.

Lemma 3.22. Let X1, Xy be two symmetric matrices in H, with n > 4. Assume that X is
generic and that there exists an H-compatible orthogonal matriz Q1 satisfying (a), (b), and (c) in
Lemma 3.13 with an additional condition that (d) in Lemma 3.15 holds for Hy = (QIXQQl)[ZB]
and Hy = (Q]—XQQl)[QA]. Then it holds that (X1, X2) = Hy.

Proof. Define Y}, = QlTXth for h =1,2. Let A be a matrix such that Y, A = AY}, for h = 1, 2.
By Lemma 3.13 (ii), A = I, ® A; for some matrix A; of order four. By comparing the [2, 3]-
blocks and [2, 4]-blocks of Yo A and AY5, respectively, we have Hy Ay = A1 Hy and Hy A1 = Ay Ho.
Since the pair of H; and Hs satisfy the condition (d) of Lemma 3.15, we obtain A; € W. This
means that A € I, W, and hence (Y7, Y2) C I,, @ W. Thus (X3, X2) O H,, by Lemma 2.2. [

12



Lemma 3.23. Assume that span{l,, Ay,...,An} = Hn N S with n > 4. Then there ezists
an open dense subset R C R*V such that for any (r1,72) € R with r; € RN for i =1,2, it holds
that (A(r1), A(ra)) = Hp.

3.5 Proof of Theorem 3.1

We can prove Theorem 3.1 by combining Theorem 2.1 with Lemma 3.4 for M,,, Lemmas 3.9
and 3.11 for C,,, and Lemmas 3.18, 3.21, and 3.23 for H,. It follows from Theorem 2.1 that
there exists an orthogonal matrix P such that

l
P AP = PIn, ® B))
j=1

with some th €Tjforj=1,....,fand h=1,...,N. Since Ay,..., Ay are symmetric matrices,
7 is neither C; nor H;.

Define A} = PTAP. For (r,re,r3,74) € RN with r; € RN for i = 1,...,4, let A'(r;) =
PTA(r;)P. Note that the matrix *-algebra generated by A’(r1),...,A’(r4) is the direct sum
of the matrix x-algebras generated by the block matrices of A’(r1),..., A'(ry). Therefore, it
follows that there exists an open dense subset R C R*V such that for any (rq,72,73,74) € R
with 7; € RN for i = 1,...,4, we have

12
<A/(T1),A/(T2)7A/(T3),A/(T‘4)> = @(Imj & 7;)

j=1

This implies that
(A(r1), A(rz), A(rs), A(ra)) = T.

Thus the statement of Theorem 3.1 is proved.

4 Concluding Remarks

Remark 4.1. Tt follows from Theorem 3.1 that a matrix x-algebra having no C; and H; as
irreducible components can be generated by symmetric matrices. Thus the following corollary
holds.

Corollary 4.1. A matriz x-algebra T is generated by some symmetric matrices if and only if
the decomposition of T in Theorem 2.1 has neither C1 nor Hi as an irreducible component T;.

Remark 4.2. For an algebra, the one and a half generation property is the property that every
non-zero element can be completed to a pair of elements that generate the algebra. It is known
that this property holds for simple Lie algebras over the complex field [9] and a certain class
of an algebraically closed field of finite characteristic[3]. The proof of Theorem 3.1 implies
that matrix *-algebras over the real field satisfy such kind of property, i.e., every symmetric
matrix (which is not a scalar multiple of the identity matrix) can be completed to a tuple of four
symmetric matrices that generate the matrix x-algebra. Indeed, assume that a matrix x-algebra
is M,, (the other cases follow in a similar way). Then, for a given symmetric matrix X, we can
take a generic symmetric matrix X; diagonalized by an orthogonal matrix satisfying (a) and
(b) in Lemma 3.3.

Remark 4.3. The proof of Theorem 3.1 can be adopted to matrix *-algebras over the complex
field C. It is known that a matrix x-algebra over C can be decomposed into the direct sum of
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Iy, ® Mp(C) for some m and p, where M,,(C) is the set of matrices of order p over the complex
field. See, e.g., [2, 5] for a detailed proof. Hence we only have to discuss the case of M,,(C).
Since the proof of Lemma 3.4 works even when we replace the transpose “T” by the complex
conjugate “x” and “orthogonal” by “unitary,” we have the following theorem.

Theorem 4.2. Let T be a matriz *-algebra over the complex field, generated by Hermitian
matrices Ay, ..., An. Assume that span{l,, A1,...,An} =T NS,(C), where S, (C) is the set
of Hermitian matrices in M,,(C). Then there exists an open dense subset R C R?N such that
for any (r1,72) € R with r; € RN for i = 1,2, it holds that

(A(r1), A(re)) =T
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