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A confluent hypergeometric system associated with &3

and a confluent Jordan-Pochhammer equation

By Shun SHIMOMURA

Abstract. We treat a confluent hypergeometric system associated with ®3. Near one
of the singular loci of irregular type, asymptotic expansions and Stokes multipliers are
obtained. Applying our results, we also clarify the asymptotic behaviour of linearly
independent solutions of a confluent Jordan-Pochhammer equation.

1. Introduction

The series

(Do

m Y (Jz| < o0, Jy| < 00)
m~4nTTbTt:

(11) @3(ﬁ,7,9€,y) = Z

m,n>0

with (8)m = (8 + m)/T(B) (m € Z) is one of the confluent hypergeometric
functions derived from Appell’s hypergeometric function Fi(a, 3,0,7,z,y) ([5],
6], [9]). It satisfies a system of partial differential equations

gy + Y2y + (7 — )2, — B2 =0,
(1.2)

YZyy T T2gy + 72y —2 =0
([2; 8§5.7, 5.9]) for (z,y) € PY(C) x PY(C). Since xzyy — 2, + Bz, = 0, this
system is equivalent to a completely integrable Pfaffian system with respect to
the unknown vector function (z,xzs,yz,), which possesses the singular loci z =
0, z = 0o, y = oo of irregular type, and y = 0 of regular type. The solutions of
(1.2), which are analytic in R?, constitute a three-dimensional vector space over
C, where R denotes the universal covering of C — {0}. In [11], we studied the
asymptotic behaviour of linearly independent solutions of (1.2) near the singular
loci x = 0o and z = 0. Eliminating the derivatives with respect to = from (1.2), and

putting z = k € C — {0}, we obtain an ordinary differential equation of the form
d3z Y d?z Y\ dz 2

13 L IR Y OO Y

0y (L) - () £l

K
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which has the singular points y = 0 of regular type and y = oo of irregular type. It
is easy to see that, for each fixed z = k (€ C—{0}), every solution of (1.2) satisfies

equation (1.3). This is also derived from the Jordan-Pochhammer equation

d3z
y(1—y)(y — ﬁ)d—yg
(3 + D+ 8R) A= 9) + (3 +1) - (a+5/+3)y)<y_,{)ﬁ—;
+ B +1)(y—(a+f +1)y— Bk — (a+1)(y_,£))% —af(F +1)z=0

dy

(see [4; §3.4]) by a process of making a confluence of singular points. In fact,
replacing (o, 3, K, y) by (1/e,1/¢,ek,€%y) and letting e — 0, we arrive at equation
(1.3), which is one of the confluent Jordan-Pochhammer equations.

The present paper gives asymptotic expansions and Stokes multipliers of lin-
early independent solutions of (1.2) near the irregular singular locus y = oo, and
clarify the global behaviour of the solutions of equation (1.3). As in [11] we assume

that none of the complex numbers 3,~, 3 — 7 is an integer, and use the notation
e = exp(2mi\) (A e C).
Recall solutions of (1.2) expressible in the form

Z_1 = Z—l($7y) - (1 - e(_ﬁ)>_1 f(ﬁ77;$7y7t)dta
C_1

2o = za(2,y) = /C fBvmyt)dt (o =+2),

where

(1.4) By t) = 77t —2) P exp (47

([11; §2]). This integrand is obtained from one corresponding to ®2(53,1/¢e, v, z,cy)
([1]) by the limiting procedure ¢ — 0. (For confluences of the cycles of integral
representations, see [3].) In each integral, the path and the branch of the integrand

are taken under the condition

(1.5) 0<argy<m/2<argz<m
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so that they have the following properties:

(1) The path C_; starts from ¢ = 0, encircles ¢ = = in the positive sense, and
returns to ¢ = 0. Then, along C_1, (argt,arg(t — x)) varies from (7 + argy, —m +
argz) to (m + argy, T + arg ).

(2) The path Cy (or C_5) starts from ¢ = 0 and terminates in t = co. Then,
along Co (or C_s), (argt,arg(t — z)) varies from (7w + argy, —m + argx) to (m, —7)
(or (—m, —m)).

Each integral is continued analytically to the whole domain R?, if we modify the
path continuously preserving conditions imposed on (argt, arg(t—z)) at both ends of
it. We consider the triplet of linearly independent solutions z_1, 22, z_2 of (1.2) near
the sigular locus y = co. (The linearly independence follows from [11; Proposition
2.1 and Theorem 3.1].) The main results concerning asymptotic expansions and
Stokes multipliers of these solutions are stated in Section 2. The proofs of them
are given in Section 3 and Section 4. In the calculation of asymptotic expansions,
the saddle point method is employed, and in the derivation of Stokes multipliers,
the monodromy matrices obtained in [11] are used. It may be interesting to treat
these Stokes multipliers from a group-theoretic point of view ([8]). In the final
section, we apply our results to equation (1.3), and clarify the global behaviour
of its solutions, namely asymptotic expansions, Stokes multipliers (near y = o0),
and convergent series expansions in 0 < |y| < oo. They are described explicitly by
well-known special functions. These solutions of (1.3) are expected to be applicable
to a global study of a third or higher order linear differential equation with one or

more irregular singularities (cf. [7], [10]).

2. Main results
In what follows, § denotes an arbitrary small positive constant, R an arbitrary

one satisfying R > 2.44, and dr an arbitrary one satisfying
(2.1) sin ' (2R(R* — 1)) +sin ' (R7?) < 6p < /2.

For example, we can take dp = /100 (if R > 65), 0 = 7/5 (if R > 4), and
dp =m/2 —m/821 (if R > 2.44).

2.1. Asymptotic expansions
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Let P ’b)(s) be the Jacobi polynomial

- $ (7)) () (5

j=0
(see [2; §10.8,(12),(16)]).

THEOREM 2.1. The solution z_1 admits an asymptotic expansion of the form
z_q ~U_1(z,y) = _e(ﬁ)p(l _ ﬁ)w—ﬂ—vaﬁ—ley/mﬂ

X Y (1= B)m(l = a?y™)P 2 PO A2 (1 — 202y =) (y f)
m>0

uniformly for |xy='/2| < 1/R asy tends to oo through the sector | arg(y/z) + | <
371'/2 - 5R-

THEOREM 2.2. (i) The solution zo admits an asymptotic expansion of the form
2 ~ U(,y) = —y/mel2I70)miy =0 /2 01 S exp(—241/2)

% Z (m + 1)m4—m(1 + my—l/Q)—B—Qmp2(77—13/2+’7—m:—5—2m)(1 + Qxy_1/2)y_m/2
m>0

~12| < 1/R as y tends to oo through the sector |argy| < 3m —

uniformly for |xy
J, |arg(y/x)| < 3m/2 — dg.
(ii) The solution z_o admits an asymptotic expansion of the form

Z_g ~U_o(z,y) = 7P Uy (z, €2™y)

uniformly for |xy='/?| < 1/R as y tends to oo through the sector |argy + 27| <
3m— 6, |arg(y/x) + 2mw| < 37/2 — OR.
2.2. Stokes multipliers

Let S = S(0y,02) denote a sector defined by

S(01,02) = {(z,y) € R* | |argy — 1] < 27 — 4, |arg(y/x) — 02| <7 — R}

We call a matrix 7'(.S) (€ GL(3,C)) a Stokes multiplier corresponding to the sector
S with respect to (z_1, 22, z_3), if linearly independent solutions 2%, z5, z°, such
that

t(zflu 22, Z*2> = T(S) t(Z§17 2257 Z§2>

satisfy
Zfl ~ U—l(x7y)7 Z2S ~ UQ(xay)7 252 ~ U—Q(xay)

uniformly for |zy~1/?| < 1/R as y tends to oo through the sector S.
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THEOREM 2.3. We write S; = S(—n,—371/2), So = S(—m,—7/2), S5 =

S(m,—=3mw/2), Sy = S(m,—7/2). Then the Stokes multipliers T; = T(S;) (j =

1,2,3,4) corresponding to these sectors with respect to (z—1,z2,2_2) are given by

1 0 0 1 0 0
Tv=[1-¢® 1 0], Ty = 0 1 0],

0 0 1 1—e=P 0 1

1 0 0 1 0 0
Ts=|1—e® 1 0], T,= 0 1 0

0 e=8) L (=0 1 1—e(=8) (=8 £ (=8 1

3. Proofs of Theorems 2.1 and 2.2

3.1. Preliminaries

Consider the functions

T =g(t) =t +y/t,

T =h(t) = g(t) + (8 — ) logt — Blog(t — z),
where Imlogs = args. Integrand (1.4) is written in the form f(3,v;x,y,t) =
exp h(t). In the proof of Theorem 2.2, we use the saddle points of h(t) and g(t),

namely the roots of h'(t) = 0 and ¢’(t) = 0. In the following three lemmas, we
assume that |zy~1/2| < 1/2, and that |y| is sufficiently large.

LEMMA 3.1. The saddle points of g(t) are t+ = +y'/2, and those of h(t) are
t11 and to, where t11 = 2y /2 +0(1), to = z—fa?y ' (1—22y= 1)~ (14+0(y~/?)).

LEMMA 3.2. Let p be an arbitrary positive constant.

(i) For [t —t_| < [y['/?7*,
(3.1) g(t) = g(t-) = =y~ 2(t = t-)*(1+ O(ly| ™).
(it) For [t —ty| < [y|"/**,
(3.2) h(t) = h(ts1) = £y~ /2t — t20)*(1+ O(ly| ™),
(33) W (t) = £2y~ 2 (t = te1)(L+ O(lyl ™).
(iii) For [t —ta] < [y|™#|2®y~Y (0 < p <1/2),
(34)  h(t) = h(t2) = (28) a7y (1 — 2%y~ 1) (t — t2)* (1 + O(lyl ™),

(3.5) () =B a7 2 (1 — 2y~ (t — t2)(1+ O(ly[7H)).
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LEMMA 3.3. We have

(3.6) h(ti1) = £2y"% — (v/2)logy + O(1),

(3.7) h(ty) = 2 ty(1 + 2%y~ + O(y_l/S)).

Let a be an arbitrary complex constant. For every non-negative integer k£ and

for a fixed positive integer N, we write

_ a—k (k B O!)n n
Ryyi(a—k,0)=(1-0) —ZTU ;
n<N
where the branch of (1 — ¢)®~* is taken such that arg(1 — o) = 0 for o < 1. The

following lemma is a special case of [11; Lemma 5.1].

LEMMA 3.4. If N > Rea, then |Ryy1(a—k,0)] <28(k+ 1)V Ky|o|V* in

the domain |o| < 1/2, where Ky is a positive constant independent of k.

LEMMA 3.5 ([11; Lemma 5.2]). For any complex numbers a, b and for any
non-negative integer m,
(b)r(a+ F)m Cbem pla—1,—bom
(38) Y R —ml(1 - AT T (1 - 2)
k>0

in the domain |§] < 1.

In order to calculate the asymptotic expansion of z, as y tends to co, we need
to modify the path of integration Cs, for each (z,%) satisfying |zy~ /2| < 1/R, in
such a way that C5 possesses the following properties.

(a) Cy consists of three curves I'_, I'g, I'y such that

(a.1) T'g is an arc passing through ¢t = ¢_ and lying inside the circle K defined
by [t~ ¢ | = [y['/%

(a.2) both ends a4, a_ of I'y are located on Kj;

(a.3) T'_ (or I'y) is a curve starting from a_ (or a4 ), tending to oo (or 0), and
lying outside the circle K.

(b) Cy lies outside the circles |t — t1| = |y|Y/4, |t — tao| = |B|y| =4 |z2y ™.

(c) g(t) —g(t-) <0 forteTy.

(d) (d/dp)Reh(t) < —c¢, for t € T'_ (or t € I'y), in which ¢ is a positive
constant and p = p(t) denote the length of a part of h(I'_) (or A(T'y)) from h(a_)
(or h(ay)) to h(t).
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LEMMA 3.6. If (z,y) (€ R?) satisfies |xy~'/?| < 1/R (R > 2.44), |y| > Roo,
(3.9) largy| < 3w — 4, |arg(y/x)| < 37/2 — IR,

then we can modify the path Cs continuously with respect to (x,y) preserving the
properties above, where § and dr are positive constants given in Section 2 and Rso

18 a sufficiently large positive constant.

Proor. First consider the special case where argx = argy = 0, \:cy_l/Ql <
1/R, and 3, B — v € R — Z. Take the path Cs to be the negative real axis passing
through t = t_ = —y'/2. Tt is expressed as Cp = T _UT UT', withT_ : t < a®, Tq:
a® <t< aﬁ)r, | a(}r <t <0, where a® =t_ — y1/3, ai =t_ —|—y1/3. Then the
images Sy = g(To), T = h(I'_), T9 = h(T';) are included in the negative real
axis and expressed as Sp : g(a%) <7 < g(t_) = —2¢y'/2, T° : 7 < h(a2), TO :
7 < h(a?.), respectively. Observing that t; — (—t_) = O(1), we can verify that C
has the properties above.

Next we consider the case where argx = argy = 0 is not necessarily satisfied
and B, B — v € C — Z. Take the segment S : 7 = g(t_) — o (=2[y|'/® < o <0)
in the 7-plane. By (3.1) the inverse image g~ !(S) passes through ¢_ and intersects

the circle [t —t_| = |y|1/3

at a_, a4, which are continuous in y and, in case argx =
argy = 0, coincide with a? , aS’r, respectively. We wish to choose curves 7" and 7'y
in the 7-plane with the following properties.

(i) T— (or T) is a curve starting from h(a_) (or h(ay)) and tending to oo,
and lies outside the circles |7 — h(t1)| = 2, |7 — h(t2)| = |B](1 + R?)2.

(i) (d/dp)ReT < —¢, for 7 € T_ (or 7 € T\ ), where p denotes the length of a
part of T_ (or T ) from a_ (or ay) to 7.

(iii) 7 (or T ) is a continuous modification of T° (or T7).

Let ¢%; be a sufficiently small positive constant such that
(3.10) 6p > sin T(2R(R* — 1)7Y) +sin Y (R7?) + 6

(cf. (2.1)). Note that g(+t_) = F2y/?, and that (ax —t_1)%/(ax —t_)? =
1+ O(Jy|='/?). We have Hy = (h(ax) — h(t_1))/(glax) — g(t_)) = 1+ o(1) (cf.
(3.1), (3.2)). Hence, by (3.1) and by the definition of S given above,

(3.11.) has) = h(t-1) + He(g(ax) = g(t-)) = h(t—1) — [y["/*(1 + o(1))
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Furthermore (3.6) implies that

(3.12) h(tz1) = g(£t-) — (v/2) logy + O(1).

Since |zy~1/2| < 1/R, R > 2.44, it follows from (3.7) that

(3.13) lg(£t_)|/|h(t2)] < 2R(R* — 1)~ + 0(1) < 0.99 4 o(1).
By these estimates, if |y| is sufficiently large, as long as

(3.14) larg g(—t_)| < 3m/2 —6/2,

(3.15) |arg h(t2)| < 37/2 — 0(x,y) — 0p

with 0(z,y) = sin™(Jg(£t_)|/|h(t2)|) < 7/2, we can draw the curves T_ and T
with the properties above (cf. Figures 3.1 and 3.2).

FIGURE 3.1.

FIGURE 3.2.

Once these curves are constructed, we obtain the desired modification Cy =T'_ U
IoUT'4, where I'_ (or I'y) is one of the connected components of the inverse image
h=1(T_) (or A~1(T'})) tending tot = oo (ort = 0),and T'g = {t € g7 1(9) | [t—t_| <
ly|*/3}. Since (3.14) is written as |argy| < 37 — 6, it remains to verify that (3.15)
is valid in sector (3.9). Note that argh(ty) = arg(y/z) + arg(1l + 2%y~ ! + o(1)) (cf.
(3.7)). For sufficiently large |y|, using (3.10), (3.13) and the inequality |arg(l +
22y~ 4+ 0(1))| < sin"'(R72) + o(1), we derive (3.15) from (3.9). Thus the lemma
is proved. [
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LEMMA 3.7. Under the same hypotheses as in Lemma 3.6, for the path Co =

I'_ul'yuI'y given above, we have

/ exph(t) dt = y~ />4 exp(—2y1/2) E(z, y)
F,UF+

with E(x,y) = O(exp(—y|'/%/2)).

PROOF. Since 1/1/(t) is analytic at t # t41, to, from (b), (3.3), (3.5) combined
with the maximum modulus principle, it follows that |dt| = |1/h/(t)||dh/dp|dp =
O(|ly|**)dp for t € T'_. The property (d) yields Re(h(t) —h(a_)) < —cpfort € T_.
Using (3.6), (3.11) and this inequality, we obtain

|exph(t)] < e”lexph(a_)| = e™*

exp(h(t 1) = [y"/*(1 +o(1))|

< e~y exp(—2y*/?)| exp(—|y|*/¢/2)

for t € I'_. From this estimate and a similar one for ¢t € I', the lemma immediately

follows. O

3.2. Proof of Theorem 2.2
It is sufficient to show the asymptotic representation of z5, from which we can

derive that of z_5 by using the relation
(3.16) Z_o(x,y) = eV 2y (x, 2y

(see [11; Theorem 3.2]). Assume that (z,y) satisfies the hypotheses of Lemma 3.6,
and that the path Cy has the properties (a),...,(d). Consider an integral of the form

(3.17) I:/ P (t — )P exp(t + y/t) dt.

We put t = y*/?(¢ — 1), in which ¢ moves along a curve T} inside the circle

|=1/6. Taking argt and arg(t — ) into consideration, we can write ¢ =

o] =1y
eyl2(1 — o), t —x = e ™y?2(1 — o)(1 + 2y~ /?2(1 — o)1) along Ty, where
arg(l — o) — 0, arg(1 + 2y~ 2(1 —0)™') - 0 as 0 — 0, 2y~ /2 — 0. Observe
that g(t) =t +y/t = —2y*/? — y'/26% — y'/203(1 — 0)~'. We wish to calculate an
asymptotic expansion of the integral

(3.18) J = (20w (v=1)/2 exp(2y1/2) I= / w(z,y,0) eXp(—y1/20'2) do,
I'g
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where

(3.19) w(zy,0) = (1— o)~ (1 N my‘1/2>_ﬁ exp (_ y1/20—3)

l1—-0 l—0

= Z @(_my—lﬂ)k(_yl/2)pa3p(1_U)—v—k—p

klp!
k2020 P

—1/2

for |zy | < 1/R, |o| < |y|~'/%. Let N be an arbitrary large fixed positive integer.

By Lemma 3.4,
- (1 +k+p)
(1—0) 77k P = ZO py n0n+0(2k+p(k —l—p—l—l)NHaN""l) .

Hence series (3.19) is written in the form

G20y S S ORO R g ot B,y ).

InInl
k>0 p=0n=0 klpln

Here, for |2y~ '/%| < 1/R, |o| < |y|~V/8,

B.y.0) =0 | Y DG vy o)t
k>0
with
(v + k4 plally'2o® P
Gr(N,y0) = Z pln!
p>N+1n=0

k+p+ )N+t
+2kz ( p ) |U|N+1|2y1/203|p_

|
>0 P

Observing that SN (1/n)|(y + k4 p)n| = O®N (k+ |y| + N +1)N) uniformly for
p>N+1,k>0,and that (k+p+ 1)V < (k+ 1)V (p + 1)V uniformly for

p >0, k>0, we have
(3.21) E(z,y,0) = O(|y"?a® N H! 4 || V).

From (c) and the fact that, in case argy = 0, the path I'jj coincides with the segment
fromt=t_+y Y0 tot=t_—y /6, it follows that

(3.22) / o exp(—y'/%0?) do

::{ —T((q +1)/2)y~ /4 + O(exp(—y|'/®)) (¢ : even),
O(exp(—[y[*/®)) (g : odd).



KSTS/RR-98/002

May 11, 1998 Confluent hypergeometric system 11

Substitute (3.20) and (3.21) into (3.18), and put N = 2M, n + p = 2m. Then, by
(3.22), the integral J becomes

M
(3:23)  —Vay VAN (1/2)my ™D @Kk,m(—xy—lﬂ)k + Oy~ M+D/2),
m=0

k!
k>0
where
K % (m+1/2)p (=7 =k =2m+ Dom—p _ (= 1/2+k —m)om
m s p!(2m — p)! (2m)!

Using (3.8), we have an asymptotic expansion of I:
I = PP=0)miy= 0D oxp(=2y1?) J ~ Us(a,y)

uniformly for |zy~'/2| < 1/R as y tends to oo through (3.9). Combining this

formula with Lemma 3.7, we arrive at the asymptotic representation of zs.

3.3. Proof of Theorem 2.1
By [11; Proposition 2.2,(2.8)], we have

2 1(B,y;m,y) = PNy (8,8 —  + 2,2y [, ),

in which z1 (8, v;x,y) is a solution of (1.2) admitting an asymptotic expansion of

the form

<1 (5,77 &, y) ~ _e_ﬁWiF(l - ﬂ)xﬁ—’yex-i-y/x

« Z (1 o ﬂ)m(l o x—2y)ﬁ—1—QmPT(r;y—ﬁ—l,B—l—Zm)(1 - 2a:_2y)a:_m

uniformly for |x72y| < 1/R; as x tends to oo through the sector |argx — 7| <
37/2 — 0r, (cf. [11; Theorem 4.1]). Here R; and dr, are arbitrary constants
satisfying Ry > 2 and 2sin™' (R /%) < 0p, < m/2. Putting R, = R, 6p, = 0,
from the fact above, we obtain the desired asymptotic representation as y/z tends

to oo.
4. Proof of Theorem 2.3

4.1. Preliminaries
Consider the column vector functions u(z,y) = *(2_1,22,2_2), U(z,y) =
HU_1(x,y),Us(z,y),U_o(z,y)) (cf. Section 2). From [11; Proposition 2.1,(2.3)

and Theorem 3.2], we derive the following lemma.
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LEMMA 4.1. We have u(ze*™y) = Mju(z,y), u(z,ye®™) = Miu(z,y),
where
6(_7) 6(_5) _e(_'y)
M{ = e(—’Y) — 6(ﬁ_7) e(_ﬁ) e(/B_'Y) — e(_fY)
el=F) —1 0 1
1 -1 e(B=7)

0 —1 e 41

The formal monodromy matrices are given by the following lemma.

LEMMA 4.2. We have U(ze®*™,y) = PU(z,y), U(z,ye*™) = PU(x,y),

where
e(=8=7 0 0 e 0 0
P = 0 1 0], P=] 0 0 e(B=7)
0 0 1 0 —e=h 0

4.2. Proof of Theorem 2.3

By Lemma 4.1,
(4.1) zo(ze™ 2™ ) = (P —1)z_1(z,y) + 22(x,y),
(42) Z—Q(erﬂ-iay) = (e(_ﬁ) - 1)2’_1((13,3/) + 2_2((13',?/).

Assume that (z,y) € S1. By Theorems 2.1 and 2.2, we have
(43) Z_1 U_1($,y), Z_9g U_g(x,y).

Since |arg(y/(ze™ ™)) — /2| < ® — JR, it follows from Theorem 2.2 and Lemma
4.2 that zo(ze 2™ y) ~ Us(we™ 2™, y) = Us(x,y). This relation and (4.3) combined
with (4.1) yield the matrix T7. In the sector Sa, observing that |arg(y/(xe* ")) +
5m/2| < m — dr and using (4.2), we can derive Tb in a similar way. If (z,y) € S
then (ze™2™ ye=2™) € Sj. Hence, by Lemmas 4.1 and 4.2, we have u(x,y) =
M Myu(ze=?™ ye=2™) = M| MyT,U(ze 2™, ye™2™) = M{M5T P Py U (x, y),
from which T3 = M| M4T, P; ' Py ! follows. Using the fact that (z,y) € Sy implies
(ze=2™ ye=2™) € Sy, we also derive Ty = M| MjTo P Pyt Thus the proof is

completed.
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5. Confluent Jordan-Pochhammer equation (1.3)
In equation (1.3), assume that the constant k € C — {0} satisfies —¢ < argr <
21 +¢, where ¢ is a small positive constant. Consider the triplet of linearly indepen-
dent solutions (2%, 25, 2",) of (1.3) near y = oo, in which 27, = z_1(k,y), 25 =
29(K,y), 289 = z_2(k,y). By L,(,a)(f) we denote the Laguerre polynomial
L(E) = et (d%) ety = Y (Zf?) s

Let 0 be an arbitrary small positive constant.

J=0

THEOREM 5.1. The solution 2%, admits an asymptotic expansion of the form
2y~ Uy (y) = —ePT(L = B)et 0712y 1 ev/m 7 (1 = B),m" L (~r)y ™"
n>0

as y tends to oo through the sector |argy — argk + 7| < 37/2 — 4.

THEOREM 5.2. (i) The solution z§ admits an asymptotic expansion of the

form

2~ US (y) = —/mePP=0miy =020 exp (=291 2) N = Qn (B, v k)y /2

n>0

with

n

Qn(B,7iK) =

m=0

as y tends to oo through the sector —3mw/2 + argk + 6 < argy < min{3w/2 +

(B)n=—m(3/2 =7 —n)om
4m(n — m)Im!

(=)

arg Kk, 3w} — 0.

(ii) The solution z", admits an asymptotic expansion of the form

2y~ UEQ(Q) = e(V_B)Uéi(eme)

as y tends to oo through the sector —Tmw/2 4+ argk + § < argy < min{—n/2 +
arg K, T} — 0.

PrOOFS OF THEOREMS 5.1 AND 5.2. It is sufficient to show that, after rear-
ranging the terms of the formal series U_1(k,y) (or Us(k,y)) in Theorem 2.1 (or
Theorem 2.2), we obtain the asymptotic expression U”,(y) (or U5 (y)). By (3.8),

-1
(eI (1 = By Ay S Tt en ] U (k)

_ Z Z(l . ﬁ>m+k (2 —TZ'—IL—' k)m K:m—|—2ky—m—k _ Z(l . ﬁ)nKnLgll—fy)(_K)y—n

m>0 k>0 n>0
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(n = m + k), which implies Theorem 5.1. Observing that

. —1
| Ve @I AT (21| Uy, )

_ Z Z By —1/2+ k —m)am (— )y~ (m+b)/2,

4mmlk!
m>0 k>0

and putting m + k = n, we obtain the asymptotic series U5 (y). Thus the theorems

are verified. O

For a sector ¥ (C R), we call a matrix 7%(X) (€ GL(3,C)) a Stokes multiplier

corresponding to ¥ with respect to (2", 25, 27,), if linearly independent solutions

Ky Ky Ky
200, 29’7, 2z such that

b3 b3 b3
t(zipZSaZEQ) =T"(%) t(ziﬁ ,Z;’ azib )

satisfy

)2 K )2 K )2 K
Zi1 ~ U (y), Z; ~ Uy (), 252 ~ Ul (y)

as y tends to oo through ¥. Let ¥_ and X be sectors defined by

Y_ = {y €ER ! —5m/2+argk + 6 < argy < —m/2+ argk — (5},
Sy={yer ‘ —3m/24argk + 0 < argy < m/2+argk — & }.
Then the Stokes multipliers corresponding to these sectors with respect to

(2F4, 25, 2",) are given by the following theorem, which immediately follows from

Theorem 2.3.

THEOREM 5.3. We have

T (2_) =T, T (X)) =13, if —e <argr <m7/2,
THE_) =T, T%(S.) =Ty, if7/2 < argk < 31/2,
THYE_) =1T5, TF(X4) =Ty, if 3m/2 < argk < 27 + €,

where T (j = 1,...,4) are matrices given in Theorem 2.3.

REMARK. When argrk = /2 (or argx = 37/2), we may also take T"(3) =
T4 (OI‘ TK(E_) = Tg)
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Around the regular singular point y = 0, we consider linearly independent

solutions 2", z{y, 25 expressible by the connection formulas

2= (1—e)r 45— 2n

Zg = (6(77’8) - 1)ZE1 - 6(’776)25 + ZEQ:

(cf. [11; Proposition 2.1 and (3.2)]). From [11; Theorem 3.1], we obtain the con-

vergent series expansions of these solutions.

THEOREM 5.4. Fory € 'R, we have

271 1
AT F(B,v+n,r)y",
PT() ;Z:O (7)nn!

Lo 2mie™ (1 - )
T T(y-BT(2—7)
(v = Dn(=r)

* 2 (v—5

|
= Ynn!

1—v

—n

F—~v+1—-n,2—~v—n,—kKr)y",

2mielT g By
LB —~+2)

1 —~ (B)m(=1)m(=K)"™ ,
XZ(5—7+2)nn!(Z m! )y ’

n>0 m=0

[ —
Z3 =

where F(a,c,x) = 1Fi(a,c,z) is Kummer’s confluent hypergeometric function.

References

. Erdélyi, A., Integration of a certain system of linear partial differential equations of hyperge-
ometric type, Proc. Roy. Soc. Edinburgh 59 (1939), 224-241.

. Erdélyi, A., Magnus, W., Oberhettingeri, F. and F. G. Tricomi, Higher Transcendental Func-
tions, Vols 1 and 2, McGraw-Hill, New York, 1953.

. Haraoka, Y., Confluence of cycles for hypergeometric functions on Z3 541, Trans. Amer. Math.
Soc. 349 (1997), 675-712.

. Iwasaki, K., Kimura, H., Shimomura, S. and M. Yoshida, From Gauss to Painlevé, A Modern
Theory of Special Functions, Vieweg, Braunschweig, 1991.

. Kimura, H., Haraoka, Y. and K. Takano, The generalized confluent hypergeometric functions,
Proc. Japan Acad. 68 (1992), 290-295.

. Kimura, H., Haraoka, Y. and K. Takano, On confluences of the general hypergeometric sys-
tems, Proc. Japan Acad. 69 (1993), 99-104.

. Kurth, T. and D. Schmidt, On the global representation of the solutions of second-order linear
differential equations having an irregular singularity of rank one in oo by series in terms of
confluent hypergeometric functions, STAM J. Math. Anal. 17 (1986), 1086-1103.

. Matsumoto, K. and N. Takayama, Braid group and a confluent hypergeometric function, J.
Math. Sci. Univ. Tokyo 2 (1995), 589-610.



KSTS/RR-98/002
16May 11,1998 Shun SHIMOMURA

9. Okamoto, K. and H. Kimura, On particular solutions of the Garnier systems and the hyper-
geometric functions of several variables, Quart. J. Math. Oxford (2) 37 (1986), 61-80.

10. Ronveaux, A., Heun’s Differential Equations, Oxford Univ. Press, New York, 1995.

11. Shimomura, S., A system associated with the confluent hypergeometric function $3 and a
certain linear ordinary differential equation with two irregular singular points, Internat. J.
Math. 8 (1997), 689-702.

Shun Shimomura
Department of Mathematics
Keio University

3-14-1 Hiyoshi Kohoku-ku
Yokohama 223-0061

Japan



KSTS/RR-98/002
May 11, 1998

t t-) ) g(t-)

—t-) g(=t-) g(t-) g(t-)
) (

h(t1) h(t1) h(t2) h(t2) h(a-) h(a
O(z,y) O(xr,y) T- T- 0 06(z,y)
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—n/2 < argg(—t_) <72,
—31/240(x,y) + 6 < argh(ty) < —m/2

h(tz) h(a—) h(a—
h(a_

)
)

0(z,y)
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