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VALUE DISTRIBUTION OF PAINLEVE
TRANSCENDENTS OF THE FIRST AND THE SECOND KIND

SHUN SHIMOMURA

Abstract: We examine value distribution properties of the first and the second
Painlevé transcendents. For every transcendental meromorphic solution ¢(z) (resp.
1(2)) of the first (resp. second) Painlevé equation, the deficiency (g, ®) (resp.
d(g,v)) of a small function g(z) does not exceed 1/2. Furthermore, for ¢(z), the
ramification index satisfies ¥(g, ¢) < 5/12.

1. Introduction
Consider the first and the second Painlevé equations

(I) w” = 6w? + 2,
(I1) w’ = 2w’ + 2w +

(‘= d/dz), where a € C. All the solutions of these equations are meromorphic
in the whole complex plane ([1]). It is easy to see that every solution of (I) is
transcendental. Equation (IT) admits a unique rational solution, if and only if
a € Z ([5]). For transcendental meromorphic solutions of these equations, the
deficiency §(a,w) and the ramification index ¥(a,w) (a € C U {o0}) were exam-
ined by [2], [6], [7], [10]. Throughout this paper we use the standard notation
of the value distribution theory concerning a meromorphic function f(z) such as
m(r, f), N(r, ), Ni(r, ), T(r, f), S(r, ), 6(a, f),9(a, f) (r >0, a € CU{o0}) ([3]).
Furthermore, for a meromorphic function g(z), we say that g(z) is small with re-
spect to f(z), if T(r,g) = S(r, ). Define the deficiency and the ramification index
of a small function g(z) by

o m( 1/~ g) L N )
o9 /) =tminf =2 = Ve f) =it = =

The purpose of this paper is to estimate these quantities for transcendental
meromorphic solutions of (I) and (IT). Let ¢(z) (resp. ¥ (z)) be an arbitrary tran-
scendental meromorphic solution of (I) (resp. of (II)). Our main results are stated
as follows:

Theorem 1.1. If g(z) is small with respect to ¢(z), then 6(g,p) < 1/2.
Theorem 1.2. If g(2) is small with respect to (z), then 6(g,v) < 1/2.
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Theorem 1.3. If g(2) is small with respect to ¢(z), then (g, ¢) < 5/12.

Remark 1.1. In particular, for every complex number a € C, ¥(a, ¢) < 1/6 (see [6],
71, [3)-

Our results are proved in Sections 3, 4 and 5. The auxiliary functions H(z)
and K(z) in the proofs of Theorems 1.1 and 1.2 are due to [9]. In the proof of
Theorem 1.3, we need to choose a different type of auxiliary function €2(z). In these
proofs, we use the additional notation as follows: for a set A C C,

N f)la = [ (0l Dla = 00, 9)a) % + (0, )l atogr,

M la = [ (me Dl = m0.0)14) L+ ma(0, )l logr,
mpfla= 3 wef)  mpNla= S (ue)-1),

o€A|o|<p o€A,|o|<p
f(o)=00 f(o)=00

where (o, f) denotes the multiplicity of the pole z = o of f(z).

2. Lemmas
Substituting the Laurent series expansion of the solution ¢(z) (or (z)) into
(I) (or (II)), we have the following.

Lemma 2.1. Around a movable pole z = zo of ¢(2),

6) = s = e ) = 5= 2 (s = )+ O((z = 20))

and, around a movable pole z = zo, of V¥(z),

U = o 7 2 )+ T e 2 (e — 2+ O = 220))

where v is a parameter depending on the initial condition.

The following is a lemma of the Clunie type (cf. [3; Lemma 2.4.2 and Remark
1in §2.3]).

Lemma 2.2. Let f be a transcendental meromorphic function such that
[Pz, [)=Q(z f), neN,

where P(z,u) and Q(z,u) are polynomials in u and its derivatives with meromorphic
coefficients {au(z) ‘ IS M} If the total degree of Q(z,u) as a polynomial in u and
its derivatives is at most n, then

m(r, P(z, f)) = O(Z m(r, aﬂ)> + S(r, f).

pneEM

The following lemma is due to [4; Theorem 6] (see also [3]).
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Lemma 2.3. Let F(z,u) be a polynomial in u and its derivatives with meromorphic
coefficients {b,(z) | v € N}. Assume that w = f is a transcendental meromorphic
solution of the differential equation F(z,u) =0, and that F(z,0) #Z 0. Then

m(r,1/f) = (ZTrb >+S(r,f).

VvEN

3. Proof of Theorem 1.1
We put ®(z) = ¢(z) — g(z). It is easy to see that

(3.1) D" (2) = 60(2)? + 129(2)®(2) + G(2),
where
G(z) = 69(2)* + 2z — ¢"(2).
If G(z) # 0, then, by Lemma 2.3, we have
m(r,1/®) = O(T(r,g) +logr) + S(r,®) = S(r, 9),

which implies that §(g, ¢) = 0.
We may suppose that G(z) = 0. Write (3.1) in the form

(3.2) U'(z) = —29(2)

with

(3.3) U(z) = ®'(2)* +2¢'(2)®(2) — 4®(2)% — 12¢9(2)®(2)? — 2(6g(2)% + 2)P(2).
Furthermore, by (3.2),

(3.4) U(z)=Uf(c) — 2/ O (t)dt
for ¢ satisfying U(c) # oo. Consider the function
(3.5) H(z)=U(z)/®(z).
From (3.3), (3.1) and Lemma 2.2, we have
(3.6) m(r,H) = O(m(r,®/®) + m(r,®) + T(r, g) + logr)
=S(r,®) = S(r,¢).
The supposition G(z) = 0 implies that g(z) is also a solution of (I). By Lemma 2.1,

every pole of ®(z) is double, and, by (3.4), it is a zero of H(z). Hence, using (3.6),
we have

(3.7) (1/2)N(r,®) < N(r,1/H) <T(r,H)+ O(1) < N(r,H) + S(r, ¢).
It is easy to see that every pole of H(z) is a zero of ®(z). By (3.5) and Lemma 2.2,
N(r,H) < N(r,1/®) =T(r,®) —m(r,1/®)+O(1) < N(r,®) —m(r,1/®)+ S(r, ¢).

Substituting this into (3.7), and using N(r,®) < N(r,¢) + N(r,g) < T(r,¢) +
S(r, ¢), we obtain

m(r,1/®) < (1/2)T(r,¢) + 5(r, ¢),
which implies §(g, ¢) < 1/2.
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4. Proof of Theorem 1.2
The function ¥(z) = 1(z) — g(z) satisfies

(4.1) U (2) = 20(2)° + 6g(2)¥(2)* + (6g(2)* + 2)¥(2) + G(2),
where
G(2) = 29(2)° + 29(2) + a = " (2).

When C:’(z) # 0, by the same argument as in Section 3, we can show that §(g, ) = 0.
Hence, in what follows, we suppose that G(z) = 0, namely, that g(z) is a solution
of (IT). Tt is easy to see that (4.1) is equivalent to

(4.2) V'(2) = —¥(2)% — 29(2)¥(2)
(4.3) V(z)=V(ec)— /Z (T(t)% +29(t)W(t))dt, ceC, V(e) # o0,
where

(4.4) V(2) = U'(2)* +2¢'(2)¥'(2) — U(2)* — 4g(2) ()’
— (69(2)* + 2)U(2)* — (49(2)" + 229(2) + 22) ¥V (2).

Put
K(z)=V(2)/¥(2).

From (4.4) and Lemma 2.2, it follows that

(4.5) m(r, K) = S(r,).

By Lemma 2.1, every pole of W(z) = (z) — g(z) is simple and belongs to
either P = {0 |1(0) =00, glo) #o0} or P ={o|g(o)=o00}.

Especially, around z = zo, € P, ¥(2) = (2 — 250) " + O(1). Using this expression
and (4.3), we have

(4.6) K(zo) = £1 for every zo € P.
As will be shown later, K (z) satisfies

(4.7) K(z) # +1.
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4.1. Derivation of the conclusion under (4.7). Note that

N(r,¥) =N(r,V)|p+ N(r,¥)|pr < N(r,¥)|p + N(r,g)
<N(r, W)|p + S(r,1).

By (4.5), (4.6) and (4.7), we have

N(r,9)|p <N(r,1/(K+1))+ N(r,1/(K —1)) <2T(r, K) + O(1)
<2N(r, K) + S(r,v).

Hence
(4.8) N(r,¥) <2N(r,K)+ S(r,).

By the definition of K(z), each pole of K(z) belongs to either Z = {o | ¥'(0) =0}
or P'. By (4.3) and Lemma 2.1, if 0 € P’ \ Z, then o is a pole of ¥(z) and is not
a pole of K(z). Hence every pole of K(z) belongs to Z and is not a pole of V (z).
Using this fact and Lemma 2.2, we have

(4.9) N(r,K) <N(r,1/¥) < T(r,¥) — m(r, 1/%) + O(1)

<
<N(r,¥) —m(r,1/¥) + S(r,1).

From (4.8), (4.9) and N(r,¥) < N(r,¢) + N(r,g) < T(r,¢) + S(r,1), it follows
that

m(r,1/0) < (1/2)T(r, ) + S(r, ),
which implies (g, ¢) < 1/2.

4.2. Verification of (4.7). It remains to verify (4.7). To do so, we suppose the
contrary

(4.10) K(z) = +1.

Then we have the following.

Lemma 4.1. The functions g(z) and ¥ (z) are solutions of the Riccati differential
equation

(4.11) w = F(w? + 2/2).

Proof. From (4.3) and (4.10), we have
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which implies

(4.12) V' (2) = F(U(2)? +29(2)¥(2)).
On the other hand, by (4.4),
(4.13) U'(2)% + 29 (2)V(2) — U(2)* — 4g(2)T(2)?

—(69(2)* + 2)¥(2)? — (49(2)* + 229(2) + 22)¥(z) = £U(2).
Substitution of (4.12) into (4.13) yields
(4.14) Fe(2)¥(2) + FL(2) = 0, Fe(2) = —2g(2)* 24/ (2) — .

If Fe(2) # 0, then T'(r,v) = O(T'(r, g)), which contradicts the condition T'(r, g) =
S(r,1). Hence, F+(z) = 0, which implies that g(z) satisfies (4.11). Putting ¥(2) =
Y(z) — g(z) in (4.12), we can verify that ¥ (z) is also a solution of (4.11). O

Simple computation shows that every solution of (4.11) is expressible in the
form

(4.15) X(z) =20 (2)/h(z),  h(z) = A(=2/V2),
where A(s) is a solution of the Airy equation
d?y

Consider the sectors defined by
So: —m/3 <args<m, Sy w/3 <args < 5m/3, Sy w<args < 7m/3.
For each S; (j =0,1,2), A(s) admits an asymptotic expression

(4.17.5)
A(s) = cjs_1/4(1 +0(1)) exp(—283/2/3) + c’-3_1/4(1 +o(1)) exp(233/2/3),

J
(cj,¢5) € C*\ {(0,0)}
as s — oo through the sector S; ([8; §§8, 21]). Then, we have
T(r,x) = O(T(r, h)) = O(r*/?).
Furthermore, by (4.17,0), if coc}y # 0, then
A(s) = s V41 + o(1)) exp(—25>/2/3) ((co/cg) +o(1) + exp(433/2/3))
as s — oo through Sy. This implies that A(s) possesses a sequence of simple zeros
(4.18) Sm = (31/2)22m2B(1 + O(m™1))e™?, m=1,2,..

in Sy. Hence
N(r,x) > Cr3/?

for some C' > 0. In the case where ¢y = 0 or ¢, = 0, we obtain the same estimate.
For example, if ¢y # 0, ¢{, = 0, then c;¢} # 0, and there exists a sequence analogous
to (4.18) in S (see [8; §22]). Thus we have the following.
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Lemma 4.2. For every solution x(z) of (4.11), we have
C1r3/2 < T(r,x) < Cyrd/2,

where C1,Cy are some positive constants.

From this lemma, it immediately follows that T'(r,v¢) = O(T'(r, g)), which is a
contradiction. Thus the proof of the theorem is completed.

Remark 4.1. Every solution of (4.11) satisfies (II) with @ = F1/2. Let 11,72 be
solutions of (4.11) such that n; —ny # 0. Since they are expressible in the form 7, =
+h) /h1, N2 = £h,/ha, where hy, ho are linearly independent solutions of (4.16), we
have N(r,1/(m — n2)) = 0. Therefore, equation (II) with « = F1/2 admits a
one-parameter family of solutions {x.(z) | ¢ € CU {oc}} with the properties:

(1) C173/2 < T(r,x.) < Cor3/? for some positive constants C; = C(c), Co = Ca(c);
(2) if ¢1 # co, then N(7,1/(Xe, — Xep)) = 0.

5. Proof of Theorem 1.3
We may suppose that ¢’(z) #Z 0 (cf. Remark 1.1). Recall that ®(z) = ¢(z) —
g(z) (# 0) satisfies (3.1).

5.1. Case I. First consider the case where
(5.1) G(z)=0.

Then we have the following.

Lemma 5.1. Suppose that ®(z9) = 0. If g(z0) # oo, then z = 2y is a simple zero
of ®(2). If g(z0) = oo, then it is a quadruple zero of ®(z).

Proof. Suppose that g(zg) # oo. If ®(z9) = ®'(29) = 0, then, by (3.1) with G(z) =
0, we have ®(z) = 0, which is a contradiction. Hence z = zy is a simple zero of
®(z). Suppose that g(z9) = oo. Since g(z) satisfies (I), by Lemma 2.1, we have
D(2) =7 (2 — 20)* + O((z — 20)°), v' # 0, which implies the second assertion. [J

Put Zy = {o | ®(0) =0, g(o) = o0}. By Lemmas 2.1 and 5.1,
Nl(rv 1/(1)) = Nl(r7 1/(1))’Z0 < ZN(Tvg> = S(Ta ¢)7

which implies ¥(g, ¢) = 0.

5.2. Case II. In what follows we suppose that
(5.2) G(z) #0.
We write (3.1) in the form

(5.3) W' (z) = —12¢'(2)®(2)? — 2G’(2)®(2)
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or

where
(5.5) W(z) = ®'(2)? — 4P(2)% — 129(2)®(2)? — 2G(2)P(2).
We put
_ W()?
>0 N BRIEE

5.2.1. The following lemmas are used in the proof.

Lemma 5.2. Suppose that, for some k > 2, ®(z9) = ®'(29) = --- = (I)(k)('zO) = 0.
Then G(z0) = G'(20) = --- = G2 (2) = 0.

Proof. Consider the case where g(zg) = oo. Comparing both sides of
(3.1) D"(2) = 69(2)* +129(2)8(2) + G(2), G(2) =69(2)* +z—g"(2)

around z = z(, we see that z = 2y is a double pole of g(z). By supposition, ®(z) =
O((z — 20)**1) around z = zy. Differentiating (3.1), we have

(5.7.7) PO (2) = 6(D(2)*)) + 12(g(2)®(2))? + GV (2)

for j = 0,1,...,k — 2. Substitution of z = 2 into (5.7,5) yields G(z0) = G'(20) =
<o = G2 (z) = 0. In the case where g(z9) # oo, we can derive the same
conclusion from (5.7,7) by the same argument. [J

Lemma 5.3. If ®(z9) = ®'(20) = 0 and g(z9) # o0, then W(zg) = W'(zg) =
W//(Zo) =0.

Proof. This lemma immediately follows from (5.5), (5.3) and

W’ (2) = 129" (2)®(2)? — 244  (2)®(2)P'(2) — 2G" (2)®(2) — 2G" (2)®'(2). O

Lemma 5.4. (i) If z = 2o is a pole of ®(z) satisfying g(zo0) # 00 and ¢'(2e0) # 0,
then Q(zo) = 16.

(i) Q(z) # 16.
Proof. By assumption and Lemma 2.1, ®(2) = (2 — 250) 72 4+ O(1) around z = 2.
Substituting this into (5.6) and using (5.4), we obtain Q(z) = 16. To show the
second assertion, suppose that (z) = 16, namely W (z)? = 16¢'(2)?®(2)3. By (5.5),

(5.8) (®'(2)? — 49(2)® — 129(2)P(2)* — 2G(z)q>(z))2: 169’ (2)?®(2)".
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On the other hand, by (5.4)
(5.9)  W(z)=W(c)— / (124 (5)B(s) + 2G'(s)B(s))ds = +dg () (2)*/>.
Differentiating (5.9), we have

@%@2:4(@@)15&%%@@0V2+g§%%)<wzy

Substituting this into (5.8), we see that ®(z) satisfies an algebraic equation whose
coefficients are rational functions of z and ¢g¥)(z) (0 < j < 3). By Valiron and
Mohon’ko’s theorem ([3; Theorem 2.2.5]), T'(r, ®) = O(T'(r, g)), which is a contra-
diction. [J

5.2.2. Weput Py = {0 | ®(0) = 0}, Z, = {0 | ¢'(6) =0}, P. = {0 | g(0) = oc}.
By Lemma 2.1, we have

(5.10) N(r,®) < N(r,®)|p, + N(r,®)|z.up,
S N<T7 (I))|P1 + Z(N(’l“, l/gl) + N(Tv g))
< N(Tv (I))|P1 + S(Ta ¢)7

where

P =P\ (Z, UP,).

Applying Lemmas 2.2 and 2.3 to (3.1) with (5.2), we have m(r,®) = S(r,¢),
m(r,1/®) = S(r,¢), and hence

(5.11)  m(r,Q) = O(m(r,®'/®) + m(r, ®) + m(r,1/®) + T(r, g))= S(r, d).
Note that every pole belonging to P; is double. By Lemma 5.4 and (5.11),

N(r,®)|p, <2N(r,1/(Q2—16)) < 2T(r,Q) + O(1) < 2N(r,Q) + S(r, ¢).
Substitution of this into (5.10) yields
(5.12) N(r,®) <2N(r,Q) + S(r, ¢).
5.2.3. The set of all the zeros of ®(z) is expressible in the form

4 =71UZyUZs

with

Zy={o | ®(c) =0, (0) £0}, Z={o|®(c)=9"(0) =0, ®"(c) # 0},
Zz={o | ®(c) =¥ (c) = 9"(c) =0}.
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To estimate N(r,(2), we note that every pole of Q(z) belongs to the set Z U Py U
Z, U P, and that

(5.13) N(r,Q) < N(@Q)| 2\ (z.up) + N, Q)| zaz.0p,)
+ N, Q)| z.uP)\(zupy) + N (7, Q)|p,-

Furthermore,

N(r, @) (N(r,1/g") + N(r,g)) = S(r, ),
N(r,1/®)|(z,uzs)n(z.0p.) < 2(N(r,1/g') + N(r,g)) = S(r, ¢),

(5.14)
(5.15)
(5.16) Ni(r,1/®)|(z,0z2)n(z.0p,) < N(r,1/g') + N(r, g) = S(r, ¢),
(5.17)
(5.18)

N(r,1/®)|z, <3N(r,1/G) = S(r,¢),
Ni(r,1/®)[z, <2N(r,1/G) = 5(r, ),
where (5.17), (5.18) are derived from Lemma 5.2. By Lemma 5.3, 2(2) is analytic
at z =0 € Zy \ (Z. U Py). This implies
(5.19) N(r, Q)| z\(z.up.)
<3N (r, 1/®)|z\(z,up,) — 6N1(r, 1/®)| 2,025\ (2. UP.)
<3T(r, ) = 6N1(r,1/®)|z,0z.\(z.uP.) + O(1).
Using (5.16) and (5.18), we have

Nl(ru]-/q))|Z1UZ2\(Z UP)
=Ni(r,1/®) — Ni(r,1/®)|z, — N1(r,1/®)|(z,02:)n(z.uP.)
) +

=Ni(r,1/®) + 5(r, 9).
Combining this with (5.19), we have
(5.20) N(r, Q)|Z\(Z*Up*) < 3T(r,®) — 6N1(r,1/®) + S(r, 9).
Futhermore, by (5.15) and (5.17),
(5.21) N(r,Q)|zn(z.up.)
= O(N(r,1/®)|(z,0z:)n(z.up,) + N(1,1/®)|z, + N(r,g) + N(r,1/9))
:S(T7 ¢)7
(5.22) N(r,Q) =O(N(r,1/¢") + N(r,g)) = S(r, ¢).

Since Q(o) =16 at 0 € Py \ (Z, U P,) (cf. Lemma 5.4), by (5.5)
(5.23) N(r,Q)|p, =N(r,Q)|p,n(z.up.)
:O(N(r, W)lpn(z.up.) + N(r, 1/9/))
=O(N(r, ) (r,9)) = S(r, ).
Substituting (5.20), (5.21), (5.22) and (5.23) into (5.13), we have
(5.24) N(r,Q) <3T(r,®) — 6Ny (r,1/®) + S(r, ¢).
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5.2.4. From (5.24)and (5.12), it follows that

N(r,®) <6T(r,®) — 12N1(r, 1/®) + S(r, ¢).

Hence,

12N; (r,1/®) < 6T(r, ®) — N(r, ®) + S(r, ¢)
= 5T(r, ®) + m(r, ®) + S(r, ¢) = 5T(r, ®) + S(r, ¢),

which implies ¥(g, ¢) < 5/12. Thus the proof is completed.

10.
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