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REMARKS ON SEMI-SELFSIMILAR PROCESSES

Makoto Maejima', Ken-iti Sato? and Toshiro Watanabe?

1. Introduction

In the paper [MSat97], two of the authors have introduced the notion of
semi-selfsimilar processes extending that of selfsimilar processes. In this paper,

we give some supplementary results on semi-selfsimilar processes.

An R-valued stochastic process {X(t),t > 0} is called semi-selfsimilar if

there exist a,b € (0,1) U (1, 00) such that

{X(at),t >0} 2 {bX(t),t > 0},
where 2 denotes the equality in all finite-dimensional distributions. If
(1.1) {X(at),t >0} < {bX(t) + c(t),t > 0}

for some a,b € (0,1) U (1,00), and a nonrandom function ¢ : [0,00) — R?, then

{X(t)} is called wide-sense semi-selfsimilar.

In Section 2, we improve a result on the existence of exponents of semi-
selfsimilar processes in [MSat97] by relaxing the condition on their stochastic
continuity, and give some examples. In Section 3, we discuss the joint distribu-
tions of selfsimilar and semi-selfsimilar processes with independent increments.
In Section 4, we give some examples of infinitely divisible semi-selfsimilar pro-

cesses.
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2. Existence of the exponent

A stochastic process {X(t),t > 0} is called trivial if, for each t, P{X(t) =

const.} = 1. Otherwise it is called nontrivial. We prove the following.

Theorem 2.1. Let {X(¢),t > 0} be an R%valued, nontrivial, wide-sense semi-
selfsimilar process. Suppose that it is stochastically continuous at ¢ = 0. Then
there exists a unique H > 0 such that, if a,b € (0,1) U (1,00) and c¢(t) satisfy
(1.1), then b = a*.

The constant H is called the exponent of {X(¢)}. In [MSat97] the same
conclusion has been proved under the condition that {X(¢)} is stochastically
continuous in ¢ > 0. Our theorem above shows that it is enough to assume the
stochastic continuity only at ¢ = 0. By this, the class of semi-selfsimilar pro-
cesses having unique exponents is actually enlarged, as will be seen in Example
2.1 below. In Example 2.2 we shall further show that a nontrivial semi-selfsimilar
process does not necessarily have an exponent, unless it is stochastically contin-

uous at t = 0.

Proof of Theorem 2.1. Let I' be the set of a > 0 such that there are b > 0 and
a function c(t) satisfying (1.1). By Lemma 2.2 of [MSat97], the nontriviality of
{X(t)} implies that b and c(¢) are uniquely determined by a. Thus we write
b =b(a) and c(t) = c(t,a) for a € I'. We know that b(a) > 1if a € I'N (1, 00),
since the proof of this fact in the proof of Theorem 2.1 of [MSat97] uses only the
stochastic continuity at ¢ = 0. Denote by log ' the set of loga with a € I'. As
in [MSat97], logT is an additive subgroup of R and (logI') N (0,00) # &. Let
ro be the infimum of (logI') N (0, o).

Suppose that rg > 0. Then ¢ € logI'. In fact, if o ¢ logI', then there are
Sp,m=1,2,--- in log " strictly decreasing to ry and we have rg > s, — 5,41 €
(logT") N (0,00) for sufficiently large n, contrary to the definition of ry. As in

[MSat97], r¢ € log I implies logI" = {nry : n € Z}, and hence there is a unique
2
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exponent H > 0.

In the rest of the proof, assume that ro = 0. In this case the proof for that
logI' = R in [MSat97] does not work, since the argument to show the closedness
of logI" uses the stochastic continuity of {X (¢)} in ¢t > 0. (Actually logI" is not
necessarily closed under the condition that {X(¢)} is stochastically continuous
only at t = 0 as will be seen in Remark 2.1 below.) So we have to use another
idea to show the existence of an exponent. Suppose that H > 0 with the desired
property does not exist. Then there exist 0 < H; < Hs such that, for i = 1,2,
the set T; defined by I'; = {a € T : b(a) = a'’i} contains some a; # 1. If
a € Ty, then a=! € Ty, since b(a™!) = b(a)™! = a=i. Hence, for each i, there
is a; € I'; N (1,00). For any sufficiently large integer m, there exists a positive
integer n such that

Ho1
‘n Hplogay | _

B H1 10ga1

Therefore we can find two sequences {my}, {nt} such that mg,nr — oo and

—niHylogay + mipHologas — b as k — oo

for some b € (—o0,0). Let s, = a; "a5™. Since

N Hslog as
— > ——>—= ask — oo,
my Hilogay

we have as k — o0
ng
log s = mi(—— loga; + logas) — —o0,
mg
namely sy — 0. Take 5 > 0 so that X (¢y9) # const. a.s. Then
_ —Nng Mg d —Hing Hamy
(2.1) X (sgto) = X(a] "™ag™ty) ~ a] as X (to) + ck

for some ¢, € R expressible by the function c(¢,a). Here < means the equality
in distribution. Denote the distribution of X (t) by u:, and its characteristic
function by fi;. Then by (2.1)

|ﬂ8kto(z)| - lato(al_Hlnka’gIkaz) .
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Let k tend to oo here. Use the stochastic continuity of {X(¢)} at ¢ = 0 and
the fact that X(0) = const. proved in Remark 1.1 of [MSat97]. Then we
have |fit,(e’2)| = 1, which contradicts that X (o) # const. a.s. Therefore the

exponent H uniquely exists. This completes the proof of Theorem 2.1. [J

We give below three examples. Throughout those examples, Let {Y(¢),t >
0} be a stochastically continuous, H-selfsimilar process in the sense that
{Y(at),t > 0} < {afY (t)} for any a > 0, such that Y (t) is nonconstant for
every t > 0. Note that Y(0) = 0 a.s., since Y (0) i a™Y (0) for any a > 0.

The first example is a nontrivial H-semi-selfsimilar process which is

stochastically continuous at ¢t = 0 but not at any other ¢ > 0.

Example 2.1. Define {X(¢),t > 0} by

0, ift=0or logt ¢ Q,
x0={ Vo
Y(t), if logt e Q,
where Q is the set of all rational numbers. Obviously {X (¢)} is stochastically

continuous at ¢ = 0 but not at any other ¢ > 0. We have
(2.2) (X(at)} £ {a"X (1)}, if loga€ Q,
because logat € Q if and only if logt € Q. If a > 0 and loga ¢ Q, then there

are no b > 0 and c(t) satisfying (1.1), as is seen by choosing ¢t = a~!. Thus we

have logI' = Q, and it follows from (2.2) that {X(¢)} is H-semi-selfsimilar.

Remark 2.1. This example shows that, under the condition in Theorem 2.1.,

log I' is not necessarily closed.

The second example is a nontrivial semi-selfsimilar process which does not
have an exponent and therefore, by Theorem 2.1., is not stochastically continuous
at ¢ = 0. By this example, we see that we cannot entirely remove the assumption

of the stochastic continuity at ¢ = 0 to prove the existence of a unique exponent.

Example 2.2. Define {X(¢),t > 0} by
X(t):{o’ if t =0 or logt ¢ Q+ v2Q,

Y(erts), if logt =74 sv2 € Q+2Q.
4
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It is easily seen that {X(¢)} is not stochastically continuous at any ¢ > 0. Let
a € Q. Then

0, if t =0 or logt ¢ Q+ v2Q,

apy av2yy
X(e t)—X(e t)_{Y(eaJrrJrs)’ if lOthT+S\/§€Q+\/§Q-

It follows that {X(e®t)} < {X(e®V2)} £ {e*H X (t)}. Thus {X(¢)} is semi-
selfsimilar but does not have an exponent, and logI" = Q + v/2Q.

If {X(t)} is H-selfsimilar (H > 0), then {X(¢)} is always stochastically
continuous at ¢t = 0. For, X(0) =0 a.s. and

P{X(t)] > e} = P{t"|X(1)]| >} =0

when ¢ — 0. This is not true for semi-selfsimilar processes. The third exam-
ple below is a nontrivial H-semi-selfsimilar process which is not stochastically

continuous at ¢t = 0.

To construct such a process, let g : R — R be a function satisfying

(2.3) glu+v) =g(u) +g(v), Vu,veR,
(2.4) g(1) >0,
(2.5) limsup g(u) = +oo, liminf g(u) = —oo.

The existence of such a function is shown in [H05]. It follows easily from (2.3)

that

(2.6) g(ru) =rg(u), Vre Q,Vue R.
Therefore

(2.7) g(r+u) =rg(l) +g(u), VreQ,vuecR.

Let f(t) = e91°8%) t > 0, and H = g(1). We see from (2.7) that

flat) = a® f(t), if loga € Q.
5)
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Example 2.3. Define {X(¢),t > 0} by

0, ift=0,
X(t)=< f(t), ift>0and logt¢ Q,
Y(t), if logt e Q,

By the same reasoning as in Example 2.1, we have {X(at)} 4 {a® X (1)}, if
loga € Q. Also if a > 0 and loga ¢ Q, then there are no b > 0 and ¢(t)
satisfying (1.1). Thus we have logI' = Q, and {X (¢)} is semi-selfsimilar with a
unique exponent H. On the other hand, since

lim g(u) = —o0

uUu——0o0
ueEQ

by (2.4) and (2.6), we have

limsup g(u) = 400
uU——0Q
ugQ

by (2.5). Hence,

limsup f(t) = +oo.
t10
log tZ€Q

Namely, { X (¢)} is not stochastically continuous at ¢t = 0. (Actually, this {X (¢)}

is not stochastically continuous at any ¢ > 0.)

3. Joint distributions of selfsimilar and

semi-selfsimilar processes with independent increments

If {X(t),t > 0} is a stochastically continuous selfsimilar process with in-
dependent increments on RY, then, for each ¢, X (¢) has a selfdecomposable dis-
tribution. Conversely, any selfdecomposable distribution induces such a process
uniquely in some sense ([Sat91]). But the joint distribution of (X (¢1),- - , X (¢,))

for the process {X(t)} is not always selfdecomposable (Proposition 4.2 of
6
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[Sat91]). We shall give conditions for the joint distributions to be selfdecom-
posable, and further, conditions for them to belong to the subclasses L,,. The
relations between selfsimilar processes with independent increments and self-
decomposable distributions are generalized in [MSat97] to those between semi-
selfsimilar processes with independent increments and semi-selfdecomposable

distributions. We shall also discuss joint distributions of those processes.

Let us recall some definitions. An R%valued stochastic process {X (t)} is
called selfsimilar if, for any a > 0, there exists b > 0 such that {X (at),t > 0} <
{bX(t),t > 0}. It is called wide-sense selfsimilar if, for any a > 0, there exist
b > 0 and c¢(t) such that {X(at),t > 0} < {bX(t) + c(t),t > 0}. The class of
selfdecomposable distributions on R? is called the class L and denoted by Lg or
Lo(R?). A sequence of its subclasses L,, = L,,(R%),m = 0,1,--- , 00, is studied
in [U72], [Sat80], and others. A description of the classes is as follows. Let
P(R%) and I(R?) be the collections of all probability measures on R¢ and all
infinitely divisible distributions on R%, respectively. A distribution u € P(R%)
belongs to Lo(R%) if and only if, for any b € (0,1), there is p, € P(R%) such
that

(3.1) i(2) = fu(b2)pp(2), Vze R

If p € Lo(R%), then u € I(R?), pp is uniquely determined by u and b, and
pp € I(R?). Let m be a positive integer. A distribution u € P(R?) belongs to
L, (R%) if and only if u € Lo(R?) and, for every b € (0,1), pp in (3.1) belongs
to Ly,—1(RY). The class Lo, (R%) is the intersection of the classes L,,(R%),m =
0,1,--- . Thus we have

I(R%) D Ly(RY) D L1 (RY) D --- D Lo (R%) D S(RY),
where S(R?) is the class of all stable distributions on R,

For any fixed b € (0,1) a sequence of the subclasses L,,(b) = L,,(b,R%),

m = 0,1,---,00, is recently introduced by [MN97]. A distribution u € P(R%)
7
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is in Lo(b, R?) if and only if (3.1) holds with some p, € I(R%). If p € Lo(b, RY)
with some b € (0,1), it is called semi-selfdecomposable. Again, if i € Lo(b, R%),
then p € I(R?) and p, is uniquely determined. A distribution p € P(RY)
belongs to L., (b, R?) with a positive integer m if and only if u € Lo(b, R%) and
pb € Lp—1(b, R%). The class Lo (b, R%) is the intersection of all L,, (b, R%), m =
0,1,---. We have

I(RY) D Lo(b,RY) D L1(b,R%) D --- D Lo (b, RY).
We see that
Ln@®RY) = () Lau(®RY, m=0,1,- occ.

0<b<1

This follows from the characterization of Lévy measures of distributions in
L, (R%) and L,,(b,R%), actually from the combination of Theorem 3.2 of [Sat80]
and Theorem 4.2 of [MN97].

Now let us prove the following result. The distribution of a random vector

X is denoted by L(X).

Theorem 3.1. Let {X(t),t > 0} be a stochastically continuous, wide-sense
selfsimilar process with independent increments. Let m be a positive integer or
00. Then the following four conditions are equivalent. We understand m—1 = oo

if m = oo.

(i) L(X(t)) € L,(RY), Vt>0.

(i) L(X(t1), -+, X(tp))) € Lyp_1(R™),  Vn,Vty,--- ,t, > 0.

(iil) £ p_; kX (ty)) € Lin—1(RY), Vn,Vti, -+ ,t, >0,Ver, -, € R
(iv) L(X(t) — X(5)) € Lin_1(R%), Vs,t > 0.

Lemma 3.1. Let m € {0,1,--- ,00}. Let dy,---,d, be positive integers. If

@ € Ly (R%) and if T is a linear transformation from R% to R92, then uT~! €
8
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Lin(Re), where (uT~1)(B) = u(T~1(B)). 1f i € Lyn(R%) for k = 1, ,m,
then p1g X -+« X pin, € Ly (RY) with d = dy + - -+ + d,,.

This lemma is essentially found in Theorem 2.4 of [Sat80]. The proof is

based on the decomposition (3.1).

Proof of Theorem 3.1. Let 0 < t; < --- < t,. Let Y7 = X(t;) and Y}, =
X(ty) — X(tg—1) for k=2,--- ,n. Then X(tx) =Y1 +---+ Y. By Lemma 3.1
we see that L((X (t1),- -, X(tn))) € Ly—1(R™) if and only if L((Y1,--- .Yy)) €
L1 (R™).  Since Yi,---,Y, are independent, Lemma 3.1 shows that

L((Y1,--,Y,)) € Lyp_1(R™) if and only if £L(Y%) € Ly, 1 (R fork =1,--- ,n.
Hence we see that (ii) and (iv) are equivalent. By Lemma 3.1, (ii) implies (iii).

Obviously (iii) implies (iv). Hence (iii) is equivalent to (ii) and (iv).

Let us prove the equivalence of (i) and (iv). The process {X(¢)} has an
exponent H > 0, that is

(3.2) (X(at),t >0} £ {a" X(t) + c(t,a),t > 0}, Va > 0.
Let 0 < s <t. Denote p; = L(X(¢)) and pst = L(X () — X(s)). Then
(3.3) fu(2) = fis(2) it (2) = fig ((;)H Z) gi<elts/ 0> )

where we have used the independent increments property and (3.2) with a =
s/t. On the othe hand, as we have mentioned at the beginning of this section,
Sato [Sat91] proved that if {X(¢)} is the process assumed in Theorem 3.1, then
e € Lo(R%). Thus for any b € (0, 1), there exists p;, € I(R?) such that

(3.4) fu(2) = pu(b2)prp(2), Vze R
Since fi(z) # 0, it follows from (3.3) and (3.4) that

Pt (s/t)H = Hs,t * Oc(t,s/t)-
9
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Hence p; (50 € Lim—1(R?) if and only if f15; € Ly—1(R?), comcluding that (i)

and (iv) are equivalent. [

Note that if £(X(1)) € L,,(R?), then (i) is true. This is because X (t) L
tTX (1) + ¢(1,¢) by (3.2).

Example 3.1. Let d = 1. Consider the case where

i(z) = exp (/Ooo(em _ 1)@@;) |

x
Let h(x) = k(e~"). We have that u € Lo(R) if and only if k(x) is nonicreasing.
The necessary and sufficient condition for that p € L;(R) is the convexity of
h(z), (see Theorem 3.2 of [Sat80]).

(i) Let k(z) = ce™** with a,c > 0. Then pu is a gamma distribution. It is in
Lo(R) but not in Ly (R), since h(x) is not convex. Thus some joint distributions
(in fact, all joint distributions with dimension greater than or equal to 2) of the
corresponding process { X (t)} are outside the class Ly. More properties of this

example are studied in [Sat91] and [W96].

(ii) Let k(z) = cx™ %™ with a,c > 0 and 0 < a < 2. It is easy to find
the condition for the convexity of h(z). Thus p € Li(R) if and only if o > 1/4.
Hence inverse Gaussian distributions (that is, o = 1/2) are in L1(R). (As to

inverse Gaussian distributions, see, e.g. [Se93].)

Let us consider a generalization of Theorem 3.1 to semi-selfsimilar case.
Let {X(t),t > 0} be a nontrivial, stochastically continuous, wide-sense semi-
selfsimilar process on R?® with independent increments. Let H be its exponent.
We assume that it is not wide-sense selfsimilar. As in Section 2, let I' be the set
of a > 0 such that there are b > 0 and c¢(t) satisfying (1.1). Then there is ag > 1
such that I' = {af : n € Z}, (see the proof of Theorem 2.1 of [MSat97]). We have
L(X(t)) € Lo(ag™,RY) for every t. The distributions {L£(X(t)) : t € [1,a0)}
determine all distributions of X (¢),¢ > 0, modulo translations. Theorem 3.1 has

the following counterpart.
10
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Theorem 3.2. Let {X(¢),t > 0}, H, and ag be as above. Let m be a positive
integer or oco. Then the following four conditions are equivalent.

(1) L(X(t)) € Lin(ag ™, RY), Vt>0.

(i) L((X (urt), -, X (unt))) € Lyn_1(ag T, R™), Vn,Vt > 0,Yuy, - ,u, €T,
(it)) £, exX (uit)) € Ly (ay 7, RY),

Vn,Vt > 0,Yuy, - ,u, € I''Ver, -+ ,c, € R.

(iv) L(X (ugt) — X (u1t)) € Lyy_1(ag ™, R?Y), VYt >0,Yui,uy €T.

Lemma 3.2. Let 0 < b < 1. The statement of Lemma 3.1 remains true if we

replace L,,(R%) and L,,(R%) by L,,(b,R%) and L,,(b,R%), respectively.
This is proved similarly to Lemma 3.1.

Proof of Theorem 3.2. Using Lemma 3.2 in place of Lemma 3.1, we can prove
the equivalence of (ii), (iii), and (iv) in the same way as in the proof of Theorem
3.1. To show the equivalence of (i) and (iv), let u,v € T' with 0 < u < v and let
t > 0. Then, since u/v € T,

flot (2) = flut(2) flut,vt (2)

~ U H 1<e,z> A~
= [l (;) 2| €% [y vt (2)

1<c,z2> A

= [lyt (CLO Z)e Nut,vt(z)

with some ¢ € R and some positive integer n. To see that (iv) implies (i), it is
enough to choose v =1 and u = a Uin the identity above. Conversely, suppose

that (i) is satisfied. Then
/lvt(z) = ﬂvt(aaHZ)pA(z)

with p € Ly,_1(ag ?, R?). Hence

72)0(2)

= fiwt(ag ™ 2)p(ag "V 2) - p(2).

flor(2) = flot (GSQHz)pA(aa
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Since fi,¢(2) # 0, it follows that

,&ut,vt(z) = ﬁ(aa(nfl)HZ) .. .f)(z)e—i<c,z>7

where u = vag™. Since Ly,_1(ag ™, R%) is closed under convolution (Theorem
3.3 of [MNO97]), we see that ¢ € Lm_l(agH, R?). That is, we get the condi-
tion (iv). O

We note that (i) is true if £(X(t)) € Ly_1(ag ™, R%) for 1 <t < ay.

Comparing Theorems 3.1 and 3.2, one might ask whether in Theorem 3.2
the condition (i) implies that all n x d-dimensional joint distributions of { X (¢)}

are in Ly,_1(ag = R"?). We show, by an example, that the answer is negative.

Example 3.2. Let d = 1 and 0 < b < 1. Consider an infinitely divisible
distribution with Lévy measure

vV = Z kn§b—n,

neZz

where k, > 0 and > oo kn + > b=2"k, < oco. Then, p € Lo(b,R) if and

n<0

only if

(3.5) kn —kn+1 20, Vn€Z,

and p € L1(b,R) if and only if, in addition to (3.5),

(3.6) (kn — kn+1) — (kn+1 — knt2) 20, Vn € Z,

(see [MNO97]). Suppose that we are given pu € Lo(b, R) with Lévy measure of
this form. Choose @ > 1 and H > 0 such that b = a= . If g,(t),n € Z, are
chosen to be nondecreasing continuous functions on [1, a) satisfying g,(1) = k,
and limsyq gn () = kp—1, then we can construct a stochastically continuous, H-
semi-selfsimilar process {X(¢),t > 0} with independent increments such that
L(X (1)) = pand L(X(t)) has Lévy measure

(3.7) ve =Y gn(t)6p—n

neZ
12
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for 1 <t < a (Theorem 6.2 of [MSat97]). Now assume that the given k,,,n € Z,
satisfy (3.5) and (3.6) with strict inequalities (e.g. k, = b™H with H > 1/2).

Let

—t t—1
ALY . 1<t<a.
a—1 a—1

hn(t) = ky,

Then, for any fixed t, h,,(t),n € Z, satisfy the inequalities corresponding to (3.5)
and (3.6). Choose £ > 0 so small that

kj — 2hj.|_1(1 + 26) + kj+2 >0 for j = O, —1, —2.

This is possible, since kj — 2h;11(t) + kji2 — kj — 2kji1 +kjp2 > 0ast | 1.

Next choose g, (t),n € Z, as follows:

gn(t) = hyp(t), 1<Vt<a,Vn#0,
go(t) = ho(t), 1+2e<Vt<a,

gO(t):k()a 1SVt§1+E7
and go(t) is continuous and nondecreasing for 1 +& <t < 1+ 2e. We claim that

(3.8) In(t) — gnt1(t) >0, 1<Vt<a,VneZ,

(3.9 (9n(t) = gn+1(t)) = (gn+1(t) — gn+2(t)) =0, 1< Vi <a,Vn€Z,

(3.10) go(t) — ko < g1(t) — ki, 1<Vt<l+e.

In fact, (3.8) follows from that g,(t) > kn > gnt+1(t). If n # 0,—1,—2 and
te[l,a)orifn e {0,—1,—2} and ¢t € [1+ 2¢,a), then (3.9) is identical with the
corresponding inequality for h,(t),n € Z. If j € {0,—1,—2} and t € [1,1 4 2¢),
then

(95 () = gj+1(t) = (gj+1(t) — gj+2(t)) = kj — 2hj41(1 + 2€) + kjy2 > 0.
13
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Hence (3.9) is true. The inequality (3.10) is obvious. Consider the process
{X(t)} that corresponds to g, (t),n € Z. That is, for 1 < ¢ < a, L(X(t)) has
Lévy measure (3.7). Then £(X(t)) € L1(b,R) for 1 <t < a by (3.8) and (3.9),
and also for all other ¢ by the semi-selfsimilarity. However, £(X(t) — X (1)) ¢
Ly(b) for 1 <t <1+ ¢ by virtue of (3.10), because

Vit = Z(gn(t) — kn)Op-n

nez
for the Lévy measure v;; of L((X(¢) — X(1))). Hence L((X(t),X(1)))

¢ Lo(b,R?) for 1 <t <1+e.

The proof of Theorem 3.1 shows that, for any process { X (¢)} with indepen-
dent increments, the conditions (ii) and (iii) in Theorem 3.1 are equivalent. A
related problem is for what more general processes (not necessarily having inde-
pendent increments) those two conditions are equivalent. This will be discussed

in another paper.

4. Infinitely divisible semi-selfsimilar processes

In this section, we shall give several examples of infinitely divisible semi-
selfsimilar processes. We say that an R%-valued process {X(t)} is infinitely
divisible (resp., a-stable) if for any n and any 0 < t; < --- < t,,, dxn-dimensional

random vector (X (¢1),---, X (t,)) is infinitely divisible (resp., a-stable).

In the following, for B ¢ R? and z € R%, denote
gz{teR:meB}cR.
Proposition 4.1. Let X be a real-valued nonnegative infinitely divisible ran-
dom variable with its Lévy measure v and with 0 as its drift. Let Z, be an
R‘-valued strictly a-stable random vector, independent of X. Then

X = xYag,
14
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is infinitely divisible on R¢ and its Lévy measure ¥ is given by

W(B) = E [(Tay) (zﬁﬂ VB e BRI\ {0)),

«

where T, v is a measure on R defined by
(To)(A) = / La(t/*)u(dt), VA € B(R)
and 4 is the indicator function of the set A.

Proof. Let {X(t)} and {Z,(t)} be independent Lévy processes on R and on R?,
respectively, such that X (1) 4 X and Zo(1) L 7.,. Here by a Lévy process we
mean a process which has independent and stationary increments, is stochasti-
cally continuous, and starts from the origin. Notice that X (¢) is a nondecreasing
process. Then a subordination Y (t) := Z,(X(t)) is also a Lévy process.
For any B € B(R%), we have

P{Y (1) € BIX(1)} = [P(Za(s) € BYl,oxp = |[PLs"/"Za() € BY| __

and hence

P{Y(t) € B} = P{X(t)"/*Z,(1) € B}.
Thus X < Y (1), which is infinitely divisible.
The Lévy measure of a subordination is given by
B(B) = /(O PUZL(0) € Blvlan, VB < BR\ {0}),
(see [Z58]). Therefore, for any B € B(R%\ {0}),

#(B) = /(0 PUNZ,(1) € Bl

/(0700) v(dt) /Rd I /e (2)L(Za(1))(dr)

L

x ey,
(dz) /(Om)IB/xu wdt)

/Rd (Za(1))
/Rd(Ta”) <§> £(Za(1))(de)

oo (2)]

15
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This proves our theorem. [

Example 4.1. Let {Z,(t),t > 0} be R%valued strictly a-stable, H-semi-
selfsimilar. Let X be the same as in Proposition 4.1, independent of {Z,(¢)}.
Then

X(t) = XY2Z,(t)

is an R%valued, infinitely divisible, H-semi-selfsimilar process. If {Z,(t)} has

stationary increments, then so does {X (t)}.

Proof. For any 0 <t < --- < t,, consider

(X (1), X(tn)) = Xl/a(Za(tl)a"' Za(tn))-

Since (Zo(t1), - - Zu(tn)) is R"-valued symmetric a-stable, independent of X,
it follows from Proposition 4.1 that (X (t1),---, X (t,)) is R™-valued infinitely

divisible. The H-semi-selfsimilarity and the property of stationary increments

(if any) of {X(t)} follow from those of {Z,(t)}. O

Remark 4.1. In Proposition 4.1, it is known that if X is a nonnegative strictly
-stable random variable (8 < 1), then X is strictly aS-stable. In [MSam97],
it is proved that if X is nonnegative strictly (-semi-stable (5 < 1), then X
is strictly a/f-semi-stable. Therefore, if we choose X as a nonnegative strictly
semi-stable random variable in Example 4.1, then we can construct examples of

strictly semi-stable semi-selfsimilar processes.

Lemma 4.1. (Theorem 3.10.1 and Exercise 3.15 of [SamT94].) Suppose 0 <
a < 2. Let {¢;} be i.i.d. random variables such that ¢; takes two values £1 with
probability 1/2, respectively, {W;} be i.i.d. R%valued random variables with
E[|[W1|*] < oo, and let {I';} be a sequence of Poisson arrival times with unit rate,
namely I'; = Zgzl e;, where {e;} are i.i.d. exponentially distributed random

variables with Efe;] = 1. Suppose that {¢;},{W;} and {I';} are independent.
16
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Then
(4.1) X = Z I Ul

converges almost surely and X is R%valued symmetric a-stable.

Example 4.2. Let 0 < a < 2 and let {W(t),t > 0} be an R%valued, H-
semi-selfsimilar process with E[|W(t)|*] < oo. Let {W;(t)},7 = 1,2,,---, be
independent copies of {W (¢)}. Then

ZEJ l/a j

is a symmetric a-stable, R%valued, H-semi-selfsimilar process. If {W(¢)} has

stationary increments, then so does {X (t)}.

Proof. Let 0 < t; < --- < t,. Denote the components of R?-valued random
vectors X (ti), W;(tx) by Xe(tr), W, e(ty),£ = 1,--- ,d. For any ¢t € R (k =
1,--- m;l=1,---,d), we have

n d

ZC ng tk Zﬁj UO[ZZCkngg tk

k=1(¢=1 k=1 ¢=1

«
]<oo.

Hence X is symmetric a-stable on R by Lemma 4.1, and thus (X (¢1),--- , X (t,))

X :

and

n d
Z Z ckeWio(tr)

k=1 (=1

is symmetric a-stable on R™? by Theorem 2.1.5 of [SamT94]. As to the H-semi-
selfsimilarity of {X ()}, since {W;(at)} < {afW;(t)}, we have

> -1/« d = -1/«
Zeij / Wj(at) = Zgjfj / CLHWj(t) N
j=1 j=1

concluding that {X (at)} 4 {a® X (t)}. As to its increments, by the same rea-

soning as above, if {W(t)} has stationary increments, then so does {X(¢)}. O
17
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An example of R%valued H-semi-selfsimilar process {W (t)} with station-
ary increments and with the a-th moment, which we need in Example 4.2, is
found in Theorem 9.3 of [MSat97]. It is constructed in the following way: Let
0< H<1land 0< g <2with H # 1/3. Define

W)= [ (=l = s, ), =0

where {S5(t),t € R} is a nontrivial R%-valued symmetric (-semi-stable Lévy
process. Then {W(¢)} is an H-semi-selfsimilar and [-semi-stable process in the
sense of Definition 8.2 of [MSat97]. As is well known, [-semi-stable random
vectors have the a-th moment if w < 3. Therefore, if 5 > «, then E[|W (¢)|?] <

Q.
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