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Abstract. The class Lo (b, Q) of completely operator semi-selfdecomposable
distributions on R¢ for b and Q is studied. Here 0 < b < 1 and Q is a d x d
matrix whose eigenvalues have positive real parts. This is the limiting class of
the decreasing sequence of classes L,,(b,Q), m = —1,0,1,..., where L_;(b,Q)
is the class of all infinitely divisible distributions on R¢ and L,, (b, Q) is defined
inductively as the class of distributions p with characteristic function ji(z) sat-
isfying 7i(z) = fi(b? 2)p(z) for some p € Ly_1(b,Q). Q' is the transpose of Q.
Distributions in Lo (b, Q) are characterized in terms of Gaussian covariance ma-
trices and Lévy measures. The connection with the class OSS(b, Q) of operator

semi-stable distributions on R? for b and Q is established.

1. Introduction and a main result

In our previous paper [MSW98|, we have introduced the class of operator
semi-selfdecomposable distributions and its decreasing subclasses. To explain
those classes, we start with the necessary notation. P(RY) is the class of all
probability distributions on R?, I(R9) is the class of all infinitely divisible dis-
tributions on R%, M (R?) is the class of all dxd matrices all of whose eigenvalues
have positive real parts, Q' is the transpose of Q € M, (R%), I is the identity
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matrix, 7i(z),z € RY, is the characteristic function of u € P(R%), p*t,t > 0,
is the ¢-th convolution power of p € I(R%), £(X) is the law of X, (, ) is the
Euclidean inner product in R, and |- | is the norm induced by (, ) in R%. For
b> 0,09 =" (n)"t(logh)"Q". Convergence of probability distributions is

always weak convergence.

Let 0 < b < 1,Q € M (RY%), m a nonnegative integer, and L_1(b, Q) =
I(RY). A distribution p € I(R?) is said to belong to the class L, (b, Q) if
there exists p € Ly,_1(b, Q) such that fi(z) = A(b? 2)p(z). Actually the classes
L, (b, Q) have been defined in [MSW98] in a different way and it has been shown
there that the definition above is a necessary and sufficient condition for the def-
inition in [MSW98]. Define Lo (b, Q) by Loo(b, Q) = (1,50 Lm (b, Q). We have
called distributions in L (b, ) operator semi-selfdecomposable in [MSW9S].

On the other hand, Jurek [J83] and Sato and Yamazato [SY85] introduced
and studied the classes L,,(Q) for m a nonnegative integer or co. It has been
proved in [MSWO98] that L,,(Q) = y<pe1 Lm(b, @), 0 < m < co. Distributions
in Lo (Q) are called completely operator selfdecomposable and characterized in
several ways in [SY85]. For this reason, we want to call distributions in L (b, Q)
completely operator semi-selfdecomposable. In [SY85], they studied the relation-
ship between the class Lo, (Q) and that of operator stable distributions. The
purpose of this paper is to give characterization of distributions in L (b, Q) and
to investigate the relationship between the class Lo (b, Q) and that of operator

semi-stable distributions.

Let Q € M, (R%). A class H C I(R?) is said to be Q-completely closed
in the strong sense if H is closed under convergence, convolution, and Q-type
equivalence, and is closed under going to the t-th convolution power for any
t > 0. Here H is said to be closed under @Q-type equivalence if £L(X) € H, a > 0,
and ¢ € R? imply L(a=“X + ¢) € H. We can easily see from the definition

that L,,(b,@),0 < m < oo, are Q-completely closed in the strong sense, because
2
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L_1(b,Q) = I(R?) is so. Furthermore let OSS(b, Q) be the class of u € I(R?)
such that 7i(2)* = (b9 z)e’>*) for some 0 < a < 1 and ¢ € R%. Distributions
in OSS(b, Q) are called operator semi-stable. They are studied by Jajte [J77],
Krakowiak [K80], Laha and Rohatgi [LR80], Luczak [L81, L91], and others.

One of our main theorems is the following.

THEOREM 1.1. Let 0 < b < 1 and Q € M (R?). Then the class Lo (b, Q)
is the smallest Q-completely closed class in the strong sense containing the class

0SS(b, Q).

This theorem is a “semi”-version of Theorem 7.3 in [SY85]. In Section
2, we state some results we need in the subsequent sections. In Section 3, we
characterize Gaussian distributions in L, (b, @), and in Section 4, we treat purely
non-Gaussian distributions in L. (b, Q). The proof of Theorem 1.1 is given in
Section 5. As our results are new even in case () = I, we make some remarks

on this case in Section 6.

2. Preliminary results

The following three propositions have recently been shown in [MSW98|.
Since we need them in the subsequent sections, we state them below without

proofs.

For a d x d matrix B we use the following notation: BE = {Bx : z € E}
for E ¢ R? and (Tgv)(E) = v({z : Bx € E}) for a measure v on R%. We
use a mapping Vg from the class of symmetric d x d matrices into itself defined
by Up(A) = A — BAB'. Tts iteration is U4 = ¥p o U5 for £ = 2,3, ---
with UL = Wp. Also let By(R?) be the class of Borel sets E in R? such that
E C {|z| > ¢} for some € > 0.

In what follows, we fix 0 < b < 1and Q € M, (R%). Weuse Cy,i = 1,2,-- -,
3



KSTS/RR-98/006
June 12, 1998

for positive constants. Following (3.4.3) in [JM93], we introduce a norm |- |¢ in

R? depending on Q:

11,@
|z|g = [u x|du, r € R
Q
0 u

Since C1u®?|z| < [u®z| < C3u®|z],0 < u < 1, |z|g is well defined. The norm
| -] is comparable with the Euclidean norm | - |, and has an advantage that, for
any z € R4\ {0}, t — [t9z|g (t > 0) is strictly increasing (Proposition 3.4.3 in
[JM93]). Thus supj,, <1 b9z|o < 1. Define

B =19,
Sp={rcR%:|z|]g <1 and |B 'z|g > 1},

and B(Sp) as the class of Borel sets in Sp. It might be better to write Sg

instead of Sp, because it depends on () and b.

We note that all our results in this paper remain true if Sg is defined by
the usual norm in place of the norm |- [, provided that |B| = sup|, <, |Bz|, the
operator norm of B, is less than 1. We also note that, since |B"z| — 0 for any
z € R? as n — oo and since the space is finite-dimensional, there is a positive
integer n such that |B"| < 1. Since B" = b"? and L, (b, Q) C L,,(b,nQ),0 <
m < oo, study of distributions in L., (b, Q) in the case |B| < 1 covers all cases in
some sense. However, in characterization of the class L., (b, Q) itself, we cannot

assume that |B| < 1. This is the reason that we use the norm |- |q.

PROPOSITION 2.1. (Proposition 3.2 of [MSW98].)
(i) If v is the Lévy measure of i € I(RY), then there exist a finite measure vy
on Sp and a Borel measurable function g, : Sp — Ry for each n € Z satisfying
the following conditions:
(a) For E € B(Sg),vy(E) =0 if and only if v(B"E) = 0,Vn € Z,
(b) Js, vo(dz) 3 ez (IB™"@[3 A L)gn(z) < o0,
(c) > pez 9n(x) >0, wy-a.e.,
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(d) v(E) = fSB vo(dz) Y, cz 9n(x)1p(B "z), VE € B(R?).
These {vo,gn,n € Z} are uniquely determined in the following sense. If
{vo, gn,n € Z} and {vy, gn,n € Z} satisfy the above conditions, then there exists

a Borel measurable function h(x) with 0 < h(x) < oo such that
vo(dx) = h(z)vy(dx),

gn(x) = h(2)gn(x), vo-a.e.,Vn € Z.

(ii) Conversely, if vy, a finite measure on Sg, and g,,n € Z, Borel measurable
functions from Sp into [0,00), are given, and satisfy (b) and (c), then v defined
by (d) is the Lévy measure of some p € I(RY) and (a) is also satisfied.

We call {vg, gn,n € Z} determined uniquely from v in (i) above the Sp-
representation of v. We may write g(n,x) for g,(x) below. For {k(n),n € Z},
define Ak(n) = k(n+1) — k(n) and (A%k)(n) = A(A* k) (n), £ =2,3,---. The

sequence {k(n),n € Z} is called completely monotone if
(—=1)*(A%k)(n) >0, forVL>0, VYneZ,

with (A%)(n) = k(n).

PROPOSITION 2.2. (Lemma 4.3 and Corollary 4.1 of [MSW98].)
(1) If {k(n),n € Z} is completely monotone, then

(a) there ezists a unique measure p on (0,1] such that

(2.1) k(n) = /(0 : x"p(dx), nelZ

and

(b) for each b € (0,1), there exists a unique measure I' on [0,00) such that

k(n) = /[0705) b" T (dav).
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(1) Conversely, {k(n),n € Z} having the representation (2.1) is completely

monotone.

PROPOSITION 2.3. (Theorem 3.1 of [MSW98].) Let 0 < m < oco,u €
I(RY), A its Gaussian covariance matriz, v its Lévy measure, and let
{vo,g9(n,x),n € Z} be the Sp-representation of v. Then the following three
statements are equivalent:

(i) 1 € L(5,Q),

(i) U5 (A),1 < £ < m+ 1, are nonnegative definite, and (I — Tg)'v > 0,1
{<m+1, on By(RY),

(iii) U4 (A),1 < £ < m+ 1, are nonnegative definite, and (—1)*(A*g)(n,z) >

IN

0,ne€Z, vy-a.ex for 1 <l <m+1.

(In the above, when m = oo,1 < ¢ < m + 1 should be read as 1 < { < c0.)

3. Gaussian distributions in L. (b, Q)

The following are generalizations of some results in [SY85] to “semi”-

version.

Let {1, ,8,} be the distinct eigenvalues of B = %, and let f(¢) be the

minimal polynomial of B. Decompose it into linear factors

F(Q) = (C=B)" - (C = Bp)™,

where, for 1 < j < p,n; is a positive integer not exceeding the multiplicity of
ﬁj. Let
V; = Ker (B—3,I)™ inC%(1<j<p).

Then
Cdzvl@...@vp_

Let T; be the projector of C? onto Vj; in this direct sum decomposition. Similarly
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we denote
V)= Ker (B'=3;,1)* inC?(1<j<p),
and obtain
C'=V/e---aV,.
Then the projector of C¢ onto Vj’ in this direct sum decomposition coincides
with the adjoint operator T’ ]’ of T;. For j # k, Vj’ and Vj, are orthogonal, where

we use the Hermitian inner product denoted also by (, ). The following is a

characterization of Gaussian distribution in L. (b, @).

THEOREM 3.1. Let p be a Gaussian distribution with covariance matrix
A. Then the following three statements are equivalent:
(1) 1 € Loo(b, Q).
(ii) (B — B;)AT; =0, for1<j<p.
(1ii) (a) A(B' — Bj)TJ{ =0, for1<j<p, and (b)TxAT; =0 |forj#k.

To prove the theorem, we need a lemma.

LEMMA 3.1. Let p be a Gaussian distribution with covariance matriz A.
Then p € Loo(b, Q) if and only if for any z € R?, (AB"z,B'™z),n € Z, is

completely monotone.

Proof. Set k,(n) = (AB'"z,B'™z), n € Z,z € R%. Then observe that,
for each £ > 1, (—=1)(A%k,)(n) > 0, Vn € Z,¥z € R?, if and only if U5 (A)
is nonnegative definite. The nonnegative definiteness of W5 (A) for all £ > 0 is
a necessary and sufficient condition for that the Gaussian p is in Lo (b, Q) by

Proposition 2.3. This concludes the lemma. [
Proof of Theorem 3.1. We first show (i) = (iii). To show (iii) (a), it is
enough to prove that, for any integer k > 1 and 2, € C?,
(3.1) (B' = B;)f2 =0 implies A(B' — f;)z0 = 0.
We prove this by induction in k. If k& = 1, the assertion is trivial. Suppose

that (3.1) is true for k — 1 in place of k, and assume (B’ — (3;)*zp = 0. Since
7
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B'"™(B' — j3;) = (B' — 3;)B'™ for any n € Z, we have (B’ — 3;)k=2+tB/m2; = 0
for any ¢ > 2 and n € Z. Hence by the induction hypothesis,

(3.2) A(B' - B;)!B"2 =0 for{>2andnc Z.

Let
L(n) = (AB'"zy,B'"2y) forn € Z.

We claim that

(3.3) L(n) = |3;]*" {{Az0, z0) + 2nR(Az0, 21) + n*(Az1,21)}, n € Z,

where z; = Bj_l(B/ - Bj)zo. If n = 0, this is trivial. We write z, = B]-_Z(B’ _
Bj)ezo. If n > 1, then

Bz = (B; + (B = ;)" 20 = 7} Z <Z) 7
and, by (3.2),

L(n) = (B} A(z0 + nz1), B™20) = (37 (20 + n21), B} A(z0 + nz1)),

which is (3.3). Suppose n < —1 and write n = —h. Let w = B’”ZO—B;?’(ZO—Fnzl).
Then

w = B"™{z — B;?B’h(zo +nz)}

a3 ()

£=0

_ g {n2zz oy (’2) (20 + nzg+1)} ,

{=2

where the sum over 2 < ¢ < h is considered as zero if h = 1. Hence by (3.2),

Aw = 0. Thus

L(n) = (AB""zy — Aw, B 2¢)

=

= (_]”A(zo +nz1), B z)

— <_}1(z0 +nz), AB"zg — Aw)
— (3"

Y(z0 +nz1), 07 A(zo + n21)).

J J

8
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Hence (3.3) is true for all n € Z. Since L(n) is completely monotone in n by

Lemma 3.1 under the assumption that u € Lo (b, @), we have

(3.4) L) = [ B"p(dB)

(0,1]

for some measure p by Proposition 2.2. If we let
Ey={B€(0,1]: 8> |5;*}
and
Ey = {6 S (07 1] 1< |Bj|2}7
then from (3.3) and (3.4)

i+ [ (ﬁ)%(dm v/ (#)np@w)
= (Azg, 20) + 2nR(Azg, 21) + n?(Azy, 21) =1,

say. If p(E1) > 0, then there exists € > 0 such that p((1+¢)|8;> <3< 1) >0,
and hence

I>(1+e)"p(1+e)|61? <B<1), n>0.
Letting n — oo, we get a contradiction. Thus p(FE;) = 0. Similarly, if p(F3) > 0,
then there exists € > 0 such that

I>1—-e)"p(0<B<(1-29)p]%), n<0,

and letting n — —oo yields a contradiction. Thus p(E2) = 0. Consequently,

]6”p(dﬁ) = 16;1*"p({18;1*}) = 18;*" (Az0, z0),

(0,1
and (Az1,z1) = 0. By Lemma 3.1 of [SY85], we conclude that Az; = 0. This
proves (3.1).

Let us show (iii)(b). It is enough to show that

Azg,wg) =0 for any zo € V! and wg € V| withj # k.
J k
9
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Since V} and V)| are invariant under B’ h h € Z, we have, by (iii)(a),
A(B' — Bj)eB/hZO = A(B' — Bk)eB/hwo =0 for/{>1and heZ.

Hence, for n € Z,

(3.5)
Li(n) = (AB"™(20 +wp), B (20 &+ wo))

= |6 *" (Az0, 20) £ 2RB} Bi (Az0, wo) + | Br*" (Awo, wo)-

We consider two cases.

Case I (|B;] # |Bk|). As before, there exist measures p; and p_ on (0, 1]

such that

(3.6) Li(n)= B"p+(dB).
(0,1]

Let us show

(3.7) p=({161*}) = (A2, 20)

and

(3-8) p=({18k]*}) = (Awo, wo).

Without loss of generality, we assume that |3;| < |Bx|. As in the case of L(n),

we observe

p+(B <1B;1?) = p+(B > |Bk|*) = 0.

It follows from (3.5) and (3.6) that

. Li(n)
Awg, wp) = lim
< 0 0> ot |Bk|2n

= p=({18xI"})-
10
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This shows (3.8). (3.7) can be shown similarly, by considering L (n)/|3;|*" and

letting n — —oo. Thus we have

LORAT B2 (Azo, wo) = /(| L S8 20
B;12,18k1?

concluding R(Azp, wo) = 0. Since iz € V;, we also have J(Azg, wo) = 0.
Case II (|8;] = |Bx|). We have

L) = 13, { Az 20) + (o) +28 (22 (o)}

As in the case of L(n), we see that

Lew)= [ 9" (d0) = constox |55
0,1

Therefore, R(Bk/5;)" (Azp, wo) is indepaendent of n. Since §i/F; # 1, we have
(Azg,wp) = 0. This conclude (iii)(b).

We next show (iii) = (i). By the Jordan decomposition of B’, we can find a
basis {z; = B]-_k(B' — B))f2j0,1 <§<p,1 <0< 1;,0<k<k(j,0)} of C? for
some integers ¢; and k(j, £). Here zj, € V] (1 < £ < ¢;) and (B'— BP0+ 2 =
0. Thus, for any z € C?,

z = g cjexzjor. - With some cjp, € C
J.k

and, hence,
(n(4,£)—k)An

= n
/
By = Z ﬁ?Cﬂk Z (m> Zj.0,k+m

34k m=0

for all n € Z,. Therefore, by (iii) for any n € Z,

A(B'”z — ZB;LCJ'@()Z][()) =0.
Jit

Hence, for n € Z,

(AB'™z, B'™z)

p
=) IBIIP(AD cjwnzin, > cieozjeo)
i=1 ¢

L

= B"p(dp3),
(0,1]
11
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which is completely monotone, if we define p by p({|5;*}) = (A, ¢jezje0,
S ciozieo) and p((0,1]\ {|B1|%, -+ ,16p?}) = 0. It follows from Lemma 3.1
that p € Lo (b, Q).

We finally show (ii) < (iii). (iii) = (ii) is easily seen, because we have, for
any z,w € C%,
p —
(B = B))ATjz,w) = Y (Tjz, A(B' — 3;)Tjw) =0,
k=1

using (iii)(a) for k = j and (iii)(b) for k # j. As to (ii) = (iii), we have

(A(B" = B))Tjz, (B — B;)T;z) = (B — 3;)A(B' — 8;)Tjz,T;z) = 0,

which together with Lemma 3.1 of [SY85] implies that A(B' — f3;)Tjz = 0,
namely (iii)(a). Also we have (iii)(b), since (ii) implies that AT} has its range
in V;. The proof of Theorem 3.1 is thus complete. [

Theorem 3.1 uses the direct sum decomposition of C%. Let us give to it
an expression using a decomposition of R?, and then prove a decomposition
theorem of Gaussian distributions in Ly (b, Q). For this purpose we arrange
the distinct eigenvalues of B = b¥ in such a way that 31, - - , B, are real and
Byt1s- - 5 Bp are not real, B; = By (¢+1 < j<q+r), and ¢+ 2r = p. Here ¢
or r may possibly be zero. Let v; and d; be the real and the imaginary part of

Bj, respectively. The real factorization of the minimal polynomial f(¢) of B’ is

F(Q) = f(O)™ - fgrr(Q) 7,

q+1<j3<q+r. Let

(3.9) W= Ker f;(B)" iR 1<j<q+r
Then
(3.10) RI=Wi@ - @&W,,

12
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As in the proof (iii) = (i) of Theorem 3.1, let
{2k = Bj_k(B/ — Bz 1< <p,1<€<4;,0<k<k(j0)}

be a basis of C¢, where z;; € Vi and (B’ — Bj)k(j’g)ﬂzjg =0. For1 < j <gq,
we can choose zj; real so that {zj, : 1 <€ <¢;,0 <k < E(j,0)} is a basis of
Wi For q+1<j <q+r, wehave {; = {;1, and k(j,() = k(j + r,£) and we
can choose zj, and z;4, ¢ in such a way that z;; = Z;1, . Let § and n;je be
the real and the imaginary part of 24, respectively, for ¢ +1 < j < g+ r. Here
complex conjugates, real parts, and imaginary parts of vectors in C? are taken
component-wise. The system {&er,njer 0 1 < £ < £;,0 < k < k(4,¢)} is then
a basis of W]' The following theorem gives a matrix representation when these

bases are used.

THEOREM 3.2. Let p be Gaussian with covariance matriz A. Then p €
Lo (b,Q) if and only if the following four conditions are satisfied:
(1) (Azjer, zjer) =0 for 1 < j <q,1 <l <Vl;k>1,
(i1) (A&jek; Ejen) = (Anjers o) =0 forq+1<j<q+r1<L< Lk >1,
(iit) (A&;00, §jmo) = (Anjeo, Mjmo) and (Aje0, Njmo) = —(Anjw0, &imo) for g+1 <
J<q+r1<l<4;,1 <m <l with £ = m inclusive,
(iv) (Az,w) = 0 for z € Wj,w € Wy, for 1 <j<q+nr1<k<q+7r wih
J# k.

Proof. The proof is exactly the same as that of Theorem 4.1 of [SY85]. So

we omit it here. O

Let us consider the direct sum decomposition of R? associated with B = b?.

Let

W; = Ker f;(B) inR%,1<j<q+r
Then
(3.11) RE=W, @ & W,

13
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This is the decomposition dual to (3.10). Let U; be the projector of R% onto W;
in the decomposition (3.11). The transposed matrix UJ’~ of U is the projector
onto W in the decomposition (3.10). For ¢ +1 < j < g+, we have V; = Vigr
and Tjz = Tjy.x for * € RS Thus Ujz = Tjx + Tjpx for € R? for
q+1<j<q+r. Forl<j<gq, wehave Ujz =T;x for z € R% Let

N;j = Ker fj(B) inR% 1<j<q+r

THEOREM 3.3. Suppose that u is a centered Gaussian distribution in
Loo(b,Q). Then, the support of pu is a B-invariant linear subspace of RY and
the minimal polynomial of the restriction of B to the support of i does not have
double roots. There exists a unique decomposition (1 = (i1 * - - - * [lg4r, where each
;i is a centered Gaussian distribution such that p1; € Lo (b, Q) and the support

of p; is contained N; and hence in Wj.

Proof. Again, the proof is exactly the same as that of Theorem 4.2 of
[SY85]. So we omit it here. [

REMARK 3.1. The p; in Theorem 3.3 is centered Gaussian with covariance
matriz Aj = U;AUL. Thus, since jij € Loo(b,Q), by Theorem 3.1,

i (B'2) = exp{—3 (4,52, B'2))
_ exp{—%<AjB/U]/~Z, BU2)}
= exp{—510iP(4;U52 Uj)}
— eXp{-%\@P(Ajz, 2)}
= 11;(2)| %1,
which means that p; € OSS(b, Q).

Combining Theorem 3.3 and Remark 3.1, we have

THEOREM 3.4. Let s be the number of distinct absolute values of eigen-

values of B = b%. If u is a Gaussian distribution in L. (b,Q), then p can be
14
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expressed as the convolution of at most s Gaussian distributions in OSS(b, Q).

EXAMPLE. For d = 2,3,4, explicit forms of the covariance matrices of
Gaussian distributions in L, (Q) are given in [SY85]. Let d = 2 and let I be

the class of all Gaussian distributions on R?. Let u € Ig with covariance matrix

A.

First consider the case () = (g ':;) with v > 0. For 0 < b < 1,09 =
2
b7 (1 logb) and hence b9 has the Jordan form <b 1

0 1 0 B > As is shown in

[SYS5], st € Loo(Q) if and only if A = (g 8 ,

is formally the same as Theorem 4.1 of [SY85], we see that p € Lo (b, Q) if
and only if A = (8 O> ,a > 0. Thus Loo(b,Q) N Ig = Loo(Q) N I for any

a > 0. As our Theorem 3.2

0 < b < 1 in this case.

Next consider the case Q = (g _j) with v > 0 and 06 € R\ {0}.

Then, for 0 < b < 1, b9 = b? 0959 —sinf

sinf  cosf
1 € Loo(Q) if and only if A = al,a > 0, as is shown in [SY85]. If b = "™/9
with n € Z and n/§ < 0, then b% = b7(—1)"I and hence Lo (b,Q) N Ig = Ig.
Otherwise, b€ is of the same type as Q and Lo (b, Q)NIg = Loo(Q)NIg. Thus,
Loo (b, Q)N Ig truly depends on b and, for some b, L. (b, Q)N I is strictly larger

than Lo (Q) N Ig.

) with 6 = dlogb. In this case,

4. Purely non-Gaussian distributions in L. (b, Q)

Now we give a representation of the Lévy measure of purely non-Gaussian

1 € Loo(b,Q). For each x € R4\ {0}, let
B(x) =max{|F;| : 1 < j < q+ 2r,Tjx # 0},

n(z,j) =max{n:n>0,(B — 3;)"T;z # 0 for Tz # 0},
15
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n(r) = max{n(z,j) : 1 <j < q+2r,Tjx #0,[8;] = B(x)},
and
_ log B(x)
V() = logh

We show the following. Given two measurable spaces (©1, B;) and (©2, B2),
we say that {I'p,,01 € O1}, a system of measures on (03, Bs), is measurable in

01 if Ty, (E) is measurable in 0; for every E € Bs.

THEOREM 4.1. (i) Suppose that u is a purely non-Gaussian distribution
in I(R%) with nonzero Lévy measure v. Then p € Loo(b, Q) if and only if v is

expressed as

(4.1) v(E) :/S vo(dx) /(02 o) I, (da) ano‘lE(B*"x), E € B(RY),

neZ

where vy is a nonzero finite measure on Sp and 'y, x € S, are nonzero finite

measures on (0,00) measurable in x, each 'y is concentrated on (0,2v(x)) and

(4.2) / z/o(dx)/ Fo(da) 36 (B—af2 A1) < oo.
SB (0,27(x))

nez

(1) If a nonzero finite measure vy on Sp and nonzero finite measures Uy, x € Sp,
on (0,00) measurable in x are given and if each Ty is concentrated on (0,2v(x))
and (4.2) is satisfied, then the measure v defined by (4.1) is the Lévy measure
of some p € I(RY).

(15i) If u € Loo(b, Q) has nonzero Lévy measure v and if v is expressed by vy
and Iy as in (i), then vy and T, are unique in the following sense: if U and I,
give another expression of v, then there exists a Borel measurable function h(zx)

with 0 < h(z) < oo such that vy(dz) = h(x)vy(dx) and T'y(da) = h(z)T,(da)

for vg-a.e. x. The measures I, necessarily satisfy

(4.3) / (o™t + (2y(z) — ) 2"@ =D, (da) < 00,  vy-a.e.x.
(0,27(x)) 6
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LEMMA 4.1. There exist positive constants C; (j = 5,6,7) and b;(x)
(j = 1,2,3) such that, for x € Sp,

(4.4) |B*z|q < Cs56(x) k"@  for k> 1,
(4.5) |B¥z|g > ba(2)B(x) k™™ for k > by(z),
(4.6)

Coo™ +b3(x) (2 (x) — @) 27 < 37 (|B gy A1)b "
neZ
< Crla ™+ (29(x) — ) 72"@ =Y for 0 < o < 2v(x).
If a > 2vy(x), then

(4.7) > (1B x|y A1)pT = o0,
nez

Proof. Let |x|g be defined by |z|g = fol |“QT%'du aslo to x € C%. We have

(4.8) B*Tyw = (B + (B — 8) Tz
n(z,j)N\k L
=5 ) (E)ﬁje(B - 03)) Tja.
£=0
Thus ,
|BFz|g < Csf(2)F Y k™D k> 1.
j=1

Hence we have (4.4). It follows from (4.8) that there are by(z) and bs(x) such
that, for k > by(z),

|B*Tyz|q > 2713, Fk™ D) (n(x, j)1) (B — B;)" ) Thz|q

> by ()| 65" k")
17
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for all j satisfying Tjz # 0. Choose a norm || - || in C? as ||z = §')=1 Tz|q.
Since arbitrary two norms are equivalent, we have Cylz|g < ||z| < Ciolz|g.

Choosing j such that 3(x) = 8; and n(x) = n(z, j), we obtain
[Btalq > Ci' | B* x| > Cii' [B*Tyalq.

Hence (4.5) follows. Let 0 < a < 2y(x). Note that ZZZ_OO b=k = (1 —p*)~!
and Ci1a~t < (1 —5%)71 < Craa™t. We see from (4.4) that

Z’ka’Qb_ka < CS Zﬂ 2kk2n(m b—ka

oo

_ 052 Z bk(2'y(x)—a)k2n(:c) < 013(2,}/(.%) _ a)—2n(m)—1
k=1

This proves the second inequality in (4.6). The first inequality is obtained from
(4.5) as follows. We have

Z ‘kal b ka >b2 Z bk(2’y(m) oz)k,Qn(a:)
kE>by(x) E>by(x)

> bo (@) (2y(x) — ) 2B,

for some bg(z) > 0. Hence the first inequality in (4.6) is obtained. The proof of
(4.7) for a > 2~y(x) is similar. [

Proof of Theorem 4.1. In the following the conditions (a) — (d) refer to

those in Proposition 2.1.

(i) Let {vo,gn,n € Z} be the Sp-representation of v. Suppose that pu €
Loo(b,Q). It follows from Propositions 2.2 and 2.3 that, for vy-a.e. x, there

exists a measure I';, such that

gn(z) = /[0 . T, (dov).

By (c), I'; is nonzero. By (d), for any E € B(R?),

(B = /S o(dn) Y / 2T, (day).

neZ
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Note that for any nonnegative measurable function h(«) on [0, 00), [ h(a)I';(de)
is measurable in z. By (b),
00 > Z/ gn(z)vo(dz) :/ Vo(dx)/ Fw(da)Zb”a.
SB [0,00) RZO
When a =0, >, 5,0"" = co. Hence
/ vo(dz) T ({0}) = 0.

Sg

Next we have, by (d),
o> [l n Vvlay
Rd

=3 [ By ) [ 5T

nez

= vo(dz »(do ne (| BT |2 )
—/SB <d>/(0m)r<d>zb (1B "3 A1)

nez

Thus by Lemma 4.1, we have

/ vo(dz) / T, (da) = 0,
55 2y(2),00)

concluding (4.1), and the integrability condition (4.2) is also proved.

Conversely suppose that v has the representation (4.1) with vy and I';

satisfying (4.2). Set

(4.9) gn(z) = / "Iy (da), mn € Z.

(0,2v(2))
Then (4.1) and (4.9) imply (d). We observe that g, (x) in (4.9) satisfies (a), (b),
and (c). As to (b),

/3 vo(dz) 3 (1Bl A 1)gn(2)

nez

= [ wotdm) (B e Ay [ beraa)

= l/o(dx)/ I, (da) V" (|BT" A A1) < o0
/SB (0,27(x)) Z N

nez
19
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by (4.2). (a) and (c) are obvious because I'; (da) is nonzero for each z. Therefore
{0, gn,n € Z} is the Sp-representation of v. It follows from (4.9) and Proposi-
tion 2.2 that g, (x) is completely monotone in n € Z. Thus, by Proposition 2.3,
p € Loo(b, Q).

(ii) In order to see that v is the Lévy measure of some p, it is enough to
show that v({0}) = 0 and that [g.(Jz|* A 1)v(dz) < oo. The former is obvious

from (4.1). The latter follows (4.2) since |z| < const.x|z|q.

(iii) To show the uniqueness, suppose that both {vy, ', } and {7y, fm} rep-

resent v. Let

(4.10) gn(x) = / b T, (da), Gnlz) = / b T, (day).
(0,27(x)) (0,27(x))

By the proof above, {vy,g,} and {7y, g,} are Sp-representations of v. Thus
by the uniqueness of them in Proposition 2.1, there exists a Borel measur-
able function h(z) with 0 < h(x) < oo such that vy(dx) = h(z)vy(dr) and
gn(z) = h(z)gn(x), vp-a.e. x for any n € Z. Thus by the uniqueness assertion
in Proposition 2.2 (i)(b) and by (4.10), we conclude that T'y(da) = h(z)[',(de).
The assertion (4.3) for I, follows from (4.2) and (4.6). O

5. Proof of Theorem 1.1

We first show that OSS(b,Q) C Loo(b,Q). Let u € OSS(b,Q). That is,

for some 0 < a < 1 and ¢ € RY,

(5.1) fi(z)" = AbY z)e’te).
Then
(5.2) i(z) = (b9 2)p(2),

20
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with
(5.3) plz) = fi(z)' %),

To show that p € Lo (b, @), by the definition, it is enough to show that p €
Loo(b,Q). Since p € I(R%), p € I(R?). Hence by (5.2), u € Lo(b,Q). Since
Lo(b, Q) is @Q-completely closed in the strong sense as mentioned in Section 1, p
in (5.3) is in Lg(b,Q). Thus by the definition, (5.2) implies that u € L1(b, Q).
Repeating this argument, we conclude that u € L,,(b,Q) for any 1 < m < oo
and therefore u € Lo (b, Q). Hence OSS(b,Q) C Loo(b, Q).

Since Lo (b, Q) is Q-completely closed in the strong sense, it only remains
to prove “the smallest”. Let K be any Q-completely closed class in the strong
sense containing OSS(b, Q). First, notice the following fact. Let a > 0 and

r(z,x) = e¥#®) — 1 — fﬁf‘é If vy is a finite measure concentrated on SgN

{z : 2y(z) > a} satisfying
/ vo(dx) Z bb "9z < oo
Sp n<0
and if p is a distribution with
fi(z) = exp / vo(dx) Z b (2, b7 ") b,
S neZ

then p € OSS(b,Q), since (5.1) holds with a = b®. Now let u be a purely
non-Gaussian distribution in Lo, (b, @). Then its Lévy measure is represented as

in Theorem 4.1, and we have

f(z) = exp {i(y, z) +/ VO(dx)/ I, (do) Z b"r(z, b"Qx)}
Sp (0,2v(x)) ez
with some v € R%. For € > 0, define p. by

e (2) = exp {i<%z> + [ (o) /( ) bnar(z,b_”Qx)} |

nez
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Since the number of the possible values of v(x) is finite, 2y(x) — e > ¢ for
all x, if € is small enough. Then, for fixed € > 0, we can choose measures
D(En)(da) satisfying the following conditions: Fgcn)(da) is concentrated on the
points {k27", k = 1,2,---} N (¢,2v(z) — &), T (da) converges to T'y(da) for
each x € Sp as n — oo, the total mass of Fg;")(da) does not exceed that of

I';(da) for each z € Sp, and {FE,;")} is measurable in z. Define u&") by

A (z) = exp { iy, 2) +/ Vo(dx)/ (" (da) Z ber(z, b ") b .
S (e,2v(x)—¢e)

neZz

We see that ui”) is a convolution of a finite number of purely non-Gaussian
distributions in OSS(b, Q). Hence ,uf:n) € K. We see from (4.6) that, for any
fixed € > 0,

(5.4) C14 < Z b“o‘(]b_”Qx% A1) < Cy5 for a e (e,2y(x) —¢) and x € Sp.
nez

Hence, by (4.2),
(5.5) /S vo(dz) T (e, 27(x) — £)) < oo

We show that, for fixed z € R4,>. _, b"%r(z,b6~"%z) is bounded in o €

neZz
(g,27(x) —¢) and x € Sp, and continuous in a. Since |r7(z,z)| < Cig(|z]3 A1),
we see the boundedness from (5.4). The continuity is obvious. Thus by (5.5) and
Lebesgue’s dominated convergence theorem, we have that as n — oo ;’Zén)(z) —
fi-(2), and that p. € K. Finally, fic — i as € | 0. Thus p € K. This proves

that if p € Lo (b, Q) is purely non-Gaussian, then p € K.

If p € Loo(b,Q) is Gaussian, then by Theorem 3.4, 1 is a convolution of
finite number of Gaussian distributions in OSS(b, Q) C K, and thus u € K. As
Proposition 2.3 shows, any pu € L. (b, Q) is decomposable in L., (b, Q) as the
convolution of a Gaussian and a purely non-Gaussian. Hence L (b, Q) C K and

the proof is complete. [J
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6. Remarks on the case () =1

Let us consider the case @ = I. Let 0 < b < 1. The classes L, (b, I),
0 < m < o0, were introduced by Maejima and Naito [MNO98], of which our paper
[MSW98] was a matrix generalization on R%. Distributions in L (b, I) are called
semi-selfdecomposable. Distributions in L. (b, I) should be called completely
semi-selfdecomposable. The class 0SS (b, I) consists of u € P(R?) that satisfies
[(2)® = fi(bz)e***) for some 0 < a < 1 and ¢ € R%; namely it is the class of
1 € P(RY) that satisfies 7i(2)®" = fi(bz)e*{># for some 0 < a < 2 and ¢ € R
Thus distributions in OSS(b, I) are exactly semi-stable distributions studied by
many authors beginning with Lévy [L37]. Now we have B = bl, |z|g = |z|, and
Sp={r e R%:b<|z|] <1}. We write Sg as Sp. Further we have p = ¢ = 1,
by = b, ny =1, and f(¢) = ¢ —b. Since ¥p(A) = (1 — b?)A, Proposition
2.3 shows that all Gaussian distributions are in Lo (b, I). Since (z) = b and

y(x) = 1 for all z € R, the following result is obtained from Theorem 4.1.

THEOREM 6.1. (i) Suppose that u is in I(R%) with nonzero Lévy measure
v. Then p € Loo(b, 1) if and only if v is expressed as

(6.1) v(E) = /S vo(dx) /(0 ) I';(da) Z b 15(b""z), E € B(RY),
b ? neZ

where vy is a nonzero finite measure on Sy and I'y, x € Sy, are measures on

(0,2) measurable in x satisfying

(6.2) /(0,2) (é + 3 i a) I, (do) = 1.

(ii) If a nonzero finite measure vy on Sy and measures I'y, © € Sy, on (0,2)

measurable in x satisfying (6.2) are given, then the measure v defined by (6.1)

is the Lévy measure of some u € I(RY).

(111) If u € Loo(b, I) with nonzero Lévy measure v, then the measure vy in (i) is

uniquely determined by v and the measures Ty, x € Sy, are unique in the sense
23
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that fm =TI, for vg-a.e. x for any fx which expresses v by (6.1) in place of
r,.

Proof. (i) We apply Theorem 4.1. Note that we do not assume that pu
is purely non-Gaussian, since all Gaussians are in Lo (b, ). Suppose that p €
Loo(b,I). Then we get (6.1) with some vy and I'; satisfying

/ yo(dx)/ o (dor) Y 0" (672 [z]*) A1) < oo.
Sy (0,2) nez

This is equivalent to

/ Vo(d:c)/ I (da) Z b + Z b2 | < 0.
Sh (0,2)

n>0 n<0

Since >, 5o 0" ~ Sz as o | 0and Y, _ob "2 ~ L5 a5 o 1 2, the

o' 2—«

condition is equivalent to

/SB vo(dz) /(0’2) (é + ﬁ) T, (da) < cc.

Let h(x) = f(o 2)% + 52z (de) and use h(z)vo(dz) and ﬁFw(da) in place

of vy and I'; to obtain (6.2). The converse is similarly proved. (ii) and (iii)

follow from Theorem 4.1 (ii) and (iii), respectively. [
Another form of the theorem above is as follows.
THEOREM 6.2. (i) Suppose that p € I(R?) with nonzero Lévy measure

v. Then p € Lo (b, 1) if and only if

(6.3) v(F) = /(0 ) F(da)/s Vo (dx) Z b1p(b"z), E € BRY),

nez

where I' is a nonzero measure on (0,2) with

(6.4) /(072) (é +5 i a) I'(da) < oo

and vy, o € (0,2), are probability measures on Sy, measurable in «.
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(ii) If a nonzero measure I' on (0,2) satisfying (6.4) and probability measures
Vo, a € (0,2), measurable in « are given, then the measure v defined by (6.3) is

the Lévy measure of some pu € I(R?).

(111) If pu € Lo (b, I) with nonzero Lévy measure v, then the measure T' in (i) is
uniquely determined by v and the probability measures vy, o € (0,2), are unique
in the sense that v, = v, for I'-a.e. « for any v, that expresses v by (6.3) in

place of v, .

Proof. In order to go to the representation (6.3) from (6.1), consider the
probability measure myo(dx)(é + 52 )T, (da) on S, x (0,2) and apply the
existence theorem for conditional distributions. Transfer in the reverse direction

is similar. [

Finiteness and infiniteness of the moments of distributions in L., (b, I) are

determined only by the measure I'. This is an application of Theorem 6.2.

THEOREM 6.3. Let p be a distribution in L. (b, I) with nonzero Lévy
measure v. Let I'(da) be the nonzero measure on (0,2) uniquely determined by
v in Theorem 6.2. Let ag € [0,2) be the infimum of the support of T'. Then,

finiteness and infiniteness of M, = [g.|z|"u(dz) are as follows.
(i) If n > g, then M, = oco.

(11) If ap > 0 and 0 < n < g, then M, < oo.

(111) If ag > 0 and T'({ap}) > 0, then My, = oc.

(iv) If ag > 0 and I'({ao}) = 0, then My, is finite or infinite according as
f(ao 2) —afaOF(da) is finite or infinite.

Proof. It is known that M, < oo if and only if f|w|>1 |z|"v(dz) < oo
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(Kruglov [K70]). We have, from (6.3),

/Iac|>1 z[v(de) = /(0,2) I'(do) /Sb Vo(dx) Z b b "2 (b ")

nez

= I'(do / Ve (dx)|z|" prle=m,
/(072) Y RAEEDS

n>1

where B = {x : [z| > 1}. If n > g, then 3 -, b= = oo for a € [ag,n) and

f‘m|>1 |z|"v(dx) = oo. If ap > 0 and 0 < 7 < g, then

1
/ || (dx) < 1_()—&0_77/ I'(da) | |a["va(dz) < oco.
|m|>1 [Oto,2) Sb

If g > 0 and I'({ap}) > 0, then

/|x|>1 |z|*°v(dz) > T'({ao}) /Sb Vo (dx)| x| Z 1= oo

n>1

Hence we obtain (i), (ii), and (iii). Consider the final case, ap > 0 and

I'({ao}) = 0. Since >, -, prla—ao) % as « | ap, we have

1 1
C’zo/ I'(da) §/ |z|*v(dr) < 021/ I'(da).
(ap,2) @~ Q0 |z|>1 (ap,2) & — Q0

Hence the assertion (iv) follows. [
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