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1 Introduction

In this paper we are concerned with the initial value problem for water waves in arbitrary space
dimensions. The water wave is a model system for irrotational flow of an incompressible ideal
fluid with a free surface under the gravitational field. The analysis of this problem is very
hard because of the nonlinearity of the equations together with the presence of a unknown free
surface. In order to understand various phenomena of water waves, one has approximated the
equations by simple ones and analyzed the approximated equations. The simplest approximation
is the linear one around the trivial flow by assuming that the amplitude of the free surface and
the motion of the fluid are infinitesimal. However, this approximation could not explain the
existence of solitary waves nor the breaking of the waves. In order to explain such phenomena
we have to include nonlinear effects of the waves in the approximation. The shallow water
equations are one of such approximations and derived from the water wave by assuming that
the water depth is sufficiently small compared to the wave length. The aim of this paper is to
give a mathematically rigorous justification of the shallow water approximation for water waves
in Sobolev spaces.

By rewriting the equations in an appropriate non-dimensional form, we have two non-
dimensional parameters § and ¢ the ratio of the water depth h to the wave length A and the
ratio of the amplitude of the free surface a to the water depth h, respectively, in the equations.
The shallow water equations are derived from the water wave in the limit § — +0 by keeping
€ ~ 1. In the case of a flat bottom, they are of the same form as the compressible Euler equation
for a barotropic gas and the solution generally has a singularity in finite time even if the initial
data are sufficiently smooth. Therefore, this approximation is used to explain the breaking of
the waves. The derivation of the shallow water equations goes back to G. B. Airy [1]. Then,
K. O. Friedrichs [4] derived systematically the equations from the water wave by using an ex-
pansion of the solution with respect to 62, which is called the Friedrichs expansion. See also H.
Lamb [12] and J. J. Stoker [19]. A mathematically rigorous justification of the shallow water
approximation for two-dimensional water waves was given by L. V. Ovsjannikov [15, 16] under
the periodic boundary condition with respect to the horizontally spatial variable, and then by
T. Kano and T. Nishida [8]. In order to guarantee the existence of solutions for water waves,
they used an abstract Cauchy-Kowalevski theorem in a scaled Banach space so that analyticity
of the initial data was required. A mathematical justification of the Friedrichs expansion was
investigated by T. Kano and T. Nishida [9] and the justification in the three-dimensional case
by T. Kano [7]. It is natural to ask if the approximation is valid in Sobolev spaces. However,
this question was not resolved.
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On the other hand, the Korteweg-de Vris (KdV) equation is also derived from the two-
dimensional water wave in the limit e = §2 — 40. It is well known that the solution of the KdV
equation exists globally in time and the equation has solitary wave solutions. The derivation of
the KdV equation goes back to D. J. Korteweg and G. de Vries [11]. Historically, the theory of
long waves in shallow water gave rise to a paradox, because both the shallow water equations
and the KdV equation are derived from water waves in the limit 6 — 0 and the behavior of the
solutions are completely different. We refer to F. Ursell [20] on this paradox. A mathematically
rigorous justification of the KdV equation for the water wave was investigated by T. Kano
and T. Nishida [10] in a class of analytic functions. Concerning this KdV approximation, a
justification in Sobolev spaces was given by W. Craig [2] under a restriction that the wave is
almost one-directional. Then, G. Schneider and C. E. Wayne [17] gave a justification without
assuming one-directional motion of the wave. In the case with the surface tension on the free
surface, G. Schneider and C. E. Wayne [18] and the author [5] gave justifications. An important
part of the analysis in [2, 5] is to approximate a non-local operator, such as the Dirichlet-
to-Neumann map for Laplace’s equation and the Dirichlet-to-Dirichlet map for the Cauchy-
Riemann equations, in terms of Fourier multipliers by expanding it with respect to a function
which represents the surface elevation and to give a precise estimate for the remainder part.
However, in the shallow water scaling we cannot obtain a good estimate for the remainder part
so that we have to use another method in order to give a justification of the shallow water
approximation.

In connection with the well-posedness of the initial value problem for water waves, the
solvability in Sobolev spaces was given by several authors. In his pioneering work [14], V. L.
Nalimov investigated the initial value problem in the case where the motion of the fluid is two-
dimensional and the fluid has infinite depth. He showed that if the initial data are sufficiently
small in a Sobolev space, that is, if the initial surface is almost flat and the initial movement of
the fluid is sufficiently small, then there exists a unique solution of the problem locally in time
in a Sobolev space. H. Yosihara [23] extended this result to the case of presence of an almost
flat bottom. S. Wu [21] studied the problem in exactly the same situation as Nalimov’s and gave
the existence theorem locally in time without assuming the initial data to be small. It is known
that the well-posedness of the problem may be broken unless a generalized Rayleight-Taylor sign
condition —dp/IN > ¢y > 0 on the free surface is satisfied, where N is the unit outward normal
to the free surface. She showed surprising fact that this condition always holds for any smooth
nonself-intersecting interface. In the above results, the proofs were based on the energy method.
They first derived quasi-linear equations of the form

uy + a|Dlu = f,

where the function a is positively definite, and then defined a corresponding energy function by
E = ||Jug||?+(a|D|*?u, | D|*?u)+||u||?. In the derivation of the above equation, an approximation
of a non-local operator in terms of Fourier multipliers plays an important role. However, the
extension of such approximation to the three-dimensional case was difficult. Instead, S. Wu [22]
derived quasi-linear equations of the form

uy + alu = f,

where A is the Dirichlet-to-Neumann map for Laplace’s equation and analyzed precisely the non-
local operator A. She defined a corresponding energy function by E = |Juz||? + (aAu, u) + |Jul/?.
(Strictly speaking, she used a slightly different energy function.) As a result, she succeeded to
give an existence theory in Sobolev spaces for three-dimensional water waves of infinite depth.
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Note that in two-dimensional case a principal part of A is equal to |D| and that all of the three
authors mentioned above used the Lagrangian coordinates. D. Lannes [13] studied the initial
value problem for water waves of finite depth in arbitrary space dimensions. One of interesting
features of his paper is that he did not use the Lagrangian coordinates but the Euler coordinates
although the surface tension on the free surface was neglected. Another interesting feature is
that he obtained a good expression of the Fréchet derivative of the operator A with respect to a
function which represents the surface elevation. As a result, he derived linearized equations of

the form
{ "7t+v'(m7)_A¢:fla
¢t+v'v¢+an:f27

where the function a is positively definite, defined a corresponding energy function by E =
(an,n) + (A, ) + ||#||%, and gave an existence theory in Sobolev spaces. This energy function
is very natural, because the water wave problem has a conserved energy defined by

1 1
H= [ vya)Pax + / 91n()dz = (A, ) + L)%
o) 2 R 2 2 2

See section 2 for the notation. We mention that the water wave problem has a Hamiltonian
structure whose Hamiltonian is H and the canonical variables are n and ¢. The Hamiltonian
formulation of water waves goes back to V. E. Zakharov [24] in the case of infinite depth. We
refer to W. Craig, P. Guyenne, D. P. Nicholls, and C. Sulem [3] for an analysis of the Hamiltonian
in long wave approximations. In calculation of the time evolution of the energy function F, we
need to estimate commutators of the map A and differential operators. S. Wu [22] obtained
precise commutator estimates by using the theory of singular integral operators and Clifford
analysis, whereas D. Lannes [13] used the theory of pseudo-differential operators and obtained
commutator estimates by imposing much differentiability on the coefficients. This is one of the
reasons why a Nash-Moser implicit function theorem was used to obtain the solution of the
nonlinear equations in [13]. A relation between the generalized Rayleight-Taylor sign condition
and the bottom topography was also analyzed in [13]. Under the shallow water scaling, such
techniques in [22, 13] in estimating commutators do not give nice uniform estimates with respect
to small §. In this paper, to obtain the uniform estimates, we only use the standard technique
in estimating the solution of a boundary value problem for elliptic differential equations, so
that the proof may become much simpler and elementary than the previous ones. We adopt
the formulation of the problem used in [13]. However, thanks of a precise energy estimate for
linearized equations it is not necessary to use the Nash-Moser implicit function theorem to obtain
the solution of the nonlinear equations.

The contents of this paper are as follows. In section 2 we formulate the problem, rewrite it in
a non-dimensional form, transform it into an equivalent problem on the free surface, and give one
of our main results, which asserts the existence of the solution with uniform bounds in a Sobolev
space. In section 3 we formally derive the shallow water equations from the water wave and give
another main result, which justifies rigorously the shallow water approximation. In section 4 we
analyze the Dirichlet-to-Neumann map for Laplace’s equation. In the analysis, we transform a
boundary value problem for Laplace’s equation in the fluid domain €(t) to a problem on the
simple fixed domain €y = R™ x (0, 1) by using a suitable diffeomorphism © : Qy — Q(¢). In
sections 5 and 6 we derive estimates in a Sobolev space for the Dirichlet-to-Neumann map and
its Fréchet derivatives with respect to the function which represents the surface elevation. In
section 7, according to D. Lannes [13] we first linearize the full equations and derive an energy
estimate for the linearized problem. In section 8 we reduce the full nonlinear equations to a
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quasi-linear equations. Finally, in section 9, by applying the energy estimates established in
section 7 to the quasi-linear equations derived in section 8 we prove main theorems.

Notation. For a real number s, we denote by H® the Sobolev space of order s on R" equipped
with the inner product (u,v)s = (2m) ™" [g. (1+(£])?*0(€)0(£)dE, where @ is the Fourier transform
of u, that is, 4(§) = [ga u(z)e” ™ dz. We put |[uls = v/(u, u)s, (u,v) = (u, v)o, and [[u] = |ullo.
For 1 < p < oo, we denote by | - |, the norm of the Lebesgue space LP = LP(R"). The norm
of a Banach space X is denoted by | - ||x. For 0 < T' < oo, a non-negative integer j, and a
Banach space X, we denote by C7([0,T]; X) the Banach space of all functions of C7-class on
the interval [0, 7] with the value in X. We put 0; = 0/0z;, 0;; = 0;0;, and 0, = 0;0;0;. A
pseudo-differential operator P(D), D = (Dq,...,D,) and D; = —i0;, with a symbol P(§) is
defined by P(D)u(z) = (2m)™" [ P(£)0(£)e™ dé. We put J =1+ |D|, so that [|ulls = ||J5u]].
For operators A and B, we denote by [A, B] = AB — BA the commutator. Throughout this
paper, we denote inessential constants by the same symbol C.

2 Formulation of the problem

Let x = (x1,2,...,x,) be the horizontally spatial variables and z,41 the vertically spatial
variable. We denote by X = (z, z,4+1) = (z1, ..., Zn, Tnt+1) the whole spatial variables. We will
consider a water wave in (n + 1)-dimensional space and assume that the domain Q(t) occupied
by the fluid at time ¢ > 0, the free surface I'(¢), and the bottom ¥ are of the forms

Qt) = {X = (2, 7py1) € R b(2) < 2py1 < h+ n(x,t)},
[(t) = {X = (@, Tn+1) € Rn+1? Tpt1 =h+ "7(96775)},
N ={X = (x,2p11) € R"; 241 = b(2) },

where h is the mean depth of the fluid. The functions b and 7 represent the bottom topography
and the surface elevation, respectively. In this paper b is a given function, while 7 is the unknown.
In fact, our main interest is the behavior of the free surface.

We assume that the fluid is incompressible and inviscid, and that the flow is irrotational.
Then, the fluid motion is described by the velocity potential & = & (X, t) satisfying the equation

(2.1) Ax®=0 in Q@), t>0,

where Ay is the Laplacian with respect to X, that is, Ay = A+ 92, and A =097 + -+ 2.
The boundary conditions on the free surface are given by

OV — 0y ® =0,
(2.2) {nt—I-V Vn +1

®, + 3Vx®2+gn=0 on I(t), t>0,

where V = (01,...,0,) and Vx = (01,...,0n,0n4+1) are the gradients with respect to x =
(x1,...,zy) and to X = (x,xp41), respectively, and g is the gravitational constant. The first
equation is the kinematical condition and the second one is known as Bernoulli’s law. The
boundary condition on the bottom is given by

(2.3) N -Vx®=0 on X, t>0,
where N is the normal vector to the bottom .. Finally, we impose the initial conditions

(2.4) (@, 0) = no(z), (X, 0) = Bo(X).
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It should be assumed that the initial data satisfy the compatibility conditions, that is, Ax®g =0
in Q(0) and N -Vx®y =0 on X.

We proceed to rewrite the equations (2.1)—(2.4) in an appropriate non-dimensional form. Let
A be the typical wave length and h the mean depth. We introduce a non-dimensional parameter
d by 0 = h/\ and rescale the independent and dependent variables by

A . _
2.5 =\, Tpp1 =hTpq1, t=-—=t, & =A/ghQ, = hn, b=hb.
(2.5) x T, Tpyl Tnt1 NG g n=nhn

Putting these into (2.1)—(2.4) and dropping the tilde sign in the notation we obtain

(2.6) FAD+II ,@=0 in Q@F), t>0,
(2 7) (52 (nt +Vo- Vn) - 8n+1<I> = 0,
' 6%(® + 2[VR|2+1) + 3(0n+1®)2 =0  on T(t), t>0,
(2.8) Ont1® —6*Vb- V& =0 on %, t>0,
where

Q) = {X = (#,zp41) € R"™; b(2) < 2py1 < 1+ n(z,t)},

I(t) = {X = (T, Tn41) € R  Tngr =1 +77($7t)}7

Y ={X=(z,2p41) ER"™; 21 =b(2) }.
Since we are interested in asymptotic behavior of the solution when § — 40, we always assume
0 < § <1 in the following.

As in the usual way, we transform equivalently the initial value problem (2.6)—(2.9) to a
problem on the free surface. To this end, we introduce new unknown function ¢ by

(2.10) oz, t) = ®(x, 1+ n(z,t),1),

which is the trace of the velocity potential on the free surface. Then, we see that

— @ D1 Bl oy
(2.11) {¢t tlr) + On+1®[ryme

V(Z) = VCI)|F(,5) + an-i—l(I)‘F(t)vn'

We introduce the Dirichlet-to-Neumann map A = A(n, b, §) for Laplace’s equation in the follow-
ing way. Under suitable assumptions on 7 and b, for any function ¢ on the free surface in some
class there exits a unique solution ® of the boundary value problem

FPAP+ 92, P =0 in  Q(t),
=0 on I'(t),
Opi1® —62Vb- V& =0 on X.

Using the solution ® we define a linear operator A = A(n, b, ) by

A(nv b, 5)90 = (6_2871-‘1-1(1) - V- vq)) ’F(t)'
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It is very important to study precisely the operator A in the analysis of the initial value problem
for water waves. By this definition, (2.6), (2.8), and (2.10), we have

(2.12) A(0,6,8)¢ = (6700 1® — V) - V)|, .

This and the second equation in (2.11) imply that

(2.13) { On+1®|r(ry = 621+ 0%V )~ (Ag + Vi - V),

VOlrp) = Vo — 0*(1+0%|Vn[?) "1 (Ad + Vi - V) V.

It follows from the first equation in (2.7) and (2.12) that 7, — A¢ = 0, so that by the first
equation in (2.11) we get

ilrcy = ¢ — 8 (14 8% |Vnl*) " (Mg + V- V)Ae.
Putting this and (2.13) into the second equation in (2.7) we obtain

(2 14) e — A(nv ba 5)¢ =0,
T b+ V0P = B0+ VAR (A b.0)+ V0V =0 for >0,

(2.15) n=mny ¢=9¢) at t=0,

where ¢ = ®)(-, 1+ n3(-)). This is the initial value problem that we are going to investigate
in this paper. The following theorem is one of the main results in this paper and asserts the
existence of the solution with uniform bounds on a time interval independent of small § > 0 for
the above initial value problem.

Theorem 2.1. Let My,co > 0 and s > n/2 + 1. There exist a time T > 0 and constants
Co, 80 > 0 such that for any & € (0,80], nd € H3H1/2 ¢d ¢ H5T, and b € H*H*HY/2 satisfying

”773”5+3+1/2 + | pflsa + 0]l s441/2 < Mo,
L+nd(z) —b(z) >co for z€R",

the initial value problem (2.14) and (2.15) has a unique solution (1, ¢) = (n°,¢°) on the time
interval [0, T satisfying

1(n°(t), @° () ls+3 + 107 (£), 2 ()l s42 < Co,
1+n0(z,t) — b(x) > co/2 for xR, 0<t<T.

3 The shallow water approximation

In this section we study formally asymptotic behavior of the solution (n°, ¢?) to the initial value
problem (2.14) and (2.15) when 6 — 40 and derive the shallow water equation, whose solution
approximates (7%, ¢%) in a suitable sense. Then, we will give a theorem which ensures a rigorous
approximation of the water wave by the shallow water equations.

It follows from the second equation in (2.14) that

bt + V6 = 0.

6
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By (2.6) and (2.8),

B Oua®)@unt) = Gun®)a @)+ [ :;“wi@)(x,y,t)dy
— 52Vb(z) - VO, b(x), ) — 62 /b :“(M)(x, v, t)dy,
which implies that (9,,41®)(X,t) = O(6?). Therefore,
VO(z, 2ms1,t) = VO(x,14n(z,1),1)+ /li:;t)(vanﬂfb)(x,y,t)dy

= VO(z,1+n(z,t),t)+O(6?).

Moreover, by the definition (2.10) it holds that
Vo(z,t) = VO(x,14n(x,t),t)+ Vn(2)(On1®)(z, 1+ 1(z), t)
= V&(x,1+n(z,t),t)+ 0%
Vo (X, t)+ O(52).

Similarly, we have
Ag(z,t) = AB(X,t) + O(6%).
These relation and (3.1) imply that
14n(w,t)

(On1®)(z, 1+ n(x,t),t) = 62°Vb(x)- Vo(x,t) — 62 /b( | A(z, t)dy + O(5%)

= (1 +n(x, ) Ad(x,t) + 6V - (b(2)V(z,t)) + O(Y).
Hence, by the definition of the Dirichlet-to-Neumann map A we have
(3.2) (M) (@, ) = =V - (1 + (1) = b(a)) Ve(x, 1)) + O(&).
This and the first equation in (2.14) imply that
n+V-((1+n—-b)Ve) = 0(6?%).
To summarize, we have derived the partial differential equations

e+ V- ((1+n-0)Ve) =0(6?),
o+ 1+ 3|Vo|2 = 0(5?),

which approximate the equations in (2.14) up to order §2. Letting § — 0 in the above equations
we finally obtain the shallow water equations

(3.3) Y+ V- ((1+n°—b)VeY) =0,
' o7 +n°+ 5Ve’* =o.

Here, we remark that if we put u® := V¢ and take the gradient of the second equation in (3.3),
then we obtain

n+ V- ((1+n°—bu’) =0,

uf + (u® - V)u® + vn? = 0.

The following theorem is another main result in this paper and gives a mathematically rigorous
justification of the shallow water equations for water waves.



KSTS/RR-06/009
October 3, 2006

Theorem 3.1. In addition to hypothesis of Theorem 2.1 we assume that as 6 — +0 the initial
data (13, ¢3) converge to (n3,#9) in H*T3. Then, as § — +0 the solution obtained in Theorem
2.1 satisfies
(7% ¢°) — (n°,¢°) weakly* i L>(0,T; H**?),
strongly in C([0, T); H¥+37°)

for each e > 0, where (n° ¢°) is a unique solution of the shallow water equations (3.3) with
initial conditions (n°, ¢°)|t=0 = (13, ¢9).

Moreover, if we also assume that |9 —nd|ls + |6 — 89| s+1 = O(62), then for any & € (0, 5o
and t € [0,T] we have

1°(t) = n°(@)ls + 16°(t) = ¢°(t)l|s+1 < C6°

with a constant C independent of § and t.

4 The Dirichlet-to-Neumann map A

Throughout this and following two sections the time ¢ is arbitrarily fixed, so that Q(t), I'(¢),
and 7n(z, t) are simply denoted by Q, I", and n(z), respectively. We consider the boundary value
problem

FPAD+ 02,9 =0 in Q,

d=9 on I,

Opi1® —62Vb- V& =0 on X.

Introducing a (n + 1) x (n + 1) matrix I5 by

E, 0
15_< 0 5—1)7

where F,, is the n X n unit matrix, we can rewrite the above boundary value problem and the
Dirichlet-to-Neumann map as

Vx - IZVx®=0 in Q,
(4.1) O =0 on T,
N-I}Vx®=0 on X

and
A(nv b, 5)¢ - (—V"% 1) : IgvX(I)(xa 1+ "7(35))7

respectively.

Definition 4.1. The unique solution ® of the boundary value problem (4.1) is denoted by ¢".

Lemma 4.1. The Dirichlet-to-Neumann map A = A(n, b, ) is self-adjoint in L?, that is, for
any ¢, € H' it holds that
(Ag, ) = (¢, AY).

Proof. Set ® := ¢" and ¥ := ¢". By Green’s formula we have
0 = / (Vx  IZVx®)T — &(Vy - IFVxT))dX
Q

_ /((N IV x®)V — ®(N - IfVxT))dS,
I

8
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where N is the unit outward normal to the boundary 0f2. In the above calculation we used
the boundary condition on the bottom X. Since ® = ¢, ¥ = 4, /1 + |[Vn|2N - Igvxfb = Ao,

1+ |Vn|2N - I3V x V¥ = Ay, and dS = \/1+ |Vn|?dz on T, we obtain the desired identity.
O

Lemma 4.2. For any ¢ € H*, it holds that (A¢, ¢) = HI5VX<I>H%2(Q), where ® = ¢,

Proof. By Green’s formula we see that

0_/(VX-I§VX¢>)<1>dX_ (N.Igvxé)@dS—/ |I;V x®|%dX.
Q Q

o0
This together with the boundary conditions yields the desired identity. O

By using an appropriate diffeomorphism © = (01,...,0,,0,41) : Q= R" x [0,1] — Q,
we transform the boundary value problem (4.1) to a problem on the simple domain 2. We take
functions 6 = (01, ..., 60,, 0,4+1) satisfying the conditions
Hj(.%', 0) = Hj(.%', 1) = 0,
On+16;(x,0) = =0;b(x), Ont10j(z,1) = —0jm(x) for 1<j5<mn,
9n+1($7 0) = b(.%'), 0n+1($7 1) - "7(96),
an—l—len-l—l(x: 0) = an—l—len-l—l(xy 1) =0,

and define the diffeomorphism © by

(4.2)

(4.3) 0;(X)=x;+6%;(X) for 1<j<n,
' Ont1(X) = 2p1 + 01 (X).

It is easy to see that

a0y, ... ,6,)
00 E, + 62— r
(4.4) 99 _ [ Ento A(x1,... 2 (V1)

52871—{-1(917 R en) 1+ an-i—len—i-l
and that

90 En (Vb(z))"
ax @0 ( —52Vb(z) 1 ) ’
90 En (V)"
8—X($’ b ( —62Vn(x) 771 )

We put @ := ® 0 © and
a 90\ _i (00 "\ ,f00\ "
B 00 90 N/, 00 _\T\ 7!
= det(a_x)(<158715 ) (55 157) ) '
Then, the boundary value problem (4.1) is transformed into

Vx - IP;Vx®=0 in 0<azp <1,
(4.6) ®=9¢ on Tny1 =1,
On41® =0 on xpy+1 =0.
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Here, we have

a(bn,....0,
E +52(1—x)) §(VOpi1)T

(4.7) Iga—XIgl = SR T T
5871—{—1(917 R en) 1+ an-i—len—i-l

On the upper boundary x,4+1 = 1, we have det(g—g) =1+ 0%|Vn|? so that

p = aseen(( g, ) ()

E, +82(Vn)Tvn 0 !

— 2 2 n

= (1407 |Vn| )( 0 1 +(52‘V77‘2

Similar identity holds for the lower boundary x,+; = 0. Therefore, we see that
* 0 * 0

(4.8) P(m,())-(o 1), P(x,l)-(o 1).

Particularly, it holds that
(4.9) eni1 - PV x® =€,y 1 - I3Vx® =620,,1® on x,,1=0,1.
We also have the relation

B, + 48 9(01,...,0,)

~ T
(4.10) I5Vd = (x1, ... ) O(Vbn1)

, Is(V®) 0 0.
5871—{—1(917 HEE) en) 1+ an-i—len—i-l

Assumption 4.1. Let r > n/2.

(A1) There exists a C!-diffeomorphism © : Qg — Q satisfying (4.2), (4.3), and the conditions
det(92(X)) > ¢ > 0 and |[Vx0(X)| < M for X € Qq.

(AQ) |’VX0(-,.Q?R+1)HT+1 S M for 0 S Tn4+1 S 1.

(A3) |]VX0(-,xn+1)Hr+g S M for O S Tn4+1 S 1.

The construction of a diffeomorphism © satisfying the above conditions will be given later.
By (4.10) we can easily obtain the following lemma.

Lemma 4.3. Under Assumption 4.1 (A1), there exists a constant C = C(M,c) > 1 such that
CHI5Vx P 120y < 115V x Pl 1200) < CIIVx®| 120

Lemma 4.4. Under Assumption 4.1 (A1), there ezists a constant C = C(M,c) > 1 such that
for any ¢ € H' we have
CTIASI? < (A0, 9) < ClIAg 611,

where Ag = A(0,0,8) = $|D| tanh(5|D|).

10
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Proof. We set ® := th and ® := ® o 0, and decompose o = fl:’l + i’g, where fl:’l and <f>2 are
solutions of the boundary value problems

VX . IgvX(i’l =0 in 0< Tl < 1,

b =9 on Tptp =1,
Opi1®1 =0 on Tpy1 =0
and - ~
Vx- I§VX<I>2 =Vx- 15(11 — P)IgvX(I’ in 0<apy <1,
i’g =0 on Tptp =1,
Opi1®2 =0 on Tpy1 =0,

respectively. Then, it holds that
Ap=06720,119(-, 1) = 6 20,41P1 (-, 1) + 0 20041P2(+, 1) = Ao + 6 20n+1Pa(+, 1)
and, by Lemma 4.2, that

(Mg, 9) = IV x P72 18520112 = (Moo, 6) = 115V x @110

By Green’s formula we see that

(6720n+1P2(+, 1), @) = (6 20n+1Pa(+, 1), 1(+, 1))

= /Igvxig-lgvxffldX—l—/ (Vx - I3V x D) D 1dX
QQ QO

= /Igvxig-lgvxffldX—l—/ (Vx - Is(Iy — P)IsVx®)®1dX
QQ QO

= / I;Vx®y IsVx®dX — | (I} — P)I;Vx® - IsVx®1dX,
QQ QO

where we used (4.8). Therefore,
(67200 11®a(-, 1), )| < CUHsVx P2l L2(g) + 5V x @l L2(020)) 15V xP1 [ L2 (020 -

Similarly, by the equations for 5 we see that

115V x @272, = —/ (Vx - I3V x®e)DodX = —/ (Vx - Is(Iy — P)IV x®)P2d X
QQ QO
= / (It = P)IsVx® - IsV x®2dX < C||IsV x| 12(00) I T5V x 2|l £2(0)
Qo
so that . .
15V x P2l 12(00) < CllIs VxRl 12(00) < ClIsVx Pl 120,

where we used Lemma 4.3. Summarizing the above estimates we obtain

(A, ¢) — (Moo, d)| < ClIIsV x| 12() sV x 1| £2(620) < CV/ (A, $)V/ (Aob, ),

which easily yields the desired inequalities. O

Now, let us construct the diffeomorphism © satisfying the conditions in Assumption 4.1.

11
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Lemma 4.5. Let r > n/2, c¢1, My > 0 and suppose that n,b € H'*" satisfy the conditions

71147 + [0l 14 < M,
1+n(x)—0b(x)>c1 for xe€R™

Then, there exists a constant § = 01(Mjy, c1,7) > 0 such that for any § € (0, 1] we can construct
a diffeomorphism © satisfying the conditions in Assumption 4.1 (A1l). Moreover, for any s > 0
and k € N we have

15V x 0l 22(00) < C1(IInlls41/2 + 10/l s51/2)5

(4.11) OF10C, 2as)lls < Colllmllssn + [Bllsir),

sup ||
0<$n+1<1

where C1 = Cy(c1) > 0 and Cy = Csy(c1,k) > 0. In the case where n depends also on the time t,
for any l € N we have

175V x 810(8) ]| .2 (030) < C1lOfn ()]l s41/2,

(4.12) sup |98 1046(, 2ni1, Dlls < Coll9fn() s
0<$n+1<1
Proof. Without loss of generality we can assume that 0 < ¢; < 1. Since %(1 + 1_161) > 1, we

can take p € C*°(R) satisfying the conditions

0 for z,11 <0, , 1 1
= - < < — .
dan)={ ] o PHEY ad 0 e < (14

Then, it is easy to check that 1+ (n(z) —b(x))¢'(zn+1) > ¢1/2 holds for any X = (z, zn41) € Qo.
Define the functions 6;, 1 < j < n + 1, by the relations

0;(& 2n41) = p(@pin)e FIO=P0e0ig; (1 — 2 1)(6)
_ (1 — (‘O(x”‘*‘l))e_lﬂxnﬂiﬁjxn-i-lb(f) for 1<j<n,

Opi1 (€, Tpi1) = @(zngr)elI0=2nr) (1 4 ¢g|(1 — $n+1))ﬁ(§)
+ (1 — p(wpg1))e 8o (14 g|¢|anp1)b(E),

where £ > 0 will be determined later. Obviously, (4.2) is satisfied. It is easy to see that
108108, zn 1) [P < CIEPA+ [NV ()1 + b)),

1 .
/O Fx0(E, @11 Pdanss < ClEN (19 + [BE)).

which yield (4.11). In the same way as above, we can show (4.12). It remains to show the
estimates in Assumption 4.1 (Al). The latter estimate in (Al) comes from (4.11) and the
Sobolev inequality. In view of the relation
Oni1(€ 1) = @(@n1)A(E) = (1 = @(2041))b(E)
= e{p(en)e NI — 20 1)i(€) + (1= p(wngn))e” 4 €| 110() }
Fp(@nsn) (e ) — 1)) + (1= (@) (et — 1)b(6),

we obtain

IN

eC / E1(1H(E)] + b)) )de
R’Vl
Ol + [Bll1sr) < £CM.

10n110n11 (2, 2ni1) — (n(2) = b(2)) ¢ (Tn41)|

A

12
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Therefore, if we take ¢ > 0 so small that eCM; < ¢;/4, then

1+ Opp1bpia (@, 2p1) = 14 ("7(96) - b(x))@/(xn-i-l)

~|On 10011 (2, Tngr) — (0(2) = b(2) )¢ (€n11)]
C1 C1 C1

-2 4 4
On the other hand, it follows from (4.4) that

(4.13) det(?—?() =1+ Ops10ns1 + 62 J1,

where J; is a polynomial of V x# with coefficients which are polynomials of §2. Hence, we have

00 o
> = —§2C.
det(aX(X))_ T C

Therefore, if we take d; > 0 so small that_ 520 < ¢y /8, then we obtain the former estimate in
(A1). Particularly, we see that © : Qp — Q is a C'-diffeomorphism. O

5 Estimates of the Dirichlet-to-Neumann map
Lemma 5.1. Let r > n/2. There ezists a constant C' = C(r) > 0 such that we have
1/2
1145, alull < ClIVall,ul.

Proof. Put v:= [A(l)/2, alu. Then, we have

1

(&) = / (v/6~11¢] tanh(S|¢]) — /6~ 1[n| tanh(6[n]))a(€ — n)a(n)dn.

It is easy to see that |V atanh o — y/Ftanh 5| < Cla — ]| for «, 5 > 0, so that

(5.1) |[V/0-1[¢] tanh(8[€[) — /=" [n[ tanh(3]n])| < Cl¢ —nl,

and that

9910 [ e =allate = mlaan
This and Hausdorff-Young’s inequality give the desired estimate. O

Lemma 5.2. For any real s, we have

{ IVlls < /200 + 0) AL 28]l a1 /2,

1A 28]ls < min{[|V||s, 5~2[ ¢l x1/2}-

Proof. By the inequalities (1 4+ /&) 'a < Vatanha < min{a, \/a} for a > 0, it holds that

(1+V/01€]) " l¢] < /6 T[€] tanh(8]€]) < min{[¢], 67 V2(¢|Y?} for €€ R, 6> 0,

which yields the desired estimates. O
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Lemma 5.3. Under Assumption 4.1 (A1) and (A2), there exists a constant C = C(M,c,r) > 0
such that we have

IAG] < C(Aoo] + A 2]).-

Proof. Set ® := ¢ and ® := ® 0 ©. We take ¢» € HO arbitrarily and define ¥ by W (-, z,,1) =
e OPI(0=2ni1)y; By Green’s formula, we see that

1/2 1/2

(5.2) (A, ) = / PIsVx® - IsVxUdX = PIsVx® - IsA, "“VxTdX.
Qo

Qo

In view of the relations

3| D]

—0|D|(1~zn+1)
tanh(s]D])° ¥

IDIAG 2T (- wpg1) = 6 0nia Ay V2T ) =

we have

/ LAy PV x B2dX < C|l)>.
Qo
This and (5.2) imply that
(5.3) 1Al < c/ APV b 2dX
< ( \PIgVXAl/QQ\ZdX+/\ AR P ]INX@PdX)
Qo

Set @1 := (At/?¢)" and &y := &1 0 ©. Then, it holds that

Vx - LPLVx(AY?® — &) = —V - L[A)? PV,
(Ag/*® — &1)(-,1) =0,
eni1 - I2V(AY2D — &)(-,0)=0.

Therefore, by Green’s formula we see that
/Q PLVx(AY?® — &) - IV (AY?D — &1)dX
0
_ _/Q (V- LPIsVx (AY2® — 81)) (AY?® — &,)dx
0
= /Q (Vx - I[AY?, PIIsVx®) (AY*® — &,)dx
0
= —/Q A2 PV x® - 15V x (AY2® — &y)dX,
0
where we used (4.8). This implies that
/QOUNX(A})/% —&))%dx < C/QOHA})/Q, PII;Vx®[*dX.
Hence, by (5.3) we obtain

|!A¢H230< / 5V 1 2dX + / \[Aé/2,P]15VX<i>\2dX).
QO QQ

14
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Here, by Lemma 5.1 and the hypothesis on P we have H[A(1)/2, Plu|| < C|u|, so that

1Ag]I?

IN

C( \IgVX@1\2dX—|—/ \IgVX@PdX)
QQ QO

IN

C((ANY %9, AY%0) + (Ao, 0))
C(lhogll? + 145 %0]1%),

A

where we used Lemmas 4.2—4.4. This shows the desired estimate. O
Lemma 5.4. Let s > n/2+ 1. Under Assumption 4.1 (A1) and

sup ”VXH('7xn+1)Hs+1 <M,
0<zp4+1<1

there exists a constant C = C(M, c,s) > 0 such that we have
s 1/2
1%, Algll < ClIAg 6]l
Proof. Set ® := ¢, &, := (J*¢)", & := P 00O, and , := &, 0 O. Then, we have

Vx - IsPIsVx (J*® — &) = —Vx - I5[J*, PII;Vx®,
(5.4) (J5® — d,)(-,1) =0,
ent1 - 2V (J® — d,)(-,0) = 0.

and . 3
[J5,A]p = eni1 - IEVx(J°® — d) (-, 1).

We take ¢ € HY arbitrarily and define U by U(-, 2py1) = e 0PI0=2nt1)y) Taking the inner
product of the equation in (5.4) and ¥ in L?(€g) and using Green’s formula, we see that

([J5, A, ) = /[JS,P]Igvxi-Igvx\f/dX—i—/ PIsVx (J5® — ®,) - I5VxPdX.
QQ QO

In view of [[J 7' I;Vx (|75 o) < Cl¢]|?, we obtain

(5.5) 7% Algll < C(IILT*, PUsV x| r2aq) + I TPIsVx (TP — @) 12(ay))
< C(IP IV x ®ll 2y + 1715V x (J5® — )| £20) )

C(”I5VX(i)8”L2(QO) + ”JI&VX(JS‘i’ - (i)S)HLQ(QO))'

IN

In the above calculation we used a commutator estimate [|[J*, alull; < Cllal|s+allulls.
On the other hand, taking the inner product of the equation in (5.4) and J2(J*® — ®,) in
L?(Qp) and using Green’s formula we obtain

/ PJIsV x (J*® — &) - JI;Vx(J*® — &,)dX
Qo
= —/ [J, P|IsV x (J5® — ®,) - JI;Vx (J® — &,)dX
Qo

—/ JIJ5, PV x® - JIsV x (J°® — ®,)dX,
Qo

15



KSTS/RR-06/009
October 3, 2006

which implies that

[TIV x (J5® — @)|| £2(0) C(|IIVx (J*® — @)l 12(0) + 75 L5V x @ 12(02))

<
< C(ILVx (T = @)l 2y + 5V x5l L2(0y))-

Here, by the interpolation inequality for any € > 0 we have

”IéVX(JS‘i’ - ‘i’s)HLQ(QO)
< e||JI;Vx (TP — éS)HLz(QO) + Cel| T2 sV x (J5® — D) | £2(q)
eIV x (@ — @) 2 () + C=(115Vx Pl L2(0) + 115V xPs L2(0))-

IN

Therefore,
ITIsV x (J5® — )|l r2(0) < C (116 VxRl 12(620) + 116V x Pl 120 )
which together with (5.5) implies that
117°, Algll < CII5Y x @l L2(00) + 115V x Bl 22(0) ) -
This and Lemmas 4.2-4.4 show the desired estimate. O

In view of ||A¢lls < ||AT3| + ||[J%, A]#|| and Lemmas 5.3-5.4, we can obtain the following
lemma.

Lemma 5.5. Under the hypothesis of Lemma 5.4, we have

1AG]ls < C(IAodlls + 1AY 28115,

where C = C(M, ¢, s) > 0. Particularly, it holds that |[A¢|s < C5||@||s+1-

Lemma 5.6. Let s > 0 and set ® := ¢" and ® := ® 0 ©. Under Assumption 4.1 (A1), (A2),
and

|5V xOll20) +  sup [[VXO(, 2pg1)lls—1/2 < M,
0<zp4+1<1

there exists a constant C = C(M,¢c,r,s) > 0 such that we have

{ 1215V x B 12000y < CUAY 0 ]ls + 15V x| oo 2))
1T 15V x B 120y < CIAY D41

(J*¢)" and @, := &, 0 O. Then, we have (5.4). Taking the inner product of

Proof. Set ®,:=
® — ®, in L?(Q) and using Green’s formula, we see that

(5.4) with J*
/ PIsVx(J*® —®,) - I;Vx(J® - d,)dX = —/ [J5, PIIsVx® - IsVx(J® — ®,)dX,
QQ QO
which implies that
(5.6) 115V x (J*® — )|l £2(00)
< C[J?, P15V x|l r2(ay)
< C(I17° Pl g2y sV x @ oo (0p) + IV Pll oo (o) |7 15V x @ 12() )

16
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where we used the well-known commutator estimate ||[J*, a]u|| < C(|Va|oo || J5 ™ ul|+|| J*al||u|oo)-
Note that Assumption 4.1 (A2) and the Sobolev inequality imply that [|[VV x0| 1=, < C.
Hence, it holds that || J°P| 12(q,) + [V P L) < C, so that

17° 15V x @ | £2 0

IN

115V x Bl L2000y + 1TV x (T @ — )| 120
115V x Pl r200) + C sV x Pl 1o (020) + 17° 7 IV x| 1200 ) -

A

This and the interpolation inequality yields that
(5.7) 17515V x @ 2(00) < C(IHsVxPsllL2(00) + 115V x Pl oo (62) + 116 VPl 22(000))-

It follows from Lemmas 4.2-4.4 that HI5VX<i>SHL2(QO) and ”IévX&)HLQ(QO) are equivalent to
HA(I)/ 26||s and HA(I)/ 29|, respectively, so that we obtain the first estimate of the lemma.
Set @41 := (J"T1¢)* and @, 1 := B,,1 0 0. Since || JFP(-, z,11)|| < C for 0 < 2,41 <1,
in place of (5.6) we have
115V x (J7'® — @i1) |2 < CIIT™, PV @l 1200
C||J"IsV x®|| £2(52)

A

where we used the commutator estimate ||[J""1, a]u|| < C||J"Ttal|||J u||. Therefore, in place of
(5.7) we obtain

1T+ 15V x @[ 12(0) < C(I15V X Pratll L2 + 6V x @ L2(0))
which together with Lemmas 4.2-4.4 yields the second estimate of the lemma. O

We proceed to give a L*°-estimate of I5V x®. To this end, we use (4.6), where the matrix
P is defined by (4.5). It follows from (4.7) that

00 00 _\7T
ai= (g ) (gghi) = ot

where As is a matrix whose elements are polynomials of V x 6 with coefficients which are also

E, daT
A= ( jda b ) ’
{ a=0p10 + (14 Ops10n41) VO,

b= (1 + an-l—len—l—l)2-

By the definition of P we have P = (det(g—g))_l A, where A is the adjoint matrix of A and has
the form

polynomials of 62, and

where

IZ = 111 + 521437
where As is a matrix whose elements are polynomials of V x6. Moreover, we see that

i (b—d2la]*)E, + 6%a’a —dal
e —da 1 '

By these relations and (4.13) we see that the matrix P has the form

(5.8) pP= ( (14 Onsa 1) B + 6% Pry 5p1T2—1 2 ) ;
op12 (14 Ont16p+1)" " + 0°pa2
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where Pi1, p12, and pao are n X n, 1 X n, and 1 x 1 matrixes whose elements are polynomials of
V x6. Moreover, it follows from (4.8) that

(5.9) p12(z,0) = p12(z,1) =0, paa(z,0) = paa(z,1) =0.
Using these notations we can rewrite the first equation in (4.6) as
(5.10) Ons1 ((672(1 4 Ops1Ont1) " + p22) Oy 1P)
= =V (((1 4 0p410n41)Ep + *°P11)V®) — V - (p12004+1®) — Ont1 (P12 - VO).
It follows from this, the boundary condition on z,+1 = 0, (4.2), and (5.9) that

Tn41 ~
(5.11) On1® = / O i1 (14 Og10n31) " + 62p22) D1 ®) dn i1
0
Tpn+41 ~
= —52/ V- (1 + 0pg1bn41) En + 62 P11) V) dap i
0

Tn+1 ~ ~
—52/ V- (P120p+1®)dzn i1 — 6°p12 - V.
0

We also have
1
(5.12) V& =V¢ — VOn4+1Pdxn41.

Tn+1

Lemma 5.7. Let ® = ¢" and ® = ® 0 ©. Under Assumption 4.1 (A1) and (A2), there exists a
constant C = C(M, c,r) > 0 such that we have

15V x 8| oo () < CUIV Ol + 61|14y *ll1s1).

Proof. Note that the assumptions imply the uniform boundedness of Pii, ps2, p12, and their
first derivatives with respect to x. It follows from (5.12), the Sobolev inequality, and Lemma
5.6 that

- , ~ 1/2
IV 1<) < IVl + 81T 15V x Bl L2y < IVl + Cl|AG 0141
Similarly, it follows from (5.11) that
_ = r = = 1/2
57 On 1@ Loy < CO(IT T IV x Bl 12(020) + IV 1(02)) < COlIAG Sl
where we used Lemma 5.2. These yield the desired estimate. O

Remark 5.1. In the case of a flat bottom, by appying the maximal principle to the subharmonic
function ‘IgvX‘I’P we see that |]I§VX¢>HL00(Q) = |]I§VX<I>HL00(F) < \/‘V¢|go + (6‘A¢’oo)2

6 Fréchet derivatives of the Dirichlet-to-Neumann map
The following lemma was obtained by D. Lannes [13].

Lemma 6.1. The Fréchet derivative of A(n, b, ) with respect to n has the form
DWA(nv ba 5)[C]¢ = _62‘/\(777 b7 5)(ZC) -V (UC)7

Z = (14 6*Vn>) " (A(n, b,6)¢+ V- V),
v=Vo¢—§22ZVn.
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We proceed to give estimates of the Fréchet derivatives of A in the Sobolev spaces.
Lemma 6.2. Let s > n/2. Under Assumption 4.1 (A1) and

sup ”VXH('7xn+1)Hs+1 <M,
0<zp4+1<1

there exists a constant C = C(M, c,s) > 0 such that we have

IDEAL - Galdlls < CllGallssasa+ 1nll s/l Ag 0l s41.

Similar estimate holds for the Fréchet derivative of A with respect to b.

Proof. We only show the estimate in the case n = 1, and the general case can be proved in
the same way. Set ® := ¢" and ® := ® 0 ©. Then, it holds that

Vx - IsPI;Vx® =0, i
(I)('a 1) = ¢, B €n+1 - IgvX(I)(a 1) = Ao,
[STON I§VX<I>(-, 0) =0.

For simplicity, we write A,¢ = D,A[C]p, ®, = D,®[¢], and P, = D, P[¢]. Taking the Fréchet
derivative of the above equations, we obtain

Vx - IsPIsVx®, = =Vx - ;P I;Vx®,
(6.2) Py 1) =0, eny1- IFVx®y(- 1) = Ayd,
[STONE I§VX<I>77(-, 0) =0.

We take ¢ € H? arbitrarily and define U by U(-, 2pe1) = e 0IPI0=2nt1)e - Taking the inner
product of the above equation and J*W in L?(£)y) and using Green’s formula, we see that

(a0 = [

JSPIsVx®, - IsVxUdX + / JEP,IsVx® - 5V xWdX.
Qo

Qo
In view of ”A(;1/216VX\~I/HL2(QO) < C||¥|l, we obtain

CIA) > T PIsV x| 2 (0) + A6 2T Py LsV x @]l 120

(6.3) [Apdlls <
< C(HJS“PINX@”HLQ(QO) + HJSHPnIgVX(bHLg(QO)).

On the other hand, taking the inner product of the first equation in (6.2) and J2¢*D®, in
L?(Qp) and using Green’s formula, we see that

/ P sV x®, - JT IV x®,dX
Qo

= - /Q [J5F PV x @, - T sV x®,d X — i TP VX - JH VD, dX,
0 0
which implies that
(6-4) ”JSHI&VX‘i’n”L?(QO) < C(”[JSHaP]IévX‘i’n”LQ(QO) + ”JSHPnIéVX‘i’HLQ(QO))
C(I17°IsV x Pyl 200) + ”JS+1P7716VX(I)”L2(QO))-

IN
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Similarly, taking the inner product of the first equation in (6.2) and ®, in L?(Qp) and using
Green’s formula yield that |15V x @y | r2(q,) < Cl|PyIsVx®| 12(q,). Therefore, by the interpola-
tion inequality we obtain

[T L5V x @yl 120g) < CIITT PyIsVx @]l 126
< C(IF° T Pyl paag 115V x @l Lo (@0) + IV Pyl oo |75 15V x @ 120 )
1/2
Cl¢lss 372080 %01,

where we used Lemmas 5.2, 5.6 and 5.7. Hence, we obtain the desired estimate. O

IN

Lemma 6.3. Let s > (n+1)/2. Under Assumption 4.1 (A1) and

sup ”VXH('7xn+1)Hs+1/2 < M,
0<z,4+1<1

there exists a constant C = C(M, c,s) > 0 such that we have

n — 1/2
IDEA[C, - - -, Galdlls < CT Y2 Ctlor - - 1Calls+ 1A %Dl 5410
Similar estimate holds for the Fréchet derivative of A with respect to b.

Proof. By (6.3) we have
[Agolls < COTV2(| TPV x @yl 120 + 1572 P15V X B 12(0)) -

Therefore, by the same argument as in the proof of the previous lemma we obtain the desired
estimate. O

Lemma 6.4. Let s > n/2+ 2. Under Assumption 4.1 (A1) and

1, 0)ls+1 4+ sup (IVxO(, znp)lls < M,

0<zp4+1<1

there exists a constant C = C(M, c,s) > 0 such that we have
1461l < OO 2|Ay 6 s1/2

Proof. It is sufficient to evaluate ||[A¢d|/s—1 and ||[VA¢@||s—1. By Lemmas 5.5 and 5.2 we have
IAGlls—1 < C6~Y2||AY?6]|,_1 /5. By the relation VA¢ = AV + DyA[Vn]é + DyA[Vb]¢ and
Lemma 6.3, we see that

_ 1/2 1/2 - 1/2
IVA@[ls—1 < CO I/Q(HAO/ Vols—172 + (Vn, Vb)”s”Ao/ Plls—1/2) < CO I/QHAO/ Bl s+1/2-
Therefore, we obtain the desired estimate. O
Lemma 6.5. Let s > n/2+ 1. Under Assumption 4.1 (A1) and

Inlls4s+  sup  ||[VxO(:, xpi1)|ls42 < M,

STp4+1>

there exists a constant C = C(M, c,s) > 0 such that we have

ID2AKC, Gl8lls < CliGlsrallCallssr (IVllsrr + 62 Ay > Bllaysy2).
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Proof. By Lemma 6.1 we have
DyA[Go]¢ = —6°A(Z¢2) = V - (v62),
where Z = (14 62|V5|2)~1(Ad + Vi - Vo) and v = Ve — 622V, so that
DiA[C1, Gl = =2 DyA[1](Z6a) — 82 A((Dy Z[G1])¢2) — V- ((Dyo[¢a))a)-
By Lemmas 5.5, 6.3, and 5.2 we see that

ID2A[CL Glglls < C(8¥21IClss1 ]l Ay > (ZCo) las1 /2
+3[[(DyZ1C)Glls 1 + [(Dyv[G))Callssr)
< C)allsrr (6UCillssall Zlssr + D21 1) + [ DyvlCa] 1)

Here, by Lemmas 5.5 and 5.2 it holds that
1Z]ls41 < C([[A@]lss1 + [Vollsg1) < CI VP41
The Fréchet derivative of Z can be written as

D,Z[¢1] = —25%(1+6%Vn|?)2Vn -V (Ag+ V- Vo)
+(1+0%Vn[?)"H(D,A[G]¢ + Vi - V),

so that by Lemmas 5.5, 6.3, and 5.2 we get

1D Z[C st < C(2)Gllsr2(IAdllss1 + IV]ls41) + |1 DyAIG 8]l ss1 + G llss2 I Vlls11)
< Ol ss2(IV st + 62 Ay %Ol srs o)

A

Similarly, we see that

IDy[Cillss1 = (DyZ[G])Vn + ZV 1 ||s41
< C8)|Gllss2(IVllst1 + 621 A % ssy2)-

A

Therefore, we obtain the desired estimate. O

7 Energy estimates of a linear system

Following D. Lannes [13], we linearize the equations in (2.14) around (7, ¢). Taking the derivative
0 of the second equation in (2.14), we see that

(7.1) 0 = ¢+ 00+ V- Vap+6'Vn-Von(l+ 6%|Vn|*)2(A¢ + Vn - Ve)?
—6%(1 4 6*|Vn|®) "M (A + Vi - Vo) (0A¢ + O(Vn - Vo))
= O¢y + 0+ Vo Voo +612*°Vn-Von — 62Z(0A¢ + Von -V + Vi - Vi)
= O¢ +0n+ (Vo — 6°ZVn) - Vo — 6°Z(N¢ — 6°ZVn) - Von — 62 ZOA¢,

so that

(0 — 62Z0m)s + (Vo — 62ZVn) - V(0p — 6°Z0n) + (1 + 6%Z; + 6%v - VZ)on = 0,
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where we used the equation 91, = OA¢, which comes from the first equation in (2.14). By
Lemma 6.1 we also have

oy = NA¢p — 62Z0n) — ¥V - (vdn) + DyA[Db]¢.
Introducing new functions ¢ and 1 by
C:=0dn,  ¢:=0¢—2Z0n,
we obtain

(7.2) G+ V- (v¢) — Ay = DyA[0b]g,
' Y40V + (14022 + 620 - VZ)( = 0.

Taking these equations into account, we will consider the following system of linear equations

CG+b1-V(—AY = fi,
(7.3) {wt+b2-w+a<—f2,

where a, by = (b11,...,b1n), b2 = (ba1,...,bay), f1, fo are given function of x and ¢ and may
depend on ¢, and A = A(n, b, 0) is the Dirichlet-to-Neumann map. We assume the function a to
be positively definite and define an energy function E(t) by

(7.4) E(t) = (a¢(1), C()) + (Ap(1), (1) + [l (8)]| %
Let (¢, %) be a solution of (7.3). Then, it holds that

(7.5) iE(t) = (@€, Q) +2(aly, €) + ([0r, AJY, ) + 2(¢s, Avp) + 2(¢1, ¢)

dt
= (@€, Q) + ((V - (ab1))¢, €) +2(af1, ¢) + ([0, AlY, ¥)
—2(b2 - V), AY) + 2(f2, Ada) + (V- b2) 9, ¥) — 2(aC, ¥) + 2(f2, ).

Here, we have

(7.6) —2(b2 - V), AY) = (¢, (V- b2) Agp) + (¢, by - [V, AJY) + (9, [ba, A] - V).
Lemma 7.1. Under Assumption 4.1 (A1) and

(7.7) IVx0t(- )| Lo(0o) < M,

there exists a constant C = C(M,c) > 0 such that we have

(190, Alg, 9)| < C(Ad, ¢).

Proof. Set ® := ¢” and ® := ® 0 ©. Then, by Lemma 4.2 we have
(A, ¢) = / IV x®|?dX = / PIsVx® - 15V x dX,
Q Q0
so that

d - - - -
(10, A6, ) = 7 (A, 6) =2 /Q PIsVx® - I;Vxd,dX + / PI;Vx® - I}V x$dX.

0 Qo
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Since ®(-, 1) = ¢, we have ®;(-, 1) = 0. Therefore, by Green’s formula we see that
/ PIsVx® - I5Vx®dX = —/ (Vx - I;PI;V x®)®;dX
QQ QO

+(eg- IFVx®(-, 1), Dy(-, 1)) — (eg - IZVx D(-,0), D4(-, 0))
= 0.

Hence, we obtain .
([0, Mg, 9)] < | Pel ool IV x @172 -
This together with Lemmas 4.2 and 4.3 implies the desired estimate. O

The following lemma was given by S. Wu [22]. For the completeness, we will give the proof.
Lemma 7.2. For the Dirichlet-to-Neumann map A = A(n, b,0) it holds that

{ (¢, alp) + (aA, )| < (lalos + 2/Aalc) /1% + (6, Ad) /W[ + (4, A,
(¢, Ap)| < V/(6, Ad)/ (0, Ad)).

Proof. Set ® := ¢", ¥ := " and A := a". Putting u = A and v = ®¥ in Green’s formula

(7.8) /{u(vX IVxv) —v(Vx - LVxu)}dX = [ {u(N-I§Vxv) — o(N - I§Vxu)}dS,
Q o0
we obtain

2/ AlsVx® - I5V xVdX
Q

= {A(®(N - IVx V) + U(N - [;Vx®)) — U(N - I;VxA)}dS
o0
= (@, 9AY + PAD) — (99, Aa).
This implies that
(9, aAyp) + (ahg, ¥)| < |Aaloo|[ @[ [ + 2[| All oo () 15V x @l L2 () 16V x Wl 2 (0)-

Here, by the weak maximal principle we have [|A[ () = max{|aloc, [A(, b(-))[oc}- If @ is not
constant and A attains its maximal value at the bottom (xg, b(x)), then the strong maximal
principle implies that N - I3V x A(zg, b(zg)) > 0. However, this contradicts with the definition
of A. Therefore, it holds that || Al ) = |a|co. This together with Lemma 4.2 shows the first
estimate. By taking a =1 in the above argument, we obtain the second one. O

Lemma 7.3. Let r > n/2. Under Assumption 4.1 (Al) and (A2), there exists a constant
C =C(M,c) >0 such that for any j =1,...,n we have

6,16, MO0 < 5105 sl + CUTw I + AT 6 1) (A, ).

Proof. Set ® := ¢, ®; := (0;¢0)", and ¥ := ", Putting u = ®; and v = ®¥ in Green’s
formula (7.8), we see that

2 [ G190 VX = (050,000 + ¥AG) — (6, 40,0)
= S(F.0,(A0)) — (8,10, A0,
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This implies that
(¢, [, Al0;)| < = \ (M) ool 011”4+ 2015V x ¥ || oo (o) | 2511 2y 115V x @ | L2 -

Set @ := ® 0 © and <i>j :=®; 0 0. Then,

Cll®;ll200) < CUID5 = 5@l 12(0) + 1051 L2(05))
C(O|[IsV x (@5 = 0;P)[| L2(00) + HsVx Pl £2(020))

195 220

IN N

where we used Poincaré’s inequality. Here, as in the proof of Lemma 5.6 we can show that
”IgvX( —0; (I’)HLQ(QO < C|]1'5VX¢>HL2(QO Therefore,

195l z2() < CllIsV x|l 12(0) < CIIV x| 1200
These estimates together with Lemmas 4.2 and 5.7 yield the desired estimate. O

Lemma 7.4. Under Assumption 4.1 (A1) and (A2), there exists a constant C' = C(M,c) > 0
such that for any j =1,...,n we have

(1, [0, Ap)| < CV/ (A, ¥)\/ (A, ¢).

Proof. Set ® := ¢", ®; := (9;0)", ¥ := ¢, d:=Po0O, i’j = ®; 00, and ¥ :=T¥o0O. By
Green’s formula we see that

(1, [05, N]p) = V- (VIsPI;V x (9;® — ®;))dX
Qo
= {PIsVx V- IsVx(0;® — ®;) + UV - IsPI;V x0;®}dX
Qo
= - / UVy  I;(0;P)[;Vx®dX = | (0;P)IsVxV - IsVx®dX,
QQ QO

where we used the equation Vx 'IgPlgvxé?j(i’ =—-Vx -15(6jP)15VX<i> and (4.8). This implies
that
|(¥, [0, Alp)| < Cl[IsV x V|| 12(00) 116V x Pl £2(020)

which together with Lemmas 4.2 and 4.3 yields the desired estimate. O
Lemma 7.5. It holds that

V(A(ag), a9) < V/laloclAalocl|¢l] + 3lalocy/ (Ad, ).
Proof. Set ® :=¢", A:=a", and ¥ := (a¢)". Then, we see that

(A(ao), ap) = / (N -I}VxU)ADdS = / Vx - (API}VxT)dX
r )
- / IV x (AD) - [V xUdS < |15V x (A®)| 120 15V x U| 20y -
)
By Lemma 4.2 we have (A(a¢), ap) = HI5VX\I/HL2(Q so that the above inequality implies that
(A(ag), ag) < 15V x (A®) | 12(0) < [[ALV x P 12(0) + (|15 V x Al 2(0)-
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Here, by Green’s formula it holds that

1PLV x Al 720 (a¢2,Aa)—2/ ADIsV x A - IsV x ®dX
Q

IN

|al ol Aal o |]|* + 2| ALV x| L2(0) | L5V x All L2,
which implies that
1815V x All 20y < VIl Aalw 6] + 21 ALV x @]l 20

These estimates and || AIsVx®|[12q) < [[All L) 16V x @2y < |alooy/(Ad, ¢), which comes
from the maximal principle and Lemma 4.2, yield the desired estimate. O

Lemma 7.6. Let r > n/2. In addition to Assumption 4.1 (A1) and (A3), and (7.7), we assume
that

(7.9) M= <a(z,t) <M, ||(as, Va)|l, + [|(b1, ba, Agbo) |1 < M.

Then, there exists a constant C = C(M,c,r) > 0 such that for any smooth solution ((, ) of
(7.3) we have

t
. 1/2
E(t) < e“" B(0) + /0 CED (A2 + 1)1 + 146 fo(7) [P) .
Proof. By the Sobolev inequality and Lemmas 5.5 and 5.2 we see that

IA(Y - 52)|oo < C(I1A(Y - b2)[lr + 1A (V - b2)[|,) < C(|Aoballrs1 + [[b2]lr+1) < C,
IV Aba|oo < C(|Aoballrs1 + A *ballrs1) < C.
Therefore, by (7.6) and Lemmas 7.2-7.5 we get

(7.10) (b2 Voo, M) < C(I10]1* + (2, Aw)).
Hence, by (7.5) and Lemmas 7.1-7.2 and 4.4 we obtain

SB(0) < CB@) + A OI + 1017 +1A7 R0,

so that the desired energy estimate comes from Gronwall’s inequality. O

We proceed to estimate a high order energy function F4(t) defined by

(7.11) Eq(t) := (aJ°¢(1), J*C(t)) + (AT*9(t), T (1) + [l ()13
Let (¢, %) be a solution of (7.3). Then, it holds that
(712) DB = (@I + 20 6 IO + (9 AL, )

dt
+2(AT%t, J*p) + 2( T4t J*1h)

o™ aloo(a*C, J5C) + C(AT*P, J1h)

—2(aJ®by - V¢, J°C) + 2(aJ’ A, J°C) + 2(aJ® f1, J°C)
—2(AJ%by - V), J°) — 2(AT%aC, J) + 2(AJT? fa, J54)
—2(J%by - Vb, J*) — 2(J%aC, J%) + 2(J° fa, J°0).

IN
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Lemma 7.7. Let s > n/2+ 1. Then, there exists a constant C = C(s) > 0 such that for any
7=1,...,n we have

1AL, 10,8l < Cllbllssr (1A % ls + N1 6]15)-
Proof. Put u:=A 1/2[J5 1]0j¢. Then, we have

) = YO [ e (e~ 0+ il )imdnan
1

= (%)n/ﬁ(f—n)((lﬂf\) (1 + [n])*)inj /3= |n[ tanh(8[n])d(n)dn

5 o (VETET b (D) — /5 o b (31)
X =M+ 1D — (+ Inl))ingd o).

Therefore, by (5.1) we obtain

1

@ < G /R (e = mI|(L+ (€)= (L + D) Ay 2 (m)ldn

+C/R 1€ = nl[$(& = I |(1+1€D° = (1 + n])*|Inll(m)|dn.

In view of the inequality |(1+ [§])* — (1 + |n])*| < Cl§ —nl((L+ 1€ —nl)*~" + (1 + n))*~"), the
above estimate and Hausdorff-Young’s inequality give the desired estimate. O

Lemma 7.8. Let s > n/2+1. In addition to Assumption 4.1 (A1), (7.7), and (7.9), we assume
that

(7.13) [(Va, b1)lls + [[b2lls41 +  sup [[VxO(, 2ng1)[s41 < M.

0<zp4+1<1

Then, there exists a constant C = C(M,c,s) > 0 such that for any smooth solution ((, ) of
(7.3) we have

t
_ 1/2
Eq(t) < e“"E,(0) +/O CED (A + 1 -2 + 1A fa(7) [2) dr
Proof. We will evaluate each term in the right hand side of (7.12). It is easy to see that

(aJ%b1 - V¢, T = [=5((V - ab1)J*¢, J5¢) + (alJ*, by - V¢, J°C)]
UV - (@b)lsolICI2 + Claloollbr | 1C112,

IN

|(J%b2 - Vi, J)| = [ =5 ((V - b2) J%%, T) + ([J%, ba] - Vb, )| < Clbals]|)]s,

[(J%aC, J*P)| < [ladn|lsl|¢2lls < Cllaleo + [Valls-1) 015l 2]ls-

By Lemma 7.2, we have
[(aJ*Aap, J°C) — (AJ%ag, J*9)

= |([J% AJY, aJ?¢) — ([J%, a]¢, AJ)]
< laloollC IS, Al ll + V/ (AT3%, Js)\/(A[T2, a]¢, [ 2, alC).-
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Here, by Lemmas 5.4 and 4.4
117°, A |12 < ClIAY 012 = C(Ag T, J5) < C(AT W, J*),

by Lemmas 4.4 and 5.2

1/2( 75 s
VAT, G 7, Q)] < CIAG? I, el < C1%, )l < ClValls<lls,
so that we obtain
[(a*Adp, J°C) — (AT%aC, J*P)| < Claleo + [[Valls)[Cllsv/ (AT, J*¢).
By using the same procedure of the derivation of (7.10) and Lemma 7.2 we have

[(AT®by - Vb, )|
= |(A[J%, bo] - Vb, J) + (Aby - V.J*9, J5)]
< VAT, T)\/ (ALT5, ba] - Vi, [J5, bo] - Vo) + C(|[0]12 + (AT, J*)).

Here, by Lemmas 4.4 and 7.7 we get

CIIAY2 1T, bo) - Vb2
Cllb2 121 (10112 + (AT, T*0)).

By the above estimates and Lemma 7.2, it follows from (7.12) that

4
dt

so that the desired energy estimate comes from Gronwall’s inequality. O

(A[‘]Sv bQ] . wa [Jsv b2] : Vw) S
<

Ey(t) < Bo(t) + [A®I2+ [ 2012+ 145 @)1

8 Reduction to a quasi-linear system

In this section we reduce the equations

(81) {nt_A¢—0>
' ¢+ 1+ 3IVe* — 36°(1+0%Vn>) " (Ap + Vi - Vg)? = 0

to a quasi-linear system of equations. By the same way as in (7.1), differentiating the second
equation in (8.1) with respect to x; we obtain

Oipr +0m + (Vo — 622Vn) - (Voip — 822NV 0in) — 6°Z0;A¢ = 0.
Differentiating this with respect to x; and x, we see that

Oijkdr + Oijin + v - {Vjne — 6% (ZV0iun + (01 Z)V i + (0;2)V Oin + (0 Z)Vdijn) }
+(00) - { VOt — 6*(Z0un + (0 Z)VOim) } + (Okv) - {V8ij¢ — 6*(Z0;m + (0;Z2)VOim) }
+{Vjkt — 6*(ZV 01 + (0, Z)VOkn + (0,Z)VOjm + (0 Z)Vn) } - (VOip — 6> ZV;m)
~6%{(0;2)0u A + (06 2)03jAp + (0j12)0i A + ZOijx A} = 0.

Here, by Lemma 6.1 we have

Ok = 0 (A(0;¢ — 62Z0m) — (V - v)dm + DpA[0ib]¢) — (Oyv) - VO — v - VO,
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so that

( qu; 52 Z0ijkn)e + v - V(0ijrd — 62 Z0ijen) + (1 + 82 Zy + 6%v - VZ)Dijin
= 8202y - Vo — (9;v) - { (VO — 62ZVn) — 6*(0Z)V O}
—(0kv) - {(VOij¢ — 6°Z0ijm) — 6%(0;Z)VOin}
—(VOip — 6°ZNV0m) - {(VOjng — 6°ZV ;i)
—6%((0;2)Vokn + (0x2)V0jn + (0;,2)Vn) } + 6% (96 2)0; Ao
+6%(0,2){ 0k (M0 — 62Z0im) — (V - v)0in + DpA[0;b]¢) — (Okv) - VOin}
+6%(0k2){0;(A(0;¢ — 62Z0m) — (V - v)dim + DpA[9;b]@) — (0jv) - VI }.

Now, we write v = (,b) and denote by A,, the n-th Fréchet derivative of the Dirichlet-to-
Neumann map A with respect to u. Differentiating the first equation in (8.1) yields that

OijkNd = AOijrd + M[0ijru]d + A1[0;u]0jkd + A1[0;u]Okid + A1 [Oku]0;5¢
+A1[0;5u) Ok 4+ A1[0jxu]0;p 4+ A1 [Okiu]0;¢
+A2[05u, 0julOrd + A2[0ju, Oru)0;p 4 Aa[Opu, Ojul0;¢
—|—A2[6z~ju, 8ku]<b + Ag[ajku, 8zu]<b + Ag[@kiu, 8ju]<b + Ag [(%u, 8ju, 8ku]<b
Here, by Lemma 6.1 we have
M [0ipu)¢ = —0°N(ZDijim) — V - (vIi56n) + DpA[;kb] b

Therefore, introducing new functions (;;, and ;5 by

Cz]k z]kna ¢ijk = awk¢ - (52Z8ijk?7,

we obtain

(82) atgijk +uv- sz]k sz]k - Z]ka
at¢ijk +uv- vwz]k + a(z]k - Z]ka

where a = 1 4 6%2Z; + 6%v - VZ and

R — (V- 0)Ciji + DuA[0iub]d + A1[0:u) 0 + A1[0;ulOkicd + A1 [Ou]dijd
+A1[0;5ulOk¢ + A1[0j,u]0ip + A1[Okiu]0;
+A2[0u, OjulOkd + Ao[Oju, Oru)0ip + Aa[Oku, Ojul0j¢
+A2[0;5u, Opuld + A2[0jiu, Ojuld + Ao[Okiu, Ojuld + As[O;u, Oju, Oguld,
= 620 2)0 - Vo — (9v) - { (VO — 62 ZV0un) — 62(0Z)VIin}
—(0kv) - { (V00 — 62 Z0ijn) — 6%(9;Z)V I’}
—(VOip — 622V 0n) - { (VOjkd — 6 ZN ;)
—62((0;2)VOrn + (0xZ)VOjn + (0;52)Vn) } + 6% (06 Z) i A
+6%(0;2){ 0 (M(0;¢ — 6 Z0;m) — (V - v)9m + DpA[0ib]¢) — (Oyv) - VOin}
+6%(0k2){0; (M(0;0 — 6 Z0;m) — (V - v)9m + DpA[9ib]¢) — (Ojv) - VO }.

Setting ¢ := ((;jx) and ¢ := (Y1), we can rewrite (8.2) as

(8.3) ¢ +v-V(—Ap = fi,
' O +v -V +aC = fa,
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where f; and fy can be written symbolically as
fi = —(V-0)C+ DyA[0%b]¢ + 3A1[0u]0%p + 3A1[0%*u)d¢ + 3As[Ou, Hu)de
+3A5[0%u, Ou)p + A3[Ou, du, du)p,
fo = 8*(0*Z)v -V —2(dv) - (v — 5*(0Z)Van)
—(Vo$ — 622V dn) - {¢ — 6*(2(0Z)Van + (0*°Z)Vn) } + 6*(9°Z)0A¢
+26%(02){0(Av — (V - v)9n + DyA[9b]¢) — (9v) - VOn}.

We proceed to give a uniform estimate of the coefficients v and a, and the remainder terms
f1 and fo.

Lemma 8.1. Let s > n/2. There exists a constant C = C(s) > 0 such that we have

1A (@0)ls < CUIDNIAY 05 + 145> lls 1 1]5)-

Proof. In view of the fact that v/ a tanh « is equivalent to a/v/1 + « for a > 0, we easily obtain
V(o + B) tanh(a + B) < C(\/atanha +VB tanhﬁ) for o, 3 > 0. Therefore, for any £, 7 € R"

we have

Vo1e[ tanh(3[¢]) < C(V071¢ —nf tanh(3[¢ — nl) + v/6~1[n] tanh(d[n])).

Put u = Ay/*(¢1)). Then, we have

1
(2m)"

WO = | [ VETET RGN ~ o)

IN

12, 5 2 12,
C/R (106" 20(€ =MD+ 16(& — M A *w(n))dn.
Therefore, Hausdorff-Young’s inequality gives the desired estimate. O
In the following we will use the notation d¢ = (9;¢), 82¢ = (9;;¢), 03¢ = (0;;kP), ete.

Lemma 8.2. Let s > (n+1)/2, M,c1 > 0 and suppose that

84y 1 [bllsrs <M. E=1(00)llars + (%6 — 6220%, A *(0%6 — 6220%n)) |« < M,
1+n(x)—0b(x) >c1 for xeR,

where 93¢ — 62203 = (@jkgb — 52Z8ijkn). Then, there exist positive constants do = d2(M, c1, )
and C' = C(M, c1, s) such that for any ¢ € (0, 62] we have

1Z 511+ 62 Z||ssa + S| AY*Z) 412 < CE,
[olls+2 + 1Ay 0] 512 < CE.

Proof. By Lemma 4.5, for any 6 € (0, d1] we can construct a diffeomorphism © satisfying the
Assumption 4.1 (A1)-(A3) and

17552V 50 1200y + sup (VO @ni1)|lsv2 < C.

STp4+1>
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Therefore, by the definition (6.1) of (v, Z) and Lemmas 5.5 and 5.2 we easily obtain ||(v, Z)||s+1 <
CE. By Lemmas 6.4 and 5.2 we obtain 6'/2||Z||s+2 < CE. Therefore,

[Wlls+2 < flolls + [0%0]ls < [[vlls + 8¢ — §2Z8%]|s + C82|| Z||s+2l|n|s+2 < CE.

It remains to evaluate |]A(1)/2v|]5+2 and 5HA(1)/2VZHS+1. By the definition of Z and Lemma 6.1,
we see that

0;2 = —28%(Vn-Vopm)(1+8*|Vnl*)*(A¢ + Vi - Vo)
+(1 4 6%V ?) 7 (M8 — 6% Zd;m) — V - (v0;m) + DyA[9;bl¢ + 9;(Vn - V)
= (1+8*|Vn) A6 — 6°Zd;n) — V - (vO;n)
— 2622V - VOjn + DyA0;blé + 0;(Vn - Vo) }
= (1+0*|Vn) 0% Vn|*0;Z + Md;¢ — 67 Z0;m)
+ DbA[Gjb]qﬁ +Vn-0v— (V- ’U)aj’n},
which implies the expression
(8.5) 8;Z = Nd;¢ — °Z0jm) + DpA[9;b]¢ 4 Vi - Djv — (V - v)djn.
Hence, by Lemma 8.1 we obtain
31IAy*V Zl|s1a
1/2 1/2 1/2
< CO([IAg " Av[lssr + IDpAVOI Sl 41 + A Vst VD lsar + VUl 16"V lls).
Here, by Lemmas 5.2 and 6.4 (5”A(1)/2A1}”5+1 < 51/2HAUHS+3/2 < C|]A(1)/2UHS+2, and by Lemmas
6.3 and 5.2 || DyA[Vb|@|| 511 < C62|[Vb||s1al| Ay *lless/2 < Clblls13]@lss2. Therefore, we get

51y >V Z||s31 < CIAY *0l|ss2 + E).
Similarly, we see that
1Ay *0lls + 1Ay 20205
C([[vllssr + 1452020 — 62 Z28%9)
+82(| Ay >V Z st Ml o2 + 12 o2l Ay *nlls2))
C(?|A*VZ 541 + ).

1/2
1A 0512

IN A

IN

These two estimates imply that if we take d2 € (0, §1] sufficiently small, then for any ¢ € (0, d2]
we have (5HA(1)/2VZHS+1 + ”A(l)/Q'UHSJ,_Q < CE. The proof is complete. O

Lemma 8.3. In addition to hypothesis of Lemma 8.2 we assume that ||b||s19/2 < M. Then,
there exists a constant C = C(M, c,s) > 0 such that we have

1(f1, f2)lls + 1A fo]ls < CE.

Proof. By Lemmas 6.2 and 5.2 we have |[DyA[0°b]¢||s < C|b]ls19/2]|¢||s+2- By Lemmas 6.2
and 6.3 we see that

1A1[0u]0%0)ls < ||A1[0u](8%) — 82Zn||s + 6| A1 [0u](Z820)||s
C(|0ullsss 2l A2 (020 — 62Z0%n) | s31 + 6%/ 0ull ss1 | Ay > (Z0%0) |51 /2)
Cllllsrs/a (100 % s + 1lls+3 + 611 Z |51 17l s3)-

IN

IN
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By Lemma 6.1 we have
A [0%u)0gp = —62A(Z10%n) — V - (v10°n) + DyA[0%b]09,

where
Z1 = (14 8%|Vn[?)~H(Ad¢ + Vi - VOB),
v = va¢ — (5221V77.

Hence, by Lemmas 5.5, 5.2, and 6.2 we obtain

C (811 210% 51 + [010° ] 511 + 1070l a3 /2]l Ay 0| s11)

1A1[0%u)0g]s <
< C(0]|A0%|s41 + [[9lls+3) < Cllolls+s-

We can directly evaluate As[Qu, 0u]d¢ and As[0u, Ou, dulp by Lemma 6.2, and A2[0%u, Ou]sd
by Lemma 6.5. Combining the above estimates and those obtained in Lemma 8.2 yields the
estimate for fi;. By the same way as in the proof of Lemma 8.2, we can obtain the estimate for
|| f2]|s- By Lemmas 8.1, 6.2-6.4 and 5.2, and the estimates obtained in Lemma 8.2, we see that

1N falls < CL{O%AY > Zsra + 1N *0llsr + 1A 2015 + IS (%6 — 62Z8%n) 5
+62(||Z 512l *Adllss1 + 100 Av]|ss1 + Ay DyA[0B] 6] 551) }
C{E + 0% — 6220%|| s 11

+53/2(’\A¢Hs+3/2 + [[Av]|s43/2 + [| DyA[OB)]| 515/2) }

< C(BE+5(|AY0llsra + A *0]lsra + |06 a2l Ay *0lls12)) < CE.

IN

The proof is complete. O
In the following lemma we consider the case where 1 and ¢ depends also on the time t.

Lemma 8.4. Under the hypothesis of Lemma 8.2, there exists a constant C = C(M,c,s) > 0
such that for any 6 € (0, d2] we have

{ 0| Ztlls1 + llvellsr < Cll(ne, @o) 542,
011 Zuells + llowlls < Clllmeells + Sllmells+1 + leells+1 + 1 (ne, @) 1242)-

Proof. By the definition (6.1) of (Z, v) we have

Zy = (1+ 84V (Ade + DyAlmlg + Vi - Vo + Vi - Vo — 26°ZVn - Vi),
vi = Véy — 0%(ZVn + Z;Vn).

Therefore, by Lemmas 5.5, 6.3, and 8.2 we obtain the estimate for (Z;,v;). Similarly, in view of

Zy = (1+8|Vn>) " (Apu + DyAlnulé + 2Dy Alned + DA, i) ¢
+Vn - Vo + V- Ve + 2V - Voy — 46° 2 - Ve — 26°Z(Vn - Vi + [Vl ?)),
vig = Vo — 02(ZuNn + ZNny +22:Vny),

we obtain the estimate for (Zy,vy). O
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9 Proof of the main theorems
In this section we will give a proof of Theorems 2.1 and 3.1. The existence of the solution for fixed
d > 0 can be proved by using approximate equations and taking the limit. See [23, 21, 22, 13]
for details. We can also show the dependence of the solution on the initial data, that is, the
well-posedness of the initial value problem. Therefore, to show Theorem 2.1 it is sufficient to
derive a priori estimates of the smooth solution (7%, ¢°) for a time interval [0, 7] independent of
J.
Suppose that (n?, ¢?) is the solution of (2.14) and (2.15) and satisfies
1/2

(1) = 1 (6), D) 245 + 14570760 (1) = 32200%° (1))||2 < Ny,
(9.1) 1(n°(2), #° (1)) |12 < No,

L+ n0(x,t) = b(z) > co/2 for z€R™ 0<t<T, 0<d<dy,

where Z9 is determined by (6.1) from (1°, ¢°) and positive constants N1, No, T', and & will be de-
termined later. In the following we simply write the constants depending only on (Mg, N1, co, s)
and (My, Na, cg, s) by Cy and Cy, respectively. By Lemmas 4.5 and 4.4, there exists a small
81 = 01(My, No, cg, s) > 0 such that for any § € (0, 6] and ¢ € H' we have

(9.2) Cy ' (Mg, ) < (Mo, @) < Ca(Ap, ).
By Lemmas 8.2 and 8.3, there exists a small do = do(Mp, N1, ¢g, s) < &1 such that we have
(9.3 12° a1+ 820 2% s + 81852 2 a2+ [ a2+ 1Ag " a2 < O,
1(fr )2+ 1A fol2 < €16 for 0 <t <T, 0< 6 < min{dy, &}
In view of
no= A, O = MO;¢° —6°Z°0m") =V - (v°0pn°) + DypA[0;0]¢°,
my = Moi—0"Zm) = V- ('),
P o= = VO + B V) (20
o = —nf =V’ Ve + 5" (V- Vi) (2°)? + 6° (1 + 8* |V’ ) 2° 7,
in the same way as the proof of Lemma 8.2 we obtain
(9.4) 1P (2), &2 () stz + 118 )]s + Sl1m8 () o1 + 105 (E)|s1 < Ca
for 0 <t < T and 0 < < min{ds, dp}. Therefore, by Lemma 8.4
S(1Z0Msr1 + 1 Z5l1s) + 107 llss1 + vfells < Cu.

Particularly, for a® = 1 4 62(Z) + v° - VZ°) we have |Vd’||; + [|al||s < C; for 0 <t < T and
0 < ¢ < min{dy, dp}. Moreover, by the Sobolev inequality

012) +0° - V2o < CO|Z] |ls + [°]1s] Z°]ls:41) < Ch.

Hence, setting 63 = min{dy, (201)~'} we obtain 1/2 < a’(z,t) <2 for z € R", 0 <t < T, and
0 < 0 < min{d3,do}. Now, we can apply the energy estimate obtained in Lemma 7.8 to the
quasi-linear system (8.3) and obtain

IO + 10012 + 1A ¢’ (1))
< Gl (I O)2 + [P0 + AL O)2) + O / -7 (7 dr,
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where we used (9.2). By (9.4) we easily obtain

17 (1), 6° ()12 42 < 115, #0) 12 2-

Therefore, we obtain

t
&(t) < (Ca+ C16)e™ (Indllss311/2 + 8 ]ls+4) + Ch /O 1= g (7 dr,

which together with Gronwall’s inequality yields that

E(t) < (Ca+ C18)e ([0l 5434172 + [ H6]ls+4).

Moreover, we have [79(t) — nd|e < Cfot ()| sdrT < coCit. By setting No = 2[|(n, #3121,

N1 = 4Co([ndllss311/2 + [6f]ls+a), do = min{dz, C;'Co}, and T = (2C1) (< Cy ' log2), we
see that the estimates in (9.1) holds for 0 <t < T and 0 < § < dy. By (9.4) we also obtain a
uniform bound for ||(n9(t), #¢(t))||s+2. The proof of Theorem 2.1 is complete.

We proceed to prove Theorem 3.1. To this end, we first expand the Dirichlet-to-Neumann
map A(7, ) with respect to 62. The next lemma is a mathematically rigorous version of the
formal expansion (3.2).

Lemma 9.1. Let s > n/2. Under Assumption 4.1 (A1) and

17752V Bl 20y + _sup_ V00, zu) oo < M.
0<zn41<1

there exists a constant C = C(M, c,s) > 0 such that we have

|46 + V- (147 = )VS) s < CP(IA)*6llsr2 + 18]l s41).
Proof. Set ¢ := ¢" and @ := ® 0 ©. Then, we have (4.6). Since 9, 1P(-,0) = 0 and
§720,119(-, 1) = A¢, we see that

1
Ap = / Ont1 ((672(L + 0ps10n41) " + p22) D1 @) dp s
0
1 1
= —/ V- (((1+ 0ns10n41) En + 0° P11 )VO) dw gy — / V- (P120n+19)drny1,
0 0

where we used (5.9) and (5.10). By (4.2) we see that ®(-, 2,4 1) = ¢ — fxln+1 On+1®(-,y)dy and
fol(l + Opt10n+1)dTne1 = 1+ 1 — b, so that
1

1
Ap+V - ((L+n—-bVe) = /o V- ((1 + Opt10n+1) V1 9(, y)dy>di€n+1

Tn+1

1 1
—6? / V.- P Vodr, 1 — / V- (1201 1®)dx 11
0 0

Therefore, we obtain

A+ V- (140 =b)V)|s < C(8* T TV 1200y + 175 Ons1®l 12(0))-

33



KSTS/RR-06/009
October 3, 2006

On the other hand, it follows from (5.11) that
1770412l 2() < CO% |72V x|l 12(0)-

These estimates together with Lemmas 5.6 and 5.7 imply the desired estimate. O

By the uniform estimate obtained in Theorem 2.1, Lemma 9.1, and the standard compactness
argument, we see that as § — +0

(n°,¢°) — (n°,¢°) weakly* in L>°(0,T; H**?),

where (n°, ¢°) is a unique solution of the shallow water equations (3.3) with initial conditions
(7%, %) |i=0 = (19, ¢3). Next, we will show the strong convergence. It follows from (2.14) and
(3.3) that

(9.5) { () =)+ V- (Lt n° - BV~ &) + (0 = O)VE) =8y,

(@0 = 6%) + (n° — %) + 3V(¢° + ¢) - V(¢® — ¢°) = 62 £,

where

= (AS + V- (140" —b)Ve)),

1= A+ A + Vi’ - V') (= 3(1+ 8%Vl 2)(2°)?).

By (9.3) and Lemma 9.1, we easily have || £ (t)||s+ || f{()]|ss1 < C for 0 <t < T and 0 < § < do.
Taking these equations into account, we will consider the following system of linear equations

(96) Ct‘i‘V(an‘i’blC):flv
' Y+ +be- Vi = fo,
where a, by = (b11, ... ,b1p), b2 = (ba1, ... ,b2y), f1, and fo are given function of x and t.

Lemma 9.2. Let s > n/2 and suppose that
M_l < a(x,t) < Ma ”(atv VG)HS + ”(bla b2)”s+1 < M.
Then, there exists a constant C = C(M, s) such that for any smooth solution (,) of (9.6) we

have

t
ICE2 + [ (@)1 201 < CeCH(ICO)IZ + (¥ (0)]1241) + C/O (I A@E + 1L f2(7)241)dr
Proof. We define an energy function E(t) by

Ey(t) = IC0)12 + @V I (t), VI (2)) + [[w ()12,
which is equivalent to [|C(¢)]|2 + ||¢0(2)||21. Let (¢, ) be a solution of (9.6). Then, we see that

TE(t) = 207G, IO + 2aV T, VI0) + (@ VI, VI ) + 20 4, JY)
= =2V [J%,a]Ve, J3Q) = 2(V - [J7, bi]¢, JC) + (V- 01) J°C, J°C) + 2(J° 1, T*C)
—2(aV([J?, ba] - V), V) + ((V - (ab2) )V T, VI

—2) (a(b2) - VI, 0;T°0) + 2(aV J* f2, VI§) + (a; VT, V.I*)

=1
+2(J*(f2 = ( = b2 - V), J*)
CEs(t) + |13 + [ f2(6) 1211

IN
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Therefore, the desired energy estimate comes from Gronwall’s inequality. O

Applying the energy estimate to (9.5) we obtain

In° (&) = n°(®)lls + 119° () = 6° () |51 < C(UIng = molls + l¢o — Bolls+1 + 6°)

for 0 <t <7T and 0 < § <y with a constant C independent of § and ¢t. This shows the strong
convergence of the solution (n°, ¢?) in C([0, T]; H® x H**1). Since we have a uniform bound of
the solution in C([0, T]; H*3), by the interpolation inequality we obtain the strong convergence
of the solution in C([0, T]; H*t37¢) for each ¢ > 0. The latter part of the theorem comes from
directly the above estimate. The proof of Theorem 3.1 is complete.
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