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Rings of normal and nonnormal numbers.
To the memory of Gerold Wagner.

By Hiroyuki Kano and Iekata Shiokawa

For any prime a and any integer b 2 2 with (a, b) =1,
G. Wagner [10] gave an explicit example of an uncountable ring of real
numbers all of whose nonzero elements are normal to base b and nonnormal
to base ab . In this paper, we construct a new example of a ring of the
same properties with a not necessarily prime (see Theorem 5). Our
construction based on an algebraic independence result for the special
values of certain gap series (in [8]) and a sufficient condition for the

normality to base b and the nonnormality to base ab of the numbers of

=\ -u
the form 7} An a "b ", where An(ZI) , un(zl) , and An are integers
nzl

[\

for all n 2 1 (see Theorem 3). We also give in Theorem 1 precise

discrepancy estimates from above as well as from below for numbers of the

-A -H
form § a Np M » whose normality to base b has been studied by Korobov
nzl

(cf. [31, [4], [5]).
Let b >1 be an integer. A real number o 1is said to be
normal to base b , if the sequence {abn}n>1 is uniformly distributed

mod 1 , namely if

Tim N 1D([u, v); ab”, 0 s n < N) = 0

N->oo
for any [u, v)C[0, 1), or what amounts the same thing (cf. [6]), if

Tim N 1p(ob", 0 s n<N) =0,
Nooo
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where as usual

D(ab", 0g n< N) = . sup lD([u, v); ab™, 05 n< N)
SU<vVE

D([u, v)5 ab", 0 n< N) = |A([u, v); ab™, 05 n<N) - (v-ulN| ,
and A([u, v); ab , 0 < n< N) is the number of integers n with
0<n<N for which ugab'- [ab"] < v . Here [x] is the integral

part of x .

Let 0.aja, ««- = alb'1 + azb'2 + «oo be the b-adic expansion

of a-la] . Forany bjee- b €{0, 1, --r, b-13% , let Ala, byee+ by, N)

2,9
denote the number of n with 1< n < N for which 38141 g1 C

ble"'bR and let

o

1 2
I(b...b)=[......_+_+...+_,.._._.+._.__+...+
1 b bl b* T b b b¥

Then we have
D(I(by+++by); ab™, 0 5 n < N) = [A(a, by***bg, N) - BN,
and hence o is normal to base b 1if and only if
Tim N Aa, byeby, N) - b7 = 0
Noroo
for any integer £ 2 1 and any bl---bze.{o, 1, «--, b-l}R .

Theorem 1. Let a, b > 1 be integers with (a, b) =1,
let {An}ngl and {“n}nzl be sequences of positive integers increasing
for all large n , and let
1 MM

Then there is a positive constant N such that
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for all N , where n 1is defined by Hy < N Mns1 *

Furthermore, there are positive constants y and <, such that for any

L > ¢ and bl---bﬁe {0, 1, «--, b-l}l we have

€2 Hp+1Mp (3)
bz An
a

D(I(bye+b,); ab®, 0 < x < N) >

for all n 21 and for some integer N with Mp< N g Mp+l -

Corollary 1. If
Tin % AN wo=0,
the number o defined by (1) is normal to base b .
To prove Theorem 1 we need the following Temmas.
Lemma 1. (ErdGs and Turan cf.[6]). There exists an absolute

constant ¢ such that

D(x

N
1° MY XN) sc ( ”6_ +

for any real numbers X1s "0ts Xy and any positive integer Q .

For any integer b, m> 1, let <1(b, m) denotes the order
of b mod m .

Lemma 2. ([3], Lemma 1). Let b >1 be an integer and let
Pps ***s Pg be s distinct primes with (b, pl-'-ps) =1 . Then there

are integers e; = ei(b, P> =vs ps) >0 (1 <1i<s) such that

n n n.-e n_-e e e
1 1-1 1
T(b, pl ...pss) = pl -..pss s T(b, pl ..opss)
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for all integers n, 2e, (1< s5s) .

Lemma 3. ([3], Theorem 2). Make the same assumptions as
n.-e.
in Lemma 2 and assume that ny > ey and pi1 ! f A for some i . Then

we have

T(b’g)'lezniAbx/m _

0,
X=0
n n
where m = pll--- psS .
Lemma 4 ([4], Lemma 2). Make the same assumptions as in

Lemma 3 and let ¢ be an integer with 0 < ¢ < (b, m) . Then we have
ol . X
¥ ZmiAb"/m /Jmlogm.
X=0

Korobov [5] proved that, if {)\n}n>1 and {un} be increasing

nzl

An

sequences of positive integers satisfying u, 22 (n 2 1), the number
a defined by (1) is normal to base b . His proof is to show that
[A(a, bl"'bz’ N) - 8£ N| = o(N) , by using Theorems 1 and 3 in [4],
which were deduced from Lemmas 3 and 4 written above. We estimate
D(ab®, 0 < x < N) as in (2) using directly Lemmas 3 and 4 via Lemma 1.
For any prime p and an integer n , let vp(n) denotes the
exponent d for which pd|n and pd+1*n .
Proof of Theorem 1. We first prove (2). Let N be a large

integer and let n be as in the theorem. Then we have

n-1
D(N) <y + k-lD(uk’ He1) + D N) (4)

where D(m, n):= D(ob®, m < x < n) and D(N) = D(0, N) . We put
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A
Ty = (b, a k) and define integers vy and I (1< ksn) by

Vka < uk+1' Uk < (Vk+1)Tk (1 < k< n) > VnTn < N“Un < (Vn+1)Tn >

Tk T Mkl MK T VKT s O = N - -y
so that by Lemma 2

Ak
Op $ Ty << 2 (lsksn), (5)

and
"}\k ")\k

vy << (“k+1' uk)a (lskgn), v, << (N - un)a

Then we have
vk—l
D(“k’“k+1) < Z D(Uk*'\)'fk, Uk+(\)+1)Tk) + D(Uk"'\)k’fks Uk*’Vka*Lka)
v=0

(7)
n
D(upsN) s Z D(un+vrn, un+(v+l)rn) + D(un+vntn, Hptogteto,) .

Now it follows from Lemma 1 that

o,-1
o, 41 K HICHVRTHX
D(Uk+Vkas Uk+Vka+0k) << —G- + qu"a_ ‘ xgo e(Qab l s (8)
where e(x) = emiX We choose Q as
A2 .
Q=ak©, (9)
where zosz is a large constant. Writing
oosy 1 B
k L A; U A u
=1 adpd a k b k

we have
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-1 g, -1

v T X k up v T X
| T elaad © KK | T elagd KKK L (10
X=0 X=0

-X -\
noticing that f[e(u) - e(v)]| << ju - v| and o - o << a k+l b k+l .

To apply Lemma 4, we put

VT A
A= qub k'k and m = a k , (11)
A S
so that qakb = Ab”/m in (10). Then, since (a, b) = (a, Bn) =1
and q s Q , there is a prime pla such that
vo(R) = vp(a) s vp(m) - &,
Thus we can apply Lemma 4 and get
g, -1
k Hptvp T X A
X=0

which together with (5), (8), (9), and (10) yield

A
D(uk+vk1k, uk+vkrk+0k) << Aﬁ va k (1ksn).
Using Lemma 3 in place of Lemma 4, we find

D(uk+ka, uk+(v+1)rk) <<1 (0gvc< Vies l1<kz<n).

Substituting these inequalities as well as (6) to (7) and (4), we obtain

(2).
Proof of (3). Let n be sufficiently large. Then we have

u u : .
[ob n+1] = [anb n+1] , and so [abJ+2] = [anb3+l] for any integers g and
J with 221 and 0<j s Upse1™ % - This impiies that both of the
fractional parts {abJ} and {aan} belong to the same interval

[mjb-l, (mj+1)b'£) for some integer my with 0 g my < b% . But
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T

. i+ .
n . . .
{aan} = {anb } forany jz u, . Hence, if I B T {abd} and

j*T

{ab M belong to the same interval [mjb'l, (mj+1)b'£) .

Therefore,
for any given bl"'ble {0, 1, o--, b-1}£ , we have
d(85 wpt v, wet (vt ) = d(As wp, wtT)

where A = I(b1"'bz) and

d(A; m, n) = #{m S x <n | ab¥e A} - (n-m)b'l},
so that

d(8; 0, up# vr) = d(85 0, wy) + vd(85 uy, wgt 7,) (13)
for any integer v with 0 v < oy where
Py = [lupeq - wp - 2)/7. 1
Now, since p* ! 1, for all integer & > ¢, = cl(a) , we have

(B3 wps wpt ) = A5 wp, wpt T) 2 b™* (14)

for all & > ¢y > where D(&; m, n) = D(A; ob®, ms x < n) . Hence it
follows from (13), (14), and Lemma 2 that

max d(a; 0, un+v1n) - min d(A; 0, W VT

1svs 1svs n)
vsp Svsp

c H -u
] 2 ntl "n
2 (Dn-l)D(A, un, un+Tn) 2 [ A
b al

for all n > C3 » provided £ > Cq 3 where Cy is independent of & .
Therefore, for any fixed bl--~b9v with ¢ > ¢ and any n > 3 s there

is an integer Ky = Kn(bl-'-bz) with 1< n < Pn such that
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€2 Mp+1™ Hp
T.) 2
nn 2 A
2b a

D(a; 0, Hpt
n

Putting N = My * kT, » we obtain (3). This completes the proof of
Theorem 1.
Theorem 2. If

Tim u /up g > 1+ (log a)/log b,
oo

then the number o defined by (1) is nonnormal to base ab .
Lemma 5. Let r > 1 be an integer and let o be real.
For any q€{0, 1, +++, r-1} , let L(a, r, qsN) be the maximum length
of runs of q appearing in the first N digits of the r-adic expansion
of a-[a] . If there is a constant ¢ > 0 such that L{a, Ty q3N) > N
for infinitely many N, then o is nonnormal to base r .
The proof of Lemma 5 is clear.
Hp™An

Proof of Theorem 2. We write o = J a /(ab)
n21

Hn
. . . . HpAp
Since the number of digits in the ab-adic expansion of a is

[u, - Ap)log 2l + 1 =: K, » Say, we have

L{a, ab, 03 Hp™ Kn) 2y - T T

for all large n , and so
. p
L(as ab9 0: Un' Kn) > 2 (Un" Kn)

for infinitely many n , where

p=1-(1+(loga)/log b) Tim Hpo1/My, > 05
N

and the theorem follows from Lemma 5.



KSTS/RR-91/006
September 10, 1991

The bounds (2) and (3) in Theorem 1 are implicit as functions
of N ; however they give precise estimates for most of the cases in which

{>\n}ngl and {un}ngl are given explicitly. In the following Examples 1,

bye++b, €10, 1, -++, b-1}* is any block of Tength £ > ¢ -
Example 1. The number

1
on
1 a" b[a ]

He~18

n

is normal to base b and nonnormal to base ab if 6 > 1/2 . Furthermore,
if 6 > 3/2 , we have

D(ab®, 05 x < N) < cONl'l/e

for all N and

D(I(b,=+b,)5 ab®, 0 5 x < N) > c,p~NI"1/®

for infinitely many integer N . In particular, the number

is normal to base b and nonnormal to base ab , where ¢ is an integer
with ¢ > /a . Furthermore, the inequalities hold with 6 = log c/log a ,
if ¢ > /53 . We note that o 1is a non-Liouville transcendental number
(cf. [9]). (A proof of transcendency of o when ¢ = 2 can be found
in [7].) |

The following theorem will be used in the proofs of Theorems 4
and 5.

Theorem 3. Let a, b >1 be integers with (a, b) =1,

let {)}

izl be sequences of positive integers which are

and {un}n21
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increasing and

An
W, = a
for all large n , and let {An}n>1 be a sequence of integers such that
AL-A
Al <a n “n-1

for all large n and An = 0 for infinitely many n . Then the number

_ An

* nzl axn bun
is normal to base b and nonnormal to base ab .

Proof. We may assume without Toss of generality that An =0
for all n 21 . The proof of normality is much the same as that of (2)

in Theorem 1. Indeed, it is valid until (10), if we put

k A, B
o = ] J = k
L As W A H
=L pd a Kpk
A=A Mg
with B =a k k-1 b K k-1 By + A and choose Q as
Ap_1-%
Q=2 k-1 "o

in place of (9), so that for any prime pla we have vp(q) S M1t &

(1 $9s5Q). On the other hand, there is a prime po|a such that
A=A

(a k k-1) , and so

Vo (A) = vy (@) + vy (By) < vy (m) - 2,

Po Po 0 Po
when A and m are defined by (11). Hence we can apply Lemma 4 and get

(12). Therefore

- 10 -
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M M 20 A
D(Uk+ \)kag ]Jk+ \)ka+ Uk) << a 2 + Ak va (1 s ks n) .

Similarly we have

A k-1
Dyt vy wtlvil)ry) << a © 2 (1sksn).
Thus we obtain
n-1 u -u N-u A
D(N) << ¥ k;1k+ >\n +)\%/é'n=o(N),
k=2 2 k-1 ? n-1

and the normality to base b is proved. The nonnormality to base ab
can be proved similarly to that of Theorem 2.

G. Wagner [10] proved the following theorem:
Let p be a prime and g 2 2 be an integer with (p, g) =1, let
()
that

and {un} be increasing sequences of positive integers such

nzl nz1

1im An/(npn_l) = o

N-»c0

and

n
8

lim (log w,)/A

’
n-oo n

and Tet R be the ring generated by the set of all numbers of the form

En N
) ’ {En}n?‘le{'l, 1} .

Then R s uncountable and any o eR\{0} is normal to base g and non-
normal to base pg .

The construction of a ring in Theorem 5 is less simpler than
that of Wagner, however the proofi;he theorem seem to be more acceptable.

Theorem 4. Let a, b > 1 be integers with (a, b) =1,

- 11 -
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let {An}ngl and {“n}ngl be sequences of integers increasing for all
large n such that
i A /gy 7 (15)
and
Tim (Tog u)/A, = =, (16)
N0

and let R be the ring generated by the set of all numbers of the form

€ IN
_——_——:;;_ » {eplyyp € 10, 11 (17)

v nzl axn b
Then R is uncountable, RnQ = {A/(ab)nlA, nel}l , and any o €&R\Q is
normal to base b and nonnormal to base ab .

To construct a ring of normal numbers containing no rationals
other than zero, we use the following

Lemma 6 (Special case of Theorem in [8]). Let {An,Y}nZI

and {“n,y}ngl (yer) be two families of sequences of positive integers

with a parameter set T such that, for any finite subset of I suitably

indexed as {y,, **+, v4} , the sequences {A_} and {p } defined
1 d \V v

vzl vzl
and W, = uV’Yj with v = d(n-1) + i-1 (n21, 1 s i sd)
satisfy the conditions (15) and (16), and let

by X\) = AV:'Y.i

H
a MY ™Y (yer) .

ne~1 8

fY(Z) = .

n
Then the numbers {fY(a)Iye I'} are algebraically independent over @ for
any algebraic o with o< |a| < 1.

Theorem 5. Let a, b >1 be integers with (a, b) =1,

Tet {xn } and {p_ _} (yer) be two families of sequences of

vy nzl n,y nzl
positive integers given in Lemma 6, and 1let R be the ring generated by

- 12 -
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the set of all numbers of the form

D S
1 a)‘n,Y b sy

W =

s r.
Y, YE

ne~1 8

Then any o €R\{0} is normal to base b and nonnormal to base ab .
Example 2. Families of sequences {Xn,y}nzl and {“n,y}nzl

(yer) satisfying the conditions in Lemma 6 can be easily found. For

instance, put for brevity gl(x) = 1oga X and gn(x) = gl(gn_l(x))

(nz2?2),andlet 1 =1[0,1) . Define, for each yer and nz 1,

[\

A and p'

Ny by Al,y =1,

n,y

gn-l(x'n,y) =2n -1 and gn(uln,y) =22n+y (n21),

and put An,y =[x n,Y] and My = [u n,Y] . We remark that, for any

fixed yeT , the sequences {ix__} and {p__}

n,y nzl n,y’nzl satisfy all the

conditions in Theorem 4.

Remark 1. It is easily seen that wY # w'Y , iIf y=vy',
so that T , {ley'eI? , and R has the same cardinality. So Example 2
yields an uncountable ring R . Putting o = 1/b in Lemma 6, we see that
the numbers {ley'EF} are algebraically independent over Q . In
particular, the ring R 1in Theorem 5 contains no rationals other than zero.

Remarks 2. Additive groups of normal numbers having prescribed
Hausdorff dimension o (0 £ a < 1) have been constructed by many author§
(see e.g., [1], [2]). A1l the rings of normal numbers mentioned in this
paper is of Hausdorff dimension zero, since any irrational numbers contained
in these rings is Liouvillian and the set of all Liouville numbers is of
Hausdorff dimension zero.

Proof of Theorem 4. We shall only prove the normality, since

the other statements can be easily seen. Any a€R can be written as

- 13 -
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o = P(wl, cecy wd) s (18)

where P(xl, cee, xd)e l[xl, ces, xd] and w; is defined by (17) with

- N .
some {en}n21 = {En,i}nzle {0, 1} (1 sisd). Let S1s *t*s Sy be
positive integers with Syt e tsys deg P = S . Then we have
ST (s))
ws = W (s.) , (19)
i nkp N
where
A(S;n;O 3***,0 )
W (s,) = 1 n (20)
n‘~i 050, <8, .. #0 n n
=%k=>i% Y oA, ) oo
Oqteeetg =S k=1 K7k k=1 Kk
1 n i a b
with lA(Si;n;01’°"’0n)| << 1 . (Here and in what follows all constants

implied by the symbol << may depends on the polynomial P .) Hence it

follows that

R )
w eee (1) = W (S ) cee W (S )
1 d n=1 1sn15n " 1 Ny d
max ng=n
L B(n oyyeees o)
n n
n=1 050,5S
o kzlokxk kz10kuk
n a b

with |B(n; Opsttes on)| << nd . Therefore we obtain

)

o C(n; Gpst**s Oy
a =} ) n n
n=1 0§Ok§5
0 kilckxk kzlckuk
O a b
_ ? S C(n; Uls ety on)
-1 n-1
n=1 o=1 050, <S n
k cxn+kzlokxk oun+k210kuk
a - b -

- 14 -
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73 c(n, o)
=11 T T
n=1 o=1 o\ +Sn2 A g +Sn2
LY k % k=1“k
a b
where
nil nil
S) A S)u
L.k L Pk
[C(n, o)] << nd sN g k51 7y k=1 ,
so that, by (15) and (16),
Tog[C(n, o)] <<y, 4 (21)

for all large n .
For each (n, o) with n21 and 1S0<S, weput v=25(n-1)+g

and set Av = C(n, o) , and

n-1 n-1
Av = oA, * S Z A Mv =ou, + S z T
k=1 k=
so that Av - A\)_1 2 An and Mv - M\)__1 2 My, Then we obtain
"
a:
L A M
v=1 aVpV
where, by (15), (16), and (21),
A (o+1)
a >’ <a <y < Mv R
and
A ARy

IAvl <a"sga

for all large n , and therefore the normality follows from Theorem 3.
This completes the proof of Theorem 4.
Proof of Theorem 5. We give the proof of normality, which is

much the same as preceding one. Any o €R can be written as (18) with

- 15 -
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wy = W for some suitably indexed Y4 (1 51 sd), for which we may
i

assume the conditions in Lemma 6. Then, for any Sgs s Sy AS above,

we have (19) with

A(Si’ n; 01;"': 9 )

w (s;) = n’_
n'>i n n
0<o0, 5,0 =0
+l.<..l SS kZlokayi kzlokuk,'l
9 n7% a b
" p]ace of (20), where Ansi ) An’Y1’ unsi B un,Yi ’ and
0 < A(Sj’ N 010 On) << 1 , and hence
s S¢ = 4 S B(n, i, o.)
= i
Wyt wg = nZI iil ] N : N z
=1 1=1 ¢;~= o ;. OsU Uy s
1 1 n’ (k,J)<( ) k,J b 1 n,1 (k,J)<( ) k,i

a
where 1log B(n, i, Oi) << max{uk J.](k,j)<(n,1‘)} and (k,j)<(n,i) s the
lexicographic ordering. Therefore we obtain

© d S C(n, i, 01)

a= ) 1
n=1 i=1 g.;=1 o) Z

A, 5 Osu, S ) Hy s
i n, (k,J) k,j i*n,i ) k,J

. (n,i) %3 T )<,

with |[C(n, i, o;)| << B(n, i, 01) .
For each (n, i, 0) with n21,1<i<d,and 1505S,

we put v = Sd(n-1) + S(i-1) + ¢ and set Av = C(n, 1, Oi) and

A =o0ga. 5 +S ) Ay 35 M= o.u + E T
v I T s Med T O TS ks
Then we have
o A
- \Y
a = Z W
v=1 aVypV

where Av s Av , and Mv {v 1) satisfy all the conditions in Theorem 3,

and the normality follows. This completes the proof of Theorem 5.

- 16 -
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