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0.1
FPEAICETLIEFEENVHLTEZ Y.

s

ouji

ereXFLFI X2z : 2 3EAEXITETD @A X DEHLWFTEFELE VD)
e x ¢ X F/T X Fa: x|l THES X ITBES 2

e X CY FHEWEFYDOX X ITY DOHNESR (lzeXblEaoeY) DBRVIHOZE)

{reX|Q)}: MEQ(x) NELRD z e X BEDES ({z|Q(x)} & bEPND)
e XNY ={z|zeX»ozeY}: £E5 X LY OI@S

e XUY ={z|zeX FltidzeY} : £EHX LY OMESL

e X\Y={z|lzcXDoadY} : EAX LY DEHEL

T, EEELERWERZZEELLVWD 0L, BOEADEENLNND LI, X CY
T ToOIllE, XICBTALEDOILz NY IZBTH I EaRmtELn. 22004 XY OILHR
FTRTHLTWHEXX LY IFELVENVNWX =Y LA, 2T IXCcYBEURY X
MDD Z&THD. Lo T, 2008 XY PELWI LERTDIlE, XITET
DAEBEOTR e BNY IZEL, OY IR TA2EEDOIy N X IZET 52 & anmtidlvn.

HHEICEETEENR2BEOEGZUTORTEHNTET.

o N={1,2,3,...} : BRHEKOES

o Z={0,+1,42,43,...} : BEHEKOESL

¢ Q={Z|n,meZm#0}: HEKSKDES

o R : FFHEKDOES

o C={a+bilabeR): HERAEOES (2L, i=—1IZEHEA)

HOREL, S8, #HEREZZNETHNEFRT 5 &, Natural number, Real number, Complex number
EIRDMN, TNOHLOHELTEKRKFICLEN,R,C WO ERNHNLND. F2, BEOIRIL
Integer TH 572, DA A VEER L7z Zahlen DEE LT Z KFIZ Lz s Z X HWLNLD.
X5z, AEEOIFRIT Rational number TH 5 H, Z OEEIIFEDOIFR TH 5 Quotient DFHL
FTHERFICLIZELS QBHVWLND. TRLDOXFERET D L IR EDORTEHNLDT

FIEDOEDRFR L TIE, BRRKFEFINLIERNZ,Q,R,C NHWHLNDGHENEL .



a<bEWIETEEDFEE a,blx LT,
e (a,b) ={z €eR|a<z<b}: XM
e [a,b]={zeR|a<z<b}: FAKMH
o [a.b)={zcRla<z<b}, (a,b] = {z € R|a<z<b}: FHIKH

B, PARKH], BRI ZMFRL CXE &V ). ImnE £ (BN TWD) GE IS
MMEDIL, AN EENRD AL TWD) GEITAFINBELNS. AETIE, SKETTHE
HALTWERESZOFR T S, 2%, ThEN<,> tEZ LICT5. FORBOFIEICBWT, A
IREANTVDEAE b = oo, EMANPEHVWTVAEEA = —c0 EELZ L LT, TOHA,
(a,0) ={zx e Rla <z}, (—o0,b]={z€R|z<b}, (—00,00) =RFLRD. FTHDM, K
FEINDR Y (e h % Wils S W7 AFEINE VT, BHXM (a,b) & Ja,b], FBHXH [a,b) % [a,b] 5
LELLELHS.
ZOMOFL S & LTI,

enl=nn-1)---3-2-1:ndOF (L, HELEN=1L75)

n n!
G T R (L, k=01,
. <k> O = T | R GEEL, E= 01

o (a+b)"=> <Z> O Vs

k=0

e A:=B: A% BTE®HD (B A LWEiT5)
INSDORFLUIMIbERA R TN EDLILE D, TNHIEZFOS EHHT 5.

0.2 mERSLENHE
XZHEALL, XOFTre X TR LT Q) Z o T 2MB L T2, —oLx
MEED 2z € X 123 LT, MEQ(z) IIETH D
EVV) MEIZEMHE L TFEIN TRV RO L D ITKEET 5 -
o Ve X Q(x)
e Q(z) (Vx € X)
*7z,
[ E Q) WE LD X Do w € X MFIET D
EWVO MBEITFEME S FFENTB Y RO L D IZKTET 5 -
o dx e X Q(x)

e dr e X sit. Q(x)



0.2. FmEFLHE & NH 9

I THRIENRWESVYVEBLIONINBBN TS, VIIEMHEES, JIIEERS EMFEXh, [TE
D (TRTD) | BEY HFHET D) 1T 2HHFETH S [Any (All)] BEO TExist] DA
XF A 180 EHHASE b D TH L. ZNHITRMBRES LIFINTND H DT, BERET TR
BT ABRICHEE b5 ThD. F£72, s.t. ITRFED such that DEWEIETH 5.

ZOX IR S A O 2 E ORI, RO bR XL O L TH - T, EIHRREHE
R 2 DI S, BB A ERTA0IEFICERTH S, F0O—FHT, #IHD 5 bl
ZDOMENFITE, #ER TR s &V OISR E RO LIV WA, T bEkx T CEM T
HIBIENTET, ETHHEFIRESTTHLZ DB DNLTHAD.

2O XD BB SIIMA A DE THEDN S RANZ . Thbb, LOREQ(x) dHIC b
FEEY 55 0L INEDNEOTH L. Flil, AEQ) Nre X BLWy Y KT 5
& P(z,y) # T

Q(z)=TFy €Y P(x,y)

T, = 3EA2OOMENRFRIZTHD (BEBL—HT D) L)
DEIRBDTHD. ZDLE, Wrxe X Qx)] &)l

cEMNTCVWBHELEY. 22
BT THY, MED%ES

Vee X JyeY P(x,y) (0.1)

EEMPND.
ST, ZomBEILBITS Vee X] BED 1y e Y DIEFZEANCANKEZ T,

JyeY Ve e X P(z,y) (0.2)

EWVIMBEEESTHRD. ZDLE, D2 o068 (0.1) BLUN(0.2) DEMIZER RS Z &I
FELLY. M 0.0)1F MEEOre X IZH LT, TS L T4y € Y 28> T < it
B P(x,y) B NED] EFE->THWDHOIZRL, il (0.2) 1 Tz e X ICERRLHD y e Y DMF
ELT, fEED e X 1T L T8 P(x,y) BV ILD) EF-T05d. $7bb, Ml (0.1)1
B2 yld—RICiE o \RFELTEBY 2 222 UEy b 2SR L TEDb S OIR L, il (0.2)
BT Dy ld o ITEERTHL. T x, Ml (0.2) PETHIUTME(0.1) bHEHTHD Z &M
GIINDI, EDOIE—MRITITRL Y LT 720,

—flEET LY. FEXBLIOY 2ARBREKOEGN L L, MEP(z,y) Zz<ystT5D.
ZOHE, FEOxeNIZXH LTy =2+1 EDDE, ye NTHY, ox<yBpkhrio
DT, mE 0D IFETHD. THIKHLT, FEOz e NIZH LT <y BV IOL I R
[CEERR 7 y € NIZMFAEL RV T, i (0.2) 1A TH 5.

M Q DR EMELY -Q EEL ZLITT 5.
N 0.1 XZEAREL, Qo) x e X T 2MELT 5.

(1) ~(vz € X Q) = 3r € X ~Q(x)
(2) -(Fzx € X Q(x)) =Vr € X -Q(x)

BRI B T DAk % R BRI O ORANRMENE TH D Z L&A L, TRAHFERL
LCHERZ B LTS, ThboRife L 2 0m8EO 2 L&, TOMEGRICHIT 2 RE LS.
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b ODUBABNTHIL LS. GEHE WO BRI Z L TWDDOTH D02 H LN IEL
W2 EEFT A0, BEAoER (i) 25 ZBamikie Coftm ke AW TEOMmEE
BERIERNTH D, LD -> T, GEHTITBEROMEEZ HWDMERS D, L, Z0OBE
HMOMEHEHIELWINE I MEFEDPDRNEWTRWERT, #9575 LRI OA-E Y A
TAEHAE 5252 827 b. 20X 5L T, L0REMN - WEO 2 mBELZEmE L CGERE 5
2HDTHDHN, HOREZTOBEEZG TS E, bIOYVAITTECGERTHICHEY Lizbn
WD BEIRL D X MBEICE T T LE ). £ T, DKL) RARIEN « M 7 v
FETHLERELTLEIDOTHD. TDOEHIL, BETHD ERNESNTMENAETHD.

ORI ERAER L OEEMEOGEICET A AMTHS. (Ve € X Q) 13, [T
Dxe XIZHLTQ@)IFE] W) Z&iFRy, bbb ML Q) IFETIERN] &
FSEWHEETHD. FTHIKH LT, =B e X Q@) 1L, IQ(z) NEL bz e X BFETD =
Eidn, Thbb TEARGEICE Q@) B L bRV LWHEBETHS.

WEEEITENR VD BIE, &FME (Ve X Q) PEEEZEEE (Ve e X ~Q(z)) I L=
D, FEME (Gz e X Q) PEEEWHEE (Jr e X -Q(x) IT L=+ 52, ZRHIFFRY
Thod. HEEEDLE, VIFIITEDY, JEFVICEDD, tRExTEELN

TR LB, TS EEL TV Bl (MOFfESS) ICBITS 1 2ORBTH I,
NP B O DN EZRAT D, LILARRDL, ZNUOOABITREEICE > TI <YV H]
REEHTHDLND (LA, TNOLOABERH L NVWESDOND L EXOFBRHFRIHE LD TH
A9) TITENLERNTDHI LII0D L.
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F1IE ZEREBINOWBR

1.1 EHOEHRME

FHL LT 2 BT, BT
o ATERACES K OMEFRAL (85 L7V B/ INK) OFATR
o B LD RICHIET 55K

EESTZETHAD. ZIULIZNTHIEWRWO TH L), mELREmELEMLLS 35L&
DRBIRIRERTHD Z L3005, £ T, FRERD 3 OORMERMIZTEAR DL LT
ERTD.

EHONE
(1) REDEE (PUAIEEE)
(2) NEFFDLER (OR/NBALR)
(3) gL EE

I, ()iﬁﬁ;@%’%ﬁéﬁxﬁﬁﬁgéﬂﬁbtﬂﬁf&w REFOHFEEZ Ao
X TRIFETHD] EEHZENTED. (2) IIAEZITHET RN MEE A5 LA TH
5. b 2 OOABEOFEMIT R AL IZBW TR T 5.

XC, AEHEEEKROES Q L EEREBEORAE LNEFONEEZW =T O THHHN, Q & R MBR
ERNC R D D1E, RPDEGHEABEZHTZTOICH LT, QIEH-IR2NnW ETHhd. ZoHk
%A@i BRI L T HOERR BB Z2 < ML TnWAH T L ER L TED, MTE ik

WCHEHBERERHEZH S TND., ZOREEZRRL7-012, £O0OFHEELERL LY. ITFTIE
2%QRiﬁﬁ®“@k@ﬁ®”ﬁ%ﬁthfﬁé&?é.

FE 1.1 AZ2ZETRVWR OEHSESLEL, beR T 5.

(1) EDac AR LTa<bPRINDEE, baZ ADERLNS.
(2) MEDac AL Tb<aRHYSEOE X, bE ADTFRENS,
(3) ADERABHET D EE, AZEICHEREND.

1) ADTFRMAET B LS, ATTFICERE N,

(5) ABEICHERIOTIERTHL EX, AITHERENS.

Bl 1.1 A=(0,1] DHE, 0LLTOTRXTOEKL(0,1] D FHRTHY, 1L EOTXTOERKZ
0,1 D ERTHS. w21, (0,1 IEFICER»S EICERTHY, Zhdz (0,1 IFERTH 5.

1.2 A=NODOBFE, LUTOTRTOREIINDOTATHY, NITTICARTHD. £,
N 2 EIZHAERTRNZ L1E, BRI OGN TH 575, 1% T2 ke AR 6 #E (ZFE
THZENTED (EH 1.2 DiEAZZRE L) .
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£ 1.2 AZZETRVWROEDELSEL, acR ETS.

(1) alFADERTHY NSO ALRETLE, az ADERRT LN a=maxA &FEL.
(2) alFADTRTHV NS AILETLE, az ADRNMTEFF P a=minA LEL.

5l 1.3 A=(0,1] %A, maxA=1THY min A IFFELRV. A=NOHA, minA=17T
H Y max A IZFEE LR,

ZORFINGSA L DI, max AR min A IXHICEET D EIER S 7220,
FE 1.3 AXZETRVWROMHES LTS,

(1) ADERL2EOEGITRNTCaPFETDHEE, ax ADERE VWV a=sup A &#EL.
(2) ADTHREEDERITRRNT aPFETLHEE, az ADTREVW D a=infA LEL.
(3) AN EIZAERTRVWEX, supA = +oo &FEL.
(4) AVTITHERTRNEE, infAd=—c0 &EL.

il 1.4 A= (0,1 DHE, ADLEREEDES =[1,00) BELITADTFREEDES = (—o0,0)
ThHH1D, sup(0,1] =1 BELWinf(0,1] =0. A=N DL, AIFEICHRTRS ADTRE
BOEL = (—00,1] TH DD, supN = +oo BLWinf N = 1.

U EDOHEFDO T, FEE OGN AR~ K .

EHEUEANE AZZTROVWROENERLTD. ABLRICERLLIE, ADERsupA» RIC
BWTC) BPFEETD.

Z 2T ERE AW THER A 2R <723, ERORDVICTREHWT, TANRTIZHERR
E@‘i, ADTRInf AR (RIZEBWT) TIFET D] W)zt ARICEALTH &

LT Rebb, TG 2 00mBEIERETH D (FOEBN BT D) ZENRIN5S.

_@ﬁmﬁ/\féﬂi@ too ZMEE LTHAETDHRLIE, EEDETRVR OFDES AITHL
T, supABLWNinf A BMTHET DI ENGND.

1.1 UTOROHDES AIZK LT, supA,inf A, max A, min A #ZNZFIRD L.

(1) A—{xEQ|$>0x2<2}
(2) A={(-1)"} - 5 In,me N}
(3) A= {tan(iz2 30 T) |n € N}

fl 1.2 ZETRVROEHSES AT LT, HRIEmax A BWIHFET 572 51X sup A = max A 8
BV, H/ ot min A BMFEET A2 51F inf A = min A 23580 So 2 & A EERAYE L.

FTE 1.1 AZZETHRVWROEHBELSEL, acR ETH.

(1) a=supA LRDIZDDBEALFRMFITIRD 2 K(4DEV LSO ETHD.
(i) EEDacAlTxLTa<a
(i) B<azM-IEEOBeRICKHLTB<a b/ ac ABFIET S
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(2) a=inf A LRBDOMEFHEMITRD 2 FHENKY SIS L THS.
(i) FEDacAlcxtLTa<a
(il) a<BZMTHEEDSERICHLTa< S LD ac ABFETD

B (1) 25RE). ) IFaPNADERTHDENIERMETHD. £, [B<at’ndac ANTF
ETD) EWHIREE BB ADOERTIIARNENI ZETHLIND (AF0.1 22BE L), (i)
Fa X0/ ERFHFRELTAD ERICERLRNEWVWIFETHD. LN -T, ZThb 25
HiXaN ADENDO ERTHLZ EEIBRRTEY, a=supA LR H-DONEAGEMELERD.
(2) baEL AR ERICL > TUrEND. GEHK)

ZOEMLL O (1) BLON(R) ITBT D50 (i) 12, FhEh

(1) i) FEOEH eIk LTa—e<abidaec ABHFIETD

(2) (il') EEOEK el LTCa<ate b ac ABFETD
CRMETHDZ LICERBLE Y. EHI11IETZ0 (i) O THEDLDNIEELH D.

1.3 A BEZETROVROHARBESELSTACBAWMETETS, ZobE, inf B<infA<
sup A < sup B3V LD & AR

FH 1.2 (Archimedes (7 /L% AT R) ORAE) ALEOER a, bIZXI LT, a<nb &b AR
n BFEET 5.

iR £, b=10H647T. 2oL, THOTEZHHLSEHNTE LROL ST D.
Va>0dn e Nst.a<n (1.1)

MEMETHDLEWRELTAHALI. Z0LE, Z0 (1.1) OFEMEDNKY SLODTH H N
A@01%%wf%@miﬁ%%£ﬁ#5&,%@iamﬁé.

“(Va>03IneNst.a<n) = Ja>0-(Ine€Nst.a<n)
= Jda>0VneN —(a<n)
= da>0V¥neNn<a

ZOEREOMEIIN DO ERTHL LI RIERa N FETDHES-TEY, THW X N EIZHER
THHZENED., ZoL X, HHEARIY NOERa=supN e R NFEETDH. a—-1<a
THLIZOLEHLLL (1) LY A=NBLUOB=a-1,LTH)Z2HD) a-1<nkid
neENMAET D, Z0LE, a<n+1eNMBEIR, ZHUTaBNNODERTHDL (Lizhio
TERTHEHD) ZLIZFETDH. Tz (1.1) BV 7272 TER LT, b=1D L ZDE
BOTERP RSN,

WIZ, =KD b>0DFEEERT. (FEDERa, bIZH LT, ab ! bELEHTHD 1D, B
PUZBWTEEA L2 &b ab™ < n ERDERE n BEET L. ZORBEOREXOHIIIC
b>0ZHITEa<nb &0, EEHOFENES. GEIK)

ZOFEAN G D L OIS, ARBAEROEA NN EICER TRV &R, BHREICELT, &
B DINFR O R BB I ZRE S D

T ITIE, EHOERMEAR A ERAE W TR, 2SN S (Z ok APE L [FE
72) EEEAHENM O TN D, BRD 2 N3 AL 2R L TIHE 20,
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1.2 5 DGR
ER T, S {an} DEB o IZIURT 5 &1
e N MEN 2 KRELRDIZONT, a, D allfB 2o &®H

EEG, ZOERIZHENTEODLOFIZIkO D Z &1L, EHNOIUROENEZ B L 7= Z
ETHAY. L, ZZTHEBBEHALTHT In B3RV 72 KREL ) &0 Ta, S alZfRY
RS LW BKREBZ TADLE, FREKIIMED > T 2 bDODO%SERE LTRY,
R HmE R L T ETRHA TS THL ZEND0D. £I2 7T, BIOWROEE LR EHE
Hz 9. 7ek, RETITRHCHSZ2WERY BENZT R TEESITHL LT 5.

EE 1.4 HH {a,} DERK o IZIRERT S &1L, [EEDOIEH e 12k L TH2DHARE ng BIF(EL,
n > no BT TEED BB IS LT an—a| < BERVTOLEE2VD. “OLE, ok
5l {a,} OBRRIE &

li_}m anp=a HDHWIE ap, > a(n— )

EEL.
ZOEINDOIURDEFRZim il o2 W TES ERDO L DT 5.
Ve>03dng e NVn e N (n>ng=la, —al <e¢)

TOXIREFRENVERVHENTHLE L EZRNWTHAIND, TOEWREHHALTBIZ Y. =
x, EARITNSRIERE e Zll->TETH, TS U THFRRERBARE ng ZEAUE, 5 ng
HHUBEOTXTD ay Zanb (e &) WO TEHWETICWD, &) ZEEZBRITND.
ZOFEF g TR KT L TR, e 2/hs<THL, ZRIISLTno TREL WS ARTN
26720 ng=ngle) EHFENTEL EHNDRLTNTHA .

TR e HHWTEY DI EZER LD, FOEHEBIN-ST (Fhwx, fhe 2D
T) BHNOWKRZiEiwmT 2amisld ledmihl H2W0IE Te-N @ikl FEMEEh TV 5.

5l 1.5 E@%K@E%ﬁ@@£%%:0@,mmmm%@@ﬁ(ﬁ@uni@%ﬁ%mﬁ%
B ZENTED., EE, FEOe>0IZxLT (a=1,b=c &L T) EH12ZH5L
1 < noe Zi7= T HERE ng WIFAET D Z ENDMND. ZDEE, n>ny 2l HEED KRN
IZR LT, 1< nge < ne BV ILODT, ZOWBEn THLLE0< L <o, Zhwx |1 -0/ <e
B ND., UEDZ a2 ELDD L,

1
Ve>0§|n0€NVnEN(n2n0:>‘n—0’<5)

ﬁ&@ﬁo:&%%ént.Lkﬁof,ﬁﬂ%zoﬁﬁwﬁa

CARNT ) H T & A (THE LB A AR A 02 D BRI E B oA B S
WThDH. LiL, SOk D 5N REEFONRNE T3 05T R 25 L 5 20
B 2%, ZOL 5 RMED 1Bl LTL< 3 &0 H S h 5 OBKOBTh %,
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51 1.6 gn%zaﬁgﬁ&ﬁﬁﬁ@jo.

. artax+---+ay
lim =«
n—o00 n

iU, HS {an} OF 1 EN B n HE COREMEAME L — M & T 285008 {a, } ORRBREIZIX
T D2 xBTS, BHEMICIE, n2RELSTHICONT, FHEEDLEA {ar,a2,...,a,}
DL DILN a lZiT3 DT, TOVHEL a lZLSINTL 5D THD. @BRETOHHBTIN
UEOFERAZE X D2DEFRETHA 9. LNLERD, e-NGEEEI LLULTOL T L-00
ELTEEAE 52D LR TX 5.

TEDe >0 LT, RELY HDEKE ng =no(e) DHFIELT,

lap, —al <e (Yn > ngp) (1.2)
DY SO RIS, ZOFRF ng ZHWT
M :=lay —a|+laz —a| + -+ |ap,—1 — |

EBIZIHI(ZOMLEERIIcITEFEL TS ZLICHEELLEY.) 20L& X, n>ny &2l
I EEOEARE n I3 LT

m+ark~+mhﬂ4 (a1 —a)+ (a2 —a)+ -+ (an — )

n n
< |a1—a\+~-+|an0_1—a\+]ano—a|+-~+]an—a
o n n
M - -1 M
M (1) M
n n n

E72%. 22T, Archimedes DA (FHL1.2) LV M < nie =T BRE ny BDFETH. =
DEE, n>n T EEOBRE n T LT % < an <eMELVNED., £ T, ng =ngy(e)
% ng :=max{ng,n } ICLXVEDD L, n>ny ZT-ITEEOBRIE n IZX LT

ay+ag+---+ap
n

M

—a|l < —+e<ete=2¢
n

LB, ZHITEAORANE D Lo LR LTV, GEAK)

ZORBEDREXDOLLN e TERL 26 THDHZ LIZEMERFOABNDE L. 20
RUZONTIE, fEED e >0 LT, e ORDBVITEND EOX L TEE LA ny & n3
LB L (T2bb, n3(e) :=na(5) ET2&L) n>ng i TEEOHRE n T LT

a1 +az+--+an £

—a|l <2=-=
n @ 2 ¢

WO SEOZ LR ND. HDHWE, (1.2) DD VI |a, —af < 5 (Vn > ng) Zili7z 4 BB ng
EWDHZEnbiEma iy, BRI e DESWX AT 52 L7, BIIOPUROERICHIT
HAFEREFR CEOARERELES ZLNTE 5.

FOFERICBIT 2 EBREEZ S B FEIN L THNO TARDL I LM HRET 5. 25752
IRV, EOFHEREDLIITELNTWDENRHREICEECEZ5 L THAD. ZDEHIZ



16 F1E EHEBYOMRIR

B CEEZIN L CHESCIEAZHEER T2 Z L1, ZOES7E T TR 2N OEFEE AT
WS ECTEERMEETHD. I, KVEBEAENEOHEMETIIRTHERE PN TOEHAN
FEFIZZ V. ZOEE, EPNTVD I EEMEAITL2OTERLS, ATV LEHEELAST
N2 B & 72 iR A fER T A L O I T L 9. 20 2 LK 0 BROERIZE N - T <.
ZoOXHREEE, LU MTRHZED D) VT (T E#Te) RSN,

WIZ, BEIIOBIZET 2 ERAFHEBENLEL Y. 20D, o0 5HELTEHEL TBL.

E&E 1.5 {a,} 255 LT 5.
(1) EBEOHAEnITH LT ap < any1 (72T ay < apy1) PO LD E X, {a,} I FEFE

m (EIREEABM THDH LW,

(2) EEOBHRE K LT ay > any1 (F7iF an > apg1) DKV D E X, {a,} IZEFER
D (EIIBREBERED) THL LW,

(3) %8 {a1,a2,as,...} B EITHER (EIITIZAER) THLHEE, {a} 1IZEICHER (F70F
TIZHER) THDH LD

(4) %5 {a1,a2,a3,.. } PARTHLELE, {an} 1FERTHDL LV,

EHE 1.3 BORT 285 {a,} FARTHS.

FIEEA Jim a, = a L35 L, MROERLY (6 =11 LT) +aREBRERE ng BT
la, —al <1 (Yn > ng) DALY SO, iz,

aal = (an —a) + | < Jan —al +la| < 1+]a] (¥ > no)

L7en> T, M :=max{|ai|,|az|,...,|any-1], 1+ |a|} LB & ay] < M (Vn € N) D3V 32D,
ZhidA{a} PARTHLZ LERL TV D, RERIFE)

WOEBITERICBWTEICE - TWAZ ETHDHN, T THEMMLTEL. B TIHE
B 7B fRIc L EF 0 20T E N2, BAIOBIBOERE L BRICE 214, £+
DIFRZ 52 52 LN TE .

FE 1.4 lim a, = a, li_>rn b,=8 &35¢&,

n—0o0

(1) lim (ap +by)=a+p (: nh_}ngo an + nlim bn)

(2) lim apb, = ap (: lim a, x lim bn)
n—00 n—00 n—00

512, by#0 (REN), B£0LT DL,

lim a,
3) lm =2 (:"*“ )

n—oo b, f li_>m bn,

SR (2) 2T 5. (1) BLO(3) OEBIEME LTELTH. £,

|anbn — af| = [(an — )b + (bn = B)| < [an — allba| + | |bn — B
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DRSS Z LIZEBELL Y. — 0, RELVEED e > 012k LTHYRERARE ng ZEH
1, n>ng 2= EEOBRE nIZk LT

lan —a| <e BXD |b,—fl<e (1.3)

BRI, Fz, {bp P RO TH L6, EH13 XVARINITHD Z Li3nnd. Licho
T, TOREBRERM 280U b, <M (Vn e N) B ILD. £ R, n > no itz E
EOBRE n Tk LT

lanby, — aff| < eM + |ale = (M + |a|)e

MPEY NS, 22 Te > 0IMERTH-1nb, ZOREBEDRERTZELOXBKY IO L%
FLTWS. GEFR)

WHﬁ@ﬁ&ﬁ%,:@%&@T%ﬁ@ELﬁefi@<MLHMkfhé*&’%%%ﬁoA
BNDHE LR, ZAUSDNTH, e ROV i MOEESAMEno &2 m &2 & (F
18 h, ni(e) == no(M+|a|) ETDE) n>ng BT ITIEEOBRE n 2k LT lanb, —afb| < e
WV NLDZ ERGIND. HHWE, (1.3) Db v

€ > N
Zim T HARE ng WD Z L biEEm A ndIE, BRI e DEESMMZ 2T 52 L7 |agb, —

af| <e ZHS ZENTED.
ﬁlA7g&m:5@6ﬁ,&éﬁ%ﬁmm%%RXMME%Wszn@&@é:k%%ﬁ.

1.5 PR 140 (1) B L0 (3) ZEEHIHE L.

1.3  #HDUEHIE X

KD NTEHSHOFHR] bERTHEATE TBY, HHIOMREZ #5325 BRI KNS
ZLIIEHML TS THASS. 22T, 20N EE2 20T NE&H S LOEH] LIFES.

EE 1.5 (1T&H O HLOEH) iﬁﬂ {an}, {bn}, {cn} Dby < an < ¢, (Vn € N) il L TH Y,

23> lim b, = hm e =a 26X, lim a, =a 23H YLD,
n—oo n—oo

SEBR IRE LY, [EED e > 0k L THORERARE ng ZHIUX, n>no i TEEOH
REnIZH LT b, —al <eBEWR e, —a| <e, T72DD,

a—e<b,<a+e BIW a—-e<ce,<a+e
MDD, ZHHDOREXLELY,
a—e<b,<a,<c,<a-+e .o a—e<ap<ade
L7 oT, |ap —a| <e (Yn>ng) &720 nli_)noloan =a S, GEPKE)

R BRND, WOEHAFHT LI LN TED. ZOFERIFME L THELTEB I ).
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EE 1.6 5 {an},{bn} D an, <b, (Vn e N) ZHHZLTEY, 7D le an = «, le b, =f
2 B1E, a < B AV .

1.6 EHL1.6 ZaEHE L.
FE 1.7 b (FEFTF) CHRREFREM (E2138) BHNIORFITh 5.

FEER {an} & BICH RGNS E 35, £5 {a1,a0,.. .} IZF EICHERTH L0005, d#fEEn
LY IR o =sup{al,as,...} DIEETDH. ZDL X,

ap, < (Vn € N)

WD SD, ST, fEEDe >0 LT, a—e<a THLHD, 1L (1) XV a—e < ap,
7T AR ng WIFET D, ZDE X, {a,} WHFAMNESITHDL Z LD

a—e<ap, <ap, (¥Yn>np)

BV NLD. Zh 2 ODOREXLY |a, —a| <e (Yn > ng) GBI, B {a,} 1T a ITIHRT
L2 Emans. ELFERRIZLT, FCARBREMRBOESISIOET 5 2 LR and. GERR)
BI17 0<r <175 lim r"=0.

FEL, 0<r<125F0< " < (Vn e N) THD0 D, {r"}id FICH 72 HiRR 551
Thdb., Lo T, THITLVMBEQ = nliﬁn;()r" PIEET A, "t = 2BV T n — o
ETNE, a=ra. PRIZA-—r)a=0&R200, r£1 L0 a=0%cRVELONUES.

HHNE, WOLIITGEHLTHI W, r =00 & EEFHLNEND, 0<r<l1 &35, Z0O
X, r1 > 1 ThLEINL r =14 h EET A > 0 D, “HERLY

r"=(01+h)"=14nh+---+h" >nh
LBN, ZOMUOMEE LIUZ0<rm <L 20, 13EH LOEH LY LHOXNED
M 1.7 a1 =18LVap1 =Va, +2 TEELES {a,} (T L TROWIZEZ L.

(1) B {an} 1FZ EICERZBEFEININTH D Z & 2Rne.
(2) #F {a,} OREIRAEZ KD K.

%5 1.8 a,

= (1+ )" X0 EE 285 {a,} 13 EICHRREFRING], ThdZNFFITHD =
LERTWT S,

() () () )
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ZIT, 1<k<n&ZWr+HEEOBRE LI LT
)00
n n n n
<) () () ()
n+1 n+1 n+1 n+1

DD SO Z EIEETIL, an < ang1 (Yo € N) 360, {an } IZHEFEINTH D Z &350
5. ki, (k+1D)!>2F (VEeN) Lo,

n n—1 n—1
1 1 1 1
W <1 — =2 <2 — =3 N
an < +k§1 - +k§1 e +k§1 i =3 g1 <3 (MmEN)

L7 {ap} I ECERTHD. LER-T {ap) HIRT 5. Z OIS

e:= lim (1 + 1)
n—00 n
EECZEFMICERTE - TE. Z0FE K eld Napier (RE7) LT, EHTFHICEND
THEHERERHEZRCTHTHD.

EAR CTIX RN Z ORBREAFE TE 2 L9 BB O ZHR N, TOMREERD D Z LI
Lo TEDOEINNINKT S Z L 2HEND TN, EZANLEDOFINS B0 D LIS, (RICED
WRRDFAET D 2 L B> TN T ) Z ORBIREL RIS HE T X e WEBSNIRILFET 5.
ZDX D BEINOWRBFET D2 ED 1 2O+05FMEE2 52 THHONER LT THDH, LV
—EOBEIN KT DUHEEVEEFPIT L L 9.

EE 1.6 5 {a,} » Cauchy (I3—>—) FTHDLIE, nym— 0o DEX |ay — ap| — 08
VSO EEE WS, LD IEMIZIE, EEDe > 01Tk LTHLERE ng WIHFEL, n,m > ng
ZWTZTEEDOBRE n, m I LT |ap — am| <& DRV IEDEETZV D,

Z @ Cauchy FIDEHF L wmEFL T HWTELS EROD XL D127 5.

Ve >03ng € NVn,m € N (n,m > ng = |a, — an| <€)

THE 1.8 HJS {a,} PR T D -0 DOBEA3HKMT {a,} 75 Cauchy FITHHZ ETHD.
REBH  (WEEZRfE) T}Lrglo ap=a tT5HL,
lan, — am| = |(an — @) — (@ — @)| < |ap — a| + |aym —a] =0 (n,m — o0)

ToHHD, {ay} 1T Cauchy 4 TH 5.

(+535:1F) {an} % Cauchy ¥l &35 &, EEL1.3 OFEH & & Rk HERIC LY, {a,) PFE
RTHDLZENGND. RS, FERE N ZEES D T LIES {an, ant1, ango, ...} DELAR
ThoHNG, A EY 20 FRB I OTRBFET S, Thb %k

Tn = sup{an, Gni1,ant2,...+ B 1, :=inf{an, apnt1,an42,...}



20 F1E EHEBYOMRIR

LEZS. ZDEE, 1y < Dot < rapt < 1n (V0 € N) BV Lo (B 1.3 2B L)
{rp} X FICHERZERBOESNTHY, {1} 1Z A RZERBENESITHD. LEN->T, &
17X ZENLIEINESTHD.

— i, IELY, [EEDe > 01Tk L THARE BRI ng ZBAUT ap, —an, < € (Yn,m > ng)
DO NLD. BRI, B m > ng IZx LT ay < am +¢ (Yn > ng) BERKY LD, Ziud ay, + ¢
DG {ang, Gngt1,---§ DERTHLZ L ZRLTNDLENE,

Tng = SUP{ng, Gng+1,-- -} < Qm + € S Ty — € < am (Ym > ng)
DD SLD. ZhUE rn, — e BEES {ang, Gngr1,-- -} D TRTHDHZEEZRLTNDEND,
Tng — € < inf{ang, ang+1,---} = lng
En. 6T {r,}, {l,} OHFEEZH NS &,
0<ry—1n<rpy—ln, <e (¥Yn>mny)
LD, ThUT nli_}rgo(rn — 1) =0 MKV SIHDZ EZRLTED, nli_>ngorn = nh_)n(goln BIF B

Lo B rn b, {l,} DEFRLV 1, <ap <71 (VneN) DKV TNDLDT, 1549 HOER
L0 {a,} FWHBITH Y, TOMBEX {r,}, {l,} OWEE L —T 25 Z 03005, GEHK)

Bl 1.9 5 {a,} HKOWEE oL 5. 10 < 0 < 1 %73 n (CHIRA b 5 5K 0 25 E1E
L, TR_TOBEKH IR LT

|an+2 - an+1| < 0|an+1 - an’

WEKYSED. | 2oLk %, {a,}1E Cauchy FITH Y, TPz EE 1.8 LV ILHFITHS.
SN NOF SN ANV LAY (=S

|lant1 — an| < 0lan — an—1] < 0*an—1 — an—2| < -+ < 0" ag — a1
Lieh, LEmoT, (EEOHKK mIck LT

lan — antm| = [(@n = ant1) + (@nt1 — ani2) + -+ + (@ntm—1 — Anym)|
<lan — any1] + |ant1 — ang2| + -+ + |antm—1 — anm|
<@ 0" 4+ 0" ) ag — ay
B =11 —om) gn—1

—ay] <
=g e-alsi

lag —a1| — 0 (n — o)

DO NLD. 2k Y, {a,} 7 Cauchy FIC72 % Z LA LLTHA . ZOFNZ, EEAIIZIX
B {an} DEEY G 5 HOMBA —EDHR O LT TR Lo TN D L, WOMNEIANITIR L
TLEIEESTNDHDTHD.

1.8 a1 =1 BEWansy = (an+1)~F TEE 255 {a,} 108 L TROBNIZE X X

(1) |ant2 — any1| < Olant1 —an| (YR €N) £725 0 € [0,1) BFEET D Z & &R H.
(2) %5 {a,} OREBREZ R L.
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ZIT, OEMEE L THBARUMIEERE L TWAHR, BN T WERABN L LS.

an+1

FHE 1.9 KW 0 TRWES {a, } BEMF lim

<1 &Wir=372 61, li_>m a, =0%L725.

Gn

B 7= lim “ZH LBE, r<r < 1EWET ZEEICIORYETTS. (B2,
ri=g(l+7r) EFTHERV) ZoLE, WROFERELY c=r —r>0ICH L THARERHA

PHng ZHUE, n>ng ZWT-TEEOBRE n T LT

a
‘ ntl —T“<T1—T
an
MY LD, ZD &%,
a a a
n—+1 :‘( n+1‘_r>+r‘<H n+1 ‘+1~<(T1—T)+T:T1 (Vn > ng)
an

ED. LIEN-ST, n>ng &2l EEOBRE n ok LT

ap Ap—1 Ang+1

Ung| < r?ino‘ano| —0 (n — 00)

Ap—1 Gp—2 Any
L0, lim a, =039 5. GEAK)
n—00

TL

Bl 1.10 EEOFEE r iz LT, lim 7' =0 MY L.

n—oo Nl

EEE, r=0DERITHLNTHD. r£00DL X, n! LB L

an+1‘_ r[*t o r]
an | (n+D!r" n+1

-0 (n — o0)

L7eho> T, EE1.9 X ELOKXDBRED.

p
il 1.11 |r| > 1 2T EEOER r BLOpIZx LT, li_)m % =023k Y ST,
K, ap, =2 LB E

an+1
Gn

(n+ 1P " 1 ( P 1
= 1 ) — —
i = U e

7T | P < 1 THIZNG, THHL1.9 LVHLOXNED.

BHNDREBUZ SOV THD LN TR Z 5.

1.7 (1) %55 {an} D +oo IZHEET B LT, EEOEHEM >0z L THyRERAR
Hong ZlD E, n>ng BT EEOERE n IZH L Ta, > MDBKDIEDEXEN).
ZDEE nlL%oan =400 & EL.

(2) ¥F {an} ¥ —co ICHERT B LT, EEOEL M > 012x LTHyREREKR ng 21
HE, n>ng Bl I EEOERE I L Ta, < —M DRV NDEEEWVD. ZDL

% lim a, = —oco0 & E<.

n—oo



22 B GBS ORmIR
B {an} 1 400 IZHHWT D Z L DER ML T EZMVTES LROL IR D.
VM >03nge NVne N (n >nyg = a, > M)
INEVESIZHNDZETHDLN, B {an} ¥ +oo0 (ITFEHT T
VM >03dn € Ns.t.a, >M (1.4)

DRV, L LS, ZTOWMIEMRY S22 EICEELEL Y. Zo%EoMmET 155
{an} IE EICHER TRV £ ) 2 E RS TENZ DDA 5720,

il 1.9 (1.4) Z¥72 728 400 ITFHBL RV K 5 285 {a,} DHIZZT L.

Hl 112 EE0r>112x LT, hmr = 400 MBEK Y 3LD.

ERE, s=LrpEpiny EATATEBENS. BB T, KO KD ITEBEANCRE L
T%iw.r>1i9r—1+hh>0ki< ENTE, gﬁmﬁiﬂr-—ﬂ+h)21+nh
LB, BT, EEDO M > 01Z% LT, Archimedes DA (FH1.2) LV M < noh &725 HSA
Hong DFEETH. ZOLE, n>ny 2z EEORRE n 2 LTr" > 14+ nh >ngh > M
NS RIRTASY JLI{:OT” = 400 NMEH.

OB OB THREA G 52X THBIZ ). r>1 L0 {P"PITHEFAMINESITH L. 22 TR
k{W}iiLﬁﬁT%ékbfﬁio.;®k%,EﬁL?i@@@@azﬁgy"ﬂﬁE?é.
1<t = iZB W Tn 200 & T0UE, 1<a=ra. FZ, 1-ra=0&20r#£1kY
a=00ES0, ZULLI<alZFETDH. LR T{" L RIZERTRY. 22, [FED
M >0 LTrm > M &7 BB ng BFET D, ZDEZ, n>ng Zi /o TEED B AR
nIZKFLTr® > ™ > M B S H, nh_)n(r)lorn =400 DBED.

M 1.10 %5 {a,} %

1 1 1 1
= 7—1 — — “ e —
an ;ﬁr totgto

TEDD. ZoEE, WADREYISI->Z & ZHFAE L.
(1) |a2n—an]2% (Vn € N)

(2) lim a, = +oco
n— oo

1.4 Bolzano—Weierstrass M0 &

VT L HIRT D E1EER & 72 WA R 725812 %4 % Bolzano—Weierstrass (AR 7 —/ « U A
YARTR) OFBEEZHNLTEBI Y. ZHEIUTOETHLHONIEERTEHTHD.

TH 1.8 BT LTER S h AR K %%Oﬁéﬁ%ﬁﬁw N = N AP HEFHEMTH 5 &
x, Fhbb go( )< p2) << p(n) < pn+1) < ZWETLEE, B {a,) HHEBR
% 55 {%( % fa,) @*rs Y PGS

ﬁ L o(n) = 2n OGEITIIBEEEN B2 558535 ag, aq, ag, . . 1Z72 0, p(n) =2n—1 D4
iT%IIEJﬁ B 5D a1, a3, a5, ... W25 WTRUTLTY, o ORFEHEMEMMEL D, T
E\O)ﬁ%\i}in I LT o(n) >n DD D2 LIZERELED.
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T 1.10 (Bolzano Weierstrass) A RAREFINIINHETHE555% 0.

FEER {a,} ZERREINET S, ZokE, DL, e RVFELTH <a, <r (VneN)N»
SO, AR L & L= [lh,m] TEDD. ST, FAXME Ly, = [lm, rm] 3

{n € Nla, € I,,} ITHERESL

LRBEIICHEAZONTNS L X, KM Lnpt = a1, rma] 20 I ® 25582 L0 BB
B Ly (L + 72m) /2] 35 LT [l + 7m) /2, 7] D E 5 B 1n—F5C, {n € N|an € Lns1} 74
AT/ S K 5 ITBS. 0 X 512 LCRMIICEIKEOS {1} 2R+ 25 &,

lm < lm+1 < 'm+1 <Tm, Tm~— lm = 21—m(,r,1 - ll) (Vm € N)

LRBIEBSHD. BRI, {rm) 1 FICERAREROEFITH D, {ln) 1E 1A R EH
ST D, LIehoT, EEL1T IV ZNLIFTNGIITH S, Lvs 2 b OMRIEIL—E7
DT EBGMND.

w2, ARBUIK L TERSNHEREIZEZ OB ¢ : N - N 2 LU F O K5 ITImiiBIC R
T5. o(l):=1&,L, o(m) e NBEE->TND L X,

Ap(m+1) € Int1 RS (P(m + 1) > So(m)

LB EIC o(m+1) e NEEDD., ZRNRFRERZEIE, {n € Nlap € Inp1} DEREASTSH
DI ENWLgME., ZDOLX {an} DERGTH {a@(n } A (n) el, ) I, < Qp(n) <r, (Vn € N)
BT, (I}, {rm} (EF SIS % 0T, ié&i%@ﬁﬁi@{%M}%it%mﬁmﬂ
I 5. GEPIRE)

Bl 113 ap = (1) 2L 0 EEBHERES {a,} 1FIGK LARVA, 2O {a,) 5 LT
(a1} EZHZN 1B L 1 ICRT 5.

Bolzano-Weierstrass O ERIZI51T 5 G FMEDIEIIARENTH Y, ZOREEZNT & BT
DEBIIFL D L7272 < 72D EEE, ap = (—1)"nIC LV EFE 285 {a,} E XD E, ZIUTART
1E72 <, EAREGINEZRS> TETHINHRT H Z 1T, L, #5280 {aw} BE O {agn-1}
ITZENZEI +oo BEO —c0 IZHBT 5. ZOBID X 912, IEHRLEINT 400 DT —00 1T
KT LI E b O LRSS, FOMRIEME L THELTEI ).

Ml 1.11 FEARREINL 400 H D WL —o0 IZFHHT DEDFNE DO L AR,
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F2FE EHER

2.1 FAROBR &HERER
EGERAEL L 1T & o X 9 2B 2 R T
o y=f(x) DT T 7REUFLEDRNOE DN OFIFRZ > TND LI R foZ &

o lim f(z) = f(a) BT XTD alZxt LTV SO f O Z &

T—a
EESTZETHAD. BIEORHADT NREFRANITEME LTV, ZhaERE LTHRAT
HICITHEVICEHBIEVIBETWD EFA LD, BEOBMA DT HNERII D 720721 i 72
EFREF DN, BHIOKE L FEE, @Bﬁii_rgf(x) DEBPBEKRTH 7. £2T, ZOHEOM
ROBERERE G AL D, 0B, RKETIIFHCTH S 2VRY BEEIT T~ TEEERETH D &
T5.

EE 2.1 FEBEOMWR) % aZ28 KM, f21 CERINZEEETS. (2720, fla)lX
EFIN TR TH L)

(1) 2 = aDeZ flo) P alTERT D LIE, EEDER I L THDLERI BNFEMEL, 0<
|z —a| <o X ITEED e TIZH LT |f(z) —a|<e PRV NDEEE N, ZDOLE
lim f(z) = « HDHNE f(z) = a(zx —a)

r—a

LEX, akr—2aDEED fz) OWBREL V).

(2) x> a+0DLE f(z) 2 ag ITIRERT B &%, EEDOER 6L THDIEE I BE(EL,
a<z<a+dZMIETEEOz e IIZHLT|f(z) —as]| <e BEVSIHDEEENH. ZD
L&

lim f(z) = a4 HoHWNE f(r) 2 ag (@ = a+0)

z—a+0
EEX o Fr—>a+0DEED f(o) DRBREE VD,

B)z—=a—-0DLE flz)d a ITIRKRT B &%, (EEOEHRK e 23 L ThHESRSI BFEL,
a—0<zx<aZmlIfEEOz e IIZXLT|f(z)—a_| <e BV IHOEZXENH. ZOD
L&

lim f(z)=a- HHNE f(r) s a- (x> a—0)

z—a—0
LEZX o Fr—5a-0DLED f(zx) DEMBREEL VD,
T—=aDEE flo) Dol T L2 E0EREMBLTEMNTESEROL SRS,

Ve>030>0Ve el (0<|z—a|l|<d=|f(z)—al <e)
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ZOEFEOBKREFPIL T ). L, FARITNESRIER e ZM-TETH, THITELT
T INSTRIER S BT, a OIEEES LW OO TELIZH D (a LR—2D) EAlte bo
TETH (Thbb, BRIV allES< L E), flz) DT o HEEEEe &\ DD T
LZACHD (Thibb, flo) DEITaITRY 2<ES5L), EWH xR ITWNDS. ZDIE
HOITMRICe lEKFLTEBY, ¢ 2/hE<THL, ZHUISLTHTNESSWMLRITUIR LA
W EOLIRERTIIZe O THY, §=0(c) EENTEL EMEVRRKL D Lt
FBLOLEMBEOER b T2 AN TEX TEL2, ZUEME L TELTEBI ).

FOERETIHRLE T e BLPIZHNTWDD, ZOERICHE-T (FNWX, iLreBLUo %
MWT) B A Fim T 2imiEE Te-0 @it LMEENR TV D, WILICERL TOWRVDAILE
T, ZOe-dmlEEn— FAPESEFISE LD d Livey., TARIELHY, R TlEed
AR R 2FERUBICHEZIEI DN E NI ER S LHL, £ LTWIRFELHDH. L
L6, AEFEAZEETL2OICRMENT TND LI, e-dmbbRFETFERN LD LT OHE
NHLAT, ESIZIFEFCE R EBRHEZNT TLo D FE XL,

21 2—5a£0D&E f(z) S ag ITIRT D 2 EDERZmB L T2 AN TES T,
TITr—dooDEED f(x) OMREDOE#HLHZTEBI 9.

EE 2.2 BEHEOMmR)

(1) fZBAXMI = (a,00) TEZRSNTEKRETD. 2 = +ooDEE f(x) M alZIEKT B &
X, EEDOEH T LTHL (FHRER) EHM BHFEL, ¢ > M 2wz EED
ze IR LT|f(z) —a|<e BV IEDELEETZN). ZDEE, KDKIITEL.

lim f(z) =« DI f(z) = a(z — +00)

T—+00

(2) fZEBXMHI = (—00,a) TERBINIEBLTD. o = —co DL E flz) DS ITINKRT B
LiE, EEOERK IR L THD (P RER) ERMMPFEL, < —M ZhzIHEE
D el LTI|f(z)—al<e BV NIOEEEZWV)., ZOLE, ROXHITEL.

lim f(z)=« HDHNT f(z) = a(z = —o0)

T—r—00
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1 2.2 25 too DL & fla) D alllURT 22 LoERLMIAGLSEHWTEE .

ROEHIT, BENOMRITETT 2 EAME 2B X TV EH 1.4 ZBABOMBROLE 5 E
L7ebDTHY, EH 1.4 OFEH L IZFERERZZ T TREH T2 2 L3 T&E 5. ZTOREHITRE LT
HLTRID.

EE 2.1 lim f(z) = a,ii_r)r}lg(a:) =p&T5L,

(1) lim(f(@)+g(x)) =a+8 (= lim f(z) + lim g(z))
(2) lim f(z)g(x) =aB (= lim f(z) x lim g())

B, glr)#£0,8#£0&F D&,
lim f
(3) tim L& _ ¢ (—*ﬂ(@>

lim g(z)

FOEHIZBWHE: s a% s —aL0HD 0T = +o0o ITEZTH LU,

M 2.3 lim f(z)=abiE, HOIEKIDHFELTO< |z —al < ZR72ITHEEDO I o \Txt

r—ra

LT ilal < |f(@) <|o|+1 &b &amRt.
5 2.4 TH21ZIFHE L.

W o T VBRI DIRIR ANV E R S LY, @R THE o7z & & LRERIC U TR D E il D E# 4 LA
TOEIICHEZADZLENTES.

& 2.3 [, ac IBXOf 2 TCEREINT-FEEETS.
U)fﬁa?ﬁﬁ?%ékm,ggm@:ﬂQ%ﬁ@ﬁok%%wﬁ
(2) fARITCTEHETHDENE, fRTOKEa TEHRTHDLEEZEZ NI,
(3) I CHfRBEEAROESE C(I) HH WL COT) LEL.
fRICHEEETHD ZEOERZMATLTZEZHNTES EROI TS,
VaeIVe>03>0Ve el (Jr—a|<d=|f(x)— fla)] <e)
ZOHE, SIEMRIZ e 2 TIERL a ITHIRGFETHZ EICEEL LD

Bl 2.1 f(x) = 22 CELELEM R THFETHD Z LD e-§ ik LD EBENRFIHA 5 2 T
BZro. FRCk e b SO ML CIHX -V,
ST, FEDeeRBIWMEED e >01ZxL T,

lt —al < §=|2° —a®| <¢ (2.1)

DOV NEDE D726 > 00BN D Z &2 rmEidiw. 22T, 2% |z —a| <6 2T EEDE
BELr>. oLz
|2? — a®| = |z — al|lz + a] = |z — a||(z — a) + 24|

< |z —al(Jz — af + 2[a]) < 6(6 + 2|al)
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L7eidoT, d:=vVa?+e—la] (ZHUT00+2a|) = Dfif) LB EI>0THY D (2.1)
BELY LD, BHHVNE G = min{l, 555} > 0 £B <L, 600+ 2a]) <51+ 2la]) <e £V
D (2.1) ALY SZO.

ZOBINS3 D K1, BEf D a 2B 2ERIMEA AT 57201201, (EED e > 012
LTlz—a|l<d=|f(z)— fla)| <e VDL I70>0% 1 DREDFHEILL . § OV
HFERICHY, —FFALLTVLOELESONAY THD.

B2 DNTBENEGE TH LM E I DERRD 0L, Lo X HIcnH 0D BiEsED EFRIC
o THEDO D DOFIEFICHE TH D, £ 2 THEEIL, HEEETHD 2 NI LTV DBk
MO LTI TR T 2 EHELZ HOWCHEEZ T 5. ROTEHIT, #tto ezl L OER
21 PHEBITHED.

TH 2.2 2K, ac IBXOf,g% I CERINTBKET D, f,ga T2 BIX, f+g
BEXRfgbFElaTHEETHD. IBIT, gla)#072bIE flgbEla THETHS.

EE 24 [fEXM T CERINEE, g # XM J TERINTZEEE TS, f(I):={f(x)|x €
I} CJ WO SiDEE, fLglIBRAIEETHL L), ZD L%, h(x):=g(f(x)),r el TE
ELOBE R E f &g DEREEE VY, h=gof &EL.

FHE 2.3 fLglIAHKATEBTHLET D, fARaTHEETHY, 7D gd fla) THEfE ThHIT,
G go f bETZa THFETHD.

FEBA (LED e > 01k LT, g2 fla) THEFEETHDLZ END, 255 > 0B¥FMELT
ly — fla)] <d1=g(y) —g(fla))| <e
DRV SED. WIS, TD 6 >0 LT, fla THETHDZ LMD, 56> 0BFELT
[z —al <6 =|f(z) = fla)] <&
L. LiERoT, y=f(z) & LTRIZEOHEEH NS ZLI2kY
[z —al <6 =[g9(f(z)) —g(f(a))] <e
DUED M, ZHuLgo fHRa THETHLZ LERL TS, GEIK)

25 I2X[M, acl &L, fEXEI CEEINTEEETallBWTHEETHDLETSH.,
oI, {xn} XM T @CﬁﬁTéiﬁﬁU“@nlirgoxn =a &z TETH ZOLX, nl;rgo f(zn) = f(a)
MR NEDZ L %, EFRITHE - TRUR ISR L.

2.6 IZXH, acl&l, fEXHIT TERSNZBEKTalZRBWTHKETH Y 2> f(a) >0
il &35, Z0LE, HOERINDHFEL |v —a| <6 ZWTETHEED 2 € TIZXLT
flx)>0&7220 2 &%, ket ER %2 AW TREE IZFENE K.
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2.2 &KIE - /MEQFHEEPRIEDEE

Z OFITCIRER B O BELMWE Th DK - R/ MEDFAE L PRIEOER AL LS. =
NoEOWEIFBEICEK TE-TEI 2 THIHD, TZTIEENOLDIERE525. EbHH LB
BDT T 7 &N THIUIHD TYH Y FIRMEE TH D0, ZNETICZE OFERICIZ R Ot
EARERICHWS

EE 25 [ ZFEEOELEGLL, f2] TERINEKLTS.

(1) FEBOES fU) ={f(x) |z c I} PARTHDLLE, TD5 |f(x)] <M (Vo eI) %l
T2 EBM > 00 FHET D LS fITERTHL WD, [FRRIS, f(I) ALk (E72EF)
AR THL LXK fIIE (F2EFTF) IZHERTHL LV,

(2) EHOESE f(I) ik Kta=max f(I) xbDLE, T72D5 f(z) < f(xro) =a (Vz e l)
oY wo € I WIFET D L B fIIRKEa 2L D&V 9.

(3) EEHDOES f(I) WE/Ita=min f(I) xbDL &, T72205 f(z) > flxg) =a (Vo €I)
wlile Y xg e I PFET DL BB fIIRIMEaZ LD L 9.

EE 2.4 PAXME I = [a,b] TERSNTEREE fITARTHD.
i ZoEEoOfm e mEliL s 2 W TES ERO L S22 5.
M >0Vz el |f(z)| <M (2.2)
INaBEEEEZHCGERLEL ). ZOMENMSTH L ERET DL, TOREME
VM > 03z elst. |f(x)]>M (2.3)

MRV ND., T2 TEEOBRBREne NER-T&/-E&, M=n & LTLEOME(2.3) ZHWN

& | f(@n)| >n &S 2, € IPFETDHZ NSNS, a<x, <b((VneN)ToHoHND,
ZOXICLTEEDES {x,} 1FARTHSD. L7z - T, Bolzano-Weierstrass D EFE (EE
1.10) &0 {an} BT 2805 {z,0} 2 b2, L OMRIEZ

lim J,’(p(n) = X0 (2.4)

n—oo

ELED a<ayp) SbIZBVTn = oo &0, EHI16 XY a<w<b THWWR x0T
T, UELD fIXT THEETHY, BT 20 CEETH DM, (2.4) LY

im f(zpm) = flzo) . Tl [f(zym)] = |f(20)] (2.5)

n—oo n—00

—J7, BIW {an} DIEV 55 | f(2pm)| 2 @(n) 2 n — +o0 (n — 00) 720, BE{|f(2pm)]}
X oo IZHET D725, ZAUL (25) ICFETD. LR oT, (2.2) R L2 72TFUX e H 720,
(REPA#E)

EE 2.5 (RKXME - B/MEOHAE)  PAXR I = [a,b] TEFR I N 2EHEREE f 135K X Uk
IMEZE &S,
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BEBA EPL2.4 LY f(I):={f(x)|x € [} IFETRVWAREATH L. LIenn> T, EHOMERM
ALY Bl a=sup f(I) e RVVFIET D, (EEOHBREn e NER-TEnLE, a—L<a
ThHDHNL EROFESTE2 52 T0DHERLL (1) XY a—2L < f(2,) < a Zili7eT 2, € I D7
f@‘é (BEL1DORETH, f=a—21a= f(z,) THD). T, ZOXITEDIES {x,}

(X LT
lim f(z,) =« (2.6)

BV SLD. —J, a <z, <b((Vn € N)ThHHNL, ¥l {z,} TARTHL. Lo T,
Bolzano-Weierstrass OEE (GEEL 1.10) LD {z,} FWHKT DO {240} 2B 2. T OMIR
fE% lim x ()—xokLiQ. I AR THD Z &75‘%1‘06[(&)6 L7257, (26)1?0

n—oo

L O f ot L v

lim f(zym)) =a BELO lim f(zym) = f(wo) oo a= f(zo)

n—o0 n—oo

Y25, ald f(I) DERTHS N ERTHY, fz) < a= flzo) (Vo € I) Y 3o
?@b% FlRzgiBWTRAEaz LD, fRRMEZES L ba=inf fI) 2EXB L
2LV e A LTRSS, GEFIR)

TG 2Oo0FEMIIED b bk BB L TR SLOHE TH Y, E@éﬁ@sﬁﬁrﬁﬁ%ﬂimuﬁ
W E BRI D ST 2. B, EEE 2.5 120V TE, RO K HICKE T = [0,27] TE
N f2E2D L, fIIRKMELR/MED & B0,

b O MEERT L, YHLOERLEROERE I AERMTHE I ERIELTNS. 2
NP CThHo7=0T 5L, W< SR f B ThoTh, HRTRL Ro7- 0 Bkl - 5
IMERTFE L 72K 2o 2 0%, Hl2IE, T=(0,1) CRHESNEEE f2) = L 22 THo L
HOMATHS .

Bl 2.7 n&EBRE, ag,a1,...,09—1 ZEEKETH. ZDLE, R TERINT 2n KZHEK
f(x) = 2™ +agn 122 P+ Farz +ap WER/MEE & BT L AR L.

EE 2.6 (THEEOEH)  PHXME I = [a,b] TER S V2@ KEIEL f 23 f(a) # f(b) &7 LT
WoHEX, fla) & f(b) DRIDTEEOFEE a2 LT fle)=a 725 ce (a,b) BFETDH.
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a ¢ b x

EBA f(a) < f(b) EIREL XD (f(a) > f(b) DHEEBRARICFEHATE 5) . [FEDOFEE o €
(fla), fONIZHLTA:={zel|f(z)<a} &I &, ae ALY AITEELETIERL, £W
ODMZAERTHD. LIeNn-T, FEEOEGEAEIY ERec=sup A DBPHFETH. Z 2 CEH
11(1) &0, EEOHKE I L Ce— 2 <, <c&iled o, € ABEETH. ZDEIIC
L CEE D85 {x,} 1 nlirgoxn =c &y, £, zpe ALV a<ae, <bBLIY f(z,) <«
ThHHN, ZZCTn—oocodTNTa<c<bTRhbbeel THY, fOuEfEMELY

f(e) = lim f(za) < (2.7)

n—o0

D, f(h)>akVce#b Thwzcec<blid, 22T, EEOHREn ¢ NIZHLT
Yo i=c+ LB L <y, <L THY, cNADERTH S Z LICEETT

flyn) 2@ (vneN) o f(c) = lim f(yn) > a (2.8)

n—oo

7D, N BLU(2.8) LV flc)=aTHV, KT ce (a,b) BHEH. GEIK)

Bl 2.2 fA#PAXME[0,1] TERSN @K TO< f(z) <1 2T bold5. 2oL,
FHRA f(z) =2 13D L 12D E LSO L AT HEOEHEZ HWCTIEH L X 5.
FO)=0H20F f(1) = 1 OEEIFH LD, f(0)A0BIO (1) #1 ERELTEL.
ZOLEEF0)>0BEIV (1) < 1BV IO, 22 Ty(x) = f(z) —x B &, g ZHKRE
[0,1] TEZEIN#GEREETHY g(0) = f(0)>0BLWg(l)=f1)—1<0&7d. Lo
T, HHMEDOERLY glx) =03 72bDb f(r) =2 &7 z € (0,1) BFET H.

2.8 n&xHRK, ag,a1,...,09, EREEKETDH. Z0LE, RTERINT 2n+ 1 KEHEAX
f(x) =22 4 a9, 2® + -+ a1z +ap 1 LT, FREA f(x) =037k b 1 20FEME DL
DI L ZREHE L.

2.3 WEHEF=AREK

R CHA TE TR L U CREBBBS IO =ABENH 5. @i T, b O,
IELERSIN UL LEFREIIC/RD VD ZEIFEREZALETZ T TH- T, TNHDOEHE
EFRCHGHEDEHIZ G 2 biehnoTz, ERa BIOEHEK 2 18 L Ta® BWEHETE DI LR,
EAA =AEOXZ AW = A sine OERITEDICHMIN D0, (FEOF v 1Tk LTEN
DEERT DI EITEIMHETIT V. BERHEREZMBEL TV DT, o oMEEOE
BOORABEIZ2TIUERORWVOEN, HENREEZEBET 5 E2NIHAREITE V. 22
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T, Napier %)k & T 5B * B L O =A% sinx, cosz | iﬁ"\“f@?@%‘g{xﬁlﬁbfﬁ%
NTHBY, ESRTE-STZHEEEN EXDJ_O CEREME L CEmatED DL LIZT D, oLk x

- (:B#Q—Hm,nGZ)

(T &V ZABIH tanz 2 EFXTIUL, tana (ZIEBAXMH (2 + (n— )7, 5 +nr) (n € Z) IZBNT
HEREBIEUC 220 Z ENERL 2.2 2B AES.

F% 2.6 A BEEALTS.

(1) ADKITLac AITKHLTBDILp(a) e BEXNIGEL TS EE, p& AND B~DERL
Wi A5 BEELS. ZoLE, AxGH o DERE, BEEEEV). £, A B®
HIZEBOELSTHDL EX, ADD B~DOER o ZEHEBRE S 5V IFHICEEE VD,

(2) GHp: A= BP1A1BERTHD, HOLWTEFTHD L1, Tay # az = v(a1) # plaz))
T7ebb Tp(a)) = plaz) = a1 = as] Zlll-T EEZE2ND.

(3) HGeo: A— BREANDEBZRTHD, HOLWVIEHFNTHD LIX, (FEDD e BIZKLT
pla) =b%Eil=3 a € ADBUTHETDHEZEZ V.

(4) B o: A— BPEEFTHD LI, 2 B ThHLEXE V).

(5) THo: A— BREEFTHLEE, BOLEDOILD € BIZX LT pla) =b %= d A
Dita€ ANFEE1OEED. ZObnba~O&aEa=p ) £EEX, o1: B> A
T DB/ LV, KRS, ZOGERMEKTHD LE, OV EHREERELE .

Bl 2.3 2B f(x) =22 %E2 LD,

1) f:RORLLED. AEOz e RICHLT f(z) >0 Thoinb, y< 0k LTI
f@)=y &Zed e RIFMHFIELRY. LR ->T, f:R—= RIFEHTRU.

(2) f:R—=[0,00) & LLI. EEDYy[0,00) I LTy :=ye REL Wz :=—/yeR
EBLE flrr) = fr) =y BV NED. Lo T, f:R = [0,00) 1Z8H Th 2 HE
ESESZYAN

(3) f:[0,00) = [0,00) ELEI. fEED Y € [0,00) IZXH LT =y € [0,00) £B &
flx) =y THY, Tl f(x) =y &bz e [0,00)ldx =y IZROBND. LEA-T,
f:[0,00) = [0,00) ITRHINTHD. 7o, fOUWGER f~(y) =y T2 S0,

ZDEIIZ, BROBET TERL ZOEBRLERLOENILY, ZOEBNEH THLH0H
WTHDLPREDL-TL B,
GBo: A= BRWEH e B Axtb oL &, WABKVISOZ EITHERELLD.
e (@) =a (Vacd) HBIT @ '(h)=0b (VWbeB)

EE 2.7 fEXMIT CERINEEKETS.
(1) fABEEEM (72130D) Tho LI, EED 11,09 € TR LTRADIRY oL % %
VW9,
1 < T9 = f(xl) < f((]}g) (i 7% f(x1> > f(xg))
(2) fABBEAEM (X738 THD L1, ALED 11,10 € Tk LTREDHRY o &

EEVI.
1 < X9 = f(l'l) < f(xg) (i 721% f(acl) > f(.%'g))
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T 2.7 fIXHRRE [0,b] TER SNSRI EGES CHL LT E. ZOLE,
[a,8] = [f(a), f(0)] EAEHMHTH Y, ZOHBIEK L« [f(a), f(b)] = [a,b] BIFFET D, Z LT
FU b E A AN GBI A B . MR H BN & e BRI E R T L AT B

SER BRIEETINEL D [ [a,0] — [f(a), f(0)] WEHTHD = LIEHALHTHS. EIALED
a € (fla), FO) IR L CHMEDOERLLY f(c)=a &72b c € (a,b) PFETH. LiznBn->7T, f
EHERBEETH Y 2O L [f(a), f(b)] = [a,b] BFEETDH. 22T
a<m <3 <be fla) < flz1) < flaz) < f(b)
a< [ y) < fHy2) <b e fla) <y <2 < f(b)

I, b R EIE B CH S,

I ok E R T yo € (f(a), f(B) ET D&, flzo) = yo ZiiT27 20 € (a,b) BAFTE
T5. ALED e > 012 LT WEThOIT e Z/NS<PYEFTZLICLY —EEE2KH 2 &7<
a<zg—e<zo+e<bERELTEW) §:=min{yy— f(xo—¢), f(xo+e)—yo} >0 &I &,

fleo—¢e)<yo—36 > flwo+e)>yo+46
zo—e< fTHyo—0) MO mo+e>fyo+9)

L7l oTly —yo| <0 W7z dEED y € [f(a), fO)ITKLT, yo—0<y<yo+d XY
zo—e< [ yo—0)<f ' y) <f o+ <wo+e ST = o)l < e
SHUL S Dy € (f(a), (D) BV THIFETI 5 = & 2R LTV A, ABRIZLT, y= f(a), f(B)

BT SEEE L REND . GERK)

2.7 12T B AR [a,0] &, BHIKH (a,b) &%V LB [0, b), (a, b] 12252 C b A7
FE R D ST,

5l 2.4 Cet$B9%0) Napier #e ZE & T 2 5B % f(r) = £B<. fIER Tl ks
HEHEMBEETH v,
lim f(z) =0, hm f(z) = +o0

L7l-T, 27XV f: R — (0,00) IZRHEF TH- TZOMEE f~1: (0,00) = R A
FAEL, U BNl Bk L 7 5 Z L 3D, Z oMK E f(2) = loga & E
E (exEET D) BB & 5.

W o T2 A B log @ AVEFR S AT, B D & ST A TSRS EIT 3 2 BFRA
a® = evloea (a>0,z €R) (2.9)
ZERN LA R VIEEEIE o NEFR S, T 2.3 X0 FEEEIE o OBEFEMENSED .

Bl 2.5 GE=fAB%) ZAREE cosx,sinz, tanx 1% 2 BB CTHEAMEIXZ 2. LR - T, £
DOFFTITHBEHEEZ D LIITERNDOT, FNHOERER X OYERZ LT O X 5 IR
L&o.
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ZDE X, cosy [TPREFHFWA, sinz, tan x (TIRBHFEMN 72 E~DFH L0, EBE2.7T LV
TNHOMBEENFEET D, TOWEKE, Thth

cos™! x, sin™! x, tan~ !z o R LA arccos x, arcsinx, arctanx

EESHEZABRBLE VD T bW = ARAKOEREES JOESIE U TO L 512725,

arccosz : [—1,1] — [0, 7]
arcsing : [-1,1] = [-3, %] (2.10)
arctanx : R — (—%, %)

EHL 2.7 LV, arccosz 135 BN 70 GBI L, arcsin x, arctan o |32 HAFRHE N 72 e B 2L
I272%. cosTla X (cosa)™t = L LIRFSNRLTVOTHEEL L.

BT, BIAIE=ABEE cose WA ERT D12 DICEOERKE [0, 7] ITHIR L2, Z
O XENHIRR S 2 R HEIX 722 <, [—m, O] IZHIFR L CTRodud ez B e ¥ = A BN ER S
5. ZOLEOW = ARBOMEIL 0, 7] TIERL [-7,0) &7 5. ZO K5I =AM HRIC
HXMITEEKICH Y, TS TR =AM ERIND. T b OM =A% -
KB+ 257012, (2.10) TEDW —ABKITEBEE EDH 0D,

x
Y = arccos
-1 0 1z
Yy y =sinz Y
Lo ; )2 oo ,
| ly = arcsinx
—7/2 1
| 0 /2 X i 0 1z
,,,,,,,,,,,,,,, _1

*************** —m/2
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%y:tanx

y = arctan
A e —

—m/2

7777777777777777777777777777 —7/2

B 2.9 W =A% arcsinz, arccosz, arctanz IZIEfEEZ LD bDETEH. ZOLELUTORE
SERRESH K.

V3 1 1 1 1 V3
z 15 -5| 2] 0 2 | | 7| ]
arcsin x
arccos x
1 1
x —V3 ] -1 -5 Y Ve 1 V3
arctanx

M 2.10 W =ARAEIIE L TRAN Y 325 Z & ZREHE L.

(1) cos(arcsinz) = /1 — 22
(2) sin(arccosz) = /1 — 22
(3) cos(arctanz) = ——
(4)

V14+z2
arcsin xr + arccos r = s

|

W=ABABOERLY, TNOLOERTHIEED 2 IZXK LT
cos(arccosx) = x, sin(arcsinz) =z, tan(arctanz)=x

DR SED. —J5, arccos(cos x) 8 X W arcsin(sin x) 1IEEO T x 12k LT, F7- arctan(tan x)
I tanz DEZR SN TWVDLEED 2 123 L TERINL TN DN,

arccos(cosz) = x WKV LODIF 0 < x < 1D E X DA
arcsin(sinz) = x BV ZODF - <oz < TOLEDH
arctan(tanz) = x B LODIF - L <ax < DL E DR

THHrZ LIEELE Y. #lZE, T <z<rD&ETiTarcsin(sinzg) =m —x &725.
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FIE WOk

3.1 WHRHBLEEEAK

ERE DI A MM S L B DB D SR £ 5
T 3.1 [=(a,b) BIKE, w0 I[BLVf %[ TEHESHEEKETS.
(1) Az CHMATEETHS &1E, R

, . flwo4h) = f(xo) . f(x)— f(=o)
f (.CE(]) o flzlin() h N J»‘llgflo T — X0
PIFETHLE XA S, ZDL X, f(g) & f O ao loBT AR E 5.

(2) fITHAAEETHL L1, fRT DK R g THOAIRETHLEEEZ V)., ZDLE, T
DAL el % fl) ST [ TRBSNAMK f WEE SR, “hE f OB
WO, ZOEIIRO L IICEINTY LTS,

d d ) , +h) -
Y2y = L pa) = (@) = pim LT 2T

dz h—0 h
(3) f' DM P = () % | O 2 BB LD, RIS,
fOu=f S =) (e
CE D IRIENICER SN DB ) & (ZROBHET D L&) fOnBEEEHKE V.

WOy ATREME IR ME L D bRWVE-E TH Y, ROTEE 3.1 TREND L H1Z, Moy rseThiut
W CH D ERND. L, ZOMIE RISz N D IR L LS. 2,
212, B f(z) = 2| Dz = 0 1ICB I DT AP CHIUZH LA TH S

EE 3.1 KM I CTERISNEE f 2 xo (€ ) IZBW T EEZR BIE, 1Tz ITBWTHE
THD.

BEBA =z — g D L& X
flz) = (x —x0) + f(wo) = f'(w0) - 0+ f(20) = f(wo)
B LIZEET TRV, GERK)

f(x) — f(o)

T — X

R D & NP AT IR 72 B OERE A B £ 5.

d n __ n—1 T _ T i : — i — —q]
L =N (n € N), ¢ =€ osinr=cosz, ——cosy=-—sinz
WADAREZRT Z E1T5 LW, D OAXEZEEICFEN T 5 Z L1326 OFBROERICH
b T DI ERDOTHETIEARW. (bbAA, BREIZESWIENAZ 5252 Li3# L <&
V) ZITEHINDDOARXBY O L ERD TR Z EI2T 5.
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EHE 3.2 f,g BHXM T Ty RETHIUR, of + By (o, BIZEE), fg, f/g
7o I T ATRECTd 0 IREASER D ST,

(1) (af +Bg)(x) = of' (@) + 8¢'(2)

@) (f9)(@) = (@) + f@)g (@)
1Y, @) - @) @)

“’<g>(”‘ @)

R (2) AR S, HMEMOERB L OER 2.1 LY
flx+h)glx+h) - flx)glx)  flx+h)—fl@)

HIE WL
(g(z) #0) b &
(B3 DRIEAE)

(FEOWITIE)
(RE DIIIIE)

- = A glx+h

— fi(x)g(z) + f(z)g'(z) (h—0)
ZRED (22D, (1) BEON(3) OIEBIERE LTHELTHL. GEIK)
M 3.1 EEE3.20 (1) BLO(3) ZFEHH L.
Bl 3.1 (1) FOWIIELY
J-(esinz) = (e®) sinz + % (sinz) = e”(sinz 4 cos z) = V/2e sin
(2) PADWIIELDY

)4 f($)g(x + h})L —g(z)

()

d d <sinx> (sinz) cosz — sinz(cosx)  cos?x + sin?x 1

—tanx = —

dx dx \ cosz cos? z cos? x

3.2 GREH - FEBOMSE

cos? x

T 3.3 (GHBIEOMIIE)  fIXBAXE I THOWHE, ¢ ZBAXE J T WHE, f L g 36
FRAIREToH D & 95, Zob X, At go f b EZ I T ATRETH 0 IRKDEL Y L.

d

o(f(@) = ¢ (F@)] (@)

SR oo € [ HEEICHEHET S, yo = flag) LB, BREJ TERS B g 2R TE

D5,

q1(y) = { Y — Yo
g (vo) (y = o)

ToLE, g FBKEJ CHEETH Y, EEO e (¢ £ xo) IOk LTROIESRAH Y 2.

o @) =0l @0) _ oo @) = o)

T — X r — X

(3.1)

ZIT, g MERETHY fIMDFRETHLZ 0D, £ = 20 DEEZOLHBIFT g1(f(x0)) [ (z0) =
G (f(x0)) f/ (o) \THUHRT %, ZhiT gof A xg THOFRETH Y, TDOWIMRED ¢ (f(x0)) f (o

ThHhHZLam LTS, (REHRK)
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Z OERBEEOBAEIZBECESRICB W TE > TV, BREREICBIT I TIE T4 A
Bgof DESEEIROLHITEFL,

9(f(x)) = g(f(z0)) _ g(f(x)) = g(f(x0)) f(x) = f(xo)

T —=Zo f(@) = f(wo) T —Zo

x—=xoDEE (f(x) = flrg) THDIND) ZOHEDILG(f(xo))f (xo) ITWEKT D] LFHAILT
WHTHAD. LNLRRG, BIZITEHEEEDO LI, i ax#x)THoTH f(x) = f(xo)
ERDGENRHY, ZOLI T EROADITE®RE b2 RhoTLE ). ZOL) Nz
[ELEEd 272012, EORETIIMMBAZREH g1 Z38BAL T (3.1) DL I REEEIToT2DTHS.

ZOERBEBOMS ORREENELMELHT LIZEAETRXTOANRELWNWREZES Z L
MWTED. L, bro RO E BRI 2, TOMOEFIHRIEL &
HEIREZTHANEFICE . ARERZDZEIIRETHIN, TORETERZH5DTR
<, BARAZBIBICRIEW RS EATESL LI L LY. ZOEMBEBOBMMNEITHEILS L AT S
W HLTHLH, BENRHEICBONTEE LRIZEES>TLEDLRNWE ) HRICREDT L 5.

EIE 3.4 (FEEOME)  fIXBHXHE I TR FTRETHY f(y) >0 Vy e I) HDWIE f'(y) <0
(Vyel)bdbh., Zolx, fOMBEFf L fUI) = IMFEL, f1b f(I) THOAETHY
RADIL Y 3. .

f(f =)

R f(y) >0 (Wyel) Lk ok, BITHENTHEMIT KV fIT T CHEHREM
Thod. Thdzx, EHEH2.7T LW 1 f(I) - IBNFETD. 8T, 29 € f(I) ZAEEICH
ELy:=flw) £BL. 20L&, FBEDx e f(I) (v # 20) ICH LTy = fHz) EBL &
y # yo T RN 3L,

d ,._
%f Hz) =

@) —fHwo) . y—wo 1
) fy) = flyo) f@=So)
Y—yYo
ZIT, EH2T LY LB THDIND, v s xgDEE Yy oy THY EROADIE f’(lyo) =
?U%%SKWﬁTé.:h@f”b%mfwﬁﬂﬁfkb,%@%Q%ﬁﬁfwé%ﬁfkéz

LERLTWS. fly) <0 (Vyel) DL xba A LTRSS, GEFK)

LOREFITIE, BRI ! OOy ATREMEDREN] & £ OB O R A FIRHI T o7, LaL, T
WD IBARK 1 DG FTREMEAS R STV, £ OEBIIZIRO £ 5 1 LTRSS &SNS, 1H
SR f(f (@) =2 OB E ¢ THY L, SRBEEOMSE (B 3.3) 2RV

d

PN )2 ) =1

L7, HLOEBMNED

3.2 (1) fly)=eiCLV f:R— (0,00) ZEDDE, fHr)=logz BEIV f(y) =¢! =
fly). @z f(fY2) = f(f 1 (z) =2 &7, WBIEOMDIEL D KXMHES.

d 1
%logx—; (x >0)
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(2) fly)=sinyic&kv f:(-3,%) = (-1,1) 2EDD &, fl(z) =arcsing BLO f/(y) =
cosy = /1 —sin?y = /1 — (f(y))2 BV Lo, T, T <y<fEVcosy>0&w
I EEAVE. BRI () = V1 — a2 e b, WEAEOME L 0 REKBED.
A
o Aresine = N
(3) fly) =cosylZkV f:(0,m) = (-1,1) #EDD &, fHx) = arccosz BEW f/(y) =
—siny = —/1 —cos?2y = —/1 — (f(y))2 BV LD, ZTZT, 0<y<7 LY siny >0
VI ZEEHAWE. I () = —V1—22 L0, WEBIEOMTE XD RN
WD,

(lz[ < 1)

1
V1—22

— =— <1
-, Arccos T (lz] < 1)

i 3.2 %arctanx:ﬁ LA L EIRE.

5l 3.3 FEEEIEDOERX (2.9) B LOEKBEBOWIEZ VUL, BUT ORI 58
B¥AFHETHZ LN TED.
(1) La*=a%loga (z€R, a>0)
EBE, a® 1 f(z) =xloga & g(y) = e¥ & DEKBK o = e*1°8% = (go f)(z) THDIMD,
f(x) =loga BELW ¢ (y) = e¥ ITFEE L TERBEBOMTEEZ HOIUE v
d d

—a" = —e

dx dz
(2) L19=az*! (2>0,a€R)
KB, 2%1% f(z) = alogz & g(y) = ¥ L DAL 20 = 1987 = (go f)(2) THDHND,
fl(x) =2 BLV g (y) =¥ ITHEE L TEMBEDOMYEZ O L
d d

%xa _ %ealogx
(3) La%=z%(logzr+1) (v>0)
KBS, 2% 1L f(z) = zlogx & g(y) = e¥ & DA 2% = 21987 = (go f)(z) TH DD,
fl(x)=logz +1BLV G (y) = eV ITHERE L TERBEEOMIEL AT L

d d

%xz — %exlogw
BT o XA A > TIRO LS ICEHELTH LW, y = 2% & BV Tl O3k
EDHElogy =xlogr. ZOMILNE v THIT D EAKRBEEOIIELD % =logx +1
2, v =y(logz+1) =a%(logz + 1) BFHiL5.
212U, SHEEZAE O T2 OIZiX, B R E R TIE o® OS5 rTREMEZ T &I > TV D 4
ERdH D, TNUIK LT EOHIETIE, GRBEEOWME (EBE3.3) 2% 2® Oy rIREMEZ
HERFEL TWD Z LIZERL LS.

8.3 LINTED DML f OFBE f/ i HE L.

1) f@)=c
2) f(z) =2 (z>0)
(3) f(z) =arctan 1% (x # 1)

zloga _ exloga(xloga)/ —q* IOgCL

a—1

= e*8%(glogz) = 2%~ = ax

SHES

xlog:v(

=e rlogx) = 2”(logx + 1)
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5l 3.4 WXTEDHNLD R OB f OFRMAFHEL LS.

| 2%sind (x #0)
f) = { ' o7y
r#0DEE, HMOWIIE ARBEEOMIER LOMOWSIELY

/
fl(x) = (1:2)’5111l + 2? <1> cosl =2 sinl — cos !
x €T €T x x
L%, Wi =008 EDOEBOMEEFHET LB, [z - 0D & Z f/(2) IR L2 T £/(0)
FFEELR] &V X REwmET D2 ARD R 0N, ZTRRY Thod. ERiTH<ET
x%O@&%’LWWUioTM@V* WCHEBLE Y. 20X RGEIT F/(0) ZRD DI

X, WORBOERITE > TRO X HITHET D Lz,

INEY, FIER THOARETHY, ZOEEBIIKRKNTEALND Z LB5N5.

{ 2zsini — cos 1 (x #0)

f@=q (z = 0)

2B, ZOEREH 1T e =0 T TIEAR.

fl 3.4 LLATTEDOLNDEE f OEREMAE KD L.
) =z|x

_ { :r| arctan = (z #£0)
(z=0)

3.3 FHEDFIE L PHopital DFEE

ERED & EZE ST EEOERZFE LSRR E 9. 207Dz, 9 Rolle (m—/1) OEH
BRI 5.

T 3.5 (Rolle DEFD)  BIKC f 1XBIXI [a, b] THE, BAKIE (a,b) TR TTRETH Y f(a) = £(b)
BWET LTS, COLE, f(0)=0LERB ce (a,b) BIFETS.
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S S AVEMBM OB AT DA Th S D, MBI LT 5. f BRI [a,b] T
BCHAPLER2E LY, fiF[a,b] TRKEM = f(a) BLORAMEmM = f(e) 225, =2
T, c1,02 € [a,b] THDH. fITERBEEKTRWVWND

M > f(a) (= f(b)) HoHWNE m< f(a) (= f(b)

DO &b FBEOND, M > fla) LLED. ZOLE, ¢ #abXkb e € (ab). Li
NoT, /NS RIER S 2 TIE |h] < § 27T _TOER MK LT e + h € (a,b) DK
o, M= fe) 2 f ORKIETHSZ &b,

flee+h) = fler) <0 (Vh € (=6,9))

ZOWDE h (#0) TED L, h OERICEY RESOMESED Y
(q+h) ) oo (vne(0,0)
(q+h) ) S0 (whe(=6.0)

h
7B, ZIZTh— 0 OWBRZFIVUE, fB e THOARETHDL Z b

fl(Cl) _ hl_i>m+0 fle+ h})L — fla) <0
f(c1) = lim fler+h)— f(cr) >0

h——0

>

LR ) =005 NB. m < fa) DEHBEBRBICLT f(co) = 0 VRSN 5. GEVIK)

M5y FTREZ2 BEE f 28 ¢ THBRR (b D Wi ) 12724 f(c) =0 Th D, LW HWEITBEICH
BT#EH-57-. LoD Rolle D EHOFFHATIE, ZOMWEDOFFHLEZ TWAHZ LICHEEL L.

EHE 3.6 CEHEDOEE)  BIE f IZPAXE [a,b) THifE, BHXHE (a,b) THOFRETHD T2,
ZobE, WREWT ¢ € (a,b) WIFET D.

Zofix = f(o)
K- SOEX = f(b f(a)

—a
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REBA B g 2TV ED .
b) —
o(@) = f(z) - 1O D oy

CokE, By bERIKE o, THEE, BIKRE (a,b) THOTETHY gla) = g(b) (= f(a))

Zii7e . L7223-> 7T, Rolle DEF LY ¢'(c) =0 ZHi7=T ¢ € (a,b) PFEET D. S
/ ! f(b) _f(a)
gle)=fe) == —,

(ST ITELORERNE . (REFFE)

ZOYHMEDEI LY, W AR/ B f ORI OB [ OFfF 5 AR UL VW &R
DG, Tihbb, WOEBNEKY LS. ZHTBRICER TEH - TE 2 00, ZOREHIX
MELTELTBI Y.

T 3.7 [ ABIKM T = (a,b) TR WS/ BIE L T 5.

(1) f'(z)>0 Nz el)ebiX, fixl THREHFHMTHS.
(2) fl(x) <0 (Vo el)abliE, fiXI CHRFEHMBD THD.
(3) fl(x)=0Nxel)biE, fI3]I TEKRTHS.

B9 3.5 FHEOEH (EF 3.6) ZHWTER 3.7 ZarAHE k.

lim f(2) = lim g(z) = 0L & lim [ % § MOREHOBRL 1, lim f(z) = lim g(x) =
codEE lim I % X HMOREROBRLV ). 22T, a=+oDLE bbb, ALRER

w—>a
@Tﬁﬁﬁ%ufﬁﬁ‘éﬁﬁﬁﬁﬁ & L CUI'Hopital (mEX L) OEHEPMONTWD., ZOTEHILE
REBEORBEATHINHIZLIEZERHHABZNTHAH. D 'Hopital DEBRZGEN 35

72D, EOVHEOEEZ %t L7k @ Cauchy OB ER A #Efi L Tk <.

EHE 3.8 (Cauchy OVEMEEH) B f, g (ZPAXTH [a, b] Tu#Efe, BIXME (a,b) THOARETH
D, ¢(x)#0 (Vz € (a,b)) & T 5. ZDrE, WXEWMTZT ce (a,b) BDFIET H.

f) = fa) _ f'(¢)

g9(b) = g(a)  g'(c)
;EEA B h 2TV ED D,
h(x) = (9(b) — g(a)) f(z) = (£(b) = f(a))g(=)

ZorE, B¥h b EMXM [a,b] THESE, BHXMH (a,b) THMOTRETH Y h(a) = h(b) (=
g(b)f(a) — f(b)g(a)) Zifi7=d. L7zh->7T, Rolle DFEELLY h'(c) =0, T72bbH

(9(b) = g(a) f'(c) = (f(b) — f(a))g'(c)

Zlilzd c € (a,b) DIFET D, F£7z, EH3.6 CFHEDOER) £V g(b) —gla) = ¢'(c1)(b—a)
723 1 € (a,b) DAFAET D08, THERELY g(b) #g(a) LD 0D, £ZTEKX
D% (g(b) — g(a))g'(c) (#0) THIAUTEADOKNRUE . GEIHE)
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EI 3.9 (UHopital OEE) BI%EL f, g 1IXBAXR] (a,b) T FAIRETH Y, ¢ (2) #0 (Vo € (a,b))
lwlcd &35,

(1) lim f(z)= lim g(x)=0DL ¥,

rz—a+0 x—a—+0

m L@ g um L8 o

r—a+0 g’(:z:) z—a+0 g :ZI)

L%, ZIT, l=d00 TH L.
(2) lim f(z)= lim g(z)=c0c DL X,

z—a+0 r—a+0

~—

m L@ g m L8 o

z—a+0 g/ (1) z—a+0 g(x)

L b. ZZT, =400 TH I
77, LOWRr 2a+0%, 2 —a—0,2— a, x — Foo IZEZTHRIERZFERN LD L.

BB (1) v =aliB5 f,gOfti% f(a) =0, gla):=0LEDDE, f,gi%[a,b) 1TF0 Tk
L5, Ltb)of EED 2 € (a,b) 1K LT f, g 1ZEAKR [a, 2] TiHkE, BIKR (0, 2) TS
AHETHS. PEDZ L LEL Y Cauchy D PR EMMNT 5 2 LS TET,

fl@) _ fl@)=fla) _ [f(o)

g(z)  g(z)—gla)  g(c)

Zliled c € (a,2) DFETDHZENDMND. 22T, 2 —>a+0DEZXc—a+0ThHdHND,
HHDRERDED .

(2) ZOLEAOFERIT (1) LD EROREEI TH L1 0, BANTHARILL ThiELRWY. H
HIRERFZOBFZEN T E R T I Oy it AR T ONEL THA .

EFT, | #£ oo DEGHEEERD. ALED e >0 LT, IRELXD
f'(z) ‘ f'(@)

-l <

g@) |°F g(@)
729 a lZ 3 ag € (a,0) BFET H. 22T, {EED x € (a,a1) (2% LT f, g IZPAXHH
[z, a1] Tuifge, BAXE (z,a1) THOWRETH D, g( ) # g(ay) DSV LD, L7223 -> T, Cauchy

DFHEEE LY

l—e<

<l+e (Vxe€ (a,a1)) (3.2)

g9(@)  g(=@) _ f(x) - f(al) _ f/(C) (33)
1-4) g(2) —gla)  g'(o)
BT o € (@,0) WHFET B, SHIE, lim g(a) =00 K
1299 S ppe || 196D e (,0)

g(x) ) '] g(x)

ZWTZY a lSHT ap € (a,01) BEET D, (33) & (3.2) Ta=c & LERIfRAL, [8 iz
DINTHEL &

Fa) o oy gD\ _ f@) _ fa) (gl
+ )(1 g<x>><g<x><g<x>””)<1 g<x>)
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f(z) fla1)
=1 <e2+|l[+¢) (Vz € (a,a2))

o) “(1‘ g(fwl;) ‘li;(@))

LB, iUk m1<> I BRSO Z L ERLTWS. | =400 DB, g DY 12

r—at09®@
gm@ﬁ@%%zz—omﬁA 2w SEhE L.

%f‘(ﬁ MRz > a+0%2 5> a—-0H50Fz —» 0 I 2 THRERERREENRK D 2D
& iL@nmﬁﬂ%ﬁﬂiEﬁ%b ThA A). I T, o = ol lEZT-LGEEEZD. ZDLX,
F(y) == f(1/y),G(y) == g(1/y) L BE y = 0 ICBTIREROMBE LTEBZ25. LT,
BEICRER] L7232 AV C

M@)o F@) . Fh) PO )

sotoo g(z)  yo0 Gly)  yot0 Gl(y)  yoko ¢/ (1/y)(—1/y2)  a—keo g'(z)
ERFETIUE I, GEFI#E)

Cauchy OFIHEFR LML H72 < ThH, RO X 52 L T I'Hopital O EE (EEE3.9 (1)) ZFEH
LTHEWDTE? EBZXDALNDLTHAS .

G B (O R (O D= e i (O N C)
z—a+0 g(x) - z—a+0 g(.l‘) — g(a) o z—a+0 g(zm g(a) o g’(a) o r—a+0 g’(x)

f(a),d'(a) BIFIEL, D¢ (a) # 0 THLLEITIEENTE LW, L LFEH EIX
hm ﬁ*%itrm%@wm 1725 THED, ¢(a) £ 0 LW EIEETZ SNANEARS.

xz—a+09

ZDES T EBFERICANT, LEOFEHTIE Cauchy OFBHEEHZHE > TNDHDTHS.

1 3.5 ﬂ)x%+0@k%@ﬂ%x@@@ﬁ,%ﬁ&%%ﬁ%?:kﬂi@%ﬂ@xﬁ%@
MR & 725, L7zh -, I'Hopital DEEE LY
log © . (logz) ) 1/x

ac—lg—lox e = 1—l—O 1/1‘ ;cigtlo (1/$)/ :v—1>m+0 —1/%2 ac—l>m+0( iL‘) 0

ZHED, lim 2% = lim "8 =0 =1 BN 5.

z——+0 z—+0

(2) WD X 51 'Hopital DFEEZHEIT THWDI LA L H 5.

. x—sinx . 1—cosz . sinzx . cosT 1
lim = lim 5 = lim =1 —
x—0 X x—0 3x z—0 Ox z—0 6 6

f 3.6 KOMERAEZ KD K.

(1) limz T
z—1 .
(@) lm (£ (a.b>0)

. 1\
(3) xgm—&-() (sinx)
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3.4 EMEERREZE Taylor R
EE 3.2 nAHRKEL, fEBKMI CEESNMELTS.
(1) fATITnEMATETHS 1L, [OFKRr TfOnEEREE f)(2) DIFETH L E %
O n BEEREITRO L 5 IcEAN D 5.
arf dr d\"
oo e () 1

dz™ dz™
(2) I TnEREMAAEED DV f R TCTRTHD LIE, 28T TnlilTHETH
D, on BREREE F) N T THEEETHD XAV, EBIT, f3 ] CEREMS TEE
BT FRT TCRETHD EIE, AT IEITHMFTRETHD X H\ ).
(3) I Cn EREEHMSY TREZ BB OES 2 C(I) &EX, T CERREIHSY ATRE /R B

ARN

DL E C®(I) LEL.
n FEE RO 3 B AR LTI 9.

dn et — %

B13.6 (1) Lev=emkp, 4

(2) La®=a%loga £V, L-a® =a%(loga)”

dz
(3) d%sinx:cosxzsin(:r—l—g) v, C;i—nnsin:r:sin(x—l—%w)
(4) d%cosx:—sinx:cos(m—i—g) v, d‘i—nncosmzcos(:p—i—%w)
(5) mEAKRKELT D&, %xm:mmm_li@
& [ mm—1)m—nt e n<m)
de”” ] 0 (n>m)
6) La—z)™=mla—2) ™ (meN) LY, Lo(a—2)"t=nl(a—2)" "+

3.7 f,oc C3(R) K LT, f&oDAKEKE F(z) = f(o(x)) LBL. ZDLx, F'(z)
BLOF"(2) % f,¢ BLOZRLOERISE AW THE £

EHL 3.2 ICBWTHOMDIEERI Lizn, BREEREEI T 2O 1E & LTI Leibniz
(T4 T=2) OARXBZMOENTWD. T OARITEEEAIFE & ZTEAEK I 2 BG4 H
WTHIRHIARGIZEFH SN 5 DT, FOHIZME LTELTHL.

FHE 3.10 (Leibniz DAK) f,g 28T Tn RIS ATHETHIUE, ROZEXD K L.

n

19 =3 ()19 @ i)

k=0
i 3.8 Leibniz /AR (FEE 3.10) ZFEHE XK.

5l 3.7 (1) EEOAKE nIZx LT, Leibniz ®AX LY
n

ey = zn: (Z) (gkx) (j;;i&) - (3) we® + <1>6’” = (z +n)e

dz™
k=0
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(2) n>2ZWIEEDOHRE n I L0 n By vIRe72 A% f 12xF LT, Leibniz DAR K Y

-G

k=0

Qe (s (e

=2 f"(2) + 20z f7 D (2) + n(n — 1) D (@)

FOBITIE 2 SO OFED n BEERIS A FHR T 5 72912 Leibniz OARE W23, A<
H1Z Leibniz DARXZEH WD XX Tlidlew. HEICE - T, 2B, 3 BHEREE BRI
FELTn Ka’grggﬁt@ﬁ/%$@' L, BEFEMIFNEEZRHOTEANE LW & 2R 31E ) 25 RN
HEFITHHIC /2D, BIZIE, e”sine O n BEEREEZ Leibniz OAREZ HWCEET 5 L IEFITHE
MEI IS A0S, 3.1 THRZ X ) IZEHE T, d‘in (e® sinx) = /2" sin(:c + %77) LBz b
PEERYIFANEIC L > TOREND.

3.9 DIFTEDLNSEEf O n R f™ 255 L.

(1) f(z)=logx

(@) )=ty

(3) f(z) =e*%cos(zsina) (o ITEEK)

R 3.10 f(z) = arctanz £ B<. (1 +22)f'(z) = 1 OWBEH YL THE = 0 #fRAL,
FO0) 1T ML EEL Z 212k T fM(0) &2k k.

WIS EHEOEHE (EFE 3.6) ZFEL LT Taylor (74 7—) OTHEZHFENL LS.

FI 3.11 (Taylor OEH)  fIXBAXE I Tn BEISFTRERBEE L, a,be [T a #b%EHI2T
1%, ZolkE, WA a & bDMOEL c WFET S.

1= )+ F@0 -+ + T2yt LDy
-1
ol k) (g () (¢ §
- k:!()(b_a) fn!()(b_“)
k=0

n—l (k)a n! n—1 (k)a
() = fk!( )(b—a)kJr:!(b—a)” Thbb A—(b_'){f(b)—kzofk!( )(b_a)k}

ZoEE, A= fM(c) LB ak bDBOEL c NFIETH Z L 2R L .

b )y
o) =10~ { X E 0= o+ L0 o)
k=0

(n=1) (5
—1(0)~ { @)+ @0 a4 LB oyt S0 o]

n:
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WCEVBE g ZED LS. fIEnEESFTRETH YD, ZOHIBITIE f O n—1BE TOEREE L,
KNTWRNWDT gI I TR D D. E618, EHADEDHND g(a) = g(b) =03
RV NLD. L7edoT, Rolle DEELEY ¢/(c) =0 &725 a b bDMOFEE c NFETH. 2T,

) == 3 D@0+ ORI+ e
;?“?”bzwfwﬁ<w1
Bt

L0 A= f0(e) 355, GEAK)

n=10&t &, Z® Taylor DEFITFEEDOEIIAMMR BN LITERL XL 9.

BI2 D 200 FH a,b OMICHHEEDOFE 1L, 0< 0 < 1EWETEYL 0 ZHNTe=
a+0(b—a) EWVWORIZEEZRIND Z LIZEEL, Taylor OEH (EHL3.11) (ZBWTb=1a &
TL, EHIZIROEBNRED .

EIE 3.12 (AR Taylor EEH)  fIZBHXE I TnEWD ATREZRBEELE L, acl &5, 2Dk
&, B f RO OFRIMICEM S 5.

f@) = fla)+ f(a)(x —a) + o @ a)""" + Rn(x)
n—1 (k) a
_ f k‘( )($—a)k+Rn(-T) (3.4)
k=0

22T, Ru(z) IZBIRELIMTIN, EEOz e IIZH L THEYR 0 € (0,1) ZHAUIROEICEE
FIND.
f(”)(a +60(x —a))

Ro(w) = T =

CORBREIZIITEY DOEESR LIRS L0 FEH54Hi0# 5.3 #5HE L), LOE% La-
grange (777/*/1) DEFREVDS. B4)XOLEWE, B f D aDEY TD (HHWEa %
HulrE L72) BRR Taylor BB E V9. KFIZ, a = 0D Y TOHR Taylor EHH % B Maclaurin
(ryo—1yv) BEL V.

mnﬂ)—okwéﬁ%m z—=aDEEREf(2) BOITBERT 52 EZERLTWDR, 72
ﬁ :ro IR T 21 EWHIERTET T TEDMNOES TOIPERT 2002 &) Hil
DUEIZI2 570, TOBERERND Z & THRABRHEN LB L LT 256055, Flxig,
r—=00LE, 220FRr LV HES 0ITIRL, 522 0FR 2?2 L0 HiEL 0IZKRT 5
— I, f(x) = 2™ I m BRELRIUTRDIFE, 2 =00 L W 0IRT S, 02 &iX
WD WD THIVTHER I L 9.
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h=0.1 DLx, h?=0.01 h* = 0.0001 K% = 0.000001
h=0.01 »&x, h*=0.0001 h* = 0.00000001 h% = 0.000000000001
h=0.001 ®&x, h%Z=0.000001 A*=0.000000000001 AS = 0.000000000000000001

SOk 5 RO S % HEk Ui 0 RO IS A, KICHES 5 Landau (524 ™)
DI IR O,
EE 3.3 (Landau D) f,9.h XXM I TEZRINZEELEL, acl T 5.
(1) &5 (FHRE7R) O > 0BETR (FO/hER) #56 > 0MEELT, 0< |z—a| <6
%%tﬁﬁﬁwxelmﬁbfymﬁégwgCﬁﬁDjo:&%%®£5K%<

f(@) = g(x) + O(h(x)) (v — a)

(2) mrmi_%wzoﬁﬁDﬁo:&%%@ibméa

T—a (z)
f(@) =g(z) +o(h(z)) (z—a)

(3) g(z) = 0DLE, Lo atnEil f(x) = O(h(x)) (z — a) BED f(x) = o(h(x))
(x = a) DX IITEL.

Z ® Landau D75 O(h(x)) BE W o(h(x)) MEDLNLEE, Bt h & LTE, hz)=(z—a)™ &
WY (= aDEXF0ICIRT D) BHIEANFEDILE Z ENIEFICE V. Landau Dt 51E, Vo
TAENTLEZE, ERICHERNTHENCTWESTEEEI ZEThHhAH. Lonliens, ko
ERTILAEZFEO D T2DIC— KN EDPNTWVWDEDO T, ¥IHTHIFERICIIMZEKRLTWD
FEEDPEIITHMTE RV LAWY, T2 TH 9D LB CHELE Y. hELTZo
£ 512 0 1CIRT 2 A EDN TV A, f(z) = O(h(z)) &1 f(z) 2 h(z) LR CALOES
i HUNE h(z) k0 < 0TI T EZEHRLTHY, f(z) = o(h(z) &1F f(z) 2 h(z) XV
LEICHELS 01k 2 2 L 2BWT 5. LER-T, f(z) =o(h(z)) Thiut f(z) = O(h(x))
DRSO, L LAaednih, f(z) = O(h(x)) &V I REIE f(z) 23 h(z) &R UALOM S TIOET
HLEIT (Thbb, hiz)=O0(f(x) bREBHIKY oL XI2) HbRHHANL.

BIZIE, - 00L X f(x) =10823 + 107822 LW BBOEEE L CHhD E, o NZR/N
EL AN E ZTT 1072822 OB 10823 L0 /SR, 2 AVNE L 2 51E 810223 0
N 107822 L0 HIEEININE <22 D . 23 OFRE 108 I3IEFICKE < 22 OfFRER 10723 139EF I
INERBTHDLN, 2 > 0D L ZDIROME 2 E 2 HBRICITSIZERBIT RO TH S, UK
DESIZHENDLDX e DK THD. £ T,

10222 4107522 = 0(z%) (. —0) (3.5)
LELDOTH D, EBE, |2 <1 Z2WIIHMEEOFEK o lcxi LT

10222 + 10~ 2822

- =102 + 10723 < 10% 4 10723

X

DEOVIMEDODT, §=1BLI0C =108 +10"28 L LTERICBITALENH-ENTWH L
BaAMS. 7, 23 3 23,2
1 10~
lim 2010 (102822 4 107280) = 0
x—0 xX x—0




50 #3E Wik
THoHN6, ROXITHETS.
1022 4+ 107222 = o(x) (x —0)

722l ZOXHIZENTLED & (3.5) X biFREN KON TND Z LIZEEL L 9. Landau
DI DN S5 XL, 2O X 512 Landau OFEHZHWEEZRLFN @Y Tldlnwz &
Mh Lt Ziul a)b\ﬂi‘lﬁﬂ“(% DI LN THA).

7B, flx) =g(x)+Oh(z)) £1X, O(h(z)) BEOBRELERITNIT f(x) & glz) ITFLY,
L NIRRT WVWTHAI. £, flr)=0() (z — a) j:ill)l}lf( z) =0 (272 720,

i 3.11 Landau OFt 52T 2L T OFIEAZFEHE L.

(1) flz) = 0@™) (z = 0) BLV g(z) = O@") (x — 0) &BIE, f(z)g(x) = O@@™™M)
(= 0) BLO f(z) +g(x) = 0@ (x — 0) KV >, 72701, | =min{m,n} TH 5.

(@) f() = g@) + O(h(x)) (x = a) BEFb(x) = a+o(1) (¢ - a) RO, f((z)) =
9(6(2)) + O(h(())) (& — a) BV 7.

(3) f(z) =b+0(h(x)) (x = a), b# 0B LV h(z) =0(1) (x = a) 2BIT, ﬁ = 1+0(h(x))
(x = a) DLV LD,

CESBENRL

Z @ Landau OFt 5% 5 &, mEREIREZ T 3.12 O XD IZIEMEIZT
720, IROEBEDRLY O,

EHE 3.13 fecC(I)BLWa e TIx L TRED ALY 0.

Z

Rz, feC®I)&T2L, IEEODHRE nIB LD a e TITH L TRED Y L.

ko o((x —a)") (x — a)

Zf W a4 0@ —ay ™) @ a)

FFER BA%ch % o,
hz) == f(x) —Zf (@) _ gy

k=
RV IED, EH3.12 XY RPN SLHZ L IZEET L.

(xh_(xi)n = %{f("’(a +6(z—a)— [P ()} =0  (¢—a)

=T, fM) ol B L 0<0 <1 THDZ L2 M. GEK)

EHE 313 RS TND 2 & ZMARNTHIAT D &, fRC R THD & &, alo g
A% 2 125t LTI, of(v—a)™) FEEORGER BT f(2) % n kB Eat Y0 £0@ (g gk
THEBPTELZLEZFEELTNDLDOTHD. n=10L X1 KK f(a) + f'(a)(x — a) TELLE
NAHZ LT dh, 2oL Rl 1 ZEESH 5 WIFREER L T TS, y= f(z) DY

T 7k =allBVWTHREEHULELDONRZED T T 7OHERTHLZ EICEEL L.
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WOHND H 5305 K 912, Landau D545 Z &2 L 0 BRI 2B O AR Taylor R
T oxD L LB TELZENTES. L2L, Landau Dt 5589 & 2 = a Dir< TOEET
TNV RT LR DN, TIPS ITICB T A ERITKONTLESTVWASZ EICHERL
£9. 20X RERBMEIZRDGEIT, FREHEZ LoD EFEWE (3.4) XEfibiThnidze

SRZAN

Bl 3.8 (1) fle)=e*&T5L fM0)=1&,4%. LIER->T, e OAIR Maclaurin FEIZ
ROLHIZ72D.
r  2? x" il
e—l—l-l‘—{-f—l-y—i- —I—E—J-O(:E ) (x = 0)
(2) f(z)=sinz &+5& f™(0) =sin(%7), Thpxz fE(0)=0, fEmFD0)=(-1)m &
2%, LIcin> 7T, sine OF R Maclaurin BEIZIRO L 51278 %.
‘ TN I L2m+1
sz =z —art g b T D g
(3) f(z)=cosz &£F 5L fM(0) =cos(Zr), Thpz fE(0) = (-1)™, fEm+D(0)=0&
%, Lo 7T, cosx DABR Maclaurin FBBRIZIR D X 51272 5.

.’E2 1‘4 .ZL'G x2m

= - _1\ym_ = 2m—+2
cosr =1-— TR T -+ (-1) (Qm)!—l-O(x ) (x —0)

+ 0™ (x5 0)

=B f(x) = sinz AR Maclaurin B ORI RHE L HEY L TH LD LHE

3 5 7 2n—1
T T T nl T

Sgn_l(m)::x——.—i-f—f‘—k‘-'-i-(—l) a1
EBIZI. nDEEVANAEZITHT Yy = Sy 1(x) DT T 7HH ELTFOXIITD. n%&
RELTHUET 58, O =AEKy =sine # LV LW TR VREEITEE L TnD Z LA
THENDThHAH).

Y Y

y = S3(x) y = Sy(z)

vanve P

y = Si5(7) y = Sas(z)
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feC®I)BIWPaecl tTrL, EHIIRLVAEEDr e IBLUn e NIZXKLTHIR
Taylor J&BH (3.4) 3V 3eD. ZORRHE R, (x) B e [ #EET DT LI

li_>m R,(z)=10 (3.6)
iz 9 & &, B fITRO L) ITHRERI SN D.

(n
Zf (x —a)" (x el
DAL DRI A B f D a DFEY “COD (BDHWFaZHird Liz) Taylor BEAE VD

z 7. KT,
a =0 DJE Y TO Taylor &% Maclaurin BRI &\ 5.
EEDOHEFE THIR Taylor BAFEETH > ThH, Fff (3.6) Bl nd LIRS, £
Z Taylor RBAFIRETH D L IR R2NZ LITER L L 9. FEE
e (x> 0)
O R o

Lo TEDLNDEE fIL R CHERES FIRETH 573, =0 DJE Y TliE Taylor B FTHE
ThHHZERHOBNTWD., RIJOHDLERITENEZFEH L THLD.

WO EEIL C° #EEEDY Taylor B AIRE THLH72OD 1 DO+ 0542542 T05
EE 3.14 feC®() Iz LT, (z BLOn IR ) EHC, M >0 BMFELT,

|f™(z)] < CM" (Vo eIVneN)
DD SEDEE, fIX T DK S a DJEY T Taylor BB FRETH 5
B (3.4) RICBIDRAER,(2) T LT, Frecl ZEETLILIC
\MWMSCMLVWW_CMﬂiTmnao (n > o)
DI NED Z EIERE T T RV, GEBRK)
Bl 3.9 f(x)=sinz 3oL |fM(z

()| <1 THDHNG, sine LR O T Taylor BEHA[HETH
5. 51T, sinxg @ Maclaurin EIZKRO L 91272 5.

o (=" on+1 _ e 2 at
Smx_;_:o@n—i-l)!x = r— 74_7_7'4_...

n

FIERIT, cosz BEL e & R OF R T Taylor BHAIEETH D, ZivH D Maclaurin BERIZKO X
2T D.

oo

—1)" 2 4 6
cosa::z( ) moyp -T2

xr
=1 - T
< (2n)! 2l " 41 6!
ZL’Q ZL‘3
6_2%“_+ M TIREETREE
HEETAREZLLLT, I=RELELE f(2) =
E%‘ODE%I R

e 1 ITEHE 3.14 DKM AT 7. Ll
LTI = (—R,R) ETHUXEH 3 U4 2 AT D2 LN TE, (LED 2 € (—R, R)
WX LT OB Y e Z E S D. EZADRSOIIMEETH-T20 D

z =3 , Mk, R
D4 15T Maclaurin BFARRETH D Z & 03MEH.
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fil 3.12 LITFCTEDHALHBEL f D Maclaurin R %K L.

(1) flx)=(z+a)™ (alFTEL, miTHRE)
(2) f(z)=log(1l+x)
f

(%) = s

%ﬂw@ﬁﬁiw%wéﬁﬁﬂ’Fﬁéﬂéi%ﬁﬁﬁ?%éﬁ,::Ti%@l%&bf@
ERESHLE Y. BRORICE 728918, 52 0NB f Oz RO H7-di2iE, 7
(ﬂ@zokﬁéa%kﬁé_k;ibﬁﬁm,#&b%,@m%%ﬁ?éﬁ@@ﬁ%khﬁ.ﬁ
WCHIE ZERC L T, fIXa lZBWTHBKRIZZR 20/NZ D), HDNIEZEDOEL L THZRND
ZHELZ. HDWVIEHEERZIES RS TYH, f(a) > 0751 fiFalZBWTEB/D, f(a) <0
O fIXallBVWTHRIZRDZEbE -T2 THA Y. 722, f(a) =0 DHEEITHELRRE
HoTeh, WOEHTIXZ OHAEICBBEOHIENITZ H.

FHE 3.15 (EEOUE) fe () BERae A
f'(a) = f'(a) =+ = f"(@) =0, [ (a) £0
iz L TWbHEdD, ZoLx,

(1) n2MEHKZRLIE, flXallBWTHRRKTHMBNTH e
(2) nBHFHTHY fOHD(a) > 02561, flXallBWNTHRNNIRS.
(3) nAAETHY fOt)(a) <072 BIE, flTallBWTHEKRIZARD.

EEBA THEIS I3 BIUMELD

(n+1) (¢
fa) = @+ Lt ol - @ a)
THLHND, »
@)= @) = EZ (@ ko)

%, 22T, o) DL (EREV) 2= aDEE 0ITNEET S &, BEO fOHD(a) £0
CHEELEY. LEMNST, F4/hER6> 02T |z —a| <5 THBIRY fOHD(a) +o(1) D
BEE fr) (a) DR R L T 5 T LR D,

ET, nMEETHY fH)(a) > 00EHAEEZ LS. ZOLE, f(v)—f(a) DFFIE (2—a)"H!
DFFFE—HTHDT, a—d<z<aDLZE fx)< fla), a<x<at+dDEZ f(x)> f(a) &
720, fliTallBOTHRTHMNTE 2R, FKIC L TORE D b D, (REFRK)

g

RIZ Taylor OEHZ NEROMIREZ RO HHEIISH L TAHA LS. BRI LZE oL, =
TET OMBIRIXE  'Hopital OERR (BB 3.9) ZHWTEHEINDLD, ROBITHHNDH LI
Landau O Ft 5% W2 ARR Taylor B ZE S LIHEFICAB L ISHATZ 25616 5.

Bl 310 Gm— ST g
=0 ¢ — sin(sin x)
KR, 00X

smx:x—éﬁ+0@%:x+0@%:om) (3.7)
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ZHER3.11 (1) &Y
sind z = (z+ O(mg))3 =23+ 0(2°)

F£72, sinz =0(1) (x - 0) THLHHM 311 (2) IZEET D & (3.7) RiZH T D ziZsine ZR0A
FHIERTET,

1 1 1 1
sin(sinz) = sinz — 6 sin®z + O(sin® ) = 2 — 61:3 - gxg +0(2%) =2 — —23 + O(2°)
L7ZH- T,
sin® x 22+ 0(@°) 1+ 0(a?)

= = —3 —0
x—sin(sinz)  Iz34+0(2%) L+ 0(2?) (= )

LD, MIRDZ &7 b PHopital OEFRA - THEHRE TE 5, ZOFEILER ICEE Th
%. FEEIC PHopital D EEL A - THAE L CANIE, Landau D5 DFEF SN 0n5THH 9.

2log(cos ) + 22

#l 3.11 lim
x—0 x
DI Z KO TH L .
log(cosz) = log(1+ (cosz — 1)) BEWeosz — 1 =o(1) (z — 0) ITHETIUZE, M3.11 (2) &
0, log(1 + y) DR

10 A DHRZIERIEZ SO X I ICHAE n 2 ED, TDOLX

1
log(l+y) =y — 53/2 +0(y*) (y—0)

WZy=cosz —1%ZRATHZENTET, 250D X
log(cosx) = (cosz — 1) — é(cosx —1)2+0O((cosz — 1)%)

Lhb. ZZT, cosz:—lz—%?—k%—kO(m%iU

22 ozt 1 22 zh\? 1 1
log(cosz) = T (—2! + 4'> +0(z°%) = —5:1;2 — 5374 + O(%)

L7225 T,

2log(cos ) + 22

= = OGN (2 0)

DD, DRI, n=4D&E, FZDLEIIRY 0 LSOARLMBREL D, £ OMmIR

{[EAES

. 2log(cosx) + 2 1
lim 7 = ——
z—0 X 6

LB,
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FA4E RWSE

4.1 2ZHEHOBE &EHE

2 ODFFDOM (v, y) BIROESZ R? 8L BRI, Vil BICERT 2 2 A0 4
EW, Vil EOFK R E 2 00FHOM (z,y) L EF—HTHZLI2L 0 FEE R? L RZ2LTH
5. ZOFETIE, R2OWMHES (TR EOES) D TERSNIZEK f(z,y) I LT
RTE THRAIT L7 1 B3I oMk % 2 Z2HEIEICmRE LT <.

TP, FHRMSCHARMICIET D L9 2 PH EOEAEEZERT I LMD LY. ok, 2
DX B EEREICHG LD L LT, (il (FARrY—) LW IEFICHEERBENH
L. il B 2 8 (21,91) BEO (22,92) @ Euclid (A—2 ) v F) OERMIIKRATEIND.

(z1,91) = (22, 92) || == /(21 — 22)% + (1 — 42)?

i, Tl L0 (a,b) & H0ET B r O ONEO A (v, y) 2EOESE By(a,b) L 2
LiIZLES. Thbb,

By(a,b) :={(z,y) € R?[||(z,y) — (a,b)|| <7}
ET&E 4.1 DER2OELSLTS.

(1) DPBAEATHD LI, {EED DNDL (a,b) ICK LT Bo(a,b) C D %73 E r 235
ETDEEE2ND.

(2) DBHEKETHDLEIE, DOWMESR>\DBHEGTHLLEE V.

(3) DA GR) EETH D &1E, DNOIEED 2 558 D NAIBDHEEE R TR & X %0
9. LV IEMEIE, EED (a1,b1), (az,bz) € DK LT, ROSKMZM7-THKXE[0,1] T
FEFE SR PRI ¢, DFHET D L& &2V ).

(¢(0),9(0)) = (a1,b1),  (¢(1), 9 (1)) = (a2, b2)
(¢(2),9(t)) € D (vt €[0,1])

(4) DMHEETHD LI, DIEBRAEEGTHLLEEE ).
(5) D 34 (a,b) DEEETH D &1L, D WA (a,b) S THESTHDL L E20 ).

LD LGN RTLHHALELEY. DAFHESTHD 1L, DNOEEOSIIH L TEDORE
Fbe T 50/ RMONTERHODIZEEND & ETZ2 0, BRI 2 RTTARIENY %
Hh, BB D A RIEOHEOHXMDO L 1) TOEANEENRVES D 2o, DA
H£ETHD LI, A REDLGAEOHREMD X H12) ZOBERANEENLIEAS D EZWVH. ZOHGE,
H£E DIX2WTEMRIEN YD 2 b O E T <, MWMANEENLHMS EAEAICRD. £/, D
2 GR) EREETH D EIE, TOLDEYERSTWDHLEIRELSD ThDH.
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PHEES

(BICER) - s LG T2

WIT, o BEOy 2285 2 BHBIH f = f(o,y) OBEMEERLL 5. 20EHICE, 1
PR L =D L 510, ETRROBRE E% LRI HIER SR

SEH 4.2 DA (a,b) O, [ = f(a,y) % D TEESNE 285BI T 5. (L, f(a,b)
FEREIN TR TH LWV (2,y) — (a,b) DE X flo,y) 2 o ICIET B L 1L, EEDOIEK
TR LTHDLEE I BFEL, 0< ||(z,y) — (a,b)|| < ZH7=THEE O (z,y) € DIZXLT
F(z,y) —a] < e RO TP EXH NS, “OLx

lim f(z,y) =« H DN flz,y) = « ((z,y) — (a, b))
(@,y)—(a,b)

LEX, a% (z,y) = (a,b) DEZD f(x,y) DIBRE L VS
ZOE#RZWHEL S ZHNTE ERDOLHITRD.
Ve >036>0V(z,y) € D (0< [|(z,y) — (a,b)]| <6 = |f(z,y) —a|] <e)

ZOERENOIND LI, (z,y) = (a,b) DEZF] EWH DI T(z,y) & (a,b) & OREED 012
O L& 745

Vie—a)2+y—-02—=0 DL

EWVWIZLEEERLTVD. ZNiFa EyBNAWVWIHY I 2 aBEIQy b ERDZ L L
HETHD., 1IRITOBFEIT x D a ~DIESEFITHBHDLWVIILENS LRV, 2RIt d &
(z,y) D (a,b) ~DEDXFIFIEND, Erb, Enb, Thb, fond, S HICIEERE LA
S EREA T D, fo,y) B alRT 2 L1, (2,y) 2 (a,b) ICEARTESE & LTS fla,y)
FMT B a IZES5L, EVWHITEEZERLTWAS.
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Blal (1) fly) =52 95,
el = < <IEl 0 (@) - 0.0)

2
L#isT,  lim  ——2 =0 AV o,
(2)—(0.0) 22 + 2

(2) f(z,y) = 52132 ET 5. (z,y) DS xiihd 2 WT y B T (0,0) 125 < & & DOMRIRAE
%, EnEhn
22 g2
hm f(z,0) _ig%? =1 HDHNT hmf(O Y) —;E)I(l)y— -1
2
LAy, FLHCHA. LEsoT, I m S U e La,

(@.)—(0,0) T + y?
E& 4.3 D %5 (a,b) DERE, f=f(r,y) % D CERINT 2EHEKR LT 5.
u)fﬁﬂmwfﬁﬁ?%ékﬁ,mﬁﬂwﬁ@w) Fla,b) BV IO E EH .
(2) fRD TERTHD LI, f7DDOKE (a,b) THEBETHD EXE1D.

D THECHD Z L DOERERIBL T LM TES LROLI TR D,
¥(a,b) € DVe > 035> 0V(x,y) € D (|(z,y) — (a,0)| <& = [f(z,y) — f(a,b)| <)

x DB P(x) iSJ:(ﬁy @Fﬁiﬁ W(y) BN 1AL L GEEChHIIE, Zb% (x,y) OFHE
BTz licky Wz, o) 385y B LU TERBRE R+ Licky), 285K
LT (Thbb, LOE 43@%%?)@%?%6:&@%%%?%%5.itq2%@%@K
WL TCTHEFL2.2 EREEREFNKY D, 512, TH23IZHETHHDE LT, ROTEHMN
RV SEO. FOFEFIFRME LTHERLTEZ 9.

T 4.1 f = f(z,y) & R? O D TEXSNIEFREE, ¢ = o(t),¢ = (t) ZXE I TEH
ENTERREE T (0(1),v(t) € D (Vt € 1) ZWiT=T b DT B, 20L&, Ft) = f(é(t),h(t))
TEEIARMEEF bFE-XE I THERETHD.

R 4.1 EF4.1 23 L.
Bl 4.2 Bl 41128 T ABROFFE LY, EHIZROZ ERSND.

(1) WATES BB f 12 R Tl TH S,

2 ((2y) # (0, 0))
flo,y) =< &Fy
(z,y) { 0 (2 5) =
(2) Efa DfEE EDO LI ITRATY, KTEE DB 1T (0,0) THE TR,

T ((w,y) # (0,0))
x,y) =4 T
f&y) { T () = 0.0)
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4.2 LLFTEDLND R? EOBIKL f 23 (0,0) IZBWTHEFE TH 5008 2 A flEd &

3 3

Ty ((z,y) # (0,0))
1 x, _ x4y
(1) f(z,y) {0 ((z,y) = (0,0))
L (@) #(0,0)
z, — 4+
2) f(z,y) {0 ! ((z,y) = (0,0))
4.2 RS LM

E&E 4.4 D% R2OMHEE, (a,b) e DBLVf = f(z,y) & D CEFESNIZ2EHHK LT 5.
(1) f25(a,b) T Ty B L TRMARIEETH D &1F, THEIGRIRIE

of ot 10~ flo.t)
o0 = folab) = limy

of o 1) Flo
5y (@) = fyla,b) = Jim i

WEIETH L& 2. Z0EE, fo(a,b) BED f,(a,b) ZZNEN (a,0) ICBT D fD 2
BILOy IZET L REBSEREE V.

(2) fADTrEFy L TRMOTETHS LI1F, ThEN R D OFKETr £-13y
CELTREATTETHD L X2V, 20L&, DOXE (2,y) % fo(z,y) 7203 fu(z,y)
IR ST DRI fo, f, DEE DD, Zhb%E fOr Ty BT 2 REEKE V). [
FRIZLC, 2 MR RS

0 0 0 0
fmx — %fx, fxy - @fz» fya: - %fya fyy - aiyfy

#IN, I BREREEL (ENOBRFET L EE) ERIND.
@)fﬁDTn@Eﬁﬁ“T%%é%ifﬂDTCWﬂfké&i fORBEETOTRTO
BB EAE LD Th D & & 200, D T O laekoEss CV(D) L&
<. &b, f28D CEREEKMATEH DL VL f A D TCH/THDEE, fOT
TORERBENIFE L0 Th D & & &2, D TO®AMBERDESE C(D)
L#EL.

ZDEENLIND X, WMLV D DI, 20%59%@10@W@x%5wiyc%
HLUTERY OBEBITERE L, HH LEEBICET S (GROEEITE -72) 1 BB E L
TOWGFITMZR B2, L7eD > T, o I 2B A SR T 5L, EHoh Ty 28T
B ERVIAL p IZB LTI ETHEY IO T T L.

Bl 4.3 f(z,y) =log(x® +y?) 95 &, 2 ICBT5 1B L0002 BRERKIT

B 0, 5 oy 2z
fx(%y)—m%(x +y)—7x2+y2
0 2z 2 21)2 2(y? — 2?2
Jae(2,y) = (2 ):2 2~ 2( )22:(2 23
Ix\a?+y?) 2242 (@242 (2P +9?)
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Les. E e, (BLEBCHELTH LV o &y ORFMEEZET L fyy(ay) = 200
ERDIENIND. LENRST, ZOBK f(z,y) = log(x? + y?) 1%

Jaz(z,y) + fyy(z,y) =0

Zi7-9. Zhit Laplace (575 X) ARK LTINS RMS HEKT, WEZLILZIZEBY
THNLEERGTEXTHD.

fl 4.3 LITTEDOND 2 KB f = f(o,y) DIREBEK f. BLO f, ZatFid L.

(v,y) =Y (z>0)
(2) flz.y)=arctan® (y #0)
= ((zy) #(0,0))
(3) flw,y)=4q =1 (
{ 0 ((z,y) = (0,0))
2 BERE R foy(x,y) BRO fya(z,y) BIITHFEL TS foy(z,y) = fyz(z,y) DR LD &I
RO, bbb, o TR L THE y TR L2 fry &, IR OIEF 2 A 2
T, y TR LTS o TR LT2BK fye & 13— MRICIT— ﬁb&mmf%é LML S
WOER TR S X912, 21 OREREOEFM: 2 60E T IUTIRM Y ONEFF AN TFE NG, %+
DFEBRIEIN 72 0 B TH D06, O AT T HFNEETH A H. BB HLHERITZD
FEZBIATH LV, RFEOHPICEN TE T OHART I E2ED 5.

— =

T 4.2 f=f(r,y) % R?OEE D TEFRSNIBEEET 5. WEEK £y, fye 75 D THEEL
1 (a,b) THHGETHIUL fuy(a,b) = fya(a,b) HIY SO,

S D IIBIEA THDND, FO/ERr > 0 2BUUE (a,b) 2T E T 2% r O By(a,b)
IFODICEEND. 22T, VEZ+ k2 <r &M EEOER b, kI LT, By =g(h, k)
IR TEDD.

g(h,k) :== fla+h,b+k)— f(a,b+ k) — f(a+ h,b) + f(a,b)
ZorE, @)= flz,b+ k) — flz,b) LB TFHEOE (EFL3.6) 2 2mHND L
g(h,k) = ¢(a+h) — ¢(a) = ¢'(a+ 01h)h

= (fula +61h,b+ k) — fu(a+6:1h,b))h
= fmy(a + 61h, b+ sz)hk

2729 01,00 € (0,1) BAFAET D, LIZi32 T, foy @ (a,b) IZII1T DifMEL Y
. gh,k) .
(h,kl)liﬁo,()) hk (o, kl) n%o 0)

L%, [FAERIZLT, ¢(y) == fla+h,y) — fla,y) L BEFHEOEEE 2[EHND &

g(h k) = (b + k) —1p(b) = ¢' (b + O3k)k
= (fyla+h,b+ 03k) — fy(a,b+ Osk))k
= fym(a + 04h, b+ egk)hk‘

fay(a+ 61k, b+ 02k) = fry(a,b) (4.1)



o AT REOTE
g(h, k) .
o0 T g o) fue (@t D b+ 04k) = fre(a,b) (4.2)

L%, (A1) BEG(42) &Y fuy(a,b) = fya(a,b) B5ES. GEIIF)

ZOEHERMICHND &, f = fla,y) DD TC"#251E, fOnPEETOTRTORE
Bz xt LT, ZDOmWMmDIEFZ ANEA THEDEIFED LW ERgnd. B2, f73»
C3#THIUE, Z D 3 MEEREII I L TR Y L.

fa:my:fxya::fymra fxyy:fy:cy:fyya:

DZEEEZBELT, fRC"HTHDHEX, fRIZBEHLTmIE, yiZBALTIE (2L,
+1<n) RS LImEREEZRDO L D I2bEL.
8m+l m+1

T, fay = e BIRY IR E D R R RO TR LK 5.

Wf(ﬂ%y)

4.4 KAXTEDLND R? LORK f = f(o,y) TR LT, fy(0,0) =0, £,.(0,0)=1&,72%
NI e
L ((@y) #(0,0))
f@w%={$+y
0 ((z,y) = (0,0))

BEICRHEI L= X 918, iy &9 O, BB 2EH 0T O 1 SOEHIZER L, ZOEHIC
BT oM DZ L Thole., ZOREWTIL, WM & ITEHREANICE B Liz@E oMoy 0—{tT
HDH. —F, 1EHEEE f OMSREL f(a) EWH01E, Wiy = f(2) DT T 7D (a, fa)) I
FOEMOBE 2R LTV, LER-T, BHOMREE VI O, £OROEL Tllifty = f(z)
NZE DR T END ZEEZBRLTND.

ZDBEZ I E 2ERBE f = f(z,y) [CEH LT oS ZIEET 2 &, Bk f 23 (a,b) T
IRREE WD DIE, 3RITZEMNIZI T D ihiE 2 = f(z,y) DV T 7036 5 Vi (BFiE) Tl
SINDHENIZEIIRDTHAD. ZOXINREEZIFITLD 2EHBABOMAPRIZERT 54
WMo ThHs.

FH 4.5 D% R2OWH, (a,b) e DBLOS = f(r,y) % D TEHENT- 2 BREK LT 5.
(1) f 7% (a,b) TRMATEETH S L1x, WREWITEL p,q WIFET S L x2S,
f(z,y) = fa,0) = p(z — a) + q(y = b) + o([|(z,y) — (a,D)[]) ((z,y) = (a,b))

Thbb
im f(z,y) — f(a,b) —p(x —a) — q(y — b)
(zvy)*)(avb) \/(x — (]/)2 + (y - b)2
(2) [ D TLMATEETHS L, 7D O/ TR TIETHS & X405,

=0

ZORWSIRES LY bRVEEETH Y, ROEF TR S X 9 I8 FTRE T H uUTimmsy
FHETHDLZ ENNZ S,
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EE 4.3 77 (a,b) TEWIFTRETHIIL, R FEETHH Y, p= fo(a,b) BLVq= fy(a,b)
NI ARTASN

SEBR (UE LY fla+hb) — f(a,b) = ph+o(h) (h — 0) THEHMD,

f(a+h,b]z—f(a,b) :p+0(hm_>p (h = 0)

Eleh. LiEBoT, fid(a,b) T lZBL TR ATRETH Y fo(a,b) = p D30 LD, y 1B
LTHRETH 5. GERK)

ZOERRA3 LY, 2BHBIE f ) (a,b) TREOATRETH D L&, 3WonEMANOE 2 = f(x,y)

DI 77D (a,b, fla,b)) \ZFI1F 28w O HREAIX
z = fa,b) = fa(a,b)(z — a) + fy(a,b)(y — b)
ERDBTENIID.

ZDOE 4.3 OWIT PRI D ST, b D, RS FTRETH o TH RO FTRE TRV K
DIRBENIEET D, L LA S, (MEREOMFHT 2 7 E T AUTEMoy ATREME N RE 9 2 & 23
WOEBRNL D, ZOEBROENR S, HAITHEARIT L THEDZ2W
EH 4.4 f=f(z,y) "R2OFERD TCHHRTHNE, fIED TEWMYATRETHS.

GEBA (a,b) € D ZAEEBICEHETS. DIFREETH L0, +o/hS7ker > 0 ZBiud (a,b) &
LT 5%Er DM Br(a,b) IZTHUIDIZEEND. £2 T, VA2 + k2 <r ZlTHEREDO I
h,EWZX LT, fla+h,b+k)— f(a,b) &2

fla+h,b+k)— fla,b) = (f(a+ h,b+k) — fla,b+k)) + (f(a,b+ k) — f(a,b))
CEXEZE). INEEBELT, B¢ 2k TERTD.

o(t) :== fla+th,b+k), Y(t) = f(a,b+tk)
ZDEE, ¢, 1 ZPAKM[0,1] Tk, BHXM (0,1) T FIEETH D, DI, FHMEOEHR L
DR AW 7= 91,92 S (O, 1) DFET D

fla+hb+k)— fa,b+k)=¢(1) — ¢(0) = ¢'(01) = hfela+01h,b+ k)
fla,b+k) — f(a,b) = (1) —(0) = ' (02) = kfy(a,b+ O2k)
LMo T, fo, fy OfGEEL D

|fla+h,b+k) = fla,b) — fula,b)h — fy(a,b)k|
NEE
‘h(fx(a-l—@lh,b—l- k) — fa(a, b)) + k(fy(a,b+92k) — fy(a, b))}
N
< |fola+01h,b+ k) — fu(a,b)| + | fy(a, b+ b2k) — fy(a,b)]
-0 ((h, k) — (0,0))

Lih. ZHUE A (a,b) CREMSFETH D Z AR LTWS, GEFIK)
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4.3 EREHBOWMAE

T 4.5 (BRBEEOMIIE)  f = f(z,y) IZR? O D TEMYATHE, ¢ = ¢(t),v = ¥(t)
BRI T TEETH Y (6(b),v(t) € D (Vt € I) Zil=d 45, ZoLx, ARE%K
F(t) = f(p(t),(t) bET= I T AHETH D KA D 2.

FI(t) = fo(0(t), () () + fy(6(1), (1)1 (1)

S 1o € I ZATRICEEL, (20,10) = (d(t0),¥(t0)) € D £B<L. 61T, D LD g = g(z,y)
ERAXTEDD.

V(x—x0)? + (y — y0)?
0 ((z,y) = (20,20))

ZDEXE, f O (zo,y0) BT DM FTREMEL Y

o { f(x,y) — f(20,y0) — fa(T0,y0)(x — 0) — fy(z0,%0) (Y — Yo) ((2,) £ (20, 20))

lim g(z,y) =0 = g(zo, v0)
(,y)—(20,y0)

L7220, glE D THIETHS - ENNNG. £, (LEOD (v,y) € DICKHLT

f(@,y) = f(@o,y0) = fol(@o, yo)(x — x0) + fy(0,50) (Y — ¥o) + v/ (z — 20)2 + (y — 10)2g(x, y)

DD SEDZ LIZEEL LS. ZORIZ (z,y) = (o(t),v(t) ZRAL, WilEt—t) THID L

PO oo 0= 4 P e )
0 0 0
Eb., ZZT
G| = ‘ VIO(1) = 6(t0))* + (A1) — $(t0)*g((1), ¥ (1))
t—to
2 2
- \/ (PO =) (M=) oo, vt

= V(¢ (t0))2 + (¥'(t0))2g(z0,50) =0 (t — to)

Lfiﬁ§OT, (43) Rz Tt — to k‘a—ﬂli F,(to) = fx($0,y0)¢/(t0) + fy(xo,yo)’(ﬁ,(to) U]
LHORDE D . GEAKE)

ZDOEBEE O AIEDOARIE, f(o,y) BL Dz = ¢(t),y = () OEREETH D Z LIZiE
BELT, ROBIZENTEBL ERZLTWVWTHA ).
df _0fdz  0f dy
dt Oz dt Oydt

4.5 f=f(z,y) IZR2TC?*H, ¢0=0¢t),y =v(t) TR TC?HTHDLTDH. ZDLxE,
BEBAEL F(t) := f(p(t),v(t)) D 2HEERE F(t) % f, 9,0 BLOZENHO (fF) HEE%Z Fv
THIEE.
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T 4.6 (ARBEEKOMNE) D, QIER? O, [ = f(r,y) 13D TEBIAEE, ¢ = ¢(u,v),¢ =
Y(u,v) 12 Q TR TRETH Y (¢(u,v),¥(u,v)) € D (V(u,v) € Q) Ziil=T LT 5. ZDLEZ,
BRBIEL F(u,v) := f(d(u,v),¥(u,v)) b FE 72 Q TR ATHETH 0 KAV 1.

{ Fu(uv U) - f:c(d)(u’ U)a ¢(u’ U))¢u(u> v) + fy(¢(ua U)v 1/1(% U))¢u(ua U)
Fy(u,v) = fa(d(u,v), ¥(u, v)) o (u, v) + fy(d(u,v), (u, v))tby(u,v)

EEER 2% v (HAWTw) ZEHBERARL, u=t (HDAWFv=1t) &L TCEHRL5 2T
v, GEHR)

(4.4)

ZDOEBBEEOMIEO AL, f(z,y) BL DRz = ¢(u,v),y = (u,v) DA TH L Z &
ICHEELT, ROFBIZENTEBL LREARTNTHA .

of _ofon ofoy  of _ofor  ofoy

ou Oxou Oyou’ ov  Oxdv  Oyov

R TI, 22008y = f(u) & u=g(z) DALy = f(g(z)) ODIIEE

dy dydu

dr  dudr
EWIHIBTRAIZZETHA ). duztiz L BoTEROEDITEBIT D du K5 T UT AL 05
55, dulidH ETIHT T TEHTITRWA, DX 51> TIE LAY SL>D T
B DHMHIEFIMERN G T TH D, O ENHITH DD, (4.5) ROGLITEBIT L F 0r B
KOOy 2R LB-TRHLTLED, S =S pnnig U =90 LafLTLES A%
TFIZRANT DN, ZHIFRY THDH 1 0z Ry 1ITH EFTRLSF Tho THTIT L, —&iTix

oror o5 ofoy of
Ordu " Ou’ Oy ou " Ou

ThHDHZEITHEELL Y. MR, STty = f(z) OWBk 2 = f~1(y) OMorik%

dx 1
— 4.6)
d (
dy &

(4.5)

EWIHBETRRATLZETHAD. ZOFEMHELRMIIITR L TT- IR LR, —fRICIE
ox 1 oy 1
= 7 Fa = 7 Fa
ou g—x ou %y
Thd. ZO2EEEBHT 56 MBEBOMMETRMTHY, EoX S REEWEALTLE
INIBDI I ZOESII LoD EME XTI ).
FNTEH, ZBLIVE OBRIIE I R>TVREON?2 LI EMELOEBLNDETHA
5. FOBEXTRDEICLTEZLND. (45) RITBNT f=uv BT 5. BHEICE 2T,
F(u,v) =u,v &5 TWDEHEEBZZ LD THD.) ZDOLE, 4H5DFEADHFGLNDLN, Tk

1A o TE L
du  du oz oz \ T
or Oy _ ou  Ov
v w |\ 9y 9y
or Oy ou  Ov

1 0 Ou  Ou Oz Oz
o or Oy ou  Ov

0 1] | & & 9y Oy
or Oy ou  Ov

LD TS 1 BB T A AKX (4.6) D 2 BB DL E~DILETH 5.
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gl
=
=
&
T

(4.4) X% (HOTZDICEHZEKELT) PO TES EROLIITRD.

Fo \ _ [ Ou Yu Jz
Fy Ov Py fy
ZORIE, zy BEERB X O w BAER & OBRD 2 = ¢(u,v),y = P(u,v) THZHATNWD & X,

BE% f O wy PERERICIS T DIRERIEL fo, fy & wo EITSRICI T 2 MERIEL F,, F, & OBRAE 5
ATWDERIRTZENTED.

Bl 4.4 (WEEEZEN)  f = f(z,y) & R? TR ATRERMEL, (r,0) ZWEFERT 20D (z,y) =
(rcos@,rsinf) & L, B f ZWHEER TR LIZB D% F(r,0) := f(rcosf,rsinf) &35, 20O
L&, EHA.6 L0 RADRD L.

Fy(r,0) = fu(2,y) cos0 + fy(x,y)sind

Fy(r,0) = — fo(x,y)rsin€ + fy(x,y)rcosb
VXA FERE R (2, y) (BT DRIy & AREEAE R (r, 0) (ZBET 2RIy & DREfREZ R L TE Y,
I E HWIUTEA BRI B T DR XA SRR R BT DRy FRIcESET Z
EMTED. FE, X% L BIO f IOV TELS &

a%f(%y) = CoS G%F(r, 0) — %sinG%F(nQ)
(%f(x,y) = sin H%F(r, 0) + L cos O%F(r, 0)

EhB. Inky, EXRIIIKRO L HICETS.
0 sinﬁg 0 0 cos@ﬁ

— =cosf— — — =sinf—

ox or r 00 Ay or r 00
ZOERERWS L, fAR2 TCPHBTHIL,
0*f O0*f O*F 10F 1 0°F
92 o2 " oZ Trar 2 o6
ALV SEDZ L0, ERERER (2,y) \231T % Laplace SRR ZMEAER (r,0) (2T 2R
Moy TR EHEZEED.
M 4.6 0%TH, f%R2TCERBINE C?PHBKEL, f= f(r,y) & 2 = ucosh — vsinb,
y =usind +vcosf & DEREIEE F(u,v) := f(ucosf —vsind,usinf +vcosb) (= f(z,y)) &
T2, ZokE, WADBHY IO L AR,
(1) (Fulu,v))? + (Fo(u,0))? = (fal@,9))* + (fy(z,9))?
(2)  Fuulu,v) + Fou(u,v) = foo(z,y) + fyy(z,y)

4.4 2ZHEHD Taylor BRI & G IE R E
f=flz,y) % R2OfEE D CEFSNBE, hkz2FEHLETD. 2oLz,
(W +k2)" " f@y) = (hi + k) (his + k)" f(w,y))

=& ORI (R + k)" ZEDS. REL, (b +k2) ' f =1 &%, ZoEE
BB AZBERICETBERTHVIRMAMERR L V.

% 4.6

filt
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B ZIL, feC®(D)zxtLT

2
(hs + k2N = b2 fag + 20k fuy + K2y

3
(h% + k@) f = hgfx:ca: + 3h2kfxxy + 3hk2fxyy =+ kgfyyy
LD — IR, DL Y .

0 " “/n\. . Of
Ay S _E ' jpn—i__ Y J
(hf)x k@y) / = (j)h F Oz Oyn—J

T 4.7 (Taylor OEH) f = f(z,y) 1L R?> O D TC™#%, (a,b) € D, h,kIXEHT (a,b)
BER(a+ hb+ k) 580 {(a+th,b+tk)|0<t <1} RDIZEENDLDI LD ETH. ZD
L&, W& T 0 € (0,1) BFET 5.

n—1 1
1 6 o\’ 1 0 o\"

REBA o(t) := fla+th,b+tk) LB &, B o IIPAXHE [0,1] ZETHXETC #hToH5H. L
T3o T, 1 AEBIEKIC kT % Taylor O EH (EEE 3.11) LV

Zi, )+ 60) (4.7)
0
7= 0 € (0,1) BMFEET D, 22T, AEBEOMYE (EHE4.5) LV

d d
&' (t) :fm(a+th,b+tk)d (a+th)+ fyla +th, b+tk)d (b+tk)
= fz(a+th,b+tk)h+ f,(a+th,b+tk)k

ox
I B, IR ENS.

0 0
= <h + kay>f(a+th,b+t/~c)

0

oV (t) = (ha + k;)yf(a + th, b+ tk)

I (4.7) RITRATHIZE A O RBHRMAE S . GEHE)
WIZ, Z @ Taylor OERA 2 R BB KT 2 MfEFEICISH L XL 5.
£ 4.7 DA RO, (a,b) eDBLVf = f(z,y) & D TEHZSN- 2 LKL T 5.
(1) F 23 (a,b) ICBWTHEBXR (ERI3RBOBK) 10425 L1, HDHIERr BEEL TEED
(z,y) € RZ K L TREMNEL Y Lo L X2\ 9.
0<|(z,y) = (@b <r = flz,y) < fla,b) (F72iF flz,y) < f(a,b))

ZoLx, fla,b) ZBKIE, (a,b) ZBRKREVD.
(2) £ (a,b) ICBWTHN (7 13RBEORENN) 0/5 1%, &5 ER r BEIELTIEED
(z,y) € R* I/ L CIRAD LY LD & &S,

0<|l(@,y) = (a,b)| <r = flz,y) = fla,b) (T f(2,y) > f(a,b))

CoLE, fa,b) ZHBIME, (ab) BHEINELE .
(3) WA & i/ MEZ £ &3> CHBIE, A &R A% & o CHBIER L0 5.
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BRFE DA/ )N S HALITUN

1 8B f = fo) OMERETIX, £ f(a) =0L7% a2RDDH T LI L0 MRER DR
fizsRiz. WOEHENE505 K912, 2 ABBIOBERE T b RIERIC U TR OfA 2 5K
5.

EH 4.8 D% R? 0K, (a,b) e DBIOVf = f(z,y) % D TERSNIZ 2 LK LT 5.
f 73 (a,b) TR FTHETH Y 730 (a,b) THEZ & U, fo(a,b) = f,(a,b) = 023KV 3.

FEEA z DRI ¢(z) == f(x,b) Tz =a THH R THY DO r =a TWEZ LS. L7 -T,
¢'(a) = fo(a,b) = 0 DRV L. [FERIS, y DB Y(y) == f(a,y) 1Ty =b THOARETH Y M
Sy = bCHEE LB, BT, /(b)) = f,(a,b) = 0 2SH Y 2. GEWIR)

fz(a,b) = fy(a,b) = 0DV LS TWNTS f 5 (a,b) THEZ & 5 LITMER20NZ &1 1A%
BfDLZ LR THD. 72720, 2EBEROLG AT I AR D L 2T R bNne o T8
HIZED ZOXD R ENRIVED.
BIZIE, f(z,y) =y?—2? EWVIBEREEZTH L. fulz,y) = fy(z,y) = 0 &< & (2,y) =
(0,0) & 722573,
x DR f(2,0) = —22 1T 2 = 0 THIK
y OB £(0,y) = y? 1Xy = 0 THvh

7B, LIER-T, f1E(0,0) THRICHM/NMZI G BV, ZoFlo X512, HHHmM5 5
LD EBRIZI>TEY, JOHMNGRL EM/NIR>TND X) BREEEAHHWTIER E V).
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4.4. 2 ZHBE¥ O Taylor B & MfE i E
E& 4.8 D% R? OfElL, (a,b) € DBEIVf = f(z,y) % D TEFRSI NIz 2 L5 LT 5.
(a,b) D f OBRBROELVIEBARTH D L1, fa(a,b) = fyla,b) = 0BV LD L XAV,
ECTRTERELHIC, BERTHIVIERZ A TH DD, TOWIE—MITITE Y L7720, (528
SRS TH DN THHPEHET D720, 1B L & LRk, 2 BHiRER
WO HRAER. T2bb, ROEHED Y L.

D % R? O, (a,b) € D, f e C*D)IX fo(a,b) = fy(a,b) =0 %

FHE 4.9 (WREOHE)
7-3¢ L, D CTEEZIN-MHd= d(x,y) EWRATEDS.
facm(xay) facy(x73/)>

— z 2,y) — (fou(x 2 — de
d(z,y) = fea( ay)fyy( 'Y) (f y( ,y)) det ( foy(2,y)  fyy(z,9)

1) d(a,b) >0 DHE
() foa(a,b) > 07251F, fi%(a,b) THNE7S.
(i) foo(a,b) <0725 E, fi% (a,b) THIK LS.
(2) d(a,b) <0 DA, fiE (a,b) THEZ & S22\ (a,b) 1F f DS THS) .
SR (1) D RBEATH LD, HahSr > 0 2T (a,b) ZH0LET 5 4R r O
(@,b) FHODICEEND. 22T, VIZT K2 < r 2= EE O FER h, k 1% LT, Taylor

DEBR (B A7) £V
f(a+hab+k)_f(a7b)

= fu(a,b)h + fy(a,b)k
+%{h?ﬁzmr%mub+9k)+2hhﬂym~%mub+0k)+k%@ymr%wub+9kﬂ

LB 0 (0,1) BFETDH. £ T

B = foyla+0h,b+0k), C:= f,(a+0h,b+0k)

A= fyz(a+ 60h,b+ 0k),
Rl EL DR Y Lo,
ﬂa+hﬁ+wg—fmﬁ):%@Mﬂ+2BMw+CW)
:§%ﬂAh+Bm2+¢uj—B%H}
ZIT, AC — B2 =d(a+0h,b+ 0k) IZEET DL, d(a,b) #0, fela,b) #0ThHY o hk
BN EFIUE, AC — B? O FE d(a,b) OFFE L —B L, ADFEIE fuula,b) OFFF & —3K
T5. 2oz XK (1) OGRS .

(2) RIEOFE LY, HrC
f@+hﬁ+k}1ﬂm®:%Q%W+QBMk+Qm%+dH+%% ((h,k) — (0,0))
DY NI, 72721, Ag = fax(a,b), By = fay(a,b),Co = fyy(a,b) THD. RELY AgCo—BZ < 0

THHEND, Ag>0ETDHE, Ety=0b ETORS f O
1
ﬂa+hw):fmﬁy+§AM?+om%



68 Hat (RO
ITh=07T (77205 (a,b) T) Mh&720, B Ao(z —a) + Bo(y —b) = 0 L TORIEK f Df
Flat Boh,b— Aoh) = F(a,) — 3 Ao(B3 — AoCo)h? + o(?)

ITh=07T (F742bb5 (a,b) T) WKERDLDT, (a,b) X fOERTHD. Ay <0 DHE SR
WL TREND. GERRK)

1 BHEIEOLA, T35 ICBWTRIZLE I, fOEESa? f(a) =0 %L TnD L
&, MEOHIEETT O T2DIIT R @SR OO RBOMEE MWD NER b -T2, 2 EHBAROGE
HIAERT, d(a,b) =0 DHEITIT f O 2 BHREREOMETZ T TIX f 2MKIZ 72 2 M8 N2 72 5 7,
FNELEE & SRV THETE 2. ZOHEEITO 20121, L0 EBEOREREEOE
WAEHWRIT TR B 700,

Bl 4.5 f(z,y) = 23+ y> — 3zy OWKAE L U MEZ RO THL S, T f OERREZRDTHL.
fx(xvy) :3(2132—1/), fy(xvy) :3(3/2—1‘)

£V, folz,y) = fy(z,y) =0 &M< & (x,y) = (0,0),(1,1) &7D. ZHD fOERETHL. K
2, EEA49ZHNT, ZNOHOEPBMER THDLINE I NEHET H.

d(z,y) = det ( foa(®,y) fzy(w,y; ) = det ( b =3 > =9(4zy — 1)

foy(@,y)  fyy(z,y -3 6y
£V
d(1,1) =27>0, fu(1,1)=6>0 S fIE (L) CHEvIME -1 A2 2 D
*72,
d(0,0)=-9<0 oo fIX(0,0) ThHMEE & S0y (Bl e D)

EE, Bty =—x ETO f Ol f(z,—2) =322 1Lz =0 THvh L 720, BERy=2 LTO foO
fiE f(z,2) = —32%(1 — 22) Tz =0 TR &L 725,

M 4.7 UTTEDLNLBE f OER-RZT X TRO L. RICTOHT D DIBERZZORH L, i
/N - HBR ODHE 2 &

(1) flz,y) = (% —y2)e ™V
(2) flz,y) =2 +y* — 22% + day — 2
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FE5E W|AE

5.1 Riemann #1¢& Riemann #85
TSy & 1EATH 2 BT
o ETWOrOWIHA L L TCRERD % ER
o TN DARERS & WV TERY % &5
o B f(x) OERESITHA y = f(z) & L ICHENTBSD FEAFE) EREICE LWL

Y y = f(x)

:@ﬁ%%%;;x{//’—
b

ZOHEEY S_

EESTZETHAD. IBIT, EMDEXRGREBIEOBBRLFATE. LnL, BEHAIZR
% EFEIIXE O mESCERRE AN OEF D & U CEHET 2 REEICEREZ b b, fdcaimn
SIEELTWD. FHIUSK LT, 45 1E Leibniz =2 Newton |2 X - T 17 tH:42IC 38 B S 7= Hilgki
FHLWEETHD. ZNONHEE THL Z ENRBAINTLE, Z2<ORKBICK L CHECH
FERDDHZ ENAREIZ 72~ 7. 19 L2725 & Fourier (7— VU =) &I OUROMFE 2 L T
o3 Th D0 EERICE 2 244 L, Riemann (U —< ) 2K THIO TE DEE
WERNGZLNZ. ZOFETIE, O Riemann |2 X 50 #5%A T<.

EE 5.1 fEHAXMI = a,b CTERSINEEKETS.
(1) RKITORBIA: a=20<x1 <22 <+ <P =bITXLT,
Aj=lzj1,z;] (1<j<n)

Z 58 A DINEFE,
|A| == max{z; —z;—1 |1 <j<n}

ERTEIAOIBENS. E, Krix, (0<j<n)EZnEHADHTREND.
(2) 62(5175277&1) (gjeA_]? 1§]§n) ;d‘]‘/wc

S(f.0,8): Zf@ — ;1)

LB InE fORiemann 1l V9. ZoLE, G ARPKHEA; ORKRITE VD,
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v
’\ y:f(w)‘
AT TS v
A e
| I
| | L] |
| | | | } |
I | I | | l
| | ] | | .
a g TL gy T2Ey T3 £y T4 g5 Ts g5 b x

f ® Riemann 1

(3) f 71 T Riemann A&7 H 5 WITHIZAIES THD L1T, |A] - 0D & & f D Riemann
FS(f,A8) a8 A BLORETOES SITEBRRE S(f) TIRT &2 9. 2
DL E,

b
S(f) = / f(@)dz

tEX, IhE fOITORiemann R H 5 WVIZHIZES &0 ).

X I DRE A BEOESZ D, REILNERD ERERDESRE XA &EIZLEIZLEY.
DEE, [T TARSTHLZ LMl sz N TES EROEIITRD.

3S(f) eRVe>030 >0VA €DV e Xa (A<= |S(f,A,6) —S(f)] <e)

MRV EHERMBETH LD, RBOLIEEITINNMEZERLTEBY, mEssEH W IcH
FEOMEZER LI MR E SIS L TNDNEEZ THTELL.

ZOERNPSZND E DI, Riemann B3 ##R y = f(z) & o S ENTE S 2 HETM R
<HG L, oA DMEWHSZRFETEHUT 5 Z LK > TEOESOEFEEZ RO TWND.
MRV 2 R HECTEEIT 28, ToES & LTRETE BT 8% f off £(&) 2
T Riemann fiZ#H LTRY, THICEDRERRHD. LirL, HEIZ2EALEAMN LT
WTIE, ZOREMEIZ L DIREIZEALEA/NEL R, EHEOIZZE DR 0 IZIURT 5 & HiFE
TOHDIZARTHAD. LA, £IHIRLRWVE D 2MWHOENEEICH L TIE, E-LZ20m
BAHBROBRELRVDALESDEREL TV RNDOTHD.

ReF, [ TARS THIUE, KT OEE LTn%nE (7205, vj=a+1(b-a))
EED, RETLEEL T =2 (1<j<n)ZWMDHIEICLY, @RO L XITH - K yREEE

n

b —a .
[ f@do = tim 220 pa+ L (b - )

=1
MDD Z EDRGD.
EEROEXITE TEOX D BB L THEDSNERTEILH0?] EWH ZEERVRICLE

Mol THAY. THLbERORETHN T 2EBIIF TELHDENY ThoTz, Lin
L, WOBEINSSND X1, BONEELEVEELEETLIOTHSD.
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f5l 5.1 Dirichlet (7 4V 7 L) O EMIINTWHEE f 2R TEDS.

1 (z (TAEE)
0 (x XL

SoLE, LEOBKET = [0,b] 3 X 0%E Aok LT

€1.60,. .y ETSTHEH = S(LAE=b—a
€1,60y. . b ETASTHER = S(f,A,6) =0

VALY LD, & ZAPFEEAERDOES Q IFEBEEROLRITBWTHE TH L2000 ((FEOE
HA2E2ZRELR), MEOKM I ORE AIZK LT, ZOREIONE|A] B3 EARITNEL T,
FTRTOREXILE DEEBETHD LI BROTRTONRE L WEEMCTHDL LI %
5 ZENTEL. 2wz, |Al— 00 & X Riemann 1 S(f, A, &) 1K L2V, L=A- T,
Dirichlet ®RE%% f IZMEEOHXM I TRIFES TlidZe.

fx) =

ZOFIED, BN TELEETERVWEBRH L Z EN oot ZOZEnh, EYOXL
I 7eBAEICKT L TN ERTE D002 WS L 72 DT ORI 2 LvvH 2 L AREIC
705, UFTENEBZ TN 9.

fEHRXM T =[a,b) CEZRINT-ARBEEKETSH. LT, TOTRBIVEREZREN
mBIOM &3 5.

m o= inf f(2) (=nf{f(z) [z €1}), M= sup f () (=sup{f(z)|x € I})

K[ T OEZEOHEI A LT, ZORNKEA; IS8T 5 fOTEBLCEREZNZ m; 5
LM L5,

m;j = inf f(x), M; = sup f(x)
IEAJ‘ $6Aj

ZDLEETHLNTRDANERDL Y L.

m<m; < f(z) <M; <M (x € Aj) (5.1)

SA) =Y mj(ws—zi1),  Salf) =D Mj(w; —wj1)
=1 i=1
LBIZH. ZolE, WA IYSZ EIXBFITHENPDOLNDTHAD.
SA() =nf{S(f,A,8)|€ € Xa},  Sa(f) =sup{S(f,A,&) £ € Xa} (5.2)

(6.1) KDWAIZ xj — x5 >0 Z#T, wIfUE&ILE € A; ZfRAL, b jIZO N TOME
EUTRADIL Y 320,

m(b—a) < SA(f) < S(f,A,€) < Sa(f) < M(b—a) (5:3)

ZHUTES {SA() A € D} BEO{SA(S) |A € D} BWERREROESTHD Z L &R LT
L. LI oT, EHOEHGMEAB IV ZENLOESD FIRB L ERR

S(f) =sup{Sa(f)[A €D}, S(f) :=nf{Sa(f)|A € D}
PIFAET 5.
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EE 5.2 SA(f)BLOSA(f) &2, THENDEIAICET 2K f OFRBHMB L OBRF L V5.
72, S(f)BIVS(f) %, Th 2B f OXB TICBIT 5 THESBLIVLES V).

y = f(x) y = f(z)

REEF ¢ BRI

By = f(z) & o W CHENTZH S EHUME <MD L, TOMEWESZEAE CIEET 5
9%, Riemann fICIIAEEIT &G (BT HBE f OfF f(&) 2T DmS L LTHW TV, £ofb
DIZ fOEDFIRHDWIEEREHAWNWCTEEILZZLON, TNENREFH D WITEEFITH 5.
EXZERIVTENS DG LW S TH DL Z ENETCE 5 ThAH. T, gHElEzEAEA
AL LTWITIE, REFMOMITREIZREL 2D, FLBRMOMITKRE /NS -T, &
HHHLIEROKEENRENR TS H2THAD. LT, TOREMDERTH D TS L ONEE
FOTRTH D FFESITHEICE OIS OEMBICE L RDITEN W EHGT H2DIXAARTHA
2. LA, TNOLBR—HLARWERAFRRRMICZ>TWnWD EBX 5. EBE, KRETTRNTT S
X, AR THLLIEOONELSEET EREY E TSN %+ THD. 0k
H DA Darboux (X V7 —) ORFEG M EFRZILTWNS.

5.2 Darboux OEE

FE 5.3 REID2005EABIOAIZKHLT, AVDBRAOCHPTHD E1E, ADGyHRAER
DEEAN N O EEEOERICEENDILEE V). Z0LE, A=A LEIZLIZTS.

M

a To 5 b =z

Gy E A

T

WRE 5.1 (1) A=A 7BIE, SAf) <Sa(f) <
(2) KM T OEFEOSE AL, A 1 LT, Sa, (f) < Sa,(f)
(3) S(f) <S(f)



5.2. Darboux ® EH 75

REER (1) BN BOHEIAICLI OO REMALD ZLICE->THROLNDEE, T28bb

A : a:;p0<$1<... <gjn:b
A a=a9< - <ap 1 <T<aR<--<TRp=">

DO REIE, IFNEIC L > TROGE b RIS, ZZTUTRTIE, AA R EOETHS
EREL L.

Aji=lrjo,m] (1<) <n), A;g = 71,7, Ak = [Z, k]

myi= jnf f@) (L<j <), mhi= nf [, mi= it S

EB< L, m <my,m) TH Y IRAXDHLY L.

E:mJ j—Tj-1)

Sa(f Zm] i —xj—1) + my(T — zp—1) + my(zp — T)
J#k

Tp_1 z Tk x

L7=23-> T
Sar(f) = Salf) = mp(@ — wp—1) + mig(zg — ) — my (g — 2p-1)
= (mj — mk)(@ — zp—1) + (my — my)(z, — ) > 0

L2, SA(f) < Sa(f) BEED. REEZ LT, Sa(f) < Salf) bRENS.
(2) FEEDODEI AL, Ay ITH LT, ZHEDONEEADETELNENEEZ A LTHE, Al <A
BEO Ay < ABED o, LERST, (1) OFEELY

Sa, (f) SSA) < Salf) < Sas(f) co Sa () < 5a,(f)

(3) (2) DFEFIE, RO Ay ICH LT, Sa,(f) BEROES (Sa, (f)| A € D} D LR
THHZEERLTVWS. LEN-T, TS S(f) BLOLEROERLY

S(f) = sup{Sa, (f) |A1 € D} < In,(f) (VA2 €D)

WD SEOB, T S(f) MEHDES [Sa,(f) | Ae €D} DFRTHS - LEFLTNS. L
E#oT, RSB LOTFROER LY

S(f) <inf{Sa,(f)[A2 € D} = S(f)
L7, S(f) < S(f) BHEDH. GEHFR)



76 EHE MEoE
HRE 5.2 XM I OBEAICIEOSREZNMZDZ LIk TH NI HEEZ A L5 &,
Sar(f) = Sa(f) S UM —m)|A|, SA(f) = Sar(f) < UM —m)|A|

DD ND. 22T, M=supf(z) BELOm= ingf(:v) Thb.
z€l zE€

FEER ARkt 2 AEXEZFEHAL LS. [ =1 084, #iE5.1 (1) OFEICE T 5552 v

D&, m<mp <mj,m) <M XY

< (M —m)((Z — zp-1) + (z — T))
< (M —m)|A|
DY LD, — D I OLGEITE, DEIACIETSODREZMZDZEIL>TELNDHEID

Ble A=Ag =A< Ag =< A=A LF5L, A <A (0L <) THY, =108
BOREFR LY
Sar(f) = Salf)
Sa () = Sa, (D) + (Sa, () = Sa, (D) + -+ (Sa, () = San(F))
M —m)|Aj_1| + (M —m)|Aj_o| + - - + (M —m)|Ag|
(M —m)|A|

(
(
z

<
<

PRELND. EWRIRNIHT 2 ARFALRKRIC L ORSND. GEFRE)

51 LD, HEAZMS LTV LIk THEIOE|A| /&< LT &, REF
SA(f) ZHFREM L, EWRIFD SA(f) IZHERICED LT, £, RREMO FRA TS S(f)
ThY, BRFO FREN LSS S(f) Thotz. —F, HF3ATHEARE LT, B {a,} HE
BN (F72IEHD) THO oL (FET) ICERROIE, ZORBMERTFELE Lo

lim a, = sup a, (i 7213 inf an)
n—00 neN neN

DY SED. ZHUZHEBT 5D & LT, RO Darboux DEBLA LY 3.

F# 5.1 (Darboux) S(f)= |ii|r20§A(f)7 S(f) = |£|§0§A(f)

FERA THREDICRT XL L L 5. THAOERB IO LROMWE (E#1.1) LY, [FED
e> 0T LT,
13

DI T D (F0fl72) 55EI Ao MFET D, ST, AZKXHE I DEEOSEIL LXK
7. Al A DREEPETHLNLIAEZ A LT5H. ZoLE, MEb2 LY

Sar(f) = Salf) < no(M —m)[A
WD SED. 12720, ng 13538 Ag DR 2ROV ROERTH L. ZOREXEZEELT,

9

0= (M —m) + 1
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WCEVIEH S ZEDD. ZokE, HEANIA] <§ &7z L THiuUL

Sar(f) = Sa(f) < no(M —m)d <

~— N ™

MR Yo, S HIC Ag = A CEET S &, W51 LY Sa (f) < Sar(f) B To. BLED

ZEnh, Al < B TEEOSE ALK LT

S() = SalHl = (S(f) = Sa () + (Sar(f) = Salf) = (Sar(f) = S, (f)

g g
<f4f 0=
575 ¢

Lih. ZhUE, Al 5 00X SA(f) = S(f) ERD T EERLTVD. ERSICkT 2
FERIZ LTRSS 5. GEFIE)
EHE 5.2 KO 3EKME(1D)-B) IXTEWCFEETH 5.

(1) B3 f XXM T CRfES CTh 5.

(2) S(f)=S(f) (Darboux ® "f&sy5Mt)

(3) EEOEK IR LT, KMITDHD55E APFHELTO < SAf) — SA(f) <& DY
DASH

ZEER (2)=(3): Darboux ®EE (EH 5.1) BIMRELD

lim (Sa(f) —Sa(f) =S(f)—S8(f)=0

|A]—0

B S, SUHREAUE, LEOER & (08 LT S 2 ER S T, A < 8 &l
(AR5 A CH LT 0 < Sa(f) — Sa(f) < 2 B0 Sb, Bzl (3) 2 0 S0,
(3)=(2): (EEOTEH e (23 LT, BELY (FMnR) 5 aE A SFHEL T
0<Sa(f) —Salf) <e

DD o, —F, W51 (3) £V SA(f) < S(f) <S(f) < Sa(f) THIMG

0<5S(f) = S(f) <Salf) —Salf) <e
1S(f) = S(fl <e

ZOBRBOFRERMEEDOER c I LTIV NDZ &b, & (2) B9
(2)=(1): (6.3) ALV, FEOHEIABIONREKIL X LT

MKV >TWNWAZ LIZEFEELE Y. 22T, Darboux ®EFE (BF5.1) BIWMKELDY

lim SA(f)=5S(f) =S(f) = lim Sa(f)

|A|—=0" |A]—0

THLMD, 1ZEHIBLOERLY, FKLDBEOTTICEBRZ

lim S(f,A€)=8(f)=5(f)

|A]—0
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Lis%. SRIL BT CHBSTHY, ZORNERS(S) (= 5(f) ThBZLERLTNG.
()=(2): [EEOTER e Ik LT, (ELY, Fo/NSAERS MAEL, |A| <6 &l iE
DL A 5 LG ORETE ¢ 10k L TR D 110

b b
S(f,A,g)—/ f@)de| < - /f(x)dx—e<5(f,A,§)</ F@)da + ¢

CORERDD 2D LT D TRE LY, (5.2) JIEETHIE
b
/ flz)dz| <e

b b
/ f(z)dr —e < SA(f) S/ f(x)dx + ¢
3“§gn5A ‘/f Ydx &% 2 EBRLTVA, REEIZLT, mnSA ‘/f

HoRENA. Uk Z &L Darboux DERE (EFE5.1) LY

S(f) = lim SA(f /1f dr_‘Hm_SAUﬁzngﬁ
&80 (2) BUED. GEBK)

5.3 EfMmBEAHMDEIEN T

%EF?IT@&@B’@@‘Cfﬁ)T% PTHLZ LIIEKTETE . WIS, EHEL52ZHNTZO
FEEZEFL LS. 207D, d@ttoBi&z 2 L - —RREGIEIC SV TRITT 5.

£ 5.4 XHICERINZEALf B T—HRERTHD LT, FEOEKITHLTHD (+
GyINE7R) RS BAFAEL, |z —y| <d &M THEED z,y € T LT |f(z) — f(y)] < e DK
DILDOLEEWD.

[T TR THD Z L DEREMBELFEHNTEC LRO LT D.
Ve>030>0Vr,yel (lx—yl<d=|f(x)— fly)| <e) (5.4)
—Ji, fMRI CHIZEETHD Z LDOERIIKROEL I RO THoT-.
VeelVe>030>0Vy el (Jlx—y|<d=|f(z)— fly)| <e)

INHOENT Vo € 1] OMLEIZHD. (55 0.2 BBV CERERE S V B X OV 3 OEFE O EEHEN
B ENTWeZ L2 EWEZZ9.) B CTHH5E, TAUXLHICHY L7z ->T 136 > 0)
DRNZHADIZH LT, —FEEFEOEEICIE (30 > 0] OBICHD. TSI > TABREDLAD
MEWVWI L, FMTUEFEL TIRE ST D2DONE NI Z L THD. HITEGETHIHA, ME
EES e ZEETDHTLICESRS NREY, §iXe BT TRINME 2 ITHIKFELTWS. Thb
B, Mz ZEZ25EZNITELTI 2301 SL LARTHERLZ2WEERS 5. %n o)
L Tkt Th D55 ietfﬂ%&i@ A o (2B L CIERIGRIC (T2 b—4RID) HL
HZLEMWMTED. _@;9’,Eﬁ5%u% B L C—RRICHN D = &b — kiR & TN
L5DTH5.

Rl 5.1 XTI CERZSNIZEEFICHLT, BLHEKRL>0NBVFEL, (FED z,y € TIZXFL
TI|f(z) = f(y)| < Llx —y| BpkY Nio & &, fid 1 T Lipschitz (V72 v>Y) HETHLH L.
f 73 I T Lipschitz @872 1%, [ C—HEFETHDH Z & ERHE.
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B OER CIIMBERL S 2O CTOMRFEFE2HE S Z LICL > TEEXETDHZIENT
X7, HEBOER LGS S A EDOTMBE 525 Z LI TERTHIEMTE S, T
bbb, WOEHENKY N>, TOREAIEME L TELTEI ).

TE 5.3 XM T CERINTZBEE f 2T T—HEEI 72D 72O DOMEA 3 ST R D 37
DL THSD.

lim sup |f(z) = f(y)| =0
0=+0 g yel, la—y|<s

Rl 5.2 EHEL5.3 ZFEE L.

LOFHNGHEN LI, —HRER ThHoT- b THD. LL, ROBINLSND &
INTE DT —MRITITRL Y MLz 720,

Bl 5.2 f(z) =112k 0EE LM FIZERKRE T = (0,1] THEkiCTd DA —HEHER TIZ2R0.

EEE, HRERTHDLERELTHREI. ZDLE, e=1ICHLTHIERS BEFELELT, /£
B x,ye (0,1]x LT

lz—yl<dé = [fla)-fly)l<1
RO NLT2 72T e 722w, £ 2C, K (0,1] IcEEN555 {z,} % 2, =27" (n € N) T
EHEY. ZDLE, |zp1 —xp| =27 50 (n— 00) THLHNE, FHRERERE n %
BT |xpg1 —xn] <§ (Vn>ng) &5, Fhdpx

|f(znt1) — flon)] < 1 (Vn > no)
RO ST b, L2 AN, TN E BAMICHE L THRD &

|f(@ns1) = flzn)| =2" w00 (n— o)

ey, ERICHFIETD. LEENo T, fIEI TRk Tidiau.

It Z ORI f XA (0,1) THRRERRIC R DRV E VI &, flz) =L ide =00 TR
WL LTEY, =008 Tl NI bPRICERLERETTY, flz) DEIFIFFICK
LB LTLEDY. LEDN-T, M@ 2 20 SHFir-3<1F Y, ZRIE LTI DEE /N
S<WHBRWIRY Te—y| <d=|f(z)— fly)| <el ITKISTER20NDTHD.

ZoFIO XS, B f PERSNTWASXME T OWANBWTEY, Bk f 021 ZE Dk
FAZHNIEEW L 2o TV D L9 RGAIT f O—fEftENKbisd. HcE2 &, KM T
D5 RNH L TV DHEEICZED L ) BB OFIZ B WENRE S L LTH EFES DR THA
9. EEE, WOEEIEK D .

EHE 5.4 PAXMHE I = [a,b] THRREE fIX] THREHRTHD.
FEBA WHEIECRERH L L 5. 2072012, fIi3] THE CTODI N —HFERGE TIXR VW EREL XL,
ZDEE, (54) DWENKY LS. EOREMEL R 01 ZHWTERTLEROLIITRD.
~(Ve>030 >0Vz,yel (o —yl<d=|f(x)— fy) <e))
= F>0-(I>0Vz,yel(Jzr—y|l<d=|f(z)— fly)| <e))
= F>0V>0-(Vo,yel(lv—yl<d=|f(z)— f(
= Fe>0Vo>0dn,yel~(lx—y|l<d=|f(x)— fly)] <
= J>0Y>03z,yel (Jz—y|l <d 222 |f(x)— fly)| > ¢)
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ZOHRBEDOEGIZENT, 25008 P,QIZx LT TP = Q) O&FEMEIL [Pr>-Q) Th

ZZEEMAVE. ST, RO ITH LT, ZORBRORERICKITL6>0LLTi=1
ZED L, TS C TR 20,y € I DFET DI EDBIND.
1
w0 —ynl < D |f(@n) = fyn)l 2 € (5.5)

ZOEZ LT EREWTEHIY {x, ), {yn} BDEED. I {x,} ITARTH D025, Bolzano—
Weierstrass DR (EEL 1.10) K VIR 258535 {200} B L OZ ORRIRE 20 € R 25 FES
D, EbiIZa < wum) SOIZBWNTn = oo &THEa <xg <b, THWX xo € 13D LD,
7,

1
[Yen) — Tol < [Yp(n) — Tem)] + [Tpm) — ol < o) + |Tpm) — 0ol =0 (n— o0)
£, {yn) OHAI g} bEF (oo} & CHEIRIE 20 (RT3, 22T,

|f(x<p(n)) - f(y<p(n))’ >e

IZBWTn =00 &T5E, fOrg BT 08I LY 0=|f(xo) — f(zo)| >e &72DH, =
Mie >0 FETDH. LiR-T, fid]l THERETHD. GEHK)

LOREBITI, f 8T T BB TR S ARE LT (5.5) sUE T T NS {0}, {yn} %
R LT REREEEDT 0L ) REFINEET S 2 L 2RIT20ORIKETHSI. 20
SN D b, REDShSHEEE LMD ONENho THELD. S5, AEMBEEIESE,
AR 01 2RIV TIBRIICY L 32U, R EEED L, ZOBEREES B2 TH,
HERIICTE B ORI AT 5 2 T & b ICEEMELZ R TLE ) D Th 5. ZNTEED
WL E2 LS. L, HARERE T CEEMEZIEDDTIEARL, RHIZZ DX EMiE
DERAEZD L HEETHS.

5.3 LT TEDONDBE f X I T—HaEH ThH D E D A HER L.
(1) flx)=sin, I=(0,00)

)

(2) f(z)=asint, I=(0,1]

T

(3) flz)=2% I=10,00)

LI EDYEGOT, @B m M AFEH L L 5.

EH 5.5 MIXMH I = [a,0] THFRBEE f L] TS TH 5.
B ERBIOEHS4 LD fIX] THERTHD. LEN-T, [FEDe > 01K LTH5
INETR O > OPEEL, [EED 2,y e TIZXILT

€
b—a

L%, A% |A| <6 BEETRE I OEEONEL LES. ZORNKHA; (1< 5 <n) 5
XETHY, B fIZZZCHERTHD. LEER-T, 2.5 XV fIIH/IKHE A, 2BV TR
KIE Mj B X OR/IME m; BeDH, Thb, WAEET Oéj,ﬁj S Aj DAFET 5.

M; = sup f(z) = f(aj),  m;= inf f(z) = f(B))

wGAj .IEAJ'

lr—yl<d = [flz)-[fly)l<
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TIT g = Bl < JA[< O £ D My —my = |f(a) = f(B))] < g5 THDILICEET DL

n n

0 < Sa(f) = Salf) =D (Mj —my)(w; —xj1) < 5 - - D (wj—aa)=¢
j=1 Jj=1

ED. LEENRoTC, EES52 LV fIX] TRESTHD. GERAK)

M 5.4 PAKXRE I = [a,b] THIFEM (H 25 WITHFREAD) 2B fI3] TUHESTHL Z & 2E
5.2 2 W TCREH L.

i 5.5 XM I = [a,b] THARBIE f BHXH (a,0) THFBETHIE, fIX] TR THD
T L AEHS.2 2V TREIE L.

ZOMB5IZBITAEREHNS &, HilE

sin 1 0<z<1)
0 (x=0)

TEE DB f AKX [0,1) TRAES THD Z ENDh5h. B, OB fOz =025
EEZEDLICANEZTH, =0 ClREfHEICITR bRV SICEEL LS.

WOEBITIEFITHENCT VD, ZOFEHIZEIETH 200, RONTHARIEL L THEDZR V.

T 5.6 [ ZHIKM I = [0,0] THRSTHY, m < f(z) < M (Vo e I) i3T5, 20
L&, BIKH [m, M] CERSUEE OB ¢ 1okt LT, SR do f bER T TS
L.

REEA ¢ 1EPAXIH [m, M] TEfE CTH L0 D, EB2.5 XV R KEB L OE/IMEZ & 5. FRZ, ¢l
HRBEHTHY,

p(W)| < K (Vy € [m, M])
e TIES K DM ET 5. F£72, BS54 XD ¢l [m, M] TR THLINE, fEEDe >0
W LT/ S22 6 > 0 DMFIEL, fEED y1,y2 € [m, M]IZxF LT
&
2(b—a)
E7eb. —F, fIRITAEOTHLIND, EHLI2IVRMIOBLLIHEIA =129 < 21 <
Ty < < Xy =bBPFEELT

ly1 — el <0 = [o(y1) — ¢(y2)| <

_ I3
0 < SA(f) —8a(f) < 1K
MR SED. ZO5EI AT LT
M;j = sup f(z), mj = xlenAf] f(=)

J12={j|Mj—mj<5}, Jz:z{j|Mj—ij(5}
EEDLD. je i OBE, fEED z, 2’ € AjIZx LT

flz) = f@) < Mj—m; <6 - o(f(z) —d(f(2)) <
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Lih. ZOWLOze A BT B LR, o € A; 2B 5 FIRA BIE

< . . e < ;
MJ—2(b_a)+mJ oo M mj_2(b—a) (Vj € J1)
BRI, 272 L, ]\Afj = sup ¢(f(x)) BLTOm; := ienAf o(f(x)) THD. £z, je J, DY
:EEA]' T J
B, M;—mj <2K BV - TVWD D LICEET S, 20k X,
Sa(@of)=Saldof) =Y (M;—my)(x; —w1)+ > (M, — ;1)
Jj€I JjE€J2
€
S2(b—a).z< S +2KZ o)
Jj€N JjEJ2
g QKZ j— Tj— 1
JEJ2

MLV D, Z 2T,
_ )
(52 j — Tj— 1 Z(Mj—mj)(-Tj_ij—l)SSA(f)_ﬁA(f)<i

JEJ2 jeJ2
2K Z — Tj— 1
Jj€J2

L7235 T, 0< Sa(pof)—Sa(pof) <e WAV D. wWpxlZ, EHLS52 XY ¢po fid] TAlFE
NCTHD. GEHK)

w\m

ZOEEL Y, B f BEXE T THERARTRESEEZROE, (f(@)™ |f(@)], /@, sin(f(z))
LD G R T TSR D 2 ENah5D.

54 WADEARAMEEWMABEIFOELRTEE

E¥ 5.7 f g Z#MKXH [a,b] TAEDRBEEE L, o,8%EHRETD. ZOLE, af+8gbE
7= a,b] THREY TH Y WD D 2.

b b b
/ (af(x) + Bg(x))de = a / f(x)dz + B / g(x)dx (R85 OFIEE)
, LLgWAERTHNUL, fgbET|a,b TAIFESTHS.
SEBA %fitd" 5 Riemann flzx 5 x5 &,

n

S(af + 89, 8,8 = (af(&) + Bg(&)) (x; — xj-1)

J=1
n

=a f(&)(w;—zi) +ﬁngj j 1)
j=1

7j=1

—>a/f dac—i—ﬁ/ dx (|A] —0)
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LI=#oC, af +Bg bET [o,b] THRSTH Y, BHORIBHRRY o, £z, %
fg=1((f +97 ~(F ~9))

CHEETIUE, RPEORES L OER 6 L0 fg OARERSGES . GEIIR)

EIE 5.8 f g EZPAXM [a,b] TAMEDREETHY, f(r) < g(z) (Vo € [a,b]) Wil & T 5.
Zolx, WD L.

b b
/ f(z)dz < / g(z)dx (FE57 O HEFAME)
FOEEIZINZ, HDHHc € la,b] T fglT#EFETHY, flc) <gle) Zlil-TE&T5H. ZDLE,
WAL D 2D . .
/ f(z)dz < / g(x)dx

EEBA Riemann fZ%f9 5 RE&EXK
S(f,A,6) = Zf@ —251) <> g(&) (@5 —z51) = S(9,A,€)
7=1

BT A = 0 EFHIEEROREOEENHES. #LOEREOIIIIME LTRLTH I 3.
GEII#)

FE 5.9 fSHKE [a,b] THRDOTES THIUT, |f] b ET [a,b] TR TH Y KK

UASH
b b
[ t@as| < [C15@las

SR || ORI ERL 5.6 0 BAES . £, —|f(x)] < f(z) < |f(2)] (Vo € [a,b]) ITEE LT

P58, 5.7 HWD &
b b b
—/umms/f@ms/vwm

B, INLVBLHOXNRED. HDHWIE, Riemann FIIZkET A AR%E

Zf& — j-1)

IZBWT|A] =0 & LTH XV, GEFK)

IS(f,A,8)| = }:U& —xj_1) = S(If,A€)

F[a,b) TARSTHD &,

Llafhmhn:—ilbf@ﬁh; (Aaf@ym _

EEDD . WOFG DIMEME BB ER D & X IZHEATETEY, SEITHA LIoER LRI L
TREAT 22 &R TE S, TOFEHIZME LTELTEI 9.
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FE 5.10 f XM I TAfES THIUX, TIZEENATEEOHAXE JIZBWTH fIXAfEs
Thb. b, [EEDa,bce ITx L TRADAKY 2D,

b c c
/ f(z)dz + / f(2)dz = / f(x)dz (B4 IR
a b a
8 5.6 TH5.10 ZFFHE L.

B 5.7 f 2B [a,b] 3L, TS ThiUL, 2hb2RF=BIKH [a,d Tb AR
Th D, B ONEMDH Y 25T L %R,

i 5.8 B 5.8 DEI-DIREFEHE L.
FHE 5.11 (B OEIEEH) [ 23] = [a,b] TARDP OIS THNE, R&EmIZT neR

PIFIET . )
/ fade = p(b—a) BEC inf (@) < p < sup f(2)

zel

12, f 5 [a,b) TG B IE, KRBT 0 € (0,1) BEET 5.

b_a/1f fla+0(b—a))
FERA M :=sup f(z) BEL P m = inff(a:) EB<E, m< fle) <M Ve el) BV, Lz

xel
BT, OB (EPL5.8) ;@

b
mw—a)g/’ﬂxmngﬂb—@

1 b
= b—a/a f(z)dx
EBITIFLEAOANNE .

W, foEgEtEEREL LS. £, fRERBEHOSEE, EHOFRIEIALNROT, f
TEREETRNET S, oL, EBH25 L0 fidleb TRAEBLORE/MEZED. L
7o T, M= fla) BEW®m = flea) &72% c1,c0 € [a,b) WFEHET D, DL x, L HAA,
m < f(z) <M (Vx € ) BV ->TWD. EIHIZ, FREOER (EH2.6) LV m < f(es) <M
LD esDer & oo DITHFET HDT, EH58 KV

LD, Thwz,

b
m(b—a) </ f(z)dx < M(b— a)

ThOb, fle) <p< fla)PEFbND. FHO, FHMEOER (EFEL2.6) LV pu=f(c) &kD
chey & e DMITAEET D, c € (a,b) THHMD, G470 € (0,1) ZBiXc=a+0(0b—a)
LELZENTE,

b
/ f(@)dz = = £(e) = Fla+0(b— a))

b—a J,

L%, (REMAH)
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T 5.12 (OESFOREARTEH)

(1) f % [a,b] CHl/RB%, cefa,b] &L, BB F % F(x):= [ f(y)dy TEDD. ZDLXF,
FlX[a,b) TCYHETHY F'=f Lied. Jhabb, &ﬁhﬁwio

d x
= |ty -
(2) F % [a,b] TC#OBET D &, WADELY SO,
b
/ F'(z)dz = F(b) — F(a)

FEEA (1) z € [a,b] ZEEICEET S, Zo& X, Baoomatt (E85.10) 3 X UFES O
ﬁmﬁ(mﬁ5n)i@%é@e(ﬂ)ﬂﬁ@bf&t@wwio

Fla+h) = Fia) ;( dy_/c””ﬂy)dy):;/:hf(y)dyzﬂxwh)

L7 T, fOzITBITLHEGMELD

’<x+h> F@)

h =|f(x+6h)— f(z)] =0 (h —0)

L7y, Fl(z)= flz) M5, EbIT, fIIEHETHLND FF bE-#HETHY, FIZO KT
3?)6 - (‘:753‘/\73 2D

= [TF(y)dy LB L, (1) OREREY G'(2) = F'(z), Tz (G—F)(z) =04
Wbio Lt#of ERL3.7 (3) LV G—F IXEHEHETHDH Z &N, FRZG(b)—F(b) =

G(a) — F(a) DAY LD, Lo T,
b
/ F'(2)dz = G(b) = G(a) + F(b) — F(a) = F(b) — F(a)

LR VELOKXNNED .
HOWIKD L OIZFEH L TH IV, Ata=x0 <21 <22 <+ <2y =b %X [a,b] DIEE
/\QJ&?% ZoLE, BMXKE A = [z, 2] KB TESEOER (EH3.6) 2D

L WA= € € A BIE(ET 5 2 L 85,
F(xj) — F(xj1) = F'(&)(x; — xj-1)
ZDE=(6,8,...,&) BRFELE LTHWT F ® Riemann fl& #5835 &

n

S(F',A€) = ZF’ (&) (x5 — 1) = Y (F(xy) — Flaj1))

j=1
= (F(a:n) — F(zn-1)) + (F(zn-1) — F(zp—2)) + -+ (F(z1) — F(20))
= F(n) - Flzo) = F(b) - F(a)

b, ZIZTIAl-0ETHE

|A]—0

/F’ Ydxr = lim S(F' A €)= F(b) — F(a)

L BLORXBUE D . GEAK)
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E&E 5.5 [LF&E#XMI CERINEEKET S, FOfORBEKTHD E1E, FIxI oy
BThHY Fl(z) = f(z) (Vo e ) BV Io L & %205,

f &K [a,b) 128 HHFREE, ¢ € [a,b]) & T D&, WO TFORREHRLY, F(r) =
[T fy)dy TEEDBEF 1E f OFUIRBEETH D, Lo o> C, R BIEIT R L Clds 9 R AARES
BPFEET D, £72, f(x) D1 DOFMHEE F (o) ICEBEZMZ T2 F(x)+ C b £ f(z) O
B2 . 61T f(z) DFUEEAEIZIZ ORIZIROND. (Thbbh, FUIGREEITESEZ RV T
Bmx12oTHh%.) £IT, Thz

/f(ac)dx

EEX FOREER V). F 2GR f ORGREKE T2 L, MO FORAREHLY
b b
/ f(z)dz = / F'(z)dz = F(b) — F(a) (PRI FE 7 5 D AN
WD LD, RS DERICESWNTHEDEZFRE L X5 &5, XKk Tl 2255 o

DEEL L BIRE O E LA SR BV, BlE, f(z) =2? 2KE[0,1] TRAT 2010, n
S0y % O 2 K4y SRS TR 5 &

1 n . 2
/ z?dr = lim 12(‘]) = lim n(n+1)(32n+1) :1
0 n—oo n = n n—oo 677, 3

LB, LS, (o) = o ORIEKO 1 085 Fla) = Ja° ThEZ LI BB 0
BN N TEHEAET TR O X 5 IR I HICFHE TE 5.

1 1
/ 22dr = [1$3] :1
0 37 |, 3
JESRPNZ R D &, 5 DR B X OMOFES FORARAAXDOF I LY, mECHREE RO 5
DtEDPELLLBHRICTEDL L)L 2TeDTHD.
EHE 5.13 (BHMNE)  f ZXE [o,b] THERBE, ¢ ZKH [0, TCT OB T & f
TARAHETHY, (o) =a,¢(8) =bEiETETH. ZDLE, WANHKY L.

b B
/ f(@)dz = / F(6(0)6 (t)dt

EHHF@%:/%ﬂw@k%<k,%%E%$®%$E@iDFhﬂ:ﬂm&ﬁé.Lkﬁo
T, BREKOMSE (FF3.3) LV
d / / /
@F@@D=PWMﬂW@%=ﬂMﬂW@)

WY SED. ZOWIAE a b fE TR LMD FOREAEHZ WD &

LR D EBOXNUE D . GEHK)
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5.4. T OREAME L1

T 5.14 GIHRNE)  f,g 2K [0,b] T O OB E TS L, WD 2.

b b
/ﬁWWMQWMZ[ﬂ@Q@ﬂs—/.ﬂﬂdwmx (5.6)

S BOMAELY,
(f(2)g(2))" = f'(@)9(x) + f(2)g (x)

L7l ZOWNA%E a6 b E TR LB FOEATEE Z HHOAUTELOAXNE S . REFHE)

(5®tfim&®% otﬁﬁvwngzmm—m@%%mfwé.:@%%ﬁb&b@
(2)|) LEPND, ThDH, hiz y—h h(a) TH 5.

5l 5.3 (HR Taylor BH) %5 3.4 i Tlid Rolle DEF (FHL3.5) ZFIH L THIR Taylor B (E
B 3.12) &2, 2T, OB ERIHLTEREZED 5. MOBEOFOERAEREL LV
HRoAET LD

f@) - 1@ = [ = | x(—jy(ac - y))f’(y)dy
=) W~ [ (=) Wy
~@—af@+ [ - Wy

ZZT,
* " _ * d (x_y>2 "
[@-nrwa= [ (-5 550 ) wa
_ _(:E—y)Q 1" ’ . ‘ _($_y)2 m
- rw] - () e
Tr—a 2 - 2
:( ) #"(a) + ( 23/) F"(y)dy
£V ) )
f@) = f0) + =@ + 5@+ [TE pray
Shi T 2 T d 3
/a (x;y) f///(y)dy:/a (_dy(:E ;ly) )f’"(y)dy
T —a 3 T T — 3
:( i ) f///(a)+/a ( 3!y) F"(y)dy
&Y

x—a)? x—a) T (p—y)?
( )f"(a)—l—( i ) f///(a)+/a ( 3!3/) f”"(y)dy

—~
S

~—
_|_

f(z) = fla) + (x —a)f

LU Z O#EZ D T, O™ OB f 1% L CTAHRR Taylor 5

—_

3

.T—CL

a) + Ry (z)

k=0
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W OSLDZ LG5, HAO%E, RIRE R, (2) IZTROIBIZD.

B T (w _ y)n—l (n)
Ru(w) = [ S 1 )y
ZiE Bernoulli (N)LX—A) DFEIFRE VD, BT, ZORESITK L TR OEHMEER (F
B511) ZEATHIE, RAXEWZT 0 € (0,1) BFET DI ENmnbd.

(1-— 9)”_1(x —a)"

D) (@ +6(x — a))

R, (z) =

Zi % Cauchy DEIRE V.

1

il 5.9 A mnlZHLT, L, ::/ 2" (1 —x)de £ BL. ZDEE, LTORWICE
0

z K.

(D) Imn = 75 mrin-1 (m>0,n>1) RO D Z & &Rt
(2) Iy 2RO L.

/2
ﬁau)#ﬁ%ﬁnﬁﬂbf,%ri/ sin"ade E3<. COEE, LUFORMNIA L.
0

(1) Jn="LT, 5 (n>2) BV IDT & EFY

(2) J, &R X.
(3) Joni1 < Jon < Jon—1 (> 1) BV SIOZ EEIRL, (2) DFEGEHVTHKRO Wallis (74
L. 227 (n))? -
1 IN — = AlEH .
U ) ODAf‘nh—{Eo\/ﬁ(Qn)! LR

5.5 AERDTDFERL

AIECOBLEIZ LY, BEREEICH L CUIFEICREBYDFEET D Z L3y holz. L AN
HENLSHS>TWD X9 RO RNERE D), BOWEREETET L LR, 22T
1%, REMBSDVVERES TET D L) Rz % o0 ML LY.

f(@),9(@) Z 2 OFFERETH L&, L0 L0 BORSEFEERE VD, ET, KR
B (3B, f(x), g() BEEESERXOBE) OREMSOFFEEFNL LS.
FECEO AT LY, EEOZER [(2) RERFELO 1 RROBICTEIREND 2 &5
HMHNTWS., T742bb, f(r) 2 nREEXT 2" OFRE a (£0) &L, a; (1<) <k)% flz)
DI B EFBR T TN D OLEEE my & T 5 L YA Y 70,

k
f(‘T) =a H(x - aj)mj = a(x - al)ml (1’ — az)m2 . (.CU _ ak)mk
j=1
TIT, n=mitmatetmy Tho. SBIC, f(o) RERROZEXTHEHE, b L f(2) 1
FHIR a+if % b TE, TOREERH a—i8 bE f(2) DRIZRY (z—(a+iB))(z—(a—iB)) =
BoEns. $70bb, f(x) Z2F8E8n REEXNT 2™ O E a (£0) L L, f(x) DIRRD



5.5. NEFEyORHEE 89

FHIRE a; (1< j<k) TENOLDOZEEL m;, f(z) DMBERLIEFREIRZ o +i8; (1< j <)
TENDLDOZEEE n; &T 5 L RADY L.

k !
fz)=a (H(m - aj>mj> (H((w — o)’ + ﬂ?)”j) (5.7)

j=1 j=1

2T, n=mi4-AmEp+2ni+-+ny) THDH. ZDOEE, ROTEELDLY LD,
f(x) & (5.7) DIBOEBEHEZEHALE L, g(x) ZZDWREN f(x) DK

EH 5.15 (Fli0 0 BUEb)
ok, HEMBEK S IKOBICRAS NS,

BILo/ Wk ) RFEpEZE L35,
Cim® + djm (5.8)

TEED D IIELTES 9) SR S

SU SU—(IJ
j:lm:]_ ] 1 m= 1

22T, bjms Cim, djm IZEEHETH .
ZOELIIRBFZOHBEIZADLOT, TORIITHIELLY. ZOELLY, EEORGREEA

HRHUIZEA L (5.8) OO DEOFN /2%, T, b Ly T ORED RO LD
BlZlE, PO TESETES TBFIX L.

=7, DFEoRTEH-TEE, 470K

Bl 5.4 £ BBER LS SROTICIER L L.
$a TIFL S,
:UG x2(x4—1)+:c2 ) x2
1 -1 :x+w4

G et 1= -+ +1)ICEELCERS15 &

—-1
WHT &

2
x Cq Co Csz + Cy (Ch,.

_ i
o1 o1 sl 21 Ca HIEZR)

ey

kb‘ﬁﬁﬁﬂ_ﬁﬁﬁibj“)*kbv\ﬁé ZIT, BEEC,...,.C4 ZRELL Y. EXohilziE

7 L, WA D5y % LT AUE IR OTEE N E D .

22 = Cr(z+ 1) (2* +1) + Co(z — 1)(2* + 1) + (Csz + Cy) (2% — 1) (5.9)

CORDERMAL, MAOREZHET 52 LIckb

Ci—Co+Cy=1, Ci1+Cy—-C3=0, C;
1 1 1

C11217 02:_17 03:07 C4:§

BN, (5.9)RITe =1, —1,i #RATHIUE, ZREN1 =401, 1 = —4Cs, —1 = —2(Cyi+Cy)

ERRD, IS BRI O, ..., Oy RFED. bz Enn, WOBBEXAELND.

C1+Cy+C3=0, —Cy—Cy=0

x6__2+1 1 Ly, 1
-1 0 Ta\e—1 z+1) 2@+

INEVHHIS, RORNERGBFIRSND.

6 1 1 -1 1 %
/xf_ldx — §x3 + 7 log i+ 1’ +garctanz +C  (CHEHBIER)
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&
()
i
il
&
T

ST, EHL5.15 L0 ARERY

[otan B0 [ ot

DR CTE L, T X TOFHEBEBRORERONFETEL 810725, i ORERHTIZON
TIHERD L 127 5.

1
/ii&?m: _(m—l)(x_a)m_l—i-C (m;«él)
(x —a) log |z —al + C (m=1)

BEBEDRERBDICOWNWTIIRD L 2 ITHEL L 5.

T+ 1 2(z — ) ot (o dx
[t Gars e e | oy

ZOEDFE1IHEOREF-IITONTITRO L ST/ 5.

/ Q(xﬂ)zmd@"{<m1><<m1a>2+52>m1+0 7y
(@ = o+ 5 log((x — a)? + 8%) + C (

3
“

3
I

FOF 2 HE ORER it R T 5720

[ / dx
") (= a2+ 52
ERE, LT 2l bXA2EZ 5. m > 21Tk LTI

1 [@-alPt B (o)
I’”‘ﬁ2/ (@ rm "~

- Bl{/ e BT i )ﬂ2>md"’”}
= et 3 - 0g (G e ) )

T — 1 dzx
52{ m-1+ 2m —1)((z — )2+ p2)m=1  2(m —1) / ((z — a)? +52)m—1}

X

_ i T —« n 2m — 3 I
2 12m-D((z—a)2+ )t 2(m—1) "}
Fiz, LIZOWTlde=a+ By 25 BEHETZITH &

Il:/(m—j%m:/ Miﬁfﬁ/y 741

+C

1 1 T —
= E arctany + C' = — arctan

B B
Z O LRI, L, ZRODLENTES.
Lo Z &ns, AHEBORNERINIHETED LR80T,
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f 5.11 kA TED LD f ORNERS ZFHHEE L.
1) fz) = Goyops
(2) f(z) =z
(®) (@)= iy

WIZZABEBORER Dy O FEIEEZBN L L 5. BERMIZIE, R(u,v) & u, v IZBT 2 H B
LT HLE, R(cosa,sing) DREFENEEBZD. ZDE X,

mng:y (5.10)
e SR
2 2 1—92
cosa:chong—l:iM— =— - :7y2
2 1 + tan® § 1+y 1+y
. .z T T 9T 2tan Z 2y
81nx:2sm§cos§:2tan§cos 5: 1+tan§% = 15,7
1 1 T 2 2
————dx =d YV dr=2cos’Sdy=—-"+—dy=——d
2cos? § =W v o o 1+ tan® < 4 1+ y? 4
L7z -> T

1—y* 2 2
/R(cosa:,sinx)dm: /R y27 Y 5 5dy
1+y 1492 )1+y

Liesh. ZORDEy ICOWTOFRBBORERS TH LM 0, TITHN LX) I LT
THENTED.
2 —sinzx 4 1 T T

| 5. el — tan S ) +log(142cos2 E Y
5 5.5 /2+cosa:dx \/garctan(\/gtan2) + 0g< + 2cos 2) +C (CIFHEDEE)
FERE, (5.10) IC K DEHE S EITO &

g pa—— A2 — 1

/2 smwdx:/ 1+yz 2 Qdy:/ 2(2/ y;— ) dy
2+ cos 2+ 8 14y W +3)(y*+1)

4 2y 2y
— — d
/<¢+3+y”H3 ¢+1>y

4 Y y2+3>
= —arctan — +lo +C
V3 V3 g(y2+1

= :/lg arctan(\}g tan ;:) + 10g<1 + 2 cos? ;) +C
Eien. B, BEHMESICIOANEREDZFRTO5E, LRy 2 t0E TR LENT
LES AL, ZofITE, Tro2THOL ZATHAZKATLEIOTHS. &
BRI 2T ol & &1E, LT HOLBIIRT ZLazENR20nE Il L ).

CORREEERNT D L, CARBRBOREROYNPHTEZ L AMEE 2T (5.10) I L HiE
BRED AT O APl len. O X5 @M A1T 21X, B0 B 3 I3A BB O N EME DR
HEINDN, TOREEDVBERICHATED LIIRL2WVWI EI3ROFINL LN DTHA ).
KRB HITEE (5.10) 2172 OTIEARL, #ESEEOEEZ L AT, SAERE T2 L5
DHEICR DN EZ X THhLEBRET DL OO X 9.
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Bl 5.6 (5.10) = L 5 BRI 2175 &,

2y

sin x Thy? 2 2y
—— _dr = dy = d
/1+cos2xaT /1+( f1+y Y /1+y4y

= / 2 2 2 dy
((v 7)+)KM+W)+%

-5/ = _(y+f1) +;>dy

ﬂ

41
+3
= arctan( (y — —)) — arctan( (y + \2)) +C
= arctan(ftan 5~ 1) — arctan(ﬂtang + 1) +C

LD, —F, cosx =yl X DHEWEITO L, —sinedr =dy £V

i d

D, ZOBEOHEDIZINHIED L VIZENICHETHS.
B 2O00FHRMEIIRTDHERRSTVWDEEIICARZDD, FTFNSOBBNESR
NTWLEIREED 212 LT

arctan(x/itang - 1) — arctan(x@tang + 1) + % = —arctan(cos x)

DO SES, EHZEOBE N LPRWZ EREND LD, 2D LIS, NEMDOFERMSRILE
DFHEGE, BEOEHITEY BT E2<GES bOICRDD, ZIOITERGEDEN LR,
ZOBITHE D TH DL,

/f(cos:n) sinzdr &5 /f(sin:n) cos zdx

EWVIHTBEO ZABEBORER Y EFET DI, TN cose =y HDH W dsine =y L EHRT
LHEXw, ol EROLEFICBEICE - TEZETHA .

Bl 5.12 RATEDLNHBEE f OFREFRE Y ZRHAE L.
1) f(=) =355

(2) f(@) = oppeetar (la] #1)

3) f(@) = srpezmz (0:6>0)

WA 1 RV EES D n BAR 2 At X 5 A0 MEFRRAM O R ER Y OFHEIE AR L L 5. BRI
1%, R(u,v) % u,v \CBIT 5 BB L T 5 & &, R@:Wﬁﬁ)@rmﬁ YEEZD. L
b= By #0 LT 5. (ad - By = 0 OBA, (/22 IR THY, R(w, ngg)ix@ﬁﬁ%
Bl b.) ZOGA,

Wax+ B
yxr + 90

=Y
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LBt .

0" =B ipiyx ge o (@0 = BNy
o —yy" (o —yy™)?

. a:v+ﬂ> / (&ﬂ—ﬁ )(afs—ﬁv)ny”‘l
R| z, dr= | R , d
/ ( YT + 6 a—y?) a—qymr Y
%, ZOAEDIE Yy ICTONWTORBERORERS THDHN D, LIHEMLI-EHIc LT
TAHILENTEA.

L7zl o> T,

Bl 5.7 Yr=yrtBL, =y BLWdr=6y2dy. LA,
/ dx _/ dx _/6y5d_6/y3d
Vo =z (vz)° - (¢/z)° -2 y—17
1
:6/(f+y+1+>@
y—1

=23 + 32 + 6y +6logly — 1| +C
=2Vr+3Yr+6Yxr+6log|r—1|+C

L.

BRI 2 IR OB %2 & e X 5 72 BRI OF BRI AR L& 5. BIRMIZIE, R(u,v) &
u, v\ %ﬁéﬁfifﬁiﬁk?‘ék% WORERDEEZD.

/R az? + bx + )d (a #0)

y=Var?+bxr+c+ax
EBZY. ERXOFUE 2\ ELDIIBIA L1k, Milz 2F%THE

2

2 y —-c
_9 - -4 <
y Vayxr = bx + ¢ x bt ovay

&Y, ylZ oW TOFEBEBORNERDITIRE SND I LB 0D,
a < 0DBWE, BEDOFRIFATRIFNIR LN LD, 2 FER ax? +bx +c = 0 23

BB MR o, B (a< p) b OHEEEZ1 TN, 2oL,

Var +be+ o= —a)B -2 = vVaw-a) /2L (a<z<p)

r—«

L7320 BB L RS O R ER IR R S, y = (/022 L C iz X AEBIKOR
ERIRAE SN S,
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dx
5l 5.8 /:10 1+22+2)+C (CIEFEDER
i sl ) o
EBE, y=VIi+a2+r LEBBLED. Z0LE, (y-2)?=1+22 L0 2yr =92 1. PRIT,
1 1 1 1 y?+1
x 2<y y) oo dx 2<+y2>dy 52 dy
E )
1 1\ y2+1
Vida2=y—z=- -
+x y— 2<y+y> 2
L7eD3» T,
/ de 2y y2—|—1d B @
Vit Sy YT )y
=logly| +C =log(V1+a2+z)+C
L5,

51 5.9 /Uiiidwz2arctan“iji—\/1—x2+C (C I3 EE)

R, y= HE LEHRLES. Cokx,

y? —1 2 4y
=1-—" coodr = s
ye+1 y?+1 (y2+1)

1+z, 4y - 2 !
/ l_xdx—/y(y2+1>2dy—/y< y2+1)dy

2y dy 2y
= — 2 = — 2 arct C
y2+1+ /y2+1 y2+1+ arctany +

1
= —+v/1— 2+ 2arctan 1+x+C

— X

Tr =

L7=723-> T,

Ebh. HHWE, LI RELT

/ /1+xdaz—/ 1+ dx—/ dz +/ T d

-z V1—2? V1—2? V1— 22
= /(arcsin z)'dr + /(—\/ 1-— xz)/daz
=arcsinz — V1 —22+C

AT OHBENTHAD.

i 5.13 WA TEDONLBEE f ORER ZFHHREX. 2L, o ZEERTHS.
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6 LEES

T 5.6 f 2 LHIKM [a,b) (b=o0o THXEL) TEHSIMKTKD 2 &ME2MlmT LT 5.

(S

(1) {EED c€ (a,b) ixt LT f XXM [a,c] THEDTHD.
) @@@Szlm‘/f@MxﬁﬁE?é.

c—=b—0 J,
ZDEE, fII] CILEBATAREOL L WIILEABA THL LW, £io, S%& fDO I TOLEHE
b
ﬁ&mw,@ﬁ@%ﬁ&ﬁu%%&mwfszfjmwx&%<

RERIZL T, I = (a,b],(a,b) DEGAIZHIARBEIDERIND. IRFHY I L OMEE OFETIC
FSHLTERLFAUES G TEZHN2DOTO2H b LW, WESEBEOEEZ RIUXEDL S0 EK
TREDILTWENIDNDETHAD.

] 5.10 @)fug=§;m¥%aﬁaxuf@ﬁfﬁw,%h@iﬁﬁ5ﬁ;@(auméin
HEEOHKEITHRSTHS. £72, ee (0,1) 2L T

1dx b — Ve IS
l«ﬁfﬁ%gh_ﬂl VE) =2 (e = 40)

L dx

L85, leliulfiiﬂﬁ“fbb/:Qk&é

f(z) NG (0,1] FAIFES AV

(2) f(z) =e ™ ITHBHXM [0,00) THHTH Y, THPXEHS5 LV [0,00) ICHENDIEE
OAXM TS THD. £72, R>0IIx LT

/R e Ydxr = [—e_x]é% —(1-ef) =1 (R — +00)
0

L7emoT, f(x) =e *1%[0,00) TILFEAEDT THY / e tdr=1%,7%.
0
(3) flz) = 2 13HBAKM (0,1] THEFGTHY, THOZEHS5 L0 (0,1 ICEENHEEDOM
X CTRfESD CTHDH. L 2AD, ec(0,1)ITx LT

e

?:[logx];:—log5—>+oo (e = +0)

o~

1
Ltﬁof,ﬂm:;uxqufm%ﬂ%ﬁ@@@<,m%%%/‘fmﬁ%én@w
0
SOBID X 5, TR > T R KR DI A T X B 5O, RERHRE
FHDOH 7T TIT o THO LTI D X S IZEHRT 2550320,

W) Jo & =[2v7],=2
2) [oeMde=[-e"]] =1
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UL, IRFEREDE LoD B L T\ W) B, mETH EOBNIBIT HFED L 5 IR
BEEZARE T TEICHE TR TH 5.

FOBI TSRO R ER-INHETELDOT, KRB E RS HET S 2 ENT
7z, WIS, REMOGBUIERBRECRERW L S BB U ARG HET 2 E8 %
WA LE D, 2070z, BENCKT HEE 1.8 DR E a3 2 LN TX M E 1 DU L
THL. TOFMIITZIFEH L IFR20WDOT, HHOLEZHH LEEMIL#ER T2 2 &7 5.

R 5.3 FZ2¥XMI=[a,b) b=0c0 TH L) TEEREINLEKLTD. Z0Lx, MR
i h%}ioF("”) DIFET DT OMEASEML, EEOEE IR LT 0Iz+55Iy) ce In
FAELT, e <y <o <bZWT-TIEED 21,22 IR LT |F(21) — Fag)| <e BV DT &
Ths.

A MEXMETHLZLEWALNTHAS ). +RRMMTHONTIE, £ 0ITPORT HXMH I
B H {x,} LT 5. BI2IE, b REROBE L 2, = 2a+ (1 - 1), b=oco DHAEI
Tpi=a+n BTN, Z0LE, BRI {F(z,)} % Cauchy I TH D Z &0V &, DTS
ZLnninG. TOMmREEZ o & T, xlgjrlOF(x) =a &RRDZENHND. GERKK)

EHE 5.16 [ Z¥PAXME I =[a,b) (b=00 THI\) TERSNEREELLETD. Z0Lz,
WD 2HKMIFEETH S

(1) fiEITEEAEITHD.
(2) EEDOERK I LT ece I FEELT, c<x <2y <bZMIETIEED x1, 29 IZX LT

/ f(y)dy] <e

N AIASS

b < oo DFE

S REBLOEMSS L0, 8O € Tkt LT fIXBRRE [a,2] TR T hb,
Fa) ;:/ F)dy b0 T FOBSF AEE5. —OLx, f3 T CERTHENTHoHEDO
%g+ﬁ%#m@@ﬁ1@dw@ﬁﬁﬁﬁéza@@5.:@:ge,ﬁ%5sxiw

z—b—

Fan) = Flaa)| = | [ 1)y - /;Qf(y)dy‘z /;f(y)dy‘

CERETUT L. GEFH)
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B 5.11 f(z) = =2 IXR T = (0,00) CTILEARI TH 5.
EEL, £(0)=1LEDDE FITEBIXM[0,00) THEETH LMD, o — oo TOEFZITZH
RIIFEW. 0O< R <Ry <oo &T D&, BHfESLD

Rz gin g Rz q , cos x1f2 Rz cosa
dr = —(—cosz)dr = [— ] - 5—dx
R X Ry X T Ry Ry x
1 Rz gy 2

B2 gin g 1
LD, FNDx, EHL516 LV IRFEAESTERIED . T DILFAE ST DA % 38538 77 O Hiilgg TR
DRI ETDHENRYDLREES L0, BEBMELEHET DL REBE NS LT HEREREEK

Gkt LR '
> sm:cdx 7
/0 T 2
ERBH T ENBEHITHEEIND.

g, f(z) =20 ouEa, SIET BRI oo ISR L T TR A TRV S mmm
HHND., ZDOZ L EERAICHAT S L, y= sz 0)777k x il K-> THEND
DNT, y > 0Dy OmiEE y < 0 D5 @@ﬁﬂ +mf%5@ﬁﬁ,x%+w®&%
y:“”HEﬁ@ﬁ%%@Lﬁ#%@o<DkO_ﬁﬁbfﬁb,%@%@@E@TE@E@@
oy L ADHEBEDOHA N EFREITHHELH > TPERL TWLDOTHD.

DX ,Eémﬁ%%%ﬁé LIZ R > THIO TEDIRFFEZBUKR L TV D KD RGE
WZiE, ETRLEL D ITESFES 25 & EF AR MENGEH S S.

L7=23-> T,

AY

x INHOHEBMTHH LS D !

f 5.14 KA TED SN DB f 23 XH [0, 00) TIRFERRS THHHE 9 i HlEYE
(1) flz) =Tz

(2) ﬂ@ZTﬁf
(3) f(@)=sin(z?)
Frg AL EETRWGE OB f OB T = [a,b) I231F 2 IRE AR PEOHIE TIE, bn%E

BOBZEZTr —>b0—0DEED f(x) DFBBOHEIN, b=0c0c DEEITr — oo DEED f(x) D
ﬁﬁ®%é#i£ﬁhﬁ&&é.%@:kﬁﬁ@%ﬂ%ﬁ%éﬂio




H5E ML

il 5.12 (1) ﬂm:@iﬁﬁﬁﬁ%ﬁwunTK%WE%T%%&@@M%+%%#@a<1

ThD. EFE e (0,1) IR LT

e g { -] e e e
o (@-=) [— log(1 — a:)](l)_E = —loge (a=1)
—>{ 1ia (@ <) (e = 40)
+oo (a>1)
MR NEDZ LMD D.
ES

(2) fla)= 2L 2 LBKE [1,00) TREARMY THLOOLELHEIFLL> 1 THS.
R > 11Tk LT

Rdx{ e I = - RO (52
1o [log:r]leogR (B=1)
1
—4q B-1 (B>1) (R — +0)
+oo  (B<1T)

DRV SNEDZ ENBnD.
ZOHE—EIL LT D E LT, IROTEEDALY STO.
T 5.17 f &2 HBIKH T = [a,b) TERS WG CRORIEET T LT 5.
(1) b<ooDHE, B a< I BFEIELT flz) =O0((b—2)™%) (x — b— 0) BV L.
(2) b=oco DHPE, b5 B>1BHFELT f(z) =0 P) (z — 400) RV L.

ZDLE, fIXI TIARAETTHS.

FEER (1) IRELY, H2EH a <1, T RERERC, BIOF/NSRIEER§ BFEEL,
b—6 <z <bEMETIEED 2 1%t LT |f(z)] < OO —2) @ BERD o, LE#->T, b—4 <
T < xTo<b e B W

/:2 f(z)dzx

L%, TPz, EHLS516 LV fII] TRFEAIRSTHD.
(2) ELY, HHEHL>1, THRSIRIEMCBLOCRBFEL, x> Rz HEED

CHRLT|f(z) S Cz B BEYSED. LEN->T, R<azi <xy &T5&

x Iz
x2 €T T2
/ f(z)dx S/ |f(x)|dz < C’/ z Pdx
x1 1 1
- [_50 -1]* ¢~ -0 (x1 — +00)

—(8-1) c
—1° Lm S5-1™
LD, Fhnwzx, EELS16 LV fIX ] CTIAEAED THDH. GEHK)

< /:2 |f(z)|dx < C/:Q(b— x) “dr

C 11—« T2 C 11—«
— — < — —
- -a) Ll_l_aw )50 (3o b—0)
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ZOEHS17T LY, f(z) ORBOHSBIWHEDOHEI &L HIZ 1 ROEIDEFRKRETHDL Z
EWGDD. Thbb, WA TIREID BBWVRBMTHERL TWDLIGE, FLEAFTIRED D
HOKRECHE L CWAHEA, fIXARAESERDIDOTHD.

TEHE 5.16 33 L OVERL 5.17 134 WA BIW TV 2 =B KR [a, b) 12k U TR AT FE 01 % HE 9
HZHDTHDHD, LERBEV TN D XM (a,b] (23 LT H AR EBL LY LD, S HIZH
X (a,b) 1254 IR ONTIE, FOMKMEZ 2 >OXH (0, BED e, b) 3L, =
NENORBIZR L TEN D OEHEZ AT L.

5l 5.13 f(x) =log(sinz) LF< &, fIFHBKE (0,7/2] EodkiBIHTéH V, 'Hopital DE
HO(E#39) XV

1 i log(sinz))’ cosx
g 086D (osGiD) Sy g, vECsE
z—4+0 p—1/2 z—+0 (;1;*1/2)/ 2—+0 _§$—3/2 Z—+0 &;w

LMo T, 2= +0DEE f(z) =o(x™V?), BT f(z) =0 V?) Lien. Wz, EH5.17
L0 fIREBIKR (0,7/2] TILEAEDTHY, IRFHE

/2
S = / log(sin x)dx
0
PIFIET D, 22T, —fkic

/2 /2 T /2
/ g(sinz)dx = / g(cosz)dz, / g(sinz)dx = 2/ g(sinz)dx
0 0 0 0
DO NEDZ LIZHEET D &
/2 w/2 /2
28 :/ log(sinx)daz—i—/ log(cos x)dx :/ log(sin x cos z)dx
0 0 0

w/2 1 w/2
= / log (f sin Qx) dr = / (log(sin 2x) — log 2) dz
0 2 0

1 ™
= 2/0 log(siny)dy — glog2 =5- glog2

L7z o> T,
w/2 .
/ log(sinz)dr = ——log 2
0 2

L%, BRI EREESE, ERABOMELY S # doo WMRESNTND Z L 2T D T
LIZHEBLL .

fl 5.15 WATEDOLNDEE f 3XH I TILFATHED THLINE I 0 aflEE L.

(1) f(2) = gy 1 =10,00)
(2) f(2)= 5=, I=[0,00)
(3) flx)="82" T=1(0,1)
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F6E EFiEn

6.1 ERISOEZREERMEE

2 BB U CIIARER D &L W OBENFE L. TR R, NEMED &> TERD &
EET DLV BRIMOER L 2 BBEBRUIRL LS5 &T5L, EILEDLIWDPRLTHS
J. TR LT, AiETHIT L72X53 3 KRIEIC L 5 Riemann DO ERE /7y OEFEIEL, U F TR T
<EIIC, 2BBBIENTK U OHERICE S ISR T 5 2 L3 TE 5.

B ClX, 220G X, YIZHLTENENDIL 2 € X,y € Y DOl (z,y) BERDESGE X
Y DEBREVNX xY LE ZoRTEMND L, FHE EORTBITKRD X 5 I X HOER
TERIND.

[a,b] x [e,d] :={(z,y)|a <z <bc<y<d}

P, BEFRBO L TERSNEBEROBYZERL LS.
FH 6.1 [EEFED=[ab] x [o,d TEHRSNIMKLET 5.
(1) XM [a,b] BLOc,d] ZHEFTH 2 LICE>THLNDREHBOHE

a=ro<xT1<T2< - <Tp=>0
c=yo<y1<y2<--<ym=d

A
WXL G,
Ajj =z, 2] X yj—,y] (1<i<n, 1<j<m)
ZoE A DINRFR,
|A| == max{z; —zi—1, yj —yj—1]1 <i<n,1<j<m}

EREADOEEND.

Y
d - | &40 = (06427 642)
(TR T S—
Y2
‘,/*// Ay
Y1
e L.
o 1 zows T4 b x

(2) €={&;|11<i<n,1<j<m}, &= (i, Bij) € Ay I LT
SUHAE = > fE) i — i)y —yi1)

1<i<n,1<j<m

LB, Iz fORiemann fl& W9, ZDE X, & x A ORRITE V).
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D
it
i)
il
>

102

L ZoMNARED (FEAE) KRS
= f(&ij) (@i — xi—1)(yj — yj-1)

=

(3) f 73D T Riemann R[5 H 5 WITHIZAIER TH D &1F, A = 0D & X f D Riemann
S(f, A &) MEIA BLORFILOES BRI S(f) IR TDHEEE NS, 2

DL x,
5(6) = [[ fdady

LEX, INE fOD TOERREVD. S05HIT 2 BB 252 TWDHDT
INE2EBR LBV,

fiv )
\

LV EHBE D L & LR, BAE D = [a,b] x [¢,d] TERSNIARREK fITLT, %
NWHTFRT LR DT DORMNZE G A LS. D OEEORE ALK LT, TO/NRITH Ay 1281
o f OFRBLOEREZZEN

myj = inf f(z,y), M;j == sup f(z,y)
(z,y)eA; (z,y)€A;

ETA. 2 LTHEI AT 2B f OFRBM SA(f) BELOBEF SA(f) %
Saf)y =" > mylwi— i)y —yj-1)

I s e

Salf) = >, Mylei—zim)y —yi-)

I s e

kv, EBEK fF OTES S(f) BLOLES S(f) %=
S(f) :==sup{SA(f)|A €D},  S(f):=inf{Sa(f)|A D}

WXV EDS., L, DIFEHE D ONEABEKOESTHS., Z0Lx, 1 BHEKD L x
CEAFEREIZLTKRDER 6.1 BLIOWER 6.2 X3+ H 2 LN TX 5.

FHE 6.1 (Darboux) S(f)= lim SA(f), S(f)= lim Sa(f)

EE 6.2 KO 3% (1)-3) IFAWVICFEETHS.

(1) P fIZRTE D TAES TH .
(2) S(f)=S(f) (Darboux ® "f&sy5Mt)
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(3) EEDOFEH IR LT, BEHEDOHLIHEIAPFIELTOLSSA(f)—SA(f) <e L7eb.

RS D P S 1 BB OGE LRI U F#H T T2 Z LN TE S, Thbb, £714%
IR D = [a,b] x [¢,d] CHEfREEIT—FREHKTHLZ &2t T 5. ZOFE, Bolzano-
Weierstrass O EBE 2 i L mFIx U CTHRIR L TENR TR 72\, Z0—FRiifetk & &
6.2 2 HIWNTHL OB R SN D, GEHOFEMIIR D OH LR ICERDLZLICL,
TR OAZEFHDIE Tk~ Tk <.

EHE 6.3 ESE D = [a,b] x [c,d] TiEfe/2BE% f 1L D THfES Th 5.
EHL 6.2 ViU, 1 EEBEO L & LA ARICL TROEHR LT 52 LN TE D.

T 6.4 f,g ZRHHD = [a,b] x [c,d] THRPOTRO R E L, o, 2ERETSE. =0
LE| af + g BEOf| bEF D THRS TH D KRN 2.

/ /D (af(a.9) + Bg(a.)dody = o [ /D fa.vdedy+ 5 /D o, y)dady (B OBIAL)

‘//D f(x,y)dacdy‘ < //D \f(z, y)|dzdy

61, flz,y) <g(z,y) (V(z,y) € D) 72 BIERAD Y 32D,
// fz,y)dxdy < // g(z,y)dzdy (F& 57 > BLFME)
D D

1 BB OSE121E, RO Loy =& 2 Ui+ Thsd. ikt LCOrm EICiZE G #
72Tl < AN 72 kA B O H 0, IEH EZF ORI —ROELED ETERSN
FREBOESEEBEZDMNERHD. T T, ROGRES D TORSEEHRLLY. B, R?
DEE D NAERTHDL LI, DPERAEZHLET L RERYE R OM Br(0,0) ITEHEND
-4 AN
E%& 6.2 [ RZOARES D TERESNBkET5.

(1) BB K =a,b] x[c,d] % D C K Zlil=9 X520, B f 248EE6 D OIMUIZFYLE
LIcBEsE fr &9 5.

) _ ) f@y)  ((x,y) € D)
f@wy_{o ((,y) € K\ D)

ZOBE s (EFE6.LOFWKT) K THESTHLEE, fIED THRATHL LWV,

DL,
//Df(w,y)dxdy = //Kf*(w,y)dmdy (6.1)

LEX, INE fOD TOEBRL,OOIWVIT2ERES V).
(2) EHEE f(z,y) =103 D TR THDH L& DITEEEELED2E WV, D O®EHE u(D) %

RATEDD.
w(D) = // ldzdy (6.2)
D
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ZOEFRTIHES D A ETEE K 2 AW THREEMIC AT & B 2 ER L TWDD, 2
DOERITK OBNFICEBER THL Z PRI ND. (ZD LI E &, ZOEFIL well-defined
ThdHrEED.)

B% f O%EE D TOEMMNIE, BEREMICIE 3 RITZEENICET SihE 2 = f(z,y) & vy P
LITHREN DT D FEftE) BETHL. £2/- 5L, (6.1) NPV SZHODTHARDOZ & T
HoT, TNEERLTHOITFWICEZ L2000 L. L, —EOAFRES TOERED
DERIIVTORWVERET (6.1) REZGEHT 52 LR ETE LB, ENEZHFITE ST, X4
RO LD REFP LI END (6.1) REEHEL LTVWDIDTHD.

FEEIC, EREE VD HOBBEICERSN TV S 51E (6.2) b B L EZ5THAY. L
L, EEEII? LWV BIVDOEZITZ DR TIERW. 22T, ZZTHHAZEERZS
(6.2) XKEMBEDERL LTNDLDOTHD.

WOFEBENE D NS Z EHEBEWIZIZAWATHA . TOIIRNIOHH#EEITIEL T ).

FH 6.5 D1,Dy % D1NDy =0 Ziii7l=dT REOFRERL L, f%& D BLO Dy THFES 7R
¥Bldn, ZolE, fIIZDIUDy THRAHDTH Y RADEY SLo.

I[ ey = [[ sepisays [[ feopda woms
D1UDo Dy Do

6.2 ERNSEZEXRFHIOMER
1 EHEBORB O EHET 52 &1E, MO FOREARARIZ LY REMOEFET L2 &1
HInlo. UL, 288BEET L CIRNERD & W O BEEBFEELRWO T, RNERMSZMH -
THEHEDZHET LI LI TE . ZofRboig, 12%BEKE Loy % 2[R+ = &
WX TEBPOEZHATDHIZENTEXS., ZOX I 7200 IELOEMIRRES H D NITE
RERD LT TND.
EE 6.6 (RS f2EHED=a,b] x [c,d] THRenfE0REE%ET 5.
(1) fEED z € [a,b] ZEET 2 T &IT f(z,y) My OB E LTHAXM [¢,d] TRFES ThHiLT,
d
/ Fz,y)dy @ OB E UCBIKR [a,b] TR TH D KA Y 375,

/y;fﬁmyV“dy—1Ab<ldf@zwdy>¢v <—:Zfdxlffﬁmyﬁw> (6.3)

(2) EEDy € le,d ZFEETH T LI f(a,y) B x OB E LTHKR [a,b] TS ThiL,
b
/ Fz,y)da 13 y OB E LTI o, d] TR T b R Y 3.

//D f(x,y)dzdy = /Cd (/: f(x,y)dm> dy <=: /cd dy /abf(x,y)dx> (6.4)

(3) f 2D T ThHIUE (6.3) B L (6.4) X3k v x>
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(6.3) 3 L0 (6.4) RUTLAF 0 & 512 L CREUEMICER X115, Riemann fl S(f, A, &) \2 13
L%, BN j%mﬁﬁquswfdﬁDH HDWIHRANT 1t ZND JITONTORMICEE

9.
S(/,A,6) = XXZyaJ %10(—w4)

= Em: <Z f(&ij) (i — frz'—l)) (vj —yj-1)

j=1 VNi=1
A y

X

a%}a‘mﬁ“éfu

:: > &N —yi-1) ) (@ — zia)
(5 )

Z IR T BT

= (;f &ij) (i — xi—1)>(yj —Yj-1)

T, iBLVPJIZOWNWTOFIIZENEI 2 B L Py 1B % Riemann FIOFEIZ/e > T\ b Z
k&’?‘fﬁ LEd. Z2TIAl =0T, i BLOj ICOoWTORMOESBRZENZ 2 BEOY
(B B EMCIUE L (6.3) K3 LU (6.4) RANEANDDTH 5.

EH 6.6 DI (1) "% 5. F(z) == f fz,y)dy 2 &V, PAXMH [a,b] TEZI N F
MEED. ZOBEEF XM [a, b] ’CT%EE FTHY, TOMEHN f O D TOEMSIZ KT
HZEERFEIV. Ajta=20 < a1 < T2 < -0 < 1y = b EXM [a,b] DIEEDOGEIE L,
a=(a,q,...,an) ZREBLOER LT 5. :0)&%, ®H3 5 F @ Riemann FfllE

n

S(F,Av,0) =Y Fog)(x; — zi-1) (6.5)

=1

L% W, X e, d] 2 (A OHEFEREEGDET) nEREIL TR D = [a,b] X [¢,d] O

45|
JIE
a=zo <1 <T2< - <xTp=">

c=y<y1<ypp<---<y,=d
EEW, mij = infyen,; f(,y) BEP My = supg ea,, fla,y) B 22T,

Flas) /f%,@—Z/ f(ai,y)

A
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THHZLITHEELEY. yj1 <y<y; DEZE, (a,y) € Aijj THDINH my; < flo, )§Mij
MY S, T DA % 3 IE VTR [yj_1, 5] TR LTHD 120V TORIE &g

n
Zmz] — Y- 1 Z/ @u dy_ az <ZM1] — Y- 1
Yj

j=17%-1
kﬁé.é%l,C@ﬂﬁﬂﬁrﬂmq%%”T#Eiﬁowf®ﬁ%&ﬂ6,@@ﬁ@@
SA(f) < S(F, A1) < SA(f)
LB, ZIT, HEIADEDHEY |Al| = 0DEX Al > 0THY, KELY fIED CAH
STHLNG, FH61BLOERE2 LV,
Sa(£)5a(f) = / /D ey ([Ar] - 0)

Lih. LERST, BEB5HBOEMED |A)| 00L& S(F, Ay, a) 1 [f, fla,y)dedy 120X
W5, Rz, Fidlab TURSTHY

/a b( / f(x,y)dy>dx: / ' Playda / f () ddy

LRBIENED. ALFBICLT (2 bRERD. (3)ICoWTHE, [ D THEETHIUT (1)
BLO(Q) CBT B UENTE SRS - LITEETUT L. GEBIR)

Bl 6.1 f(x,y) = (z+y)2 IZEFHE D =1[0,1] x [0,1] THEETH DD,

//[0,1}x[0,1] S y)zdxdy B /01 </01(aC " y>2dx> = /01 [%(x + y)3] glczody
[ ==t ),

7
6
L5,

FEEHED = [a,b] x [c,d] TERSNIEFKLE 5 &, EH6.6 (3) & 0 KAEALY Lo

/ b( / df(x,wdy)dx: / d( / bf(a:,y>dx>dy (z / Df(x,y>dxdy>

UL BRSO/ BT 5 AN TH S, 20X f REgEETcHNIE, MbRIcT
HZ LR O DINEF 22 L ChiEDZRW. L L f 23 D THlRE) Thuvwk d RgAIcix, 7=
EX2ODRRMONBILICHETELLLTH, ZNOOEN—ET 5 LIFRL VW LICHEER
LEo. IL<BIEAVIZHENDORKROBITHS.

5l 6.2

ez &0

9_y _
Iy a?y? (w2+y

1 1 2 2 1
Y dx N
/0 </0 (3;2_|_y2)2dy>d:c :/0 o [arctan 2], = 1
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FIWHE RO v &y BT D MEICER TIUL (D WITELFRRICEHE T Z Licky)
1 1.2 —y2 T
/o (/0 <x2+y2>2d‘”)dy“4

EIRDB I ENS MWD, LIRS T,

L e [ ([ e

ThHV, ZORKRMESITX L TITFES @%?%ﬁmf%ﬁm ek, B f(x,y) =
[0, 1] X [0, ].] THRIES T2 <, Zhvd X EHFE ff[O,l]X[O 1)

2 2
W@W
Qdm@ FEZE I TR,

[
(xz +y )

WACFE AP D 258 iR ¢ = ¢1(2) BE Wy = ¢o(x) TEENLEY, & D\ T
r=1U1(y) BEOz = o(y) THENBYTHI L XORRBN AR LES. RATIIZED L
IRFOERESZFHAET LGENL . TORNCHEL 1 SR LT, ZOREHITD ~ 15
KITHDHNDEFZTD.

#WE6.1 DER>ODEATD = {(z,y)]a <z < b ¢1(x) <y < ¢ozx)} HBHVIED =
{(z,y) e <y <d,i1(y) <z <s(y)} EWVWOEELTWVWDET 5. ::VC“, o1, do 1EPAXIHE [a,b]
THEFESNHEGEREK T ¢1(x) < ¢o(x) (Vz € [a,b])) ZTMiT= L, 1, (XXM [¢,d] TEFSH
TR ERT i (y) < Waly) (Vy € [e,d]) ZiliT=d &35, oL &, D THEfREK fIZD T
AIESTHD.

Y Y
y = ¢2(x) d

z = a(y)

y=¢i(x) | el N

TE 6.7 (1) ¢1,¢2 ZPXM [a,b] TEFR IS NTZHEHEE T ¢1(x) < da(x) (Vo € [a,b]) &7z
TEL, D:={(z,y)]a<x<b ¢1(x) <y <do(x)} LB. ZDLE, D TEHRINT
HGE RIS f 1Tk L CIRIEADI L Y S0,

/?ﬂ%wmwzlxéi?ﬁum@m:< /dfé xy@) (6.6)

(2) 1,0 ZHIXE [c,d] TEFES NIRRT ¥1(y) < va(y) (Vy € [e,d]) ZiiT-T & L,
D :={(z,y)|c<y<d, 1(y) <ax <oy} £B. TDLE, D TERINTHEGREK
FAZxE L CTRED Y S,

f(z,y)dzdy = f(z,y)dz ) dy dy f(z,y)dz (6.7)
I, L rwme)ar (= [Fan [ stem)



108 He6w EMY

FEER (1) #-% 5. fli#6.1 LV fIX D THMES THDH. LIe>T, DCK ZiilcdLH7
EHE K = [a,b] X [c,d] ZHLY,

* o f(x7y) ((x,y) € D)
f*(z,y) ._{ . (o € K\D)

LB L, EREY fFIIK TAIEZTHY

/ /D o dedy = [ /K 1 (@, y)dady

MDD, 22T, AEED x € [a,b]) ZEET D T &I f*(a,y) 1Ty OREEE LTXMH [¢, p1(x)],

[91(x), p2(2)], [¢2 ( ), d] ZNENUCEBNTATES TH D, EEE, y OB f*(z, y) IZXH [¢, d1(z))
BLO (¢o(x),d] TIFEFIZ 0 TH L0 BXMH (¢, ¢1(x)] BED [p2(x),d] TR THY, XH

2(
2

[61(2), ¢o(z)] T i@m%@f%é#%m@54i@%®7ﬁ SEDRES. DRIT, TbEED
[

WK [e,d] Tb A TH Y,
d é1(z) ¢2(x) d
/ f*(x,y)dyz/ f*(w,y)dy+/ " f*(ﬂf,y)dy+/¢ ( )f*(w,y)dy
¢2(x)
=/ " [z, y)dy

LB, LiENoT, EE6.6 (1) XY

J[ 5@z = [ b< / df*(m,y>dy>dx= / b< / i()) f(a:,y>dy>dx

LD (6.6) RAED . < ABIC LT (2) bRahs. GERK)

Bl 6.3 BA%k f(z,y) =22 +9y2 DD ={(z,y) |z, y >0,z +y <1} TOEMIEZFIHEL LS.
Yy

r+y=1

T 1 T

D={(z,9)|0<2<1,0<y<1—g} LBXMEE5HZEICHESELTEMRG6T (1) 2L,

// 2% 4 o d:vd,y—/ </01_x(:c2+y2)dy>d;v:/01(:1;2(1—:3)4-:13(1—3:)3)dx

1 1 1 L1
= [fac3 — gt - (11— x)ﬂ — =

3 4 12 o 6

<‘:7ZCZ> HED 7 RRFESICEESETERICE, ZofloX i, EFHEDHEAZKR L TER 6.7
f5%§i¢1,¢zﬁ)éb\i¢l o & b\f£<:k&5%) EMaYThD.
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B f MBI G2 bhc b &, v ICHTOIRNERSGBEREE LTRESLT, Zhvx
(6.6) ROFDEFHRTEXRVOTH DD, (6.7) RO 7éxn%¢é%ﬁ%% ﬁﬁbf
BLE, TORO Yy ICHATIESLIHEATECLE O LRARDD. BN EZRRBEDICEZET
B, 2 lCBI LTI T2, HDWITy B LTRSS T 2 ORI, %*A%ﬁ@ﬁ
FLKRTELLDENFENHRIC /R 0E REDTHrEITHILIICL LS.

6.1 WX TEDOLNDHEE f O D TCOEMEN Z IR L.

(1) flz,y) =2ty DIEEMy=aBLOMByY =22 THENLDHS
z,y) = L DI (z,y) = (0,0), (7,0), (1, 7) ZTEME T2 ZAEONE
(x,y) =2Y, DIZEM2=0,1, y=1,2 CHENDEHFEONHE

—~
=
— =
—~

2 DA D WEHEIE o1, 90 EHNT D = {(z,9) |a <z <b¢1(x) <y < ¢o(x)} £ETD
& R BEEL oy, 0 VT D = {(z,y) e <y < d,1(y) <z < Uo(y)} L bEITD L,
EHL6.7 L0 D TERSNIAEE OB % £ 126 L TR LY 2o,

/:</:(2:) f(x,y)dy)dx: /Cd</1j)(2:j)f(:v Y dx)dy < // flz,y da:dy)

Z NS ONEF AT AKX TH D, D BNEFEOEE, BEYDNEFZHEITH & EIHE
EHEZNE ERICT MBI o e, 9 TROWEAIZIT EO X D ITHEO®EB N 5D
EEDOTLED. BEODIEFRRZBREITY & &, ZOBSEBHEREZ TLE I AR 20N
DTHSITHEEL LS.

5 6.4 f# R?2CEFRSNERRMKE L, a<b&¢é.:@&% BAUAH f(ﬁ (z,y)dy)dz

a

DFEFNAFF 22 L L 5. ZORREyZBEMASICESE L L & OBSHEIM D (X
D={(z,y)la<z<ba<y<az}={(z,y)|la<y<by<z<b}

ThHho1rb, 67T LV RABFELND.

/;(/:ﬂx,y)dy)dx:/Df(a:,y>dxdy—/ ( fey) ydsc>dy

T D y \ZBET DD HEPHA [, 2] THLOITH L, HAD x (2T 22 HIHA [y,0] THD Z
CICEELE Y. 206 2 oORKRES O RIBREOBEN 2 0 Tk <.

ﬂy ﬂy
L L

> >

a b x a b x

y THES LToD o THES T 28EEKX r TR LTHhL y TR T 2M&X
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Ebiz, LoRsy RIS DR B L L C a (SRR f = fly) #ED &

< dy>dx— / b( / bf(y)dx)dyz / (b ) fw)y

&%, ZOXARITMOEDEZHOTES ZENTE DD, ZO LI 2EEEEORIIE
ZHONTHLELND.

Bl 6.5 f#%R? CERSNHEHEMELEL, a>0LT2. ZoLE, RS

[ e

DOFENNAF A AL L 5. ZORKRIE S & EEDICESE L & EOMSHEAIL, D1 = {(x,y)]0 <
y<a,0<2<2/ay} BEO Dy ={(z,y)|a <y <3a,0<2<3a—y} ZHNTD =D UDs
LEITH. LEN-T,

I—/ fa:ydacdy—/ f:(:yda:dy—i—/ f(z,y)dzdy
D1 D2

:/0 (/OQrf(:r y)dx)dy—i—/a (/03a yf(m y)dw>dy

L%,
Yy
3a /y—3a—yc
Do
a
D, ~— y=12%/4a
2a 7T

ZD LD ITHESFHNEMER G ST, RIS O D NETF %2 &M+ 5 &I D RIRFE Sy OFiC
BRHEENRDAH.

Ml 6.2 ROBKRES OFDNAFF 222t XK. 72720, o FEER, fITEHREETH 5.

1) /O ( /. f<x,y>dy)dx
@ [ reoi)i

o [ ( / 77 f(m)dx) dy

6.3 BHZTHOZEHE Jacobian

| S ORI R LTI, ERR / 2)dz = / FOW)S (B)dt Bt s
o(a)
#ﬁﬂﬁﬁﬁ%ﬁ%f%é:&ﬂﬁ%TéiT%&wT&%9 ZOHITIE, Z0XDRENE
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OB BERE DI L THERET 5. 1 ABBEEROSEG v =ot) LEMBLIZLE & do = ¢/(t)dt &
WO REHWER, BEEGOEEIZZoRITHETLH2RIIMTHA I M 2ERNEED &, Th
13K D Jacobian (Y2 BT V) Zflio TEXXRES.

E# 6.3 (Jacobian) ¢ = é(u,v),v = Y(u,v) % R?2 OPFHES D TEZRSI N O B E T
5. ZOLE, DTEHRINBEK

 Oudv Qv du

06, ¥) ,_det< ou o ) _ 9600 _ 960

O(u,v) g% %

% (¢,0) OBMATFIRH 5\ 1 Jacobian &1 9 . Ziud Y BB J(u,0) L bEIRS.

NSO ¢, VT, wo il EOEES DD vy FEHA~DOFGE x = ¢(u,v),y = Y (u,v)
EHZTWAHEE, ZO Jacobian X ggizg ELEMIND.

5l 6.6 a,b,c,dEEETDH. 1IREW ¢(u,v) = au + bv,Y(u,v) = cu + dv D Jacobian I

o) . (a b\
B, v) —det< . d ) = ad — bc
L% wo il EOEFBILZZ D 1 IRE# ¢ = ¢(u,v),y = (u,v) IZX Y zy P L4757
BIZHEINDD, (¢,1) D Jacobian (3% O wo Fifi EOIEHEOEE & vy Vb EONFATIUAE O
O ZR L TND.

G Y

[ (b,d)
1 .
z = ¢(u,v)
/ - y =1(u,v) (a,¢)
{ 1 S { Tz
S O = 1 Z O = |ad — be| = | 52|

WIZ, ¢, BN—#xD CHEREEEDEE, (¢,1) @ Jacobian M2 £ L TV DO0E L TN 5.
DT, wo il EO R A(ug, vo), B(ug + Au, vg), Cug + Au, vo + Av), D(ug, v + Av) % THA
EL—IHDEIN Au, Av THLIM/N2ESTE ABCD 25 2, TINGH 2 = ¢(u,v),y = ¥(u,v)
WZEY 2y Fili EOED LS RERIZTEENDLINEEZ LD

“U A Yy




B
D
it
i)
il
>

112
ZOFMZEDHAB,C,DDH%E, FNENA B, C,D ELLD.

A’ (¢(uo, v0), ¥ (1o, v0)), B (B(uo + Au,vg), ¥(uo + Au,vp)), et
Z ZCTaylor E# (FEL3.13) LV, Au— 0D L =X

d(up + Au,vo) = ¢(uo, vo) + du(uo, vo)Au + o( Au)
Y(ug + Au,vg) = ¥(ug, vo) + ¥y (ug, vo)Au + o( Au)

ThHHND,
—
A,B, — (¢u(u07 UO)A’LL, wu(u(% UO)AU’) + O(AU) (Au — 0)

L%, AEECLT, (Au,Av) — (0,0) D& X

|

D'C’ = (¢u(uo, vo) Au, Py (ug, vo) Au) + o(v/(Au)? + (Av)?)
—

A'D" = (¢u(uo, v0) Av, ¥y (ug, v0) Av) + o( Av)

—

B'C’ = (¢u(u0, v0) Av, ¥y (un, v0) Av) + o(v/(Au)? + (Av)?)

L%, LER-T, o/ (Au)? + (Av)?) BREDBRAEZ BEHTUE, ZO5HBICE5KE 5 ABCD
DERIE 2 DRI BV (¢ (uo, vo) Au, thy (g, vo) Au) 3 KT (¢ (0, vo) Av, Py (ug, vo) Av) HIFEAL
T ATIATE TS NG Z LD 005,

D C

il Sp . i Sq (P, Yy, Av)

A B -

% Z Cuw Vil EOEFE ABCD OEfE% Sp, zy Vi BB 5Z0BOmEMEEY Sq £ 35 &,

duAu  PyAv _ 3(¢,¢) _ a(¢>¢)
det(wum bolko )| =[Gy = 5l

Sq ~

&%, FER, o, T DN RUED D &

li —_— =
(Au,Ag)IL(o,o) Sp

0(u,v)

DR OSIDOZ EDNREND. TRDH, (¢,1) @ Jacobian 354 v = ¢(u,v),y = ¥(u,v) 2L -5
THEINLWNE Sy OEELEZR L TND. 2k D,

0(¢,¢)
(u,v)

dxdy = ' ‘dudv

EESZEDOYMENBMINL D.
B KRTT D EHEM DO ARAE TR R 572012, ZONOFELZERL THL.
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& 64 DER*OELGLEL, (a,b) eR* ET 5.

(1) (a,b) 23D OB TH S L1E, 55 DHNDEIN (20, yn)} PEEL T ||(20, yn) — (a,b)|| — 0
(n = o00) WALV NLDEXZ WS, D OfilE2k0HELE%EZ D EEXDORAA LW ).

(2) DXHEETHD LIE, HD R? O (E#EERBES) Dy BFEEL T D = Dy 23V 3L
DEXEWND.

(3) PASEI D CERSNIBE f N D TCCPHTHD E1X, fIID &K D 12 DER
WMEYET A ZENTE, O fIED TC"HR/THHEEEND

H£45 D OME LT, EEOIIXIDICFOBEREMAT-EEOZ L THS. 2L, R2 DMK
By (a,b) = {(z,y) € R*|[|(z,y)—(a,b)|| < r} OEAEIL B, (a,b) = {(x,y) € R*|||(z,y)—(a,b)| <
r} TH5.

I EOHERO T, BRI T HIEREHOAREZIRRL 5. FOGHITD A B THDED,

ZITIREETHZEIZT S,
EE 6.8 (EMYOEHEHAX) D,Q%R?>OFRRHMEE gz b oL L, ¢, & D TC!

MO E TS, Fo, 2= ¢(u,v),y = Y(u,v) XD 26 Q~OEHKRFH T, %D Jacobian

D O%ETHOY 20 il T LTS, COLE, QTERSHIEROMFEME f TR LT

WD Y L.
//Q f(z,y)dzdy = //D f(o(u, U)’d}(u’v))‘aa((i:f))

Bl 6.7 (MEAEZHL) O<a<b<ood&l, Q={(zy)|z,y>0a <2?+y? <} &7 5.
BRE B DBIC S K 508, 2D X5 RES L TOEM 23R T D BITEER (r,0) Z W5
ERRTHPH N HIC R D

dudv

Yy
(z,9) x =rcosf r = /2% + 92
T .
- y =rsinf tanf = y/x
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a(r,0)

6 —rsinf
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sinff  rcos6

THY, (r,0) 8 HFHHIL [a,b] x [0,7/2] THD.
0 Y
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DY LD, BT, ZOATa— +0 DMRAZ & iid
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L7, ZORNEBOMEER~OIEBOEE, Jacobian r ZHNFENTLE 5 A7 720,
KEfMfTFHEo1cL L 9.

B 6.8 [Pedr=YT LD LEREI. e OFMBIEITIERETIRELRVOT
TRTHLENRDSD. EHRICKH LT Ig: = [lede &5 L,
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<L, QR) C D(R) C QV2R) 72 5 EBIMRDEL D L.

Y

V2R

R

D(R)

R V2R =
L7235 T,
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LD, TIT, OB BEERICERT D LB 6.7 XV
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n=1
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1 an LW END. E70, G {an) (5T RIS ay & EERE L 5.

FE 7.1 MBI a, BWIORT 270 OMEA ST, EEOER I3 L Th DR ng 2
FIEL, n>m>ng 2l I(EEDOBARE n,m IZx LT

]am+1+am+2+-~+an\ <e
DKV NHDZ EThA.
REBA BREL DY an DR T D LI, ZOHE n ORI {s,} BIORT D2 ETHY, &
1.8 X0 ENIF sy} 7 Cauchy ¥ TH L Z & LB THD. T72bb, (EEDIEE e Tk

LTHDLARE ng BHETEL, n>m > ng 27 TEEOBRE n,mIZH LT |s, — 8| <e B
VSO Z kLA THD. 22T

Spn — Sm = (a1+"'+am+am+l+"'+an)_(a1+"’+a/m)
= Qm+1 T amy2 Tt an
(CHEETITLELORE RN D . (REFFE)
BE 7.2 I an BBORTHITES {a, } 130 IZHORT 5.

BEBR EPFE7.LICEWC, Flin=m+1&ET DL, EEOEK 1T L Th D HRIE ng MF(E
L, n>ng &l EEOBREn I LT la,| <e &%, ZHUdES {a,} 23 0 IR T 5
Z LT B vy, (GERR#K)

ZOFEH T2 OWIM Y ST AN EIEB L L. BRI, ap = 212XV EE DES {a,} 1T
0 TR 25728, *HRT 283 S L 1% +oo ICHMT 5. 1110 2B RE L.

FE 7.2 (1) S |an| BGRT 2 X, S a, HHERIRET S £
(2) 3 ap I B BRI L2 & X, S ap RS 5 &\ 5.
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B 7.3 AEAUAT DB T 5.

SEBR RIS an 1THMERIIUR T D & L L 9. 2D & M |a,| FRTHOTERT.1 LV, (T
BOEH e ITXH L THDLHARE ng WFIEL, n>m > ng i/ I{EEDOBRE n,m 2k LT
l|amit| + |ama] + -+ + |an|| <e &7, FriT

lam+1 + amt2 + -+ an| < amir| + |amg2| + - +an| <e
MERD S5, LER-T, HOERT.L L 08I an BT 2 = L2355 . GEBIR)
WOEIRFE D Lo = b bEM 71 1 bAESICRENSG. ZOMIIRE LTRLTHE 5.
T T4 IS an, S by 1EKD 2 Sl il 2 5.

(1) H2BRE ng DFELT, |an| < b, (Yn>ng) £72%
(2) Y bp TR T S

ZDLE, 3 an [FTHERMPURT 5.
M 7.1 EPE 7.4 AR L.

ARAEDOEDOFNZHSNWTIE, BLAEDEDIAEZ LOL S ICANBZ THLDENED L Z L
ianotz. LA, EREOEDOFITH HHEEUZS>WTE, BRLEDEDIEEZ ANHEZ D
EXEDENREDL>TLED ZENRHLOTHEELRITUI RS20, K0 BARMIZITROEHN
YO SLD. TOFERHITERET L2 LT 5.

EE 7.5 MR T D5 BUTE DHEDIEEZ &0 L ) I AN Z THHRHINRL, 7 oFOfEIX
RNETHD. T LT, RN T 2% EBUI L DHDNEF Z WS I ANMAZ 5 Z LI2L»>T
EEOEIZIRSEL 2 LR TE D,

Bl 7.1 RLEDEDIEFEEZEZTCLE I EZOMEBDOMENREDLS>TLE D K97, ARSI
HRELDEIZ 1 ST TEZ 9. f(r) =log(l + x) D Maclaurin BB ZEHH T 25 Z L1k,
R SN GR VAU SIS S SN SN SN S SUU SR SRS SN
bg2=3 *— —=1-3+3-3+: s 7 st W' 13" (7.1)

n=1
DELIND. TGRS T, T 2 FNERECTH D Z L I1EM 1.10 DFERN L 00 5.
ZOEBOBEIZ 1T HBEIZ0Z2 L0 (ZOX I L THREOEITED SR\ Wil
2 TENX

Log2 =04t 40-2t0+iq0-tqo+tio-Ltios
9 %= VT, 1 6 8 10 12

BELND. b 2Rz Labthd

3 2—1+0+1 1+1+0+1 1+1+0+1 1-+1+0+
9 085 37275 7 479 116 13
! 1+1 1 1+1+1 y+1+
N 3 2 5 7 4 9 11 6 13

LD, ZOEDOFEIE (7.1) XOEWOHMBTIED 2HANMATZOHLAD 1 HZMZ D LV
IEICLTRLADEDIEFEEEX T2 DI B2, & 2AD, EOMBMOMEIZEDL > T
LE->TWNSD.
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EEOEINILT LHIRT 5 E1H RS 7220, H R 72 851X Bolzano—Weierstrass D EEL (&
PEL1.10) K OIRT HE08 & b0, iz, EICAERTRWESNE oo I BT 2505 % b b,
TIZARTRWEINE —co IZBBT HH DI EH D, ZDLEHIT, oo &l LTHAETHDT
bIUL, EEOEININK T D53 %2 &2 ENghD. EOEHSFOMIBEIX— I X8k
HY, WIFIORMY FIZEVEDL->TL 5D, TOLXIBRWMPEOF THRLKRKEXNED LS
HEDIFU T TR TH ) ITHHEDOSWVMETH H. £ 2T, TNODEEEIZER L TV

9.
EE 7.3 5 {a,} ITH LT,
T = sup{an, Gnt1, Any2, ...}, Ly :=inf{an, ant1,ant2, ...}

WCEVEI {r,} BLOA{L} ZEDD. ZOLXx, {r} TEMAEDLTHY {1, 1ITHEFEMTH 5
M, foo ZfEE L THATIUEX, £ ORI
r= nl;n&) . nlggo sup{an, an+1, anio, ...}

[ = lim I, = lim inf{a,,ant1,ans2,...}

PEET S, ZoEx, r, | 2ZNZh {a,} O LIBR, TAERL L

r = limsup a,, [ = liminf a,,
n—o0o n—o0

LEL 2L, r=Ilima,, ! =lima, & bENPND.

ZOERENLND LI, {an)} D EICHRTHNIEZ O EMBIRITEHIC /25, EIZART
RONERIHMEEOHRE n I LT r, = +oo &725. TOHFAI {r,} I EESOFIELL
ROR, ZOBRAD {a,} O FHERIE 400 L EHT L EE L TR LY. FREIRIZ W T b FREET
b2, EEIZIE, WOFERD Z LIk o TR LN DMREO Thi b K& VMED LR CH
D, BbH/NSVER TR TH L.

lim a,, lim a,,

7.2 LIFCEDBHIDES {an) 12k LT, FHRE Tim a, 35 & OV PRI lim a, 23K .

(1) ap=14nD"

(2) ap =-sin%

T 7.6 {an) 285, a 2EHKLTS.

(1) lima, =a LRDT2DOULEFHRMFTRD 2 RN LOZ L THS.
(i) EEOEH LT, H2ERK ng BIFEL an <a+e (Yn>ng) £72%
(i) EEDOEH e ICHLT, {neN|a, >a—c} ITEBEAS LD

(2) lima, =a &5 OUEFFEFIRO 2 KRR LS L ThHD.

() EEOERKISHLT, H5HEKn BIFEL ap > a—¢ (Wn > ng) L7225
(i) EEOEH ezt LT, {ne€Nla, < a+e} (TMRESG LD



118 B/TE R BEBOMRIR

SEBA (1) 2% 9. P lima, =a 95, Z0OLE, ERTIICBITIREEEZHND &, 5
{ro} 1T alZBORT 5. LEER> T, [EEOER ITX LT, &2 HRE ng BWIFIEL n > ng &1
EITEEOBREnIZK LT |, —al <e BV LD, Zhdx

angrn:a+(rn_a)<a+€ (Vnzno)

LR ) ED. £, FEHelcxLT{neNa, >a—c} PAREATHLETDHE, HD
HRE ny DFEL CTap <a—ce (Vn>ny) DKV SLD. T kD

rn = sup{an, dni1,nt2, ...} <a—e (Yn >ng)

EWRBN, ZIZTn—oo i NiFa=limr, <a—c &b, ZHTePERTHLZ EITF
JETH. LIedoT, (i) Y S22 e 57200,

KIT, () 550 (i) 2 LT Tman = a 280 o= & 572 5. EBOTRe IS LT, () &
v, &2 ABE g BMHAEL an < ate (Yn > ng) PRV LD, L7235 TC, 1y = Supy,sy Gm < ate
(Vn >ng) £7250, Z2Tn— oo & HUElima, <a+e £72D. EZAN IHMERDOEHT
HoT=ND,

lima, <a (7.2)

LD, — ), FEOEHE e BEMEBEOAREn I LT, (i) LV ap, >a—eBELUn >n%
W7o T B g DIFET S, B {r,} ZHFED THLG, ZNED ry >y >ay, >a—c¢
LA, ZZTn—ooo T lima, >a—¢c ERD. LAV ITTEEDOER TH 1=,

lima, > a (7.3)

LB (1.2) BEUN(7.3) £V lima, = a B¥FONS.
(2) bEL AERBERIC L > TrEnD. GERKK)

FE 7.7 B {a,} BLOFEE o I LT, KD 254 (1), (2) IXFAMETHS.

(1) nh_)rgo an =

(2) lima, =lima, =«

FERA (1)=(2): T 7.6 LVBILMNTHA .
(2)=(1): I, = inf{an,ant1,ant2, ...} < an < sup{an, anii,anto,...} =17 BV Tn — 00
TR, IEBINELEA ) BLOEHI Y LAHOEXNNED . GERAK)

M 7.3 EEDOIEES {a,} 1T L TRADLY SLHZ & 2Rt

lim ™ < lim ¢/a,, < T {/a, < Tm 2 (7.4)
Gnp, an,

VLEDHEG DT, IETRREICKTT 5 2 SONHCHETE, 97005 d’Alembert (47 > ~N—/L1)
DFIEVE L Cauchy OHIEELAFFEITL L 9.

EHE 7.8 (d’Alembert OILHHIEL) > a, ZIEHERK L T 5.
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(1) Tm 2=t < 17250F, Y a, FIORT 5.
(2) lim ®25 > 17251, 3 a, BB LRV (oo IZHET D) .

BERA (1) 9, m 2 <0 <1 23l727 0 2ERICBRYVEET S, oL, EHT.6 (1) O
(i) &9, (e =0 —lim 22 ZH LT) &2 BARE ng BIFEL 25 < 0 (Yn > ng), T7DH

ap+1 < Bay (Vn > ng)

DR LD, ZORERE /RN HOVIUL, a, <07 ™a,, (n>ngp) £720D, EHIZ0<H<]
L0, Yoo, XK T D, Lo T, EHT4A LY Y a, 1FBURT 5.

(2) 9, Um “H > > 1 &7 d 9 ZEBICRY EET 2. Zolx, EHT.6(2) D 31) &
9, (e =lim “*H — 23 LT) HDARE ng BIFEL 225 > (Yn > ng), T7RDDL

Apy1 > Nay (Vn > ng)

WALV NED. ZOAREXE IR OIE, ap > 7" an, (n > ng) E720, n>1 X0 H5
{an} 1 FE +o0 IZHHWT D, LIEn->T, EHT.2 XD Y a, 1FMORL 722V (REFR)
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COEBIIRESIFICE D &, BHBIEOPORK - RO L DI, BV EIHOLN 1 LV /h&
RO TVDHAITITNERL, O 1 LY KREWHEITITRET 22 L2l ~Tn 5.

T 7.9 (Cauchy OILHHIETE) > a, ZIEERK L T 5.
(1) lim a, <17251F, 3 ap (ZHT 5.
(2) Lm /a, > 172250F, Y an (R LAR (+oo IZHHT D) .
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MRV NED. 22T, 0<0<1 XD Y0 3RT 20T, EHT4 LD Y a, TR T 5.
(2) £F, lIm ¢a, >n>1 &M 9 2EECRYVEET L. 2oL, FHT.6 (1) O (i)
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Mo T, EFT2 L0 Sa, IR LAV, GEHIK)
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RWBEARHLOTHEELLY. ETHEANLE 2 oOIECHIEREE, FOHHNL 00559
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(7.4) KXY, d’Alembert OHEE (EFL7.8) TEDINHK « FEAHETE D L O R IEHME
ST ap 12k L TIX, Cauchy OHEE (EH7.9) THLEDOIK « BHEHETE L DB D.
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INHOEWNT Ve e l) OMBIZHD Z EICERELE Y. FRIROEA, ngld—&icixe 72
TR 2 ICHIRTFELTEY, 2 2E25EZNIOEETng 2 KESWLRTER LRV, £
AU L CT—HEIBUR DG AT, no e I MHREY, o 2B L CERIC (Thbb—HEID)
WA ENTED. S f(x) BOA0E 2 1IZB L C—Hfe (ERAfR7ZR) X T f(z) ICIURTHZ &
MO —FRPR EMHEN DD TH D, ZOZ 0D, —HRIGRTIUEE RINEKT D 2 E N a5 03,
ZOMNE—MRIZITRR Y ST N2 EIZHER L L 9. BINTH L THINR & WO &I 1 2T
Hotn, BEINICH L TUddbe &b 2250 (FIIEFEITRILO) BOROMENRH 5.
RO % Z L OB SRMEZROETENTEL EFRBIL L OEWPAMKEICR S TH
AH. ZTOFEREME LTELTEL.

T 7.13 (KR T TR SIS {f) B fAC—RRIUE T B 7 3 DB A5y S IR S A
Do L ThD.
lim sup|f(z) — f(z)] = 0

n—oo zel

il 7.6 &P 7.13 ZFEHE K.

—ARINEMEE L0 X <SHERT A 72DI121E, AR T 203 —HRIKR L7 X 9 72 B35 o il %
RADBNNTHAI.

Bl 7.3 fu(e) =" 12k D, BIKRET =[0,1] TEHZINZBES{f,) #EDD &
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LB, LT, BEE{f) 3B TERS DMK fICA IR 5. & AR,

sup [fn(z) = f(z)] =1  (VneN)

0<z<L1
THLPS {fo b 1T FIT—RIRII LRV, ZOBITIE, 22 <1Zc LR85 LIZESHE
ESNEE, FE {fo(2)} O OITHURT DHEEDELS 2o TRY, £ 2 TGRS LTV
HDOTHD.

Z OFITILER 2 BES { £} OWIRBIE f 2o = LITB W TARERFICR->TRY, 202 N
JRR T RN AN TV D L AT 2 T 5. 2535 &, w2l {f,} OfmrRE
B f b EERIT R TOIUE—FRIBOR L TV D ITIEN RN EHIFFT 5 AW 5 200E LAV,
WROBINE 533D K OIZENUTTREY Th 5.

Bl 7.4 WO LS IZKI T = [0,1] TS AU EEMES {f,) 2ED 5.

Y
' (0<z<q) |
fn(l') = 2”(1 — na;) (% <z< %) i Yy = fn(x)
0 (Fse<l)
g 1T

Zolx, BB {fu} 130K R 503,

ax [fa(@)|=n  (neEN)

TH D0 b —ARIRIT L7220,

B 7.7 DUF GRS SN2 BIEH {f,) MK T CHAURT 5 = L 4R L, Z ORI f %Kk
WL bz, TOBEEI{f) B f o ARG B0 8 5 h A HEYE L.

ze ",
(z) = n?ze ™, [ =]0,00)
nx(l—x)", I=]0,1]

ne 1 =10,00)
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EE 7.14 X I CTER SNk BES] {f,) 28 fIC—FRIERT U, ZOMmBRE% fF b F
721 CHEHfHETHD.

RERA 20 € I ZTEREICHRVEEL LS. EEOEHK X LT, {fu} 2 fIC—FRIRT 5 &
M, D EEE g WEIELT, n > ng 2T HEEOEREn BLOEED z € IR LT
|ful(@) — f(2)] < § ALV LD, FRIC

fao@) = f@) <5 (@eD

LIRD. ET, fuo IR T THETHDZ LD, HOERe K LThHBIER S BIFEIEL
|z — xo| < 6 BT FTHEED x € T ITXLT

13
WD D, LIEBoT, |z — x| <6 W TEED z e TISH LT

(@) = f(@o)l = |(f (@) = fao (@) + (fao (@) = fuo(@0)) + (fro(20) — f(20))]|
\f( ) fno )| + [ fao (@) = fao (0)| + | fug (x0) — f(20))]

<§+§+§=€

ERDD, THIEFBE f PN ay THERETHLZ LZRLTWND. E2AN gy e [IHMEETHo-
MmB, fIFXT THRETH S, GEFRE)

Z OB O—REIHR ML, DLTFOEE TR TV X 91g, WRIR &R DR, & 250k
WR[R & 385y DNEFE A2 2 ARFIET 5 72D D+ ST %%w%né.

TH 7.15 PR [a,b] TERSNISEGERBIES] {f,} 5 f 10 BRI RIE R AR R D 3o

Jim f fn z)dz = / ' f(z)dx (: /a bnli_)rrolo fn(x)dx> (7.6)

SEB IREBXOTEHEHT.13 LY
/ Fule) = f()|da

d:n—/f Ydx| <
(b~ a) max |fu(a) - f(2)

—0 (n — 00)

LD Z EICERET T LV, RERIFR)

5 7.5 HGIR & FE ONEFFASHL (7.6) D ST 720K 9 Rl %75 2 L1k, EBLT.151C
75&&(#@@%,“@% IC—FRIRT 2 2 &) OBFEBENHAZHMRLCHL OB, {f.} &0l
fé%ﬁﬂ&?é_mgﬁoK%ﬁﬂﬁbfvtﬁ*%Wﬁﬁbfwﬁﬂot.it%%

2 [ falz)de =1 (Yn € N) B S0, Li=dsoT,

1 1
lim fn( )dx %7& 0 :/ lim f,(x)dx
0 n—oo

n—oo

L0, Bl 74123807 5 BEES {fn} ZoF U CI3mR & F5 5 DNEFITASHL T & 2200,
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M 7.8 {fu} % fu(z) =2 ICXVEEHHXM I =[0,1] TEZRSINIZBEEKIIE T 5.

n—+x

(1) {fu} 1 ZHLBE fIT—HRINRTHZ & a2RL, TOMBEE f 2R L.
(2) lim [} fo(@)de BEO [ lim f(e)de ZFHE L, TRLR—ET D2 L EHDD L.

EHE 7.16 PAXM [a,b] TEFRS L CLEROBIES] {f,} 23 FICHSBORL, HhoZ OFERIE)
570 5 B {1} 8 g o —RBIR AT, REIREIL f b £ 7= CLRTHY [ =g, Thbb
(mnﬁyzlm¢; (7.7)

n—o0 n—oo
NI ANASS

B BB fn 13 [a,b]) TOVRRTH D00, MO EORAER (EH5.12 (2) LV, {EE
D x € [a,b] \Zk LT

o)~ fula) = [ " )y

7D AELY {fo} X FICERIGR, {fiHidg IC—HIGRLTWD0 T, ERIZB W Tn — o
T, EET15 LY

@) - sy = | “w)dy  (z € ab)

L7222, GERT.14 XV MEREIE g 13 [a,b] TEETH D00, BOMSESFOEATH (EH
512 (1)) &9, ZOHDOBEIT [a,b] TC'HETHL. TP IELOBE f b E [a,b] TC?
WTHY, [=g YLD, GEFIFE)

5l 7.6 ZZTH, WREMSONEFASH (7.7) DALY LTI Z 2807 5 Z LI X0 EBEL 7.16 O
REOEEMEAFMLTHOE . fu(r) = Zgz" T KV EE DKM [0, 1] TER S Bk
Fi{fa} B X L.
1
dg§§§|fh($)|=:;;;ji'—+ 0 (n—o0)

£0, {f} OS5, —F, fi(x)=2" LY, fi(1)=1(VneN)THS. LEN>T,
Jm 10 =120= (Jim fa) @)

L7V, WIROS ONAFFIIRZBTE 2. 5085, {fIHIESEAIGR L TWA R —HRIBR L T
WRWNWZ RIZEEL XD,

& 7.7 BIEEEBEBONH)  f, (n=1,2,3,...) XM [ CERINTEKLTDH. oL X,
BB { fn} 2 OAES DT

E:h=ﬁ+ﬁ+ﬁ+m

n=1
%Fﬁéﬁlﬁ%&ﬁkb\b\; Sp = fl+f2+ . +fn % (‘@"fcﬁb‘fb, Sn(x) = f1($)+f2(x)+ : +fn($))x € I
WCEOWEFE A s, &) TOEEDTEND. FRNNOIELNDHED & & LR, FOREK
HERREIE LIELIE Y f, ERSEESND. 5 n S 672 2 B {s,, } D3B3k FAZ& SI0R (%
TE—FRIDOR) 32 & &, B> fn 1T FICERIKR (F7203—H%IER) 7509
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oy DR (GERLS.7) B L UM ORI (EHL3.2) [TIEEL, Hnfofnd e
H {sp} W L CEB 7.15 B L OVERL 7.16 Z AT IUTROEHERIE LS.

FE 7.17 PAXM [a,b] TEFR I AV EGe 72 B { f,} 1Tk LT, BAEEEARER > fr, 23 —HRIUK
ER(Ee/ W AIRVAN
o b b oo
S [ e = [ fulwds IR
n=1v4% @ n=1

EE 7.18 XM [a,b] TEF ST CLROBIES] {fo} 18 LT, BIETRMRIL Y fr 2385 5K
WL, 22T 0BG 7225 BIEERIL Y fl M—RIURT UL, S f bERCIHRTHY K

E2W S A/RVASH
<Z fn) => 1 CERIY)
n=1 n=1

7.9 EH7.17 B X OVER 7.18 ZRERHE L.
BB O —ARIDORICEI LT, EEL7.1 LRBRIC L TROEBDTEA S 5.

FIE 7.19 X[ T TEFRSINIZBEBEERE D fr B—HRINRT 272D OB+ 5 5FE, EED
FEH ez LTHDERE ng DIFIEL, n>m > ng i T EEOBRE n,m BLOIEED
xellZx LT

‘fm—l—l(w) + fm+2(x) +oo+ fn(x)’ <Ee

MWKV NEDZ & Th 5.
B 2 60 BRI —HRINOR T 20 E 5 0 OHEE LS LT, ROEED L THEFTHS.

EH 7.20 (Weierstrass ® M HETE) XA T TEZR S WIBES{ f,,} 16 LTRD 2 G %
T3 HEN{M,} PEET D LT 5.

(1) |fulx)] < M, (Vo €I, Vn € N)
(2) 3> M, 3R T 5

To&E, BB Y fro i3 ARIBORDOHEXIR T 2.

SR LEOTR e SR LT, (0E Q) BXOEETLI LY, H2HKE no BEEL, n>m>ng
Zefii 12 AR O B n,m (Zxf LT

Mpi1+Mpyo+---+M, <c¢

DD NLD., L7ZRo T, n>m>ng 2l dT(EEOERE n,m BXWMEED 2 € TIZHK LT,
RAE (1) £V

| frm41(@) + frg2(@) + -+ fol@)] < | for1(@)] + [fg2 (@) + - + | fu(2)]
SMm+1+Mm+2+"'+Mn
< €

Lph. Tz, EET.19 &0 BRI Y f 13 BRI ORI S . GERIR)
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f 7.10 LUF OREECERE AN T IZBWT—ERIGRT 27208 9 A fiERE K.

2

(1 > ﬁLﬁxi’n I=10,1]
(2) Snabe ™, I=R
(3> Z M#%% I= (07 1]

Z ® Weierstrass ® M HEE (EEL7.20) O 1 >OEHFIE LT, WOEBEZGEHAT L2 &0
T&5. TOMIITSIEFEHL <IFRVREIET 5.

EE 7.21 aZFTLETHREIME Y an(z — a)" ODWHLRE R ETH. Z0Lx, XM
(a — R,a+ R) TEHS -

= Z an(z —a)”
n=0
FO®MHETHY, HOMETHEFIES B L OCEHIES B ARETH 2.

Bl 7.7 FHESIOFIDOAKX LY

ix =S (el <) (7.8)
n=0

DRV ALD. ZOEBOFIEDOINEF T THHIZEBIOE 721 ICHEET D &, TFTOE
KW FHERIE LN ERRIESND. (7.8) O EMLIT D &,

(1_11;)2 :(1133)/ Z ZMJ (Jz| < 1)

n=0

LD, SDIIWSERT D E, EEOHREEIZHLT

(1_2)%:%(@&%:2(“:’“)%” (2] < 1)

n=k
W OSNLOZ gD, 7o, (TR) D h —yllEEHZ, TOWML%Z ylICBALTONb x E
THZT 5L

o o

x d x
log(1+m):/01_fy:z:/0 "dy—z

n=0 =
:Z( " (gl < 1)

LD, XD, (T8) Dk —y? ICEEHZ, ZOMLE y L TOND o ETHENTH L

TL

T —1)"
arctan x = Z/ Hndy = gx%“ (lx] < 1)

O1+y 2n+1

BELND.
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T #x A

Al ZEHOLE

F1I1EICBWTRREFERORNFED 5 B0 2 SO (REOAFRLNEFORNIR) /4L &
I, FDEDIZ, FTHROEEREZDRS.

ETE A1l KEETRWVERLEL, (EEDa,be KIZX LT, flat+be KBLXUOHab e K MNE
BINTVWDLETD. 2D 2 00EFICE L T TFOSRME (1)-(10) ME-SnTnd L&, K
TR THD LS.

(1) a+b=b+a (FZ B9 % se kAl
(2) (a+b)+c=a+(b+c) (FnizBd9 o fs & 1ERD)
(3) ®2L0e K MHELT, fEEDac K LTa+0=0a (%7t 0 DIFAE)
(4) FEEDac KIZH LT, 55 —aec K PFELTa+ (—a) =0 (FIZBT 2O
(5) ab=ba (FRIZBI 9 % Ac#avE )
(6) (ab)e = a(bc) (FEIZBT 2 a1ERD
(7) a(b+c)=ab+ ac, (a+b)c=ac+ be (rBliEAl)
(8) H2L1e KMFIELT, £EDac KT/ LTal =a (HALTE 1 DFFTE)
(9) EEDae K\{0} LT, H2ma ! BHFEAELTCaat =1 FEICBET 2 HOFE)
(10) 1#0 GEHE M)

FHLLIEHICBWTRAREZRBEOAF L L, [RIZETHD] EWnWHZ L THD.
WIZ, NEF O AEZRRAT-DICRIEFES L W) EELERT A.

THE A2 X 2ECHRVESLE L, B0 abe X 1okt UCIFE & M2 BIMR o < b ASER
NTWDET 5, ZOBUEBRLLFOLME (1) (4) 27T %, X ZLIEFEETHD &1,

(1) FEDae XIZHLT, a<a (RH)
(2) a<bhrob<czblFa<c (HEREAE)
(B) a<bhob<albifa=hb (BRI FRAE)
(4) a<b®HDLIWEO<aDEL LRI Y LD (2NEFFE)

a<bZb>albtEL. F, la<bhDa#bl EVWOBBREAa<bDHDLNIELD>a LEL.

IEFDAE RIFAPSBIEFESTHY, S5ICLIFORME (1), (2) 27T

(1) a<bebiTat+e<b+e
(2) 0<a?>0<bBIX0<ab
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FLIEICBWO T ERE AW lE A 2B L2, TSN (2 omig A & [F
7)) oONDOEFMEABRM LTINS, 22 TENULEHRMLED

F A3 ABLOBAZZETRWVWR OESES LTS, RO 3 5%44:
(1) AUB =R; (2) ANB=1; B)ae AobeBRblXa<b
Dz Tnd %, (AB)ZROUMREND.

EURAVICIE, BERE E 2N TR0, ZOEME X OHMO BRI 5 ER 0%
HBE, TNTNABIVOBELELE, (AB)ZROUKES>TWDHOTHD. HERDIT
TV ANE I 7RDNENS T ETHD.

ST, ALITHBW TR TE md#tE A BRSO ERE, MEL VI THZEL LS.

E Al ZETRVWROEZESG ADLE (FEIT) TARZRLIE, ADER (EIETR) 2
FEET 5.

i@ A.2 (Dedekind (F7F 2 k) Ol (A, B)ZROUKETLHE, KO2FKHFDHIBE
H ORI R SO,

(1) ARz bb, o Bidk/hid b,
(2) AFEKixEb2d, 22> Bldk/hoixk b0

DOMBET, BERICIE, BEREZS-T-U-7- 8 2080 aNERIONER D 5 WITARIO
#Eﬁ‘ﬁ@k%fwh*jﬁ@# TR T, VWO T EEBRITND,

arE A3 b (ETT) ICARREREN (F7213084) BINIHRIITH 5.
fifE A.4 (Bolzano—Weierstrass) AR INIIH S 2 E 5514 6 .
@8 A.5 (Cauchy) Cauchy FII3IUHFI T 5.
fiEE A.6 (X[ME/NE) I, = [an, by (n € N) 2RO 2 4:4F
(1) Ins1 C I, (vn €N);  (2) lim (b, —an) =0

n—oo

EMETHEKBONET S, ZoLE, HHERa MIELT, TTOMKE L, = [ay,by)
(n € N) OB 1 ROZOES {a} 12725 ¢ (] I = {a}.
neN

il A.7 (Archimedes OAEE) (EEDOIEH a, bIZX LT, a<nb &72bBRE n BFETDH.
L EOaEOREMEICEE LT, LTFOEREN AR 7.

TH A1 MBEAle MEA2e MBEA3 e MEALe MBEAL AT MBEAGLE AT
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COTHEOIRITEIET S, oI, ForomErEGEtAE L THRALTHLS
SFEUCHFGNERE SN Z ENgnd. (72720, AL & A7, BIOMEAG & A7 LR
W22 0BT 5.) TORE, B0 OmBEITER ALICBWCIFAINZER LS.

AR, ERRAIC IR IE R EICH e < GERANIC) LTS 2L aRLT
BY, AHEEEOES QIXZOMHEEZ > TV, Thbb, FEEZT 26> THEMR L
i< EBEZELTICR-TLEIDOTHD. LnLRRL, REIZHLDETLE, AEEITEE
FREIZES LY LML TND Z EBNRDEEINS 310D,

FE A2 a<bZiil-IMEEOFEK a,b I LT, a<q<bZililcTHEE g NFETD.

AEBA b—a >0 ToH DD, Archimedes DALY 1 < (b—a)m ZH7-T BRE m HMFEETD.
FFOY Archimedes DRFLE D |am| < ng, T7R2DH —ng < am < ng Zi72 3 HIRE ng BFAET
5., ZokE, 5 A ={ncZlam <n <n} ITEX 200 WO LK DL TROVAIREST
MO/ ITEn =min ANTFHETD. Z0LE, neZ»Oon—1<am<nMBKYED. L7ER-
T, am<n<am+1<bm &7250DT, ¢g==2 LBFIEIV. GEWR)

FEEOFB aBLOMEEDEK IZH LT, a=a—e,b=a+e & LTEHA2 ZHEAHIT NI,
a—e<g<a+eTROL |a—q| <eZWTHBEE ¢ DFET D2 L0005, g, E£E
DEFMEBORE CHEHIZ L > Tl EN b Z L 2R LTV, ZOoWE > AHEEEROE
B QPEHEROELERICBVWTHRBETHS L0 ).

A2 EYVEBRAR
F1E EREHINDOERE
RIRE 1.1 (1) supA=+2,infA =0, maxAFB LN min A IZFLE LRV,

(2) supA = 1,infA=min A= -2, max A ITFEELL.
(3) supA =max A = —+/3,inf A = —oco, min A IZfFFE LRV,

MIRE 1.7 (1) 1<a,<2(VneN) &2 &IZEEREL, BERmMNEL VL.
(2) WRfEE o & T5L a2 =a+2ThE0Dba=2%7%.

Fl:ﬁ% 1.8 (1) ap4+1 — Qp = —m(an — Gn_1> G:/J‘EAJ%:'E_J:
(2) WREE o LTDLa= A7 THDINDa=5(Vb-1) L725.

M8 1.9 a,=(-1)"n, a, =nsin 4 2 L.

F2F EREH

flE 2.1 f(z) 2 ay (r—=a+0)e=Ve>030>0Veel (a<z<a+d=|f(z)—as|<e)
fz)ma- (r—=a—-0)=Ve>03>0Vr el (a—d<z<a=|f(x)—a_|<e)

M 2.2 f(z) 2 a(r—+0) & Ve>0IM >0Vr el (x>M=|f(x)—al <e)
fl@)ma(x——00)eVe>0IM >0Vz el (z<—-M=|f(z)—a| <e)

g 2.6 c =L > 010kt L Ol ER 2 L L.
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fRE 2.7 f(z) —» +oo (. — £oo) £V, +HRERIEHRZIS L f(z) > f(0) =ao (Jz| > R)
L%, ZolkE, KM [-R,RIIZBITS fORMERRIZEBITD fOR/MEL 72 5.

i 2.8 f(z) = +oo (xv — £o0) KV, THOREREHBEREZMS L f(-R) <0< f(R) &£72%.
% 2T, MM [-R,R] kwf¢ﬁﬁ@mﬁ%@%ﬁi
fEizE 2.9
sinta | f | -5 -F -8 0 | F ) F 5|3
cosTlx || w Sr | 21 | 2m z z z z 0
x —V3 | -1 —% 0 % 1 V3
tnte | 5| -F | -§] 0 % | %3

3.3 (1) f/(2) = -2z~ (2) f/(z) = 2" (cosz - logw + S22)  (3) f'(z) =
B34 (1) f() =202 (2) f'(z) = arctan o — 2 (2 # 0) BEVF(0) = 3
3.6 (1) limeTr —c™' (2) gig%(#)f =Vab  (3) lim (55)" =1
FARE 3.7 F'(2) = f"(¢(2))(¢/(z))* + f/(¢())¢" (x)

F"(x) = f"(¢(x))(¢/(2))" + 3f"(¢ ( )) ¢" () (x) + f'(6(x))¢" (x)
P39 (1) /() = S (2) 500 (@) = B — e

(3) f™)(z) = e®°5* cos(na + x sin )

%8 3.10 f(™)(0) = 0 B L FCmHD(0) = (—=1)™(2m)!

EE3.12 (1) f(z) = 37, (M)am a2 (2) fz) =30, EU 0 (o) < 1)
(3) fla) = = Coto(Gedr + 12" (o < 1)

F4E (FEHIE

RIRE 4.2 ( ) CHD  (2) BT (f(z,2?) = 3 ICHEBE L)

FE 4.3 (1) fola,y) =Yy, fy(z,y) =avlogz  (2) fulz,y) = 2 fy(2,y) = —hp
(3) fz(:v,y) P fy(n,y) = — ik (1) # (0,0) BEV£(0,0) = 1, £,(0,0) =0

I 45 F'(t) = fun(0(t), 0(0) (&' ()" + 2Lay (9(8), (D)8 (DY (1) + Fuy (6(1), (D) (¥'(1))” +

Fo(d(2),(1)"(8) + fy (o(2), (¢t ))w”( )

RSB 4.7 (1) FRA1E (0,0), (0, 1), (£1,0). (0,0) 1Z#EA, (0,41) 1M/, (1,0) I2HEK A
( )1 DJS (0,0) (\[ \/§)a( \/ﬁ, \/i) ( ) i%?"ﬁ’ (\/57_\/5)7(_\@; \/i) &iit@d\‘ﬁ‘

BES.3 (1) BTy (o, = gulpe CEED TAOBI {2,} 252 X)
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(2) —#REfETH D (f(0)=0LEDDH L fITPAXE[0,1] TEFEIT/RD)

(3) —HEEEE TRV (2 = nyyp =n+ L2 TEED I WO {z,}, {yn} ZEZ L)
fRE 5.4 f 2 I THERHEIMOGEITIE, EED T OHF AT LTO < SA(f) — Sa(f) <
(F0) = F(a))|A| RO NEDZ L &R LThb, &8 52 % Hn k.
PEE5.9 (1) o™ (1-2)" = (hqa™) (1=a)" & RTHAREHOL.  (2) Lo = Gty
fIRE 5.10 (1) sin"z = sin" ! x(—cosz) & R CTHY i/\%ﬁﬁb\i

(2) Jo =533 =1 (n MER n_ggg =L (B

(3 )Jan—”%, Tonin = Tolm i 2 L L

G
fiiRE 5.11 (1) m—i— (arctanx—i— 2+1) +C (2 ilog‘i—;ﬂ — Sarctanz + C
(3) log(|z + 1|(z? +4)) + TH — 2arctan  + C

%8 5.12 (1 )m—{—m—{—c (2) arctan(12 tan £) + £ + C
2

B)a=bnLx ltani 4+ C, a>b0)<‘:%\/7barctan( a—ﬁtan%)%—C',

va+b++/b— atan
a<b@§:é‘\/b = log fﬂtan +C

%8 5.13 (1) 1(1‘\/@—%(1 arcsinZ) +C (2) Llog \/362%%&—#0

3) — wm—l— % arcsin £ 4 C
M 5.14 (1) KEWEICTHL (97 = 1im(smx) & ATV RSy 22 T X))

(2) IRREATR O (T 2 2 sin? Ldr > S0 [ ::((: 11) igde > Y, ¢ — 00 (n — 00))
(3) InFrFE/ TH D (sin(x )— — 5 (cos(z?)) & BT 2 IV K)
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