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Introduction

As for automorphic L-functions attached to holomorphic Siegel modular forms for Sp(n,Z) (n >
2) in the sense of Langlands [18, 19] , it is known that two types of them, namely the spinor type
and the standard type, are continued analytically to the whole complex plane so ‘ar. They are L-
functions corresponding to the spinor representation of SO(2n+1,C) and to the stand.ird representation
of SO(2n + 1, C) respectively.

Spinor L-functions were introduced by Langlands [18] and Andrianov [1] and for s:alar valued cases
of n = 2, Andrianov [1] proved their meromorphic continuation and the functional equations. Moreover,
their poles were studied by Evdokimov [10] and Oda [23]. For vector valued cases of r = 2, Arakawa {4]
and Sugano [26] have discovered that the spinor L-function is continued analytically as an entire function.

On the other hand, standard L-functions were also introduced by Langlands [18] and .\ndrianov [2]. For
scalar valued cases, Andrianov-Kalinin [3] (in special cases) and Bécherer [7] (in general; see also Piatetski-
Shapiro,-Rallis [24]) proved their meromorphic continuation and the functional equations. Recently
Mizumoto [21] has got results on their poles and residues. We will get the functional ecuations and poles
of standard L-functions explicitly for a certain vector valued case. (cf. Piatetski-St.apiro,-Rallis [24],
Weissauer [28])

Suppose n is a positive integer, k is a positive even integer, s is a complex number such that k+2Re(s) >
n + 1, and Z belongs to the Siegel upper half space $,, (of degree n). The way of corstructing integral
representation of the standard L-function by use of Eisenstein series Ef(Z,s) (defined in §1) is based
on Bocherer [7] and the method of determining poles by use of its integral representation is based on
Mizumoto [21). We use the differential operator L* (defined in §2) introduced by Bocherer-Satoh-
Yamazaki [9] to transform the scalar valued Eisenstein series into a vector valued function.

In the process of constructing the integral representation, we use the Garrett’s pullbe.ck formula [12] to

decompose (L¥!E") ((g 12’) ,s), Z,W € $,, into functions for Z and for W. The pullback sends

g V(:’) ,s), Z € Hm, W € Hn, to modular forms for Z and for W and it
is studied by Garrett [12] for the holomorphic case (i.e., s = 0) and by Bdcherer [7] for real analytic cases.
Moreover Bocherer-Satoh-Yamazaki [9] deals with the pullback formula of the vector valued function

(LH B+ ((Z 03 o

the Eisenstein series E;"*'”

o w)' )
The author would like to thank Professor S. Mizumoto who introduced the author to the subject and
gave useful advice in the whole process of producing this paper.

Notations

1°. As usual, Z is the ring of rational integers, Q the field of rational numbers, IR the field of real
numbers, C the field of complex numbers.

2°. Let m,n € Z, m,n > 0. If A is an m x n-matrix, then we write it also as A(™*), and as Am) if
m = n. The identity matrix of size n is denoted by 1,.

3°. For m,n € Z, m,n > 0, and a commutative ring R containing 1, let R™") (r:sp. R(™)) be the
R-module of all m x n (resp. n x n) matrices with entries in R.

1
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4°, For a real symmetric positive definite matrix S, S*/? is the unique real symmetric positive definite
matrix such that (81/2)2 =S.

5°. For matrices A(™), B(™") we define A[B] :=*BAB, where 'B is the transpose of B and B is the
complex conjugate of B.

6°. For n € Z, n > 0, we put

iy O
to .
X = {T= . € ZM|t; >0foreach i€ Zwith1 <i<n, t1]---Jta

0 .

7°. Forn € Z, n > 0, let I := Sp(n,Z) be the Siegel modular group of degree n ind let $, be the
Siegel upper half space of degree n, that is,

Hpi={Z=X+iYyeC™'Zz=2Y >0}

For N € Z, N > 0, we put
" A(M)  B(n) "
o(N) = { (C(n) pm ) €T

For each r € Z with 0 < r < n, we put

* * 0 0 * 0
o= { (gl pi) €17 0= (3 c) 2= (2 i) -

All these are subgroups of I'".
8°. Forl € Z,1 > 0, we put

Cc=0 modN} .

_fa@a+1)---(a+1-1), if1>0,
@) "{1, if1=0.

The symbol ( ); is called the Pochhammer symbol. Note (a); = (—-1)'(—a — 1+ 1),. We also have

@rir=3 ()@ Onr

r=0

!
where ! = —1————— is the binomial coefficient.
r ri(l=r)!

9°. For n € Z, n > 0, we put
=T -1 e - -s
Ta(s) := j];[lI‘ (s - —2——) , Pr(8) :=773T (-2-) , Te(s) :=2(27) T s)

and

&(s) :=Tu(s){(s) =€(1 - 9) ,

where I'(s) is the gamma function and ¢(s) is the Riemann zeta function. Througlout the paper we
understand that the empty product is equal to 1.
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§1 Preliminary
1.1 Vector valued Siegel modular forms

Let p be a finite-dimensional representation of GL(n,C) with a representation space V. By definition,
V-valued C*-Siegel modular forms of weight p are C*-functions from §,, to V satisfying

(F1M)(2) = £(2)

(n) (n)
forall Z € $, and M = (é(") g(,‘)) €TI", where

(FIM)(Z) := p((CZ + D)™ )f(M{2)) and M(Z) := (AZ + BY(CZ+ D, ™"

The space of all such functions is denoted by M;‘(V)°°.
A function f from §, to V is called a V-valued Siegel modular form of weight p if it satisfies the
following properties:

- (1) holomorphic on ),
(i) forall M € ™, (fIM)(Z) = f(Z)
(iii) holomorphic at the cusps if n = 1

The space of V-valued Siegel modular forms of weight p is denoted by M} (V).
We define the Siegel operator ¢ on M7 (V) by

(#/)(2) = lim f ((ﬁ 3))

for Z € $,_1. Let V' be the subspace of V generated by the values of &f for all f € A'*(V). Then V' is
invariant under the transformation

p ((g (1))) , 9€GL(n—1,C) .

- If we assume V' # {0}, we get the representation p’ of GL(n — 1,C) with the representation space V'.
Thus the operator @ defines the map

o MHV)— M",‘,"‘(V’) .
Suppose f € M;(V). Then it is called a cusp form if it satisfies @f = 0, and we put
Sp(V):={f € M;(V)| [ is a cuspform }.
Each f € M7 (V) has a Fourier expansion

£(Z) =Y a(H)exp(2ni trace(H 2)), a(H) €V,
H>0

with H running over all symmetric positive semi-definite semi-integral matrices of size: n. If f € Sp(V),
H runs over all symmetric positive definite semi-integral matrices.
Let V = @V; be a decomposition of V into a direct sum of irreducible representations. Then we get a
decomposition
M}(V) = oM, (Vi)
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where for each i, p; is a representation of GL(n, C) with the representation space V.

If p is an irreducible rational representation, p is equivalent to an irreducible rationsl representatlon p
satisfying the following condition: Let V be the representation space of 5. Then, there exists a unique
one-dimensional vector subspace C# of V such that for any upper triangular matrix of GL(n,C),

g1 * n
o= ]Te™ |5,
0 Inn j=t

where (A1,A2,--,A3) €EZ" and Ay 2 A > -+ > A,
Then we write

-1

(11) P"‘(Ah)‘z,"' !’\n)'

Suppose p ~ (A1,)2,+-+,An). We note that MP(V) = {0} if An < 0 and that J43(V)* = {0} if
A4+ A #0 mod 2.

Let k,0 € Z, k > 0, I > 0. For a vector space W, we denote by sym'(W) its I-th symmetric tensor
product. We identify sym®(W) with C. Let z = (1, ,zn) be a row vector consisting of n indetermi-
nates. Then we put V = Cz; @ -+ @ Cz,,. We identify sym! (V') with the subset of C|z,,--- ,z,] which
consists of the homogeneous polynommls of degree I. Let p be a representation det® @ sym' of GL(n,C)
with a representation space sym'(V). Then for each ¢ € GL(n,C), p(g) acts on sym'('/) by

P(9)(v(2)) = det g*v(zg), v = v(z) € sym'(V).

We note that p ~ (k +1,k, -+ ,k) and dim(sym'(V)) = ("Hh).

From now on, we put p = det" ® sym' unless stated otherwise.

We write Mk,,(sym’(V)) , MP (sym'(V)) and S} ,(sym'(V)) for M2 (sym'(V))%, MP(sym'(V)) and
Sr(sym'(V')), respectively.
Remarks. (i) For n = 2, any finite-dimensional rational representation of GL(n,C) is equivalent to a
direct sum of representations p = det* @ sym! fork,1 € Z .

(i) If nk # 1 med 2, MP,(sym'(V))™ = {0}.

As above,let V=Cz,®---®Czy , 2z = (21, ** ,Zn).
For 3°7_; ajz; , 37, bjz; € V, we define an inner product of them by

n
<Za,z, , Zb,x,> = Za,-b,— .
j=1 y j=1
The inner product induces an inner product of sym'(V) defined by
(vieoow, wyee-wy) -—I|ZH”T(J)""J )
€6 =1

where v;, w; € V. It is also denoted by ( , ). Then, for v = v(z), w = w(z) € sym'(V), the inner
product has the following properties:

1) (v(z) , w(z)) = (w(z), v(z)},
(i) (p(9)v(x) , p(gw(z)) = (p(*g'9)v(2) , w(z))

= (v(2) , p('39")w(z))
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for g, ¢ € GL(n,C), and
(iii) (p(D)v(z) , p(U)w(z)) = (v(z) , w(z))

for any U € U(n,C) .
Suppose f,g € M,';‘,,(sym'(V))w. The Petersson inner product of f and g is defined by

()= . (p (VEROT) 109) (VIm(W)) 9(W)) det(Im(W))™"" *dXdy
if the right-hand side is convergent. Here W = X + i{Y with real matrices X = (zjn) end Y = (yjn);
(1.2) dX := [ dzjn , dY =[] dyjn ;

igh ish

the integral is taken over a fundamental domain of I'"* \ $3,. We write dW = dXdY" when there is no fear
of confusion.

1.2 Hecke algebra and Hecke operator
We put
A™ :=G*Sp(n,Q)

={mecron |'M( © YVYm=pony( 0 ), w04,
-1, 0 -1, 0
and for a prime number p

A7 :=A"NGL (271,2 E—]) .

Let H (resp. M,) be a free C-module generated by the double cosets T¢I, g € A" (resp. Ap). Then
H is a commutative algebra and # = ®,M,. Moreover, the structure of M, is known: For 1 < j<n,let
w; be an automorphism of C[Xoil, cee ,X,,ﬂ] such that

w;i(Xo) = XoXj, wi(X;)=X; tand wij(Xs)=Xi (1<i<n, i#j).
The automorphisms w; (1 < j < n) and the symmetric group &, consisting of permutations of X;
(1 £ i < n) generate a finite group W. We denote by C[Xo*!, - ,X,.*‘l]w the W-invariant subalgebra
of C[Xo%!,--- , X, t!]. Then
Hp = C[Xo*, -, X2

where the isomorphism can be written explicitly.

For g € Ap, let IT™gI'™ = | Ji_, I"g; be a decomposition of [ gI'" into left cosets.

For f € Mp ,(sym'(V)) (resp. Sp,(sym'(V)), M,:‘.,(sym'(V))w), we put

f fIEmgT™) =" flgi -
i=1
Then we get a homomorphism
H— End(M,?_,(sym'(V))) .

(resp. End(Sg,(sym'(V))), End(MP,(sym!(V))™))
Suppose f € M, ,:'},(sym’(V)) is an eigenform, i.e., a non-zero common eigenfunction of the Hecke algebra.
1t follows from
I'"gl" = fI(T"gT") = A(T"gT") f

that a homomorphism

A Hp o C[Xoil, . ’Xn-_tx]w (Xo, \ Xp)=(a0,p)" 1&n,p) C

with (agp,:*+ ,anp) € (C* n+1)% ' is defined. The numbers gy, - ,@np are un quely determined
modulo W and they are called the Satake p-parameters of f.
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1.3 Standard L-function
Let f € S,"‘,,(sym’(V)) be an eigenform. We define the standard L-function by

" -1
(1.3) Dy (s) ==H{(1 - Ja —m,p“p"')(l—a.-,pp")} ;
=1

?
where p runs over all prime numbers. The right-hand side of (1.3) converges absolutely and locally

uniformly for Re(s) > n+ 1.
We also define the following series:

(1.4) L(s, f)= Y Mf,T)det(T)™",
TeT(™)

where A(f,T) is an eigenvalue on f of the Hecke operator I'* (f(l)‘ T(')'l) '™, T € T("). The right-hand

side of (1.4) also converges absolutely and locally uniformly for Re(s) > 2n+1. By Bocherer [8], we have:
n
(1.5) (o) [T ¢(2s — 20)L(s, f) = Dy(s = m) .
i=1

Here we mention a fact on poles of standard L-functions, (1.3.1) below:
Let Hp,n(p) be the (finite-dimensional) C-vector space of polynomial maps

P :Ct™") —, sym!(V)

satisfying the following two conditions:

(i) det g™2P(Xg) = p(*g)P(X) for all g € GL(n,C) , X € C(™")
(i) f:—-‘?———a—P(X)=0forX=(z~) .
i=1 6::,-.- szk d

Such polynomials are called pluriharmonic.

Let Sy, be the set of all symmetric positive definite even integral unimodular matric:s of size m. As is
well-known, S, # 8 if and only if m = 0 mod 8. For each P € Hy n(p) and S € S;n wth m =0 mod 8,
we attach the theta series

d5p(2):i= Y, P(SY?G)exp(ni trace(S[G]2))
GeL(™»)
which converges for all Z € $, and belongs to M[;(sym'(V)). We denote by B} (1) the subspace of
M ,:",(sym' (V) of all finite sums of theta series ¥5,p . The space Bf ;(m) is invariant under the action of
the Hecke algebra. We note that Bf (m) = {0} if m Z0 mod 8 or m > 2k.

Under the notation above, we have the following by Weissauer [28]:

(1.3.1). Forn,k,l€Z,n,k,1>0,let fe S,’c',,(sym'(V)) be an eigenform. Suppose k > n. Then Dj(s)
has a simple pole at s = 1 if and only if f € B} ;(2n) N Sz (sym! (V).
1.4 Eisenstein series

For scalar valued cases (i.e.,l = 0), we write MF®°, M and S} for M,:"o(symo(V))”, M7 o(sym®(V))
and S7 ,(sym°(V)) , respectively.

For k€2Z,k>0,s € C and Z € H,, we define the Eisenstein series by

E}NZ,s) := > det(CZ + D) *det(Im(M(Z)))' .
”=(c?n) D?n))“’w\r‘

Then EP(Z,s) € MP*. The function E}(Z,s)det(Im(Z))™° converges absolutely and locally uniformly
for k + 2Re(s) > n + 1. Moreover we have the following by Mizumoto [21]. (see also /indrianov-Kalinin
[3], Kalinin [15] Langlands [20]):
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(1.4.1). Let n,k €Z, n,k >0, k : even. Then for Z € Hin,

a
. N N - S )
(1.6) EP(Z,s) := —m—g(zs)ge(u-zzwh (Z,s— 5
is invariant under s — !'—%l — s and it is an entire function in s.

It is also known that every partial derivative (in zjn’s) of the Eisenstein series 17}(Z, s) is slowly
increasing (locally uniformly in s). That is, by Mizumoto {22] we have:

(1.4.2). Let n,k €Z, n,k >0, k : even.

For each so € C, we can take d € Z, d > 0 and a suitable neighborhood U of s, depending only
on n, k and s such that (s — so)*EP(Z,s) is holomorphic in s on U. Then, forselU,leZ,1l>0,
Im(Z) > €l (¢ > 0), there exist positive constants «, § depending only on n, k, 1, €, so and U such
that

6]

e < a trace(Im(Z2))?
F N < (Im(2))

(s = 50)° EQ(Z,5)

(ISjv,hvS")v

Here we summarize some facts on standard L-functions attached to scalar valued Siegel modular forms.
Let f € S? be an eigenform. Then we put

(%)) A(s, f) :=Tu(s +¢) [ Te(s + k ~ 5)D; (s)
=1
with
0 for n even,
1.8 =
(1) € { 1 for n odd.
Moreover we put
r, (s -{2- n)
—,7:;-—7— for n even,
(19) '1(8) r= ¢ r (s+n)
n-1
— N2/ for n odd.
r s—1
([ ! ( 2 )
‘We note
(1.10) y(s)=v(1-35).

Then we have the following. ([3], [7], [24]):

(1.4.3). Let f € S? be an eigenform with a positive integer n and a positive even int:ger k.
(i) We obtain the integral representation

(1.11) (f, B3 ((_OZ 0) 2 J; ”)) = 2k g n it ey (A (s, )(2) -
(i) A(s, f) has a meromorphic continuation to the whole s-plane and satisfies the functional equation
(1.12) A(s, f)=A(1—s,1) .

To talk about poles of A(s, f) we write Hp (k) and BE(m) for Hm,n (det* @sym®) and B[ o(m), where
we must replace the condition (ii) of Hy, »(p) in §1.3 with the condition

oy m n P
(ll) ZEWP(X)=01.OIX=(3'J)
i=1 j=1 15

By Mizumoto [21], we have:
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(1.4.4). Forn,k € Z,n,k > 0, let f € Sp be an eigenform. Suppose k > n. Then A(s, f) is holomorphic
except for possible simple poles at s =0 and s =1 ; it has a poleat s =0 if and only if f € BZ(2n)NS}.
§2 Differential operator and Pullback formula

2.1 Differential operator
In what follows, we put

V=Cz1®~~'€BC1‘2n, .'t=(1‘1,"',172n),
‘/1=C$x®"'®czﬂs 81=($1,"',$n),
Vo=Czps1 ®---®Czx2n , €2 = (Tn41, -+ 1 T2n) -

Let ¢ be an isomorphism from V; to V; defined by ¢(#;) = zn4i (1 £ < n) . It induces an isomorphism
(also denoted by ¢) from sym'(Vy) to sym'(V;) . For f € C®(H,,sym' (V1)) we define .(f) by

(N (2) =f(2)) -
Let Z = (zj) be a variable on $2,. For an integer ! > 0 and a function f € C®(2n,sym'(V)), we

put
. _?— " . o _ 1+ 8 [} )
Df = (3Zf) ['z] with 37 = ( T B \<ingan .

Here, for z;j = zjn + iyjn we put

(7] 1 a i) a 1/ 0 a
2.1 —_— = e | —— - f—— = [ —— R .
( ) sz;. 2 (az_,-,, tayjh) ? 82,‘;. 2 (aZjh + 'ayj;.)
Then Df is a V(+?-valued function. We also put Dtf := Dfle,=0, Dif = Djle,=0 and Do :=
(n) tg(n)
D — Dy — D,. For a function f on $za, (Z Mo ) € $2pn, we define the pullbaclk d* by

vn w)

en((z W) =2 B)-

For k,l € Z, k,1 > 0, we define an operator

LE : C®(H2n,C) — C®(Hn x Hn,sym? (V)

by
kI 1 " ] 1 vy I-2v
(2.2) L™= Gy ® X;‘] T yE—F =T, DD e

We also define an operator

L C*($Hn, C) — C® (H2n,sym? (V)

by
(2 3 Lk,l — 1 [1’-] 1 D+D,}*D 1-2v
3) * T @mi) (k) Z:ou!(z-zu)l(z_k-z),( 1Dy Do -

Then we get the following by [9]:
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(2.1.1). (i) For k,l € Z, k,1 > 0, L*" satisfies

I oo t’\
Z (27r:)’I'(k), E (Z m ) (§ mu *) tLE

(ii) The operator L*/! is an operator which sends modular forms to modular forms:
LA MPP™ — M (sym! (Vi)™ ® M[(sym’ (V2))™
Moreover, L*! is a holomorphic operator and it satisfies
LY ME — MEy(sym' (V1)) ® M, (sym'(V2)) -
Remark. On C*-functions the operators d*, Dy, D; are commutative and D, Do, Dy, D are also

commutative. But d* and D, d* and D, are not commutative, respectively. Therefore, L'*! is commutative
with Dy and Dy, and not commutative with D and Dp.

The main results of this section is the following:

CERT0
Proposition 1. Let k,1 € 2Z, k,1> 0, s € C and k +2Re(s) > 2n+ 1. For 3 = (5(,,; MU,(,,)) € H2n,

(n)
30= <ZO W%‘)) € $Han, we get

(LM EE")(3,9)

5
=Y (_2.;.1)—, det (€30 + D)~ * det (Im(M(Z,)))* {Ea(l, v, k,8)Qo' "% (Py — P3)¥ (R0 — RS )"}
M

v=0
where M = ( Q:(;") D(};")) runs over a complete system of representatives of Pa, o\I'2",
I
2.4 =) (-1
(24) a(l,v,k, s) ’g( 1) (V) b(l, b, k,s)
@.5) bl v,k o) = (~1)f o2 i ok dohoy o)1)

Vil = 20)!(k =14+ v)i-y (k)

ceerol(7). e (o) ()]

Qo= (e 0)((¢3o+9)'1¢)(:22)v Q' = (e 0)(51;(1“*(30))") (132)=°’

Ro = ((€30 + D)) [(122 )] ) Ro' = (%(Im(%))-l) [('22)]

Now we put
So=((€30+D) 1) [(z] , S=det(€3+D), d'6=b =det(C3o+D),

S’ = (%(Im(ao))“) [z) , o=detim(3)), d"o=o0=det(Im(30)) .

‘We note
So=Po+2Qo+ Ro, So’ =P’ +2Qu"+ R’ = P + Ry’ .

Since

det(Im(M (3))) = | det(€3 + D)|"2det(Im(3)) , Im(3) = %(3 -3,

we have only to prove lemma 1 below so as to prove Proposition 1:
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Lemma 1. Fork,l€Z,k,1>0,s¢C,and M = (G(;") D(’;")> € I'?", we get

(3]
1
kd(g—k~ — —k= -2 _ ' _ Y%
L (6 'd‘) - (21”..)_1 o *o0® ;a(l, V,k,S)Qo "(Po Py )V(RO R, ) s
where notations are the same as those in Proposition 1.
In order to prove lemma 1 inductively, we need the following lemma:
Lemma 2. Fork,l €Z,k > 0,1> 0, we have

1
S emiE+I-1)

(k)24 =2k = 1)
Gr)ZI(k) (2= k= 1)

Lk'l Lk’l—ch + D]‘DlLk”"2 .

Since L¥=1Dy # DoL*'~! (= 0), we must consider what is L¥'~1Do(6%~*¢*) in a lifferent way. We
note L¥1=1Dg = d¢*L¥'~' Dy = d* Do LY.

semma 3. Fork,l€Z,k>0,1>2,s€C, weobtain

Lk,l—1D0(6—k-:at) = d.DO (Lf,l—l |Q‘=u) (6—1:—1”5) + (2:i)k (d'(DozU)) . Lk+1,l-2(6—k—sa.s—1) .

Proof of lemma 2. We prove it for even I. The assertion for odd [ is proved in the sam: way.
Let | = 2m. Then,

1

Lk,2m -
2m(k + 2m — 1)(27i)

Lk,2m—1DO

1 = 1
= (2m‘)l(k)2,,.‘r { 2 (u!(2m )2 -k~ 2m),

v=1

1 v 2m-2v
Pom(@m = 1= 20)1(3 ~ k- 2m),,) (DrD1)" Do
1 . m
+ G Rl E - E—2m),, TP
Here, we note
I _ 1
vi2m—2)!2 -k —2m), »2m(2m—1-w)(3—k—-2m),
_ 4—2k~2m
T om(y - 1)!(2m — ) (2 -k~ 2m)y41
Therefore,
Lk,zm - 1 Lk,?ﬂA—IDO
2m(k 4 2m — 1)(2x¢)
1 - 4—2%—2m Y1 1n 22
= * -1 m-—2v
@ryE (R 1 5;1 = Dam@m = )@ —F—am), 1P e
4—-2k—2m md 1
= . vy, (2m—2)-2v
= G e D10 2 @m— —mia - = a1

 (k)am—2(4 — 2k —2m)
T (271)2(k)2m2m(2 — k — 2m)2

DD L2, o
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We introduce some formulae before we prove lemma 1 and lemma 3.

When we replace 3¢ in Py, Py, -+ , So, S¢’ with 3, we write P, P/, .- , §, §' for Py, P, .-,
So, So', respectively. We note d*P = Py, d*P' = Py, -+ ,d*S =S and d*S’' = Sp’. Then we get the
following table:

5 S P Q R
D1 &5 -5 —(P+Q7 | ~P+QE+Q) | -(R+Q)
Dy | 8P —(P +Q)? ~P? -PQ -Q?
Dy | 26Q | —2AP+Q)R+Q) -2PQ -PR-Q? -2RQ
D | SR —~(R+Q)? -Q* —RQ -R?

Moreover, we get
DyDo6 = DoD16 =0, D;Dob=DoD6=0, D°6=0,

Do26 = Dy(26Q) = —26(PR—Q?), DyD;§=6(PR-Q% .

If we replace §, S, .-+ ,R with ¢, §', --- ,R' respectively, we obtain formulae for o, 5/, --- ,R' in the
same way. We also get tables for 6y and for op if we only remark Dod* = 0 and Q' =).

Proof of lemma 3. We recall L¥/=1Do(6~%*¢*) = d"DoLf’I"l(é""“a‘). Then we have
Lk'l'l(é_k-'a") = 6—k—aa,|H

where H is a polynomial of P, Q, R, P’, Q' and R'. Moreover, we have an expansion

h
Lf,’—l(é—k—lal) —_ 6—1:—:0,: ZHrQ’r ,

r=0
where H, is a polynomial of P, Q, R, P’ and R', and h < co. By the table above and so on, we obtain
d* Do L*4-1(67%*¢*) = d" Do (67*~*0* (Ho + H1Q"))
and
4" Do (674" Ho) = " Do (L5 i) (6747%0) .

On the other hand, d* Do(6~¥~*¢* H1Q’) is given by the following way:

We consider 6~%~*0* a composite function of §~*~* and o*. Once a factor Do of (L'TDl)”Do("l)‘2"
(0<v<[5]) in L5 acts on o*, nothing acts on Doo (= 20Q’') which comes from Dg(0*) =
s0°~1(Dyo). That is,

d‘Do(&“k—"U’ H, Q’)

(4]
- 1 1 ) e
=d DO{ ((21ri)1—1(k),_1 VX::% y‘([ -1~ 21,)1(2 — k- (I - 1)),, (DTDl) DO‘ 2-2 (6 ks 1))

y (1 - 11— 21/) S(DW)}

5

1 " 1 v -2-2v 5—k—3 88—
(27ri)"1(k),_,d > u!(z-1_2u)!(2—k_(1—1)),(DTD1) R O

v=0

x (' - 11" 2") s(d*(Do?c))
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)
1 . 1 P
G+ e VZ;% V!(l—2—2u)!(2-«(k+1)__(1__2))”(DTD£) Dy (5 :
X (g:i)k‘(d‘(Doza))
= (2:’)k(d.(D026)) -Lk+1,l—2(6_k_‘6‘_1) .

Remark. For odd I, LE'~" has a term (DTDl)L;J-y but (DTDL)‘%L has no relation to d*.J(6~*~*0* H1Q')
because d* Do(D; D)5 = (D Dy)"5 d* Do.

0

Proof of lemma 1. We use induction on l. For I =1 and for | = 2, lemma 1 holds.

Let | > 2. By lemma 2, we have

Lk'l(6-k_'(7')

1 k-1 ks s (ks-2(4—2k-1) =2 s—k—s 8
= — Lk D:D L*" %6
T I=T)" Do) + ey = k= Dyt S

by lemma 3,

— ______1_—, * k-1 —k—s 8

= G+ I-D° 2 (254 |qemo) 6770%)

$ (.2 k41,]-2 g —k—8 o1
+ @A+ 1= l)k(d (Do“e))L 6 )
(k)i—2(4 — 2k —1) Ed-2/s—k=3s 8
By (@ = F— D 1D )
since the assertion of induction is valid for (L’.‘""llq' o) (6-%20"),
(5] '
— 1 - —k—s 8 - J—1-2v — Py - AV
= (211_)”(“1_1),1 Do go 575 ata(l — 1,1, k,5)Q (P~ P)(R-R)
2s Ling 3 1-2-2
——— —k—8 3 — - -2-2v(p. _ PV (ho — v\ pt
+ GrYF + 1= DF ; o~ *oo’al - 2,0,k + 1,5 - 1)Qo (Po— P)"(Fo— Rp)” 3 PoRg

[3)-+
¢ Dy | 3 B etall =2k Q0 (o= ) (o = B

v=0

On the other hand, we have

d.Do(é—k—caan—l—h(P - P')"(R - R’)")
= —(2k + 25+ 1= 1 — )6~ 00’ Qo' (Po — P3)”(Ro — Ro)”

— 48y~ 00* Qo' % PoRo(Po — P§)’ "' (Ro — Ro)™!

+ 206075 00" Qo' (PoR) + PyRo)(Po — Pg)” ™ (Ro — Rg)*™"

~(-1~ 21/)60’*'"(Yn'QoI-z-z"PoRo(Po — P})’(Ro — Rp)® (0<svg [h’z—l]) )
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and

Dy Dy (607?00’ Qo' =77 (Po — Py)" (Ro — Ry)")

= 1265~ 1 00 Qo' "2 +2(Py — P~ Y(Ro — }%),,_1
+(k+s+1—-2—v)8" 00’ Qo' (Po ~ Py)*(Ro — Rp)”
+ (2K + 25 + 20 — 2v — 3)6o™* * 00* Qo' PoRo(Po — Pg)* ™ (Ro — Ro)* ™"
—u(k+ 25 +1— 20— 1)8"%""00* Qo' (PoRf + P§Ro)(Po — P3)" ~(Ro - Ro)*™*
+ (25 — 20+ 1)8™ % 0’ Qo' =2 Py Ry (Po — P)*~*(Ro — Rp)* ™
+(k+s+1-2—0)%" 00* Qo' "2 PoRo(Po = Py)"(Ro — Ro)”
—(k+5+1=2—v)(s — )60~ * 00’ Qo' *~*(PoRg + PyRo)(Po — Pg)*(:%0 — Ro)”
+(s— )%™ 00’ Qo' PRy (Po - F3)* (Ro— By)”  (0<w<[5]-1) -

Thus we have only to prove the following equations:
(1) coefficient of Qo'

a(1,0,k,5) = I(k+l { —(2k + 25+ 1= 1)a(l = 1,0,k s)}
%-7%—1—)—9{(“ s+1-2a(l=2,0,k,5) +a(l-2,1 k,5)}
(2) coefficient of Q(,'-“P(,RO(P0 ~ P})*~Y(Ro — R)*-! (1gv<ii]-2
a(l, v, k,5) = 1(k+z { 2k +2s+1— 1+ 2)al = 1,n,k,8) = (I+ 1= )a(l = Ly = L,k,6) }
W,ﬂ{( v 1)2al= 2,0+ 1,k s) + (k+s+1=2—v)a(l - 2,v,k,5)
o2k + 25+ 2 — 2w —3)a(l— 2,0,k 8) + (+s+1—1-v)2a(l — 2,0 —1,k,5)}
(3) coefficient of ——Qo"'z"(PoR’ + PLRo)(Po — Py)*~Y(Ro — RG)'1 (1gv<[i]-2
a(l, v, k, 5) = I(k+l { (2k+2s +1 = 1)a(l — 1,1, k,5) }
+%u{( v 1)2al=2,v+ 1,k s)+ (k+s+1—2—v)a(l - 2,v,k,5)

+v(k+2s+1—2v—1a(l - 2,p,k, S+ k+s+1-1-v)(s—v+Dla(i-2,v—1k s)}

(4) coefficient of Qo' ~2* P4Ry(Po — P§)”~*(Ro — Rp)* ™! (1gsv<ii]-2)

a{l,v,k,s) = 1(k+11 l){—(2k+2s+1—1—21/):1(1—1,1/,1:,.«3)—-2—541(1—2,11—-l‘k—{-l,s—l)}
+(—831)—12((24—-}-2£—1){(V+1)20(l-—2u+1ks)+(k+s+1— — vyl - 2,v,k,s)

+v(2s =2+ D)a(l - 2,v,k,8) + (s —v + 1)%a(l - 2,v — l,k,s)}
(5) coefficient of Qo"'z"PoRo(Po - P))"~"(Ro — Ry)* ™! v=1071-1

a(l, vk, 5) = 1){ —(2k 425 +1— 1+ 20)a(l = Ly, k,8) = (1 +1 - )a(l = 1,v = L, k,s)}

z(kT“‘
+%ilc)'l)'lz(_(;%T)ﬂ{(k+ s+1-2-v)a(l-2,v,k,5)

+V(2k+2s+21-—2u——3)a(1-—2,V,k,.s)+(lc+s+1-l—u)za(1—2 u—l,k,s)}
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(6) coefficient of —Qo'~* (PoR) + PyRo)(Po — P4)*~(Ro — Ry)'~! w=1[3-1

a(l, v, k,8) = 1(k+1 1){ —(2k+ 25+ 1= Da(l = 1w, k,5)}

(k)i-2(4 — 2k = 1) -2,v,k,s
Rl (ke =2 all=2nk)
Fu(k+ 26+ 1= = Dal =2, k,8) + (k+s+1 = 1= v)(s = v+ Dali - 2,v = 1k, )}

(7) coefficient of Qo'_z"PéR")(Po - Pé)"-l(Ro - R(’))V_l (” = [';'] - 1)

a(l,v,k,5) = I(Ic+ll l){—(2k+2s+l—1—-2u)a(1—1,v,k,.s)—-2—s—a(1—2,v—1,k+l,s—l)}
(K)i-2(4 — 2k

+—(—mg{(k+s+l—2—l/)a(1—2uks)

+v(2s— 2w+ Da(l — 2,v,k,8) + (s — v+ 1)%a(l - 2,v — l,k,s)}

For even I, we put | = 2m.
(8) coefficient of PyRo(Po — Py)™1(Ro — Rp)™1

a(l,m, k, s) =m—+11—_1_){_a(1— 1m=1ks)}

(k)i-2(4—2k—10)

'('k')ﬁ(?—k——l)z{(“”m ~1)%a(l~2,m~1,ks}

+
(9) coefficient of —(Py R} + PjRo)(Po — Py)™ 1 (Ro — Rp)™!

(k)i-2(4 — 2k — I){(Ic+s+m-—l)(s—m+1)a(l—2m—llcs)}

a(I,m,k,s) _(16)_1(2_—7——

(10) coefficient of PjRp(Po — P5y™=!(Ro — Rp)™?

I(k+11 1){—%}a(l-—i!,m—1,I::+1,s-—1)}
(k)i—a(4 = 2% = 1)
(N2 =k =1)2

a(l,m,k,s) =

{(s —m+ 1%l -2,m- I,k,s)}

For odd I, we put { = 2m + 1.
(8”) coefficient of QoPoRo(Po — Pé)m—l(Ro - R{,)m_l

a(l,m,k,s) = 1){ (2k + 25 + 4m)a(l - 1,m, k,5) = 2a(l - 1,m — 1, ks)}

1(k+I
*%‘fff“‘fﬁﬁ&ﬂ s+m)’a(l-2,m -1k s)}

(9°) coefficient of —Qo(PoR} + PjRo)(Po — P4)y™=1(Re — Rp)™=?

a(l,m,k,s) = 1){ —(2k + 25+ 2m)a(l — 1,m, k s)}

I(k+I

(8;_&(24 k2k 1){(k+s+m)(s_m+l)a(l—2 m—1,%,s)}
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(10°) coefficient of QoPiRy(Po — P{)™ *(Ro — Ry)™?

a(l,m,k,s) = I(k+ll ) {—(2k+25)a(1-— l,m,k,s)_2_sa(1_2’m__l,k+ -,8—1)}
+ Qb= (e m+ 1= 2,m = 1 k,9)}

By properties of a(l,v,k, s), it is easy to prove (5), (6), (7), (8), (9), (10), (8°), (9°), (10). Therefore,
we have only to prove (1), (2), (3), (4). But we only prove (2) for even I, here. The ass:rtions of (1), (3),
(4) and of (2) for odd ! are proved in the same way.

Let | = 2m. Then, by (2.4), the right-hand side of (2) is:

m-—1
1 h—-v k
Sk T om 1) {—(2k+2s+2m—1+2u) E (-1) (u)b(2m—1,h,k,s)

h=v
—(2m+1-2) (~1)rtt-v B Yoam - 1,h,k, }
(L Joem-rnen
(k)2m—2(2k + 2m — 4) s - h
~ omam(E+ 2m = 3), {(V MR A (v+ 1)"(2’" ~hhke)
m-—1 - h
+(k+s+2m—v—1)2 ;.Z;_l(_l)hH (u _ 1) b(2m — 2, h, k,s)

+((k + s +2m — v — 2) + v(2k + 25 + 4m — 2v — 3)) mz—l(—-l)""” (:) b(2m — 2,h,k, s)}

h=v
(2.6)
W{h-};l( 1yp-v (( 1)(2k+2s+4m)
(h+1)(2k+2s+2m+2u—1)> b(2m — 1, h, k, 3)}

(k)zm_z(zk +2m — 4)
(B)am2m(k + 2m — 3)3

{—(k+s+2m—u— 1)26(2m — 2,v — 1,k,5)

+Z( 1)"-"(< 1)(k+s+2m—-u—-1)(lc+s+2m—h—2)

A=y

—(V)(V+1)(k+s+2m—h— 2)) 5(2’""2"""’3)}

We note

2.7) t (,,h )(2k+2s+4m)—(h+l)(2k+2s+2m+2u—-l)
("“)(m %h—1) - ()(k+s+2m—h—1),

(2.8) ( )(k+s+2m—u—1)-—-(ﬁ)(x/+l)

& l

( b )(Ic+s+2m—h—1)+(Vﬁ1>(h—u)—(ﬁ)(u+l)

( h )(k+s+2m—h—1)—("j1)
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and
(2.9) (k+s+2m—-v=1Y=(k+s+2m—-v—-1)—(k+s+2m—-v-1 .

By (2.7), (2.8), (2.9), the formula (2.6) is:
1 {mi (—1)"‘”("* 1)(2m-2h- 1)b(2m — 1, h, k,s)

2m(k +2m—1) |, & v

m—1
- Z(_l)h—" (ﬁ) 2(k+s+2m—h—-1)b(2m -1, h,k,s)}

h=v

m-—1
o (Bam-(2k + 2m — 4) { T (1 ((f 1)“ 4s+2m—h—2)

(k)2m2m(k + 2m - 3),

h=v-1
_(hjl)(k+s+2m—h—2)) b(zm-z.h,k,s)}
by (2.5)
S L (h+1 (2k + 2h — 2)am—2n-1 (=8)a(k + 8)2m—n-1
=2 O = oy e
m-—1
R (2k + 2h — 2)am—26-1 (=8)a(k + 8)am-h
’g( 1) (,,) m(A)(2m — 2k — DUk + h — Dam-n—1 (k)2m
(2.10)
m-1 o h (2k + 2h — 2)2m_2h- (—8)n(k + 5)om—
" hnzil(_l)h (V - 1) 2m(h)(2m — 2h — 2)!2k +2h - D2m-n h(k)z'" =
m-1 _(h+1 (2k + 2k — 2)2m_25- (=9)n{k + s)im—n-
_ yher 2m=2h-1 h moho)
hg_l( D ( v )2m(h)!(2m——2h—-2)!(k+h—-1)2m—h (k)2m '
We also note
1
(211) m(R)I(2m — 2h — 1)1k + b = Damenot
B 2k +2m — 3 1
= hi(@m — 2R)I(k + h— Damen | 2m(R)1(2m — 2h = D)1k + h — Dam—n
2k 4+ 2h -3

T mh - DI2m—2R)1(k+ b — Dam-n
If we add the first term of (2.10) to the fourth term of (2.10) and if we transform the second term of
(2.10) according to (2.11), we get:

m-—1
_qyh-¥ h (2k + 2h - 2)om—2n (=8)n(k + 8)am—n
> )

v/ h2m = 2h)(k+ h = 1)am-n O
+ 'g(—nh-v ® s Dt (Ol s
_ 'g(—l)h-v ) e e — (—s)»\((l; ;:)z,n,h
* 2 (L) s R e e

_ 'i‘ 1y (h + 1) (k+2m—1)(2k+2h — Dam_2n_1  (—8)alk + 8)im—n_1

W v ) 2m(h)i(2m — 2h — )k + h — Dam_n (F)2m
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=a(2m,v,k,s) — (-=1)™" (

+ mf:l (—1)"-"("

=v-1
m~1
- Z (__l)h—u
h=v
m-1

)

- 3 (-1 (h

h=y-1

—a(2m, v,k 5) = (=1~ (

m~1
_ E (_l)h—u
h=v

+ 'S:—l (~1)hH1= (htl)

h=v-1
=a(2m,v,k,s)

2.2 Pullback formula

()

1

(=8)m(k+ 8)m

m
v)mi(k+m—1),

(k)2m
(2k + 2h = 2)am-28-1

(=8)n(k + s 2m—n

+1
v ) 2m(h)(2m — 2h — 2)1(k + h — D)zm-n

(2k + 2k — 3)am—2a

(k)2m

(—s);. (k + S)zm..;.

m(h — 1)I(2m — 2R)I(k + & — 1)zmon

(k +2m — 1)(2/&7 4+ 2h — 2)2"._2}._1

(k)2m

(—=8)n(k+ 5 2m—n-1

+1
v ) 2m(R)Y(2m — 2h — 2)W(k + h — 1)2m—n

1

(=8)m(k+ 5)m

m
v)mik+m—1),

(k)2m

(2k + 2h - 3)am—2n

(k)2m

(—8)n(k + 8)2m—n

m(h — 1)!(2m — 28)I(k + h— Dzmon
(2k + 2h — 1)am_2n-2

(k)2m

(=8)n+1(k + 8)am—-h-1

We consider I'* x I'* imbedded in I'*" by
Al)
c»)

and when convenient will identify I' x I'® with its image in I'?",

In this section we decompose (L¥'E?")(3,5), 3 =

B()
D)

(

Al(")
c'™

A 0
B™ 0 A
D'("))“_‘ c 0

0 C

Z(n)
yn)

V. The main tool is the coset decomposition by Garrett [12]:

tyy(n)
win)

m(h)I(2m — 2h — DIk + h)zmoh1

B
0
D
0

(k)2m

(2.2.1). (i) The double coset Py, o\I'*"/T™ x I has an irredundant set of coset reprasentatives

where T = (0 0

95 =

1n

0

0
™

0 Tm)’TGT"’ (0<r<n).

0
1,
7™
0

6 0
0 0
1, 0
0 1,

17

) € $2, into functions for Z and for

(ii) The left coset Pan o\ Pan,0 97#(I'™ x I'™) has an irredundant set of coset representatives g5 419241 95,

g1 € Gn,r , 92 € Pn,r\r" s .6; € F’(T)\Gn,r » g12 € Pn,r\r" »

where

(212) Gn,:= §=<

A
G

(.

1

¢

B
D

)er
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and for T € T,

" — - 0o 7! 0 T? "
(2.13) r(T) := {g er (T 0o J9\T o er .

Then the pullback formula is given by the following:

() tyn)

Proposition 2. Let k,l €2Z, k,1> 0, s € C and k+2Re(s) > 2n+1. For3 = (5(“) V[l{“‘)) € Han,
we have
2.14 PG = “albnke) ¢ 7 (zw, (2
@10)  CMENG9=3, -3 G = X P S )s)

v= r=1Ter(»)
with
(2.15)

(2 (o 7))
= X XY {det(lm(a,mzm' det(Im(Fg5(W )))’
93€Pa, \I'™ gL€Pn o\ §1€Gn,r §LETT(T)\Gn,r
x |dettn ~ TGN @roa(2 )|
x p1 (€22 + Do) (Cr(6242)) + D)™ (1 — TG W) T(G102(2)) ")

~ - - 1-2v
x p ((C3W + Dy (Gi(aaW)) + 53)?) (T *e2)
x (e1(1n - (@03 WHTG202Z)) (G192 (2)) ™ (e = TG0 WHT G192 210 er)

x (e2(1n — (01022 T @gs (W)™ (1n — T(G192(2)) T (@105 (W) Am(5 95 (V))) ™! )}

where p; = det® @sym' (resp. p = det* @sym g is the representation of GL(n,C) with the representation

A(" B(") A’(") B'(")
space sym'(V1) (resp. sym'(V2)) , §1 = (C(") D(")) g = ( 1 ) are of the form (2.12) ,
1 1

(A 2™ B, <">) . (As‘"’ Bé‘"l’) ) = (0 0 ) :
Cy(™ D, Cé(") Df_,(") ’ 0o 7™
Proof. By Proposition 1, we have only to prove

3 det (€30 + D) ™" det(Im(M (30)))* Qo' = (Po — Fy)* (Ro — Rp)”
M

(DB r)) (srse)

r=1TeT(")
where the notations are the same as those in Proposition 1 .
™ B () g .
We put g = cm pm ) = Gig2 , 9= (C’(") D™ | = §igs . Then a coset representative
(2n) g(2n) 2n . . .
M= @) pin) of Pyq,0\I'*" can be written in the following form:

A 0 B 0
oy 0 :4l 0 ~Bl
TA C TB D
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By (Im(30))~! = (€30 + D)~} (Im(M(30)))~" *(€30 + D)~} + 2i(C30 + D) '€, we have

1

Po— Py = (‘E) ((€30 + D)1 (€30 + D)(Im(30)) %) [('3' )] :

R~ B = (-3:) (@0 + 2@+ 2)amGo) ) [ (17, )]

On the other hand, we have

@so+0= ;0045 TOws))
and
(€30 +D)"!
- (LGP T @) (G2 D BT e )
—(C'W + D)~ (1, — Tg(Z)T¢' (W)~ Tg(Z) (C'W + D)"Y (1, —~ Tg(Z)T'g'(W))

I put (€30 + D)~ 1(€30 +D)(Im(30))"* = (.Ai") D:")) and (€30 + D) 1C= (: Bi")) , we get

A=(CZ+ D)y}, - Tg'(W)Tg(Z)) (1, - Tg (WTg(Z))(CZ + Dy(Im(21)" |

D= (C’W+ D')"I(ln - Tg(Z)f'g’(W))—l(ln _ fg(Z)Tgl(W))(C'W-}- D')(Im(W))"l ,

B=(CZ+ D)y (1, - T¢'(W)Tg(2))™*T {(C'W + D')!
Thus, if we note

9(2)=5192(2), CZ+ D =(Cr(92(2)) + D1)(C2Z + D2} ,
W) =), CW+ D = (Gl (WD) + DCHW + D3
we get
Qo =e1(C2Z + D2)~*(C1(92(2)) + D1) ™ (1n — T3, 95(W))T(§192(2)). ™
x T H(Ci(gs(W)) + D)™ H(CW + D)™ ez,

Py = Py = (=3: ) 1(CaZ + Do) (Gulea(2)) + D)™ (o = TG 03 W N E Gaga(20) ™

x (1n = T(§ g2 (W) T(§:192(2)))(C1(92(2)) + D1)(C2Z + D2)(Im(Z )" Per

Ro— Ry = (—51;) e2(CyW + D)1 (Ci (W) + D)7 (Ln — T(5192(2)) T(3192(W)) ™
x (1n — T(5192(2)) (395 (W)))(C{ (W) + D)(C:W + DR)(Im(W)) ™" ‘ez
and
det(€3p + D)~ det(Im(M (30)))~*
= det(€3p + D) ~* |det(€3¢ + D)| ™% det(Im(30))’
= det(Cy(92(2)) + Dy)~* det(C2 Z + D7)~ det(C}(95(W)) + D})~* det(CyW + Dy)~*
x det(1n — T(3195(W)T(d192(2))) ™ |det(Ln ~ T(Gio3(WNT (G192(2)); '2'
x det(Im(g192(Z2)))’ det(Im(gg5(W)))" .

Combining these formulae and using the representations p; , p , we obtain Proposition: 2.
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§3 Analytic properties of standard L-functions

3.1 Integral representation
We first prove the following :

Theorem 1. Let k,1 €2Z, k,1>0,s€C and k+2Re(s) >2n+1.
For an eigenform f € S} (sym'(V2)) and each T € T() (1 < r < n), the Petersson inner product of f
and P, (Z,W, (g 3,) ,8) (0 < v £ §) is convergent and then,

() for TeT™ (1<r<n),

(7. (23 D)o

(ii) for T € T |

(f [ (_%) PV (_77*:T1 §))
= ’\(fy T) det(T)—k—Zczn(n+l—-k—2;)—l+l‘-nk+l7rﬂl,'f—'l(t—l(f))(z)

y (=1t §P(2k+2s—2n—1+2j)(2k+2s—n—2+j)1
(k+s+1—1/— 1),,+1 =

(k+s—-n—-14+/T2k+2s+1-n—1+j)

z™ o
0 ) ,E)) converges absolutely and locally
*

uniformly for k+2Re(s) > 2n+1 . Then, by Proposition 2, { f, P, (—7,*, (0 0) ,.?:'>) is convergent.

Proof. 1t follows from (1.4.2) that (f , (LY E™) ((_

oT
The assertion (i) is proved in the same way as that by Klingen [17, Sats 2]:
We can write

(o (3 2)-)

= Y > X > {det(lm(Z))‘ det(Im(W))*

93€ P \T® g2€P, AT™ §1€Gn,r €T (TG,
- - -2 - - - 1-2v
x Idet(l,, - TWTZ)I o1 (det(ln = TWE2)™) (esT Yes)
x (ex(1n ~ TWTZ)Im(2)™ (1, ~ TWT2)'er)

x (ez(lﬂ - TZTW)~ (1, — TZTW)Im(W)™? 'ez)"}|(§i)wf(§z)z|(9£)w |(yz)z '

where ( )z (resp. ( )w ) denotes the action on Z (resp. W ). Then we put

G (Z,W, (8 g) ,s)

~ ~ —22 - - - -2y
= det(Im(2))* det(Im(W))* |det(1, — TWTZ)| P ((1,, - TWTZ)“) (e;f." 'ez)

x (e1(1n = TWTZ)Im(2)" ¥(1n — f‘W’f‘Z)’eg)u
x (ex(1n = FZTW) ™ (10 = FZIWNm(W) ™ *es)”
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Now, we put
Wx(n—r) ,Wz(n—r,r) )
Wér,n-r) W.(') ’

X(n—r) 'X(n—r,r) Y(n-r) 0 1n_r 0
x= (g 50) = (% ) [ 1)

Let F, be a fundamental domain of I'""\$), and F,, be a fundamental domain of P, ,\f , that is,
Fovi={WEH, |W.€F.,Y1€ My_,, X and Y, are reduced mod 1},

where M,,_, is the Minkowski reduction domain of the positive definite quadratic forins of degree n — r.
Then we obtain

BACHCEID)
= [ (o (Vi) %) , o (VERTP) . (-
=2-1/F_'<p(\/hn(_vv)) oy,

ZZZ” (\/I_“T(W)) Gy ("77 W, (g ;) ,5) [(ﬁlx)wl(ﬁx)z

&

9 & §

W=X+iY=(

N

W, (8 :‘;) s)> det(Im(W))~"~1dW

(dw ) det(1mr (W)~ dw

Here we recall that g is of the form
() fn) e o S
AM B 0o A" o B®W . _ (4 3
(G zw)=| o " a0 B | ww st=(g 3)-
' o ¢ o Dp®

Since
suiw) = (14, WO b DU SO WalCLIE 4 D) )
: AW + (g} (W) C{ W g (W.) !

each of T(F@(W)T , T(7(W)) , CiW + D{ as a function on W does not depend on #; . Therefore,
= 0 0Y -\~ -
S o (Vi) 6. (2w, (5 1) 5) |G|z sinm
95 &1 g
is a constant function on X; . On the other hand, since f is a cusp form, its Fourier expansion has no

constant terms in X;. If we consider an integral of the integrand above on a unit cube in X; , we find
that it vanishes. Thus the the assertion (i) is proved.

proof of (i)
T 0 T O
By I" (0 T-1 ) re= LJg’EI"‘(T)\I"l re (0 T-1 ) g’ , we get

(r" (g' T‘L ) r") W) det(T)~%? ,

PAZ,W,T,s) = (n(z, W,1n,5)

where
PU(Zx w, lms)
= E {det(lm(Z))’ det(Im(W))* |det(W + Z)l'z' p (W+2)"1)
ger=
x (e1 Yez) ™" (ex(W + Z)Im(Z) "X (W + Z)'e1)”

x (e2(W + 2)}(W + Z)Im(W)~* 'ez)"} (9)z
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Since the Hecke operator is an Hermitian operator and f is an eigenform, we have

(3.1) (f, (—%)"P,(—Z*.T,E))

= ML T)det(T) (=12 (1 , Pu(=Z,%1n,3))
= Mf, T) det(T)~ k-2 (~1)v2-2v+!

x /” <p (\/Im(W)) W), p (\/Im(W)(W =2)1) (e fea)' ™
x (ex(W = Z)"Y(W = Z)Im(Z)~* te1)”
x (ea(W = Z)lm(W)~1(W — 7)'e,)">

x |det(W — Z)| ™ det(Im(2))* det(Im(W))* ="~ dW

We compute the integral (3.1) according to Klingen [16, §1]:
For Z € H,, , there exists F € GL(n,R) such that Im(Z) ['F] = 1, . Then, let £z b: a biholomorphic

transformation from $,, onto
s ={seC™|s="5,1,-35>0}

such that for W € 9,, ,
Lz(W)=8:=FW - Z)W -Z)"'F}

‘We note
Im{W) = 2=%(W - 2)'F(1, - SS)F(W - Z) ,

AW = 277+ det(Im(2))~"+D |det (W — Z)X* ds
where dS = dXsdYs (S = Xs + iYs) is of the form (1.2). We also put
F8)=p(W-2) sw).
Then, the integral (3.1) is:
(S, T) det(T)~k-2# (= 1)v 2n(n+1=20)=2nk+ D41

x / <f(5) , 2 (F(1n = SS)F) (&1 Ye2) ™™ (ex' FSF'er)”
sl

x (e2F~18(1, — S§)~1 tF-1 ’ez)”> det(1, — $S)* "~ LiS

=A(f,T) det(T)-k—2;(_1)v2n(n+l—2:)-2(nk+l)+l
x / <p (2-2)f(2), p(*F(1n = SS)F) (e1 *ez)" ™ (e! FSF* ;)"
S!I

x (e2F~'8(1, - S5)~1 tF-? 'ez)”> det(1, — 8S)*~"~1dS

by %det(x,.—ﬁ) = — det(1, ~55) (5(1, — S5)-1)  with % = (1—%51’15%01(« , where
S)Hhsn

is of the form (2.1) ,

7}
ath
=A(f, T) det(T)—-k—2:2n(n+1-—k—2a)-l+1ink+l

x [ {p (=380 (F) 1@, 51 (F) o1 ') ™™ (a5 ')’

x (2 (% det(1n - S'g))‘ez)"> det(1, — 55)*~""1~vd$
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Moreover, there exists a linear map ¢ = ¢(n,l,,k+s—n—-1) € GL(sym'(V1)) such that

o (F) e (F7) (THONZ)
- _ - v

= [ {pa=39)5(F) 52) 01 (F) (0 ') ™ (115 ')

SI
0 Y3 1 v TQoys—n=1—=v ¢

x (e2 (55,- det(1n — 53))'es ) > det(1, — 55) ds

For any unitary matrix U € U(n,C) , we have

1 (F) pr (U™ wor(W)pr (FF71) (7HAN(2)
=p (UF) (" (o (U'F) N)(2)

=/s‘ <p (1o =38) p (UF-1) £(2) , ;1 (W) (e *e2)' ™ (e25 *er)”
x (e2 (a—6§ det(1, — S?))‘ez) l'> det(1, — SS)~"-1-vds
changing the variable S to *USU = §' ,
=/S_<P(U)P (1n = T8 p (CF=1) £(Z) ,p(U)ps (F) (e *e2) ™ (25" "es)”
(o2 dettn - S@))'”)v> det(1, — TSy~ ds’

=p1 (F) ¢ (F) (THONZ)

that is, py(U~1)9p1(U) = ¢ . Since p; = det* @sym’ is an irreducible representation of U(n,C) , ¥ is a
homothety by Schur’s lemma.

Thus we get
(r. (-3) P-Zn19)

= A(f, T) det(T)""'2'2"("*’1""2')"“i"“"x/)(t‘l(f))(Z)
and we have only to prove

(-1 D2k + 25— 2n 425 ~ 1)(2k + 25 —n — 2+ j)
(k+s+1-u—1).,+1j=1 (k4+s-n—14)I(2k+2s+1+j-n-1)

(3.2) t[) =7

Here, we can write
v(n,Lv,k+s—n-1)
= [ det(l, — SS)F+-r=1=¥ (1, - ST) ['pn))’ B ['pn])”

S»

x ((-{% det(1, - 55)) ['pa]) dS

where p&l’")=(1,0,"' ,0) .
Let p=k+s—n—1.

" S("—l)
We put 5" = (U(%,n—l)

In_1— 5151 =g'g. If we put v =u ‘g , we get dv = | det g{? = det(1p—1 — 51 51)du . Moreover, we put

!v(n—l,l) — .
) . Byl,_1—5;5; >0, there exists g € GL(1n—1,C) such that
z .

utggltg-l ty

1
a=-——(<0), b=-—L2I

1— @ty
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1, T t5=1 ]2
= D I T ST DU 1) I |
c=1—-u'gg'a—~u'gS,’'g g7 " S17'a TR
We note [b|2 — ac = 1 . Thus the condition 1, — S5 > 0 is equivalent to the conditions
1,._1—31§1>0, l——ﬁ'u>0, c+b2+52+az£>0,

and we get _ _ _
det(1l, — S8) = det(lp-1 — 5151)(1 — &'u)(c + bz + bz + azZ) ,

dS = det(1,_; — §;5,)dS1du dz .
Therefore, we get
¢(ﬂ, I, v, I‘)
= /{det(ln-—l — S1851 )AL — ) ((9(Ln—1 — ‘uiEl)'g) [‘pn—l])l S ['l‘n-1])u

X ((__6_ det(lp-1 — Sl_gl)) [‘pn_l])”{//(c +b:+bz4 azE)“dz}}cYSldu

a5,
By Hua [14, §2.3] , we have

//(c + b2+ bz +azz)*dz = (1— a‘u)"”p 1

Using the equation above, we get
tp(”IY Il V! ”)

- L/ 8 . y
T 1 1 /s.._x{det(l"" = 51517+ (1 ['Pa-i]) (("675.: det(ln_1 — 5151) | ['Pn-l])

x - @t u)?*? ((g(1aey — tut)'§) ['p,,_l])' du} pdS;
1-G'u>0

By [9, Proposition 3.1} , we have

/(1 — @' u)?+2 ((g(La-y — *w)'7) [*Pnor])’ du = d(n = 1,125 +2) (o1 = S181) ['Paca])’

where r( 1
=t
d(nxlr/")—” r(p+1+n+1)("+y)l
Thus, we get
¢(n,1,u,p)=#ilzp(n—1,1,u,u+1)d(n—1,1,2p+2)
n-1 p
=¢(l,Lv,u+n-1 ——d(n —j,,2u +2j
( )T Gyt = it 22
n~-1 .
a(at1) F2p+2j+1)Y(n+2u+jn
= 1!19 ) -1 ! 3 3 I
YLyt n—Da g(u+1)r(2p+;+l+n+:.)
where

sl vp+n—1)= //Sla — sEptnH-v (] 55)(5) (%(1 - 55))".15

1w v!

—_—r (]
p+n+l—v)u
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Now, by Proposition 2 and Theorem 1, we have

(@ ((F 1))

-4 (1 () (2 9))

r=lTeT(r)

_Zﬂ(l(;";'s) ) (,, (_%)ym (—7,*,1",5))

TeT(™)

By (1.4) , it equals

gn(n+1-k=2s)- 2141k 20 IH P T(2k+25—2n = 1+ 2j)(2k+2s —n— 2+ j);
j (k+s—-n—-1+7)T2k+2s+1—n—_+7)

. $
(=1)*! "
" {Z.:o(’ BT T—r =D LT 2NN
On the other hand, by (2.4) , we get
d )
Co N
;a(l’u’k’s)(lz+s+l—u— Doms = ”z_:_ub(l’y’k’s)k+5+l-—u_ -

Thus, by (1.5) and (2.5), we get

(e (7 2) )

= gn(n41=k=2¢)-20+1;nk 230 _ ,I‘(lc+s—n)I‘(2k+2s+I-—n—1)HF(2k+2s +2j~2n-1)
T(k+s—1)I'2k+2s+1-2) T2k +2:+4j—n—2)

1 Tk+s+%-1) (=1)*(2k = 2+ 20)1_3,
O CED) {§, B B (’°+ st+3- 1)4_,}

n
x ¢(2s+ k) [] ¢(4s + 2k — 2j)7 Dy (25 + k = n)(: M (HN2Z)
i=1
Here, we prove the following:
Lemma 4. Let k,l €Z , k,! > 0. For an indeterminate X ,
21

2 (=17 (2k -2+ 2W)_a, _
an ) SHEERE Cx i), (4 19 Dy = X

Proof. We follow Zagier’s method in [9, lemma 4.1].
We denote the left-hand side of (3.3) by Py (X) .
When we consider P;;(X) a polynomial in X , the coefficient of the highest degree >f X is
(3]
(2k - 24 2v);_2,
vi(l = 2v)i(k — 1+ v)i-y

v=0

25
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Then we get
(3]
kE+1-2 E (2k 2+2l/)1 2w

l i1 =20) (k= 1+ v}

_ l[z]: 2k+1-3\(k+v—-2

] 1-2v k-2

v=0
1 1 k41-3_1
= I—!R£Sz=u [(1—_:;5)—,":1—(1 + ;'c)2 + ;T:l-d:c
. z

by putting t= 173’

1 ~(k-1) L
= ERﬁSt:O [(1 —21) * I)Fﬁdt]

_ 2 (k+1-2
- l

Thus, we have only to prove Py (—j)for j€Z ,0<j < [%] -1.
We use induction on [ and j . We first prove P ;(0) =

2k 2 —-1)”
Pi(0) = ( 1))1' Z y!(l(—- 2,),)ggzv (%-9) [§]-»

For even I , by
2 (1)),

-2 = ——2
(===
we have
L
_ (2k-2) 2 1 1=1y ql=1
Pk,l(o) = (k— 1)‘2; (%)% ‘Z‘:) o (_;_ — U)! (121)., (’21)15—1/
=0
Forodd !, by 120 (122 )
2= (FH )5 3
l—2v) = ,
(=2'=—g
we have
- _ (2k — 2); = 1 1 i
Pra(0) = (k- 1)2' (%) w i v (5 - o) (-2), (2):.-,4”
=0

Next, we suppose Py +(—j') = 0 for any k, j/, I’ such that j' < j,V <.
For even ! , if we note

(k=3+4), =v(k=§+4),  +(k-3+5-1),

(5= i)y == (== 1), + (5= G- D)y,
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we have

L
Pk,,<-j>=zj;,llgi’;;,f’:?:’;;f_; (k-3+i-1), (F-G-1),_,

+ E )t(l(fkg,,)?(:ful); f:) (k=5+5),,(F-G-Dy,

(=1)"(2k = 2+ 2v)12, N e
- v};) 2 =-1-2)(k -1 +2u)r.-u (k=3+), (5 -0~ 1)

=Pea(—( - 1))
t-1

_ Z{ (=1)" (2 + 2v)1-2v-2 {2(“,,_ i -1-2v)
v=0

2 -1 =2) (k= 1+ )iy
+ (2k + 2v — 2)(2k + 2v — 1)} (k=%+7), (% —j),i__,_l}

=Pei(—( = 1)) = Perg-1(—=(G - 1))
=0

In the same way, for odd ! , we have
, . 2 . 1
Pii(=j) = Pea(-G = 1)) - =57 2ij+!J—l(_(.7 W+ =g a(=7)

Thus, lemma 4 is proved.

By lemma 4 , we get

(e (7 2)9))

1 2n(n+1 k—2s)—I4+1 ik .'L(!;_‘). IH I‘(2k+23+2]-—2n— 1)
= o TRk+25+j-n-2)

I‘(k+s+-2--—1)I‘(k+s+———)I‘(k+s-—-n)I‘(2k+2s+I——n—1)
Fk+8)l(k+s—3)T(k+s—1)I(2k+25+1-2)

x ((2s + k)™t fI C(4s + 2k — 25)~1 Dy (25 + k — n)(:"1())(2)

i=1
Combining this with (1.6) , we obtain

(7. e (7 0).532))

(k;m?‘l kg iniknte )
% Ta(s +)c(s + k +1- 1) [[ Te(s + k - DDy ND)

j=2

where € and v(s) are of the form (1.8) and (1.9) , respectively. Here, we put

(3.4) A(s, f) :=Tx(s+&)Tc(s + k+1—1) f[ Te(s + k— 5)Dy(s)

j=2

On the other hand, it follows from (1.4.1) and (1.4.2) that (f , (LBTEE™) ((_62 2) ,

invariant under s — % — s and that it is an entire function in s . Thus, we have:

27

) s
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Theorem 2. Letk,l1€2Z ,k>0,120.Iff€ Si‘v,(sym'(Vg)) is an eigenform,
(@)

o (en((F)5)

= Gt A N DN)

or equivalently,
n-1 - -
3.6 2t +m ] cs+29) (£, @rmmy ((F0), =2
(35) efue)e+n JT cas+29) (1. m((70)257))
= A NEHNE)

where

e O s N L SENE ) (%)

2 2 2
(ii) A(s, f) has a meromorphic continuation to the whole s-plane and satisfies the functional equation

A(S,f)=A(1—3,f)

Remark. For (A1,Az, -+ ,An) € Z" and A} > Ag > -+ > An 2 0, let p ~ (A1,2,--,An) be an
irreducible rational representation of GL(n,C) with a representation space V . Suppote that f € Sp(V)
is an eigenform. Then, it is expected that completed Dirichlet series

n
A(s,f) :=Tx(s +€) [ Te(s + 2 — ))Ds(s)
i=1
should satisfy a functional equation.
3.2 Poles of standard L-functions

Theorem 3. Let k,1 €2Z ,k>0,1>0andk>n. Iff€ S,:",(sym'(%)) is an eigenform, A(s, f) is
holomorphic except for possible simple poles at s = 0 and s = 1 ; it has a pole at s = 0 ( or equivalently,
s=1) if and only if f € B} (2n) N S,':",(sym’(Vz)) .

Corollary. Under the assumption of Theorem 3, suppose n # 0 mod 4. Then A(s, f, is entire.

Proof of Theorem §. Theorem 3 is proved in the same way as that by Mizumoto [21, ~“heorem 1]:
Let T, be a finite-index subgroup of I'"* . A function g from $, to C is called a C*-modular form of
weight k (i.e., p = det* @sym® ) with respect to I, if it is a C®°-function and satisfies

(9|M)(2) := det(CZ + D)™ 9(M(2)) = 9(2)

for all M = (C:") D’:ﬂ)) € I'. . Note that this notation | is compatible with one in §1.1 .

Let T'; (j = 1,2) be finite-index subgroups of I'" such that I'y C T’z . Suppose g is a C°°-modular form
of weight k with respect to I'; . Then

Tr(l1, T2 9)(2) = Y (sl1)(2)

v€M\T3

is a C®-modular form of weight k& with respect to I'z .
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Forn, N€EZ,k€2Z ,n, N, k>0and Z € 5, , we put
E}Z,8,N) := 3 det(CZ + D)~* det(Im(M(Z')))*
M=( o D’(*,,))er.,o\ra(zv)
for k+2Re(s) > n+1, which has a meromorphic continuation to the whole s-plane by [20]. In particular,
E}(Z,5,1)=E}Z,s) .
By Shimura [25, Proposition 2.1] ,
Tr(T3(N), I E(Z,5,N)) = E}(Z,9)

SO
3.7) B (3, if—;-’—ﬁ) =Tr (J-lr?,"(N)J, I g (*, ﬁ-’%-‘-’hv)‘ J) 3)
where 3 € H2, and J 1= ( ?2 1(2)") .
- n
Suppose k > n and N:even . Using the same notation as in [11], [21], let

(3.8) p* (3, L’;——k-;k, 1,1v)

ot s+n—k

= e+ m [Lens +29) (82 (+ 235N 1) )

ji=0
where

()= [ a-p¢0)

pIN
p: prime

and

n-1
po(s) = 22 tamdr (2 p (X0 p (s R n A DY T p(e 4 k4 2j)
3 2 ) o

Now, af ;(s) in Theorem 2 (i) and

B (s) H {(1 —p~ ") 1:1(1 _P—2:—2j)}
j=0

pIN

are holomorphic and non-zero in the region Re(s) > 0 . So

g(s) = (ﬂ;‘(s) H {(1 _p—l-n)'ﬁ(l _p-Z:—zj)})

PIN

is also holomorphic and non-zero in the region Re(s) > 0 .
Hence, by (3.7) and (3.8) , we get

n—1
(39) clo+m T] ctas +2) £ (3, 25=F)

i=0

= g(s)Try (1)2" (*,iﬂ;;'f;k,l,N)) 3 >
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where
Trll(s) = Tr(I- T (N)J, T + )

Thus (3.6) may also be written as follows:

(3.10) A(s, H)EHN2) B
-1 (2 (o (2252 ) (7 )

A result of Feit {11, Theorem 9.1] tells us that

(3.11) p™ (*,fi—;'—"—k;k,LN)

for even N is holomorphic in s except for a possible simple pole at s = 1 ; moreover, it is entire if n is
odd.
On the other hand, it follows from (3.9) and (1.4.2) that convergence of

(o (r (o~ (- 22520s) (7 9)

in s is equal to that of (3.11) in s . Hence the integral representation (3.10) shows that A(s, f) is
helomorphic for Re(s) > 0 except for a possible simple pole at s = 1 and that she pole does not
appear if n is odd. By (1.3.1), A(s, f) has a pole at s = 1 exactly when n = ( mod 4 and f €

ri(2r) N S,’:",(sym'(Vz)) . Combining these facts with the functional equation in Theorem 2 (ii) , we

obtain Theorem 3 .
0
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