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Monte-Carlo Computation of Multivariate ¢ Probabilitics
'I’osmm TAKAHASHI, Hmom TsuBAKI, MASAAKT SIBUYA '

Abstract. Seversl bounds and approximation metkmds for computing the distribution funec-
tion of the maximum absohite component of the multivariate ¢ distribution are comperéd to '
obtzin the P value in multiple compnmon procedure. The results show the superiority of the
improved Monte-Carlo method to the other tested methods and its accurgcy is evalusated to
determine the required mmulancn size. ;

1.Bounds and MomemCa}ri@ apprnxnmataons of multivariate t probabilities.

Let. X = (X5,Xs, XY ) be a multivariate normal random variable following
N{g, 22) The mean @ is unknown and to be tested, o? is an unknown positive pa-
rameter, and ¥ is a known nonnegatwe definite matrix. We assume the availability of
V/v, an estimate of ¢* such that V/o? is & chisquare variable with d.f. v. o

Let A be.a matrix with r rows and m. columns such that 41 = 8 Put Y ="~
(Y1, %3, Ym) = AX N(A @, 0% A) where A = A' DA, which is a,ssumed to be pos-
itive deﬁmte Further, put A = (Dla,gA\“"‘/ 2 whern D:agA is the dlagonal matrix thh
the diagonal componenis of A. I Aﬂl 6, then T = (T, Ty, - Tm) = M/\/V/V 13 2
multivariate ¢ random va.ma.bie with the correla.tlon matrix R = AAA :

Put Tmas = maxi<j<m |13 |. = For an observed value t@ of Tmasz, mw(tg)
Pi(Tmez > to]d’ k= 0) is its P value, namely the sample sxgmncmce level. The pur-
pose of this paper is the computation of Pres(?) for some ¢, and the following three ty ypes
of bounds and Monte-Carlo approximations are examined.

Let 4; denocte the event |Tjj > t 1< j<mand K the number of evems which

occut. Putp Pr(K > G\ = Pr( J A,) and §; = Zn<n< <ign Pr(A,1 \ A,,) Sns the

binomial moment of X of ordef i, namely E[()]. )
(1) Simple Bonferroni bounds: ‘

(1.1) . i Sy - 5’2 -l-"”’*-'Szx <p<§1 Sg‘P *!-5'234.3«
The bounds of smg}e, two and three terms of (1 1} are uspd Ther valués"o;f S;i’s are

computed by numerical mtegmtwn, (See Appendxx 1)
(2) A bound by Hunter(1976): \

(1.2) ¥ . p< S -—..Z Pr(AkA ), :

where the sum runa oVer such (k l) t}mt em is. m edge of a tree T of the g‘ra.ph 'whosef,w;-,

. vertices correspond 4o the events (AJ jj ,—v The tree T should be the ‘maximum
- gpanning’ to gzt smaller; bound . Gy e

- Typeset by ApS-TgX
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{3) Bounds by Kwerel(1975 a, 1875 b):

@3) =) <pssi-Zs,
Where a = Sz/ 5’1, {2a + 1] and [ ] denotes the Gauss symnol
e + 1)fs + (2 + 1)(ms — ) = (mps = ;93) |
‘ wlw+ Dm
plp+1)8 — 2p+ 1) (B~ Bi) + (ﬁs = fBa2)
(1.4) = #(u +1) ’

Where §1 = 51, By = 51+25,, Bs = 5 +85; + Ss, W= [(7”"’32 ﬂs)/’mﬂl B2),
S GRS Pa)l

r {4}71\/’ onte-Caxio anprmamatmns
Let N(0, R) be an m-variate normal distribution with the ‘knnw*x sta,ndard vari-

" ance 1’ and the known correlation matrix R. Let Z; = (Zi1, ..., Zim) ,1 <1 < N, be
& sequénce of random numbers followmg N@©,R). Z; can. be obtamed by using m-
variate normal random numbers W; = (Wi, -, Wim) following . N(0, I;s)..Let B

-be the matrix such that B'B = R. For example, B’ Bisthe Cholesky de"omposmon
of R. Then B'W; fcllows N@©,R), {See Appendix 2). .

For generating a sequence Tingg, il <3 <N, of the random numbers of our
mterest 5, = max;<,<m IZ,,] is Stadentzznd by the foﬂowmg two fnothods

1) Na,we Monte-Calro.

Thisis just to divide §; by \/ Ve/v, where V"‘ isan xndependent chx-squaxe Va,nable
with d.f. v. The complementa,.y distribution function Ppoz(t) of Timaz is estimated
by counting #{¢ : Tmaz,s > ¢} for some sexected va.lues of t.

2) Improved Monte-Calro. SR SR

Let @} be the empirical distribution function of the simulation values (£;),,
and let g and G be the probability density and the distribution functions of 1/V*/v,
respectively. Then Ppqs(t) is estimated by

w1 f o, s)g(s)as—w-—*ZG@'/")

i=1

2. Comparison of the accuracy of each method.

To corapare the accuracy of each method, Dunnet’s multiple compansuns thh umqual
observations on n populations are consztdered Tha.t is, multxple compansons with a control
group.- Put Ay = (1 + rofry) "33 = 1,2, ~'1, where r; is the number of
observa,t:ons on. the j-th pcp\ﬂatlofx (f“a is thaﬁ ot thé 'control group) Only the ratio rg/r;

2
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is significant as A; shows.” Then, the (k I) th element of the wrrelatwn matxiixr R is 1 if
k=1 and)&k)\( lfkaél

For this problem, Pp...(t) is explicitly expressed by a double integral, Hochberg and
Tamhane(l%?): . T '

T T L Az A t8 Hjz~ts | e
(2‘;\1;). 1 - / / H{CI’ ;;;\1/2] -~ @[(’1 i Az)}/zj}gb{z)dzg(s)ds,
i ]—1 LAY A |
where ¢(z) and ®(2) are the probability density and distribution function of the standard
normal distribution, respectively.
For two- and three-dimensional numerical integrations, including that of S2 and Si,
‘good lattice point method’ is used, Mori(1987), '

The parameters in the calculation are selected as follows.
&) Number n of populations compared, that is number m =.n —1 of paired comparisons. .

n=35ad7 m=24emds
b) Pattern of number of observationg;}l(gx‘llg the rations aremea.mngful)
(Di:l:eeo:1, (n—1:1:-e-:1, (3)1 :2:0 00 "and (@n:n —"1‘{1‘5- ‘1.
¢) Degree of freedom of the error vama,nce °:
| o v = 5,10 and 20.

d) t value.
. t‘-012502505101520253040and6b

e‘ Sxmula.tlon size N = 500 x 5, repeated 5 times for variance estimation.
For generatxng normal random va.mables and, for the ot}aer eompt.tatxons the New S(1988)
was used: Lo

Examples of the a:bsoiute erfors of P values for- each mef”hed are shove'n in Table 2.1,
The other results are shovm in Appendxx 3. : c o &

Table 2 1 Absolute errors of the bounds a.nd approximations. (The parameter values”
are restricted ton =7, no. ofobs =1:1:1:1:1:1:1, » =10).

tval Bxact Bonfl Bonf3 K920 Kw3J Hunt  Bonf2 Kw2lL KwdL N.M.C. sd LMC sd
0.125 1.000 4,418 £.991 0.831 0.028 0.38L -7.843 -0.011 ~0.001  0.000 0.000 0.000 0,090
0.250 1.000 3:846 4.845 G.547 0.082 0.547 -£.050 -0.044 -6.011 -0.001 0.602: 0.000 0.000
0.500 0.985 2,778 2.372 0.589 0.149 0.689 -5.489 -0.109 -0.044 0. 001 0.005 0.0061 0.003
1.000 C.816  1.229 0.647 G.444 0.112 0. 444  ~1.127 -0.186 ~0.091 (. 001 0.010 -0.002 .04
1.500 0.507 0.486 0.188 (.199 0.083 0.19% -0.868 -C. 130 -~0.077 0.004 0.024 0.008 ©.021
2.000 0.263 0.177 0.055 6.078 0.518 0.078 -0.116 -0..087 -0.031  0.2806 0.017 ..0.005 0.019
2.500 0.124 0.065 ¢.017 0.030 0.006 0.930 -0.038 -0.032 -6.011 0.006 0.011 0.002 0.0i2
3,000 0.056 0.024 0.005 6.0i2 0.002 0.012 -0.813 -0.018 ~0.004 0. 001 0.010 0.000 0.007
4.000 0.011  0.004 0.008 6.002 0.000.0.002 -0.002 -0.002 -G.001  0.001 0.001 -0.081 0.002
6.000 0.001  0.000 0.000 0.000 0.000 6.000  0.000 C.000 0.000 0.001 0.00Z 0.000 6.000
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. tvel:.t yalue, . Exact:-true P value, :Bonf: Bonferronibounds(lst, 2nd, 3rd order)

" Hunt: Hunter’s bound, Kw: Kwerel’s bounds(2nd, 3rd order; U: upper bound, L: lower
bound), N:M.C.: Naive Monte-Carlo epproximation; LM.C.: anmved Mcnte-Ca.rln ap-
proximation, sd: standard deviation of Simulation.

The above result and others, tabulated in Appendix 3,. show that the Monte-Carlo
method, especially improwed one, is supericr to the other methods. Edwards and
Berry{1987), stated similer observations in relation with the computation of critical values.

Nete that the error variance of 1*npmved Monte-Calro method is uniformly smaller than
that of Naive Monte-Carlo method. In fact, if 7 denotes the exnectatﬂon vaiue of G(¢ / i)

22y - Var{G({/1)] = EG(E/f)Z‘- E[GE/f s m—7"

The last expression times 1/N is the va.nance of Naive Momte—@arlo est:matﬂ of .

3. Evaluation of Impmved Monte-Carlo approxnmatwn.

in order to estimate the required shmulation size for accurate enough P value, the eval-
uation of the accuracy of Improved Monte-Carlo method is necessary, and the distribution
of £ and G(£/t). should be studied. . : NP

An important and difficult pomt is its dependenc,e on the correhnon ms.trax R of Zi |
Z, is mdependem then the distribution function of { becomes : :

(3.1) ¥m(€) = 22O -17,

where @ is the standard normal distribution function. If all t’*ae ccrrela.twn coefficients
among the components of Z; are x1, then ¢; is distributed as |Z;;| and

(32 | Tn(€) = 28() — 1.

It is conjectured that for any pos&twely comelatmi m»varmte normai va.nable, wm\g) i8
between these two distribution functions. g
.. Another difficulty is the evaluation of the variance of 5 and G(éft). Inorder to avoid
ﬁ; ite inter-quantile distance is considered. In general, the inter-quartile dzstance of a
dxstnbut;on is rather stable for some c.hamge of parameter values, In the present case also
Some numerical experiences support this conjecture,

First, the distribution of ¢ is studied hy Monte—Ca.rlo method The parameter of the
sntmulation is selected as follows, : : S :

(i) Correlation matrix R of Z;. : T
a) Intra-cless correlation model. b) AR(1) model.

: /1 ) o\ - 1 e e p:"’;;
o 1 .. - . ) I ) o

(i el
p g ... 14 Co\pmt et 1

(2) The number of obse'-vatmns m= 5
(3) Simulation size N = 500..
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Figs. 3.1 and 3.2 show the box plots of £;,1 <7 < N, and Figs. 3.3 and 3.4 show the
inter-quartile distance of ¢; for each p. In these figures, i is shown that the median of
¢ becomes smaller as g mcrea.ses, and the distribution of £ is almost the same when p is
smaller than 0.4, Further, it is shown that the inter-quartile dls a.nce of £ is stable against
the change of correlation p.

Next, the distribution of G(£/t) is calculated as follows Lﬂt f@ 25 a.nd £o 75 be the ﬁzst
and the third quantile of . Then, the inter-quartile. d,;sta.nce of G(¢/t) is

{3.3) o Glleas/i) — Glkoas/t

By usmg Eo 75 and 50 ok estimdted from *hﬁ Mont&@muo me#hod the inter-quartile distance
of G(£/t) is egtiraated. Figs. 3.5, 3.6 and 3.7 show the inter-quartile distance of G({/t) in
1.C. correlation modsl for ¥ = 5,10 and 20, respectivély. The distance is unstable for the
change of p, but when p is smaller than 0.4, it can be roughly spproximated by that for
p = 0, and the relative exror of the approximetion for the inter-quartile distance of G{{/t)
is not greater than 10 %. Figures for AR(1) model are almost the same.

Figs. 8.8, 3.9 and 3.10 show the true P values of inter-quartile distance of G(£/t) in the
independent case of m =1,2,--- ,6 for v = 5,10 and 20, respect:vexy It can be calculated’
by (3.3) and used to determme the simulation size.

The following procedure shows a way for determining the szmulatmn size to obtam the -
P value of which:inter-quartile distance is not greater than a predetermined value d* ;

(1) Make a rough estimate of the P value by a smsll simulation, for example, with

simulation size N* = 100.
(2) Evaluate the inter-quartile distance of G(£/1), d, for the mdep@ndﬂnt case by using.
{3.3) and the estimated P value at stage (1).

(3) The required simulation size N is nearly- Pqua! to (d fd)?.

For example, the required simulation size becomes as s"xown in Table 3.1 and 3.2 for
d* = 0.01, v = 5 and 20, respectively. It should be noted.that d is regarded as a scale
parameter in (3) above. The larger v is, the larger snmﬂl&txon size must be. .

Table 3.1 Required simulation size for d° = 0.01 and v = §.

P value =1 m=3 | m=5

. 0.85 - 1000 200 .- 100
0.1 3000 800 . | 400
0.25 7000 2006 1500
0.5 9000 4000 3000

~ Table SBZVReqﬁf:’iéd simulation size for d* = 0.0l and v = 20,

F value mo= 1 m=3 m=5
0.08 - 8000 2500 1000
01 10000 5000 3000

025 10000 7000 5000
0.5 10000 3000 7000
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~ APPENDICES . .

Appendix 1. _'

5; and S3 in case of Dutinet’s mult! mle campanson can be calculated by integrals of bi“mriate and
nva.mate ¢ mstnbu%xons with d.f. v, Hochberg and Tamhme(i%?) ’

) f j f(!l-’ 4 'n)f2)lElJ } =1/ , rl + (‘Iﬁ a)/vu}‘(""i"i‘l/zdhda:»,
~tdigi _ :

/ 2
1<6<j <m r(ulz)(ﬂry)m

whiére &' = (a1, 83) aid R;; = ( )\1 A'A ) and
\ A

T{{» + m)/z)lkukl ~1/2

o Sa= jf jf TG 2oy IT f1 +(a’kR;‘;za)fv]'(’?:"f3/‘ 3dsideydsg,
. . 1<c<]<k<m""" LS e ) . TR e

VAL = T X\,";\,' }\;Al,\
where 8 = (81,52,83) and Bijpz [0 M xid . Xidp )
‘ ApAi Xy 1

Appendix 2.

In case of Dunnet’s muItiplé' comparmh, 2.‘ -csn be also. ébtminéd by usimg n-variate normel random
numbers W = (Wi, WS, - 2.) following N@,I). Let Z;; be (}; - AW5), where Af=(1+
rifro)” 1/2,9 = 1,2,-+-m. Then, Z‘ (Zi1,Zia, -+ s Zim) follows N{B, R) En thm paper, Z; is obtamed
by this method. o ) : 3 i

Appendix 3.

The sbsclute errors of P values for ench method are shown in the following tables. In cese of n = 3, the
errors of 2nd and 3rd order bounds are all zero. So these sie omitted in' the following tables. .

n: population nuriber; (0. of. ¢bs.: pattern of number of cbservations, © d.f.: degree of freedom of
the error variance v, - tvali ¢ value, Exact: true P value, . Bonf Bohfsrroni bounds(lst, 2nd, 3cd order)
Hunt: Hunter’s bound, Kw: Kwerel’s bounds{2nd, 3rd order; U: upper bound, L: lower bound), N.M.C.:
Naive Monte-Carle a.pproxlmatmn, IM.C.: Hmpmveu Mont.e—CarIo approxxmatmn, sd: standard devi-
ation of Simulation. .
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n= 3

no. of obs.

df.=

tval
128;
250
500
000
500
000
500

[l ad A ulial S &

tval
125
250
500
600
500
000
500
.000
000

[ali ool Al S

o
<>
<
<

Exact
0. 989
0. 956
0, 841

0; 545

G 31,

0. 169
0. 092 .
) Q. 082 |
2 0. 018 ¢

0. 003

= 20

xact
. 983
. 955
. 838
514
. 252
. 105
. 039
013
0. 001
0. 000

E
0
0
0
0
0
0
¢
0

no. of obs.

df.=

tval
128
250

pﬁ-wgvprar—\ppo
ir
<
<

tval

800

<
=3
(=]

© - . >
<
=
&

000

5

Exact
990
95¢
847
531
263
110
041
014
. 001
000

PoeePeRPReR

= j:1:1

.Bonfl
0.821
0. 866
0. 428
0. 186
0. 066
0.028
0.013
0. 608
0. 002
0. 090

onf i
814
651
398
127
085
009
602
006
000
009

H.MC

-5, 001
0. 003
-0, 002

0. 08
0,094
4,001
-0..001

0. 660
-9, 008
0,061

N.H.C.

-0. 001
~0. 002
~0. 902

-0. 061
-0. 004
~0. 002
-6. 005
~0. 001

PR D

oo e

=]

e ki

[

ceso

3¢

. 008
014 -

018

04
018
418
015
021

6it -

308
001
oce

sd-

404 -

413

sd

.04

008
911
621
018
014
018
008
g0
000

i.K.C - sd
-0. 002 6. 006
-0, 505 €. 042

0,001 ¢.013

0. 004 0.01£2
9.001 .04
=0, 601 0. 611
-0, 00% 0. 009
-0. 007 0. 008
=G, 001 ©6.002

0.606 0.

ILMC sd
-0, 001 0. 607
-0, 008 0.013

8.001 0.018

0. 605 0.014

0. 000 6.013
-0.002 0. 018
-0. 004 . 043
-0, 082 €. 008

0. 000 0.800

0.000 0. 000

g sd
-0, 003 . 004
~{, 501 0.908

. 000 0. 909

8,004 0. 018 -

§.001 0.011
-4, 081 0. 019
-0. 0562 0. 008
=0, 902 0. 005
-0. 001 0.002

6. 660 2. 0600

ILEC =&d
=0, 681 0,004
-0. 00% 2,008
-0.001 0.000

0.006 0.016

0.601 .01
-0.002 0.01
-0, 668 0. 009
-0, 607 9. 603

§. 600 0. 008

0. 000 0. 0G0

500 .

€ e 00 B3 RS ko e D O O

m?migsg\;gwtvgﬁ;ao

af= 10

tval Exact
. 1%5 €. 888
250 0. 956
500 0. 2838
000 0. 528
5000

006 0. 127
500 00056
066 0. 024
600 0. 208
000 0. 866

df= 10

ival Bxact
125 6.990
250 0. 953
500 0. 848
300 0. 542
500 0. 284
060 6. 138
500 0. 058
. 000 0,025
660 0. 005
. 080 0. 060

0.273

Bonfl
0.817
0. 660
0. 418
0. 1587
0. 050
§.618
8.007
0.002
6. 036
0.000

Bonfi
816
658
407
140
045
014
904
01
000
. 000

sPopoooeoeD

NKC s¢  LMC sd
-0, 401 0.4608 -0.002 0.007
~0. 407 0.014 -0.005 0.012

2.000 0.0611 0.601 0.013

0.001 0.018 ©.005 0.013
=0.004 2.015 0.005 6,012

5.0600 0.9020 ~0.002 0. 014

0.009 9.616 ~6.003 0,008
~0.002 §.008 -0.002 0.004
~0.00% 0.001 ~0.001 0.001

6.306 6.001 0.000 0.000

HMG sd. ILMC sd
-0, 861 0.004 ~0.001 0.004
-0.003 £.009 ~0.001 0.009
-Q.06% £.632 0.000 9.00%

0,006 0.026 0.006 0.014

0. 000 0.046 - 0.961 0.011
~9. 081 9,017 -0.002 0.042

0,000 0.018 -0.003 0.009
~0.004 §.008 ~0.00% 0.004

0.000 0.001 -0.004 0.001

0.008 ¢.001 90.500 0.000
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no. of obs.

tval Exact
125 0.586
941
816
511
281
156
083

oo

<3

<
copoows®

000 0.017
6. 600 0. 663

d.f.= 20

tval Exact
0.125 0.986
0.250 0.946
0.5G0 0.810
1. 606G C. 477
1.500 6.231
2.000 0.096
Z.500 0.038
3.000 0.012
4000 0.001
6.000 0.000

no. of obs.

tval Exact
125 0. 990
250 0,959
500 0.852
060 0. 562
60 0.323
000 6. 176
500 0.2595
000 0. 054

000 0.019

O3 P WO 02D b e DO D
&xe
8

. 000 0. 003

B
<
1=y

e
et
o
[

051
. 000

048
-0. 004
0. 001

coomooodod
=]
[esd
o

= 1:2:8

Bonfl
0.325

0. 678
"0, 861
' 0.215

0.10%

0,548
0.024

0.013

sooeoceeo®
<>
™o

. 602
600

onf i
814
§31
387

Peew

08
002
000
. 056
. 860

0.

HLMC &d
-6, 003 . 604
-9, 065 0.010
0,004 8.022
-0.014 9.020
- 601 6. 018

0.061 0.025

6. 009 0. 020

0005 9,018

0. 005 9. 008

0. 004 C.003

H.MC ed
-0. 008 9.004
-0, 008 0.410

C. 600 ¢.02
~0. 007 2.024

0.006 0.018

0.660 €. 022

6.¢0z £, 008
-0. 001 €. 008

0,000 0.001

0.00¢ 0.000

NM.C sd

0.090 C. 304
-0. 001, 6. 007
-0. 004 0.014

0.0688 §.020

004 0.518
-0. 0062 ©.014
-0. 001 8,017
~0.00% 0.018
-0. 002 0. 006
=0, 601 0. 001

HKC sd

0.008 0. 004
~0. 601 0,007
~0. 607 0.014 -

6.014 0.028
-2. 001 0,017
-0.695 0.614 ~
-8, 065 8,618
~0. 002 0. 003%
-0. 00 9.601

I
-0
-0

n

V.

0.
'\ﬂu
,..ae
-,
-,
-8,
"L,

-0,
-0.

-6.

Q.
-0,
=G,
-0,

i

o
e el

N

T3 D

ER S

&5 s

KL
L0038 0.
. 608 0.
901 0.
300 0.
001 0
02 0
007 9
507 0.
001 o
000 §

ML

408 0.
604 0.
.002 ¢,
201 C.
G50 0.
ge3 0.
003 G.
062 0.
. 600 0.

.08 0.

BT
001 6.
501 0.
202 0.
04 6.
831 6.
801 0.
002 6.
. 602 6.
. 061 0.
066 6.

ML

086 0.
691 6.
0038 0.
088 0.
060 0.
363 0.
003 6.
. 062 8.
805 6.

6.000 9.900 5,909 C.

sd

60g

011
419

613

L0120
612
. 008

003

. 002
i

gd
004
011
022
016
§16
015
(i
002
000
09

sd

304
807
g1

a8
¢i0
cos

208

002
308

204
607
013

i8
813
§i4
903
603
408
§08

oEmmpNERPe

B e SO @

tval E

125 0.
256 9.
500 0.
009 0.
509 5.
366 0.
506 9.
399 0.
009 ¢.
690 0.

xact
930
959
849
543
285
i33
059
925

000

265

ocooocooooe

Bonfl

0.820

0.669

-0.444

0.183
0.678
0.830
0.031
0.904
0.001
0.000

Bonfl
816
856
407
138

014
004

006
. 000

044

EMC.
~0.003
. 00%
002

. 813

HM.C.
. 300
=,
~0.
NUtH)
-§,
.03
003
~g.
=0,
. 609

-6

002
008
001
003
402

. 609

201
003

001

507
001

<

. 009 -0.002

PropPoeeSS

0
0
0
0
.019 ~0.002 0.013
8
0
9
6

L001 6.000

popoenoee

s, -I.M.C. sd

0064 0. 008 0. 004
§10 ~0.004 0.011
021 0.002 0.021
,023 - 0.060 0.015

015 0,050 0.0
011 ~0.003

002 -0. 001

sd: L.MG . sd

(04 ~0.001 0.004 -
007 ~0.001 0.057
014 ~0.002 0.042

021, G.006 0.046
021 0.001 0.01% .
€13, 0. 002 0.012
020 -0. 003 0.009
00§ ~0.602 9. 005
002 ~6. 001 0. 001 -

L0051 ©0.000 0.900



KSTS/RR-90/004

March 20, 1990

n=5

no. of obs.

tval
125
250
500
000
500
000
500
800
000
000

i

3 G DD OO

df.=

tval
0.125
0. 250
0. 580
1,490
1. 500
2. 000
2. 300
3. 000
4. 0800
6. 000

df.=

tval
125
250
500
000
500
500
500
000
. 000-
. 000

PR 2R S

Exact
. 000
996
958
726
452

SeeLEer

146
0. 083
0.030
6. 005

Exact

961

41§
206
094
042
008
000

PreeooEE O

20

Exact
1.000
0.997
0. 963
2, 15
0. 393
0.176
0.068
0.024
0.008
0. 000

000 -
987 .

19 .

1:1:1:

Bonfl Bonfd Kwil Zesl

822
. 284
. 595
721
324
149
a12
037
.012
.002

coooPeomMN

Bonf1
2.807
- 2228

- 1.527

0.,602
0.204
0.061
0.017 ¢

0
0
9
0
0.001
0
G
¢

0.484
3.471
0.237
0.073
0.028
0.611
0. 005
6.002
0.000
0.000

Bonf3

0,875

0. 455
215
857
016
;008

.00

~200
. 400

Bon

0.670

§.-447
0.:20%
0.050
0.012
0.003
0.000 ¢

6.1585 0.008
248 0.024
287 ©.044
1820
091 0
045 0.
.022.0.

6

0

0

eosemeo

L0312
0.004
0061

53

K20 Xw3U
0.160:0:609
0.254 0.028
0.297 0.047

0.174 €.087

0.075 0.016
0.029 0.008
0.011 0.001
0.004 9.009
0.001 0.00¢
0.000 0.008

£ Kw2l KuSy
0.162.0.009

0.259.0.025
0.90% 0.048
5.168 0.087
0.085.0. 614
0.02% 0.003.0

. 006 0.000

Hyni
155
246
287
182
081
048
022
612
004
0.091

poopaeooe

Hunt 3

0.160
0. 254
0. 297

0.i74-
0.075°

0.623
0.011

$.004 .
0.00%.

0.000

- Hunt .
6,162
0. 258

0.301
0,158
0. 065

G 086

0..004 0.000 0.602 0.0000.002
0.000 §.000 0.000 0.000
0.000 0.000 0.000 0.060 0.000

0.000

Bonfl
-2. 211

-1,
~1.
-0,
=C.
-0,
-0.
-0.
-0.
-0.

21!

162

G20
383
141
060
627
014
Go4
001

Bonf?
=g,

292

-1. 1728

: =0,

i

-

0

EEA N
-. 297
-0.

-0,
~0.
.,0.

094
630
0i¢

003.
. 000
0.

000

- Bonfd.
=&,
-1.
-0,
-G,
074
-0,
A
-0,

2832
106
923
288

0ig
304
061

. 600
0.

000

Ewil,
-0.011
=0. 041
=0, i18
=G. 120
-0. G90
~0. 638

=0. 62%

=0.014
={. 004
-0. 001

-0.
b
-0,
-0.
0.
-0
~0.
-0,
-0.

Kwil -

=0. 011

=0. 041

-0. 128
~0.124
-0.08%

=0, 030

-0, 010
=0. 003
0. 000
0. 000

Kwil
~0. 011

-0, 042
-0, 120
=0, 126
0. 074
=0, 01§
=0. 004
-0. 001
10,000 .

§. 000

3.
-0.
-0.

-0.
=0.
~0.
-0.

-0

0.
c.

Kw3L
001
. 008
087
038
cis
007
603
002
001
. goe

KwiL
001
008
038

01t
004

L0018
000
000

Kw3L

=0
~Q.
~0.

60t
008

069
003

000

031~

00t .

039 -
=0.:028
-0,
=0,
-0.
Q.
0.
0.

00f
000 -
005

N.M.C
0.00C 0.00¢
0. 001 0.003
0.0604 02.004
~0.020:0.915
=0.019 0. 011
0.003 0.008
0.016 0.008
2.:007 0..003
0.:619 0. 004
0.01Z 0.001
NM:C. sd
0.-000 0.001
00016008
0095 02001
~6. 014 0.014"
-0. 004 6.-007
6.037 0.011
0.002.0. 009
0.G15:0. 605
0.008 §.002
0.002 £.0602
NMC sd
0. 500 0..500:
0..000 0.0603 -
0. 005 0. 001
-0.009 0.0%5"
0. 005 0.0G06
0..008 0.010.
0.095 .0.007
0.004 0.004
0.002 §.003
0.000 0.000

Poo e o

]

!

]
copes

poo;uppp{:)fb.c:

M.C,
600
000
002
603

003
000
001
000
000

MC.

pepocopenoe

0a6 o.
600 0.
003 0.
.002 0.
016 ¢.
002 0.
002 0.
001 0.
. 000 9.
. 000 0.

008

4001

000

sd
600
5602 ¢
003
006
006
007
005
. 003
i
009

- Sd'
960 -

002
002
307

005 -

001 -
000

007
008 -



KSTS/RR-90/004

March 20, 1990

no. of obs.

tval
125

250
500
000
500
000
500
000

P WO OO D

tval
125
. 250
. 500
GGO
500
069
. 300
006
. 000
. 000

O LI DOBD b e O OO

10

“Exact”
1.000°

0. 998

0.974

0.772

0.487°

0.23%

0. 108"
0; 048

Exact’

1. 006

0. 958

0. 975
0: 111
g: 447
0. 202
0.078
0.027
0. 063
0. 600

16

= 4:1:1:1:1
‘Bonfi Bonf2? Kw2U Ke3U Hunt Bonf2 Kwil
2.622 0.677 0.159 5.008 0.153  ~2.303 -0, 010
"'2.252°0.452 0.259 0.02§ 0.25§ -1.734 -0.087
1.582°06.200 0.%15 0.048 0.318 -0.946 0,112
0.680 0.0430.204 0.043 0.204 -0.272 -0. 122
C00277°0.0126.095 ©.012 0.085 0,086 -0.088
0. 1170.004'0. 543 0.004 0.043 - -0.081 -0.032
“0.054-0.061 0. 020 0.001 6.020  -8.0i3 -0.013
0:026'0.068 0.910 6000 0.010 -0.008 -0.006
0,008 0.000 9.803 0.000 0.003  -~0.00Z -0. 002
“70.001 0.600 0.000 0,006 0.000 8.000 0.000
* Bonfl Bonfd Kwil “Kwdl Huni = Bonf2 -Kwil
2.612 §.668 0,164 0.008 0.164 ~~2.284 -0, 010,
2.233 0.436 0.268°0.024 0.268 ©-1,697 ~0. 038
1.538 0.17¢ 5.830 0.051 0,330 +06.878 ~0.105
0.582 0.927 5.196 0.0627 0.1%6 ~.=0.201 -0. 127
©0.191 0.004 0.074.0.004 9.074 +0.044 -0.044
0.058 0,061 §.924 0.601 0.024 ..~0.010 -0.010
0.018 0.0600 0.008 6.080 0.008 ~ ~0.00% -0. 0603
0.626 0.000 0.002 ©.066.0.002 ~06.001 -0.001
~0.001 0.000 0.0090.000 0600 0.060 0.000
0.000 0.006 0.400 0.000 0.00¢ »:0.000 9.000
Bonfi Bonf3 Kwil Kw3U Hunt - Bonf2 - Kwil.
- 2.6C7°C. 663 0.168 0.0C8 0.185 = ~2.273 =0, 010
2,222 0.427 0.273.0.025.0.278 - ~1.677 ~0.03
1.515-0. 164 0.336 0.053.0. 336  -0.843 -0. 101
0.546'0.020 G.189 0.020:C.189 -0.167 =0. 131
0.150:0.002 0,061 0.002 0.061 ~0.027 -0.027
6.0350.000 §.018 0.008 6.015.  -0.004 -0.004
0.007 0.000 ©.005 0.800 06.003 :=0.001 =6. 001
0061 0000 0,000 0.000:4.000 - 0.000-:0.000.
0,600 0.000 0.080 6.509:6. 000 20 0.000.°6. 800
G.600 0.000 0.008:0.006°0, 6000+ 0.000; 9. 000 .

Kwil
=0, 601
~0. 007
-0, 034
~0. 038
-0.013
-0. 305
~0. 002
-0. 801

0. 000
0. 060

L6000

0 :
0. 600

Kwdl,
=0. 801
-§. 607
-§. 035
=0.027
~0. 605

=0.001 -
4. 000
. =0. 602 0.
0.000 ¢
8,000 0.

K. K.C.

0.000 9.
0. 061 0.
6. 0600 ©
-0.007 §
-0. 407 0.
0,305 0.
0. 007 0.
-0.608 0
-0.005 0.
5. 003 0,

[
%—st—*os’a

6
001

QQ&)Z
%

0.096
0.004
-0.005

sd
000
002

007

007
059
¢10
008
069

909
006

sd

6.000
6. 001
0. 007
*6 062 0.
0
0
i

007

014
007
013

009

002

060

0.
-0.
1 -0,
-0.
.000.0,

-0

~0.
=0.

. 060
. g0t

. 001

. 001,

??PPPM

QPQOQO-:

MG

000 0.
000

#c1

000"

000,

MG

000
000
000
962
002
001
001
00%
601

M.C.

000 0.
008 ©
000 0.
002 0.
003 0.
.002 0
.092 0.
202 0.
401 0.

Porwose

99?999?96

sd
i1y

0. 001
gc4

008
005
003
408
00
002
a0

sd

000
001
905

007

006
003

004
004,
0oL,

ogqf—i

sd..
60
061
008, -
008
007
403
006
305
(V1) I

0.000 ¢. 0d



KSTS/RR-90/004
March 20, 1990

no. of cbs, = 1:2:3:4:5

d.f.=§
tval Exact . Bonfl Bonfd Xw2U Kw3U Must  Bonfl2 Xwll K3l NMC sd LHKC sd
0.125 6.999  2.622 0.702 0. 144 0.010 0,142 -2.834 -0.015 -0.602  5.906C O.5C1 - 0.400 0. 001
0.250 0.881 ~2.259 0.52% 0,210 0.02£ 0.204 ~1.588 -0.04% -0.015 -0. 006 0.005 -0.002 0. 003
0.500 0.92¢ “1.633 £.823 0.218 0.034 0.202~ ~1,198 ~0. 115 ~0.041 ~D. 622 0.014 ~06..005 0. 008
1.000 0.631 "0.821 C.141 0.137 0,025 0.119  ~0.347 -6.119 -0.031 -0.038 0.021 0.004 0.018
1.500 0.372 ~ 0.403 0.062 0.07¢ 0.014 5.084  ~0.252 -0.074 -0.016 -0.511 0.027 0.907 0.015
2.000 0,208  0.199°0.028 0.040 0.008 0.034 ~-0.1i9 -0.043 -0.008  0.920 0.618 ©.004 (.016
9.500 0,116 0,102 0.013 0.022 0.004 0.018 -0.059 ~0.024 -0.605 0.026 0.008 0.001 C. 005
3,000 0.066  0.054 0.004 0.012 0.001 0.010  ~0.031 -0.014 -0.004 0032 8.507 0.000 0.003
4.000 0.023  0.018 ©0.003 0.004 0.005 0.603- =0.010 -0.008 0.600  0.033 £.008 0.600 0.051
6.000 0.004 0.063 0.0C10.001 0.061 0.001 -0.002 -0.0061 0.000 - 0.024 0.0565 0.060 0.000
d.f.= 10
tvat Bract) onfl ‘Bonfs Kw2i Kedy Hunt Bonfl KwiL KwSL NMC sd LMC sd
0.125°0.999°72.613 0693 0.149 0,010 0.147 -2.915 -0.015 -0.002  0.000 0.001 0.000 0.001  °
6. ‘982 2,238 0.507.0.218 £.025 0.211° ~=1.803 ~0.051 -0.613 -0.003 2.003 -0.0030.003
0. 17589 °0.307 0. 221 0.036 0.204° <1:147 -0.123 -0, 043 -0.018 0.015 -0.006 0.007
L 0.750°0.124 ©.181 0.924 0.112° ~0.488 ~0.117 ~0.029 -0. 13 0.020 0.005 €. 018
L 0325 0.047 6.085 0,015 0.055  ~0:104 -0.087-0.014  0.008 0.025  0.009°0.017
2. ©00,182°6.017 0,028 D.006 ©.024  -0.078 -0.034.-0.006  0.020 0.013 0.003 0.009
2. 0. 05270, 006 0.012 0,008 0.010 -0.027 -0.016°-0.002 0,620 0.008 0.000 0.004
3. 0,521 9.001 0,005 6.001 0.064 -0.010 -0.007 -0.002 0.821 0.008 -0.001 0.002
“6:008 0.000 0,602 0.000 0,061 =6.002 -0.062 £.000 0,017 0.00% ~0.001-0. 001
0.609 0.000 0.000 0,008 6:960  ©.000 0.000 C.000 G.008 0.003 0.000 0.600
d.f.= 20
tval Exact ~ Bonfl Bonf$ Kw2U KwSU Hunt  BonfZ Kwll XeSL NHC sd LMKC sd
0.128 0;?99"'21608 0.688°0:151 0.010 0.14¢ -2.305 -C.015 -0.002  0.G00 0.001 0.000 €.001
0.250 0,993 ~2.2280.498 £.921 0,026 0.214° ~1.785 -G.051 ~0.018 ~0.002 0.004-~0. 008 0.003
0.500°0.924 - 1,566 0.299 0.223 0.037 0.205 ~1.121 -0.127 <0.045 0. 012 0.010 ~0.006 0.008
1.000°0.604 ~C.71%3 0.116 0.127 6,024 0108 -0.459 -0.%1T -0.028 -0.002 0.020 0.006 0.020
1.500 0.311 0286 0.039 0.06C 0.612 6.050 -0.166 -0.064 -0.012 0.012 0.018 0.011 0.017
2.060 0.137  0.161 0.012 0.024 ¢.00% 0.019 -0.083 -0.0%0 +0.005 0.01% 9,012 0.002 0.008
2.500 0.053 0,032 §.008 0.008 0,002 0.007 ~0.015 -0.912 £0.002 - .010 0.008 -0.001 0. 004
3.000 0.018 ~ 0.00% 0.000 0.3C3 O, 000 0,002 -0.004 0004 <0.001  ¢.015 0,005 -0.001 0.002
4.000-0.002  0.001°0.606 0. 000 0.000 8,000 ~ 0.006 0.000 0.000 0.002 6.003 0.000 0.061
§.0CC 9.000  0.0000.000°0.000 0.000 0000  0.000 0.000 0.000 0.0016.001 0.000 0.0600

11



KSTS/RR-90/004

March 20, 1990

no. of obs. :

tval
125
250
500
000
500
000
500
0600

LD DO e OO D

>~
<
<
S

Exact

1.00C ..
0.997.
0.968
0.1760

$. 485
0.281

0.159 -

0.091
) 0.032
0. 006

10

Exact
1. 000
0.998

0: 971
0: 187

0. 452

0,227

0. 104
0.048
0.00¢

0. 001.

0.003
6. 0000, 006"

- 2.612 0.870

ook

5:4:3:2:1

Benf: Bonf3 Xw2U Kw3U FHuni

2.622 0.679 0.188 0,008 0,158
2.258 9.457:0.256 0.024 0.254
1.585 §.209 0.311 C.047 0.385°
0.6598 0.050 0.1%¢ 0.042 0,191

0.290 0.018 0.028 0.015 2,083
0.127 0.:G05 0.044 0.005 0.041
0:059 .0.002 0.021-0.002°0.019
0.02$ 6.001 0,611 0.501-0.010
0.609 0.001 C.008 0.001 6.008
0.801.9.060 9.001.6.000 0. 000

Bonfi Bon#3. Kw2l« Kw3U Bunt
0. 16% 0. 008 0. 162
2.283 0.440 0.28% ©. 024 0. 253
1.-641 0.185 0.322: 0,050 0. 816

“0.507 0.684 €.151 6.034 0,182

0.206.0.007 0.975 0.007 ¢:088
0.087.0.001 0.026.0.001 ¢.028
©0.022 0.000 9.009 0.000°0, 008
0.087 0.000 0,608 3,008 £.002
0.001 ©.000 5.000 0.000 £.0%0
0.¢00 0.000 0.000 0.600 0.080

Bonfi Bonfd /Xw2U Ke3U -Hunt
2.607 0.868 9. 165.0.008 0.155
2.228 0.482 ©.2630.025 0.268
1.518 0. 178 6.327°0. 052 0. 322

0 :0.581 0. 027 6. 185G, 027 0.475
0. 166 0.004 0.068 0. 004 0,638
0,043 61000 6. 017 8: 680 0.015

10: 0. 000 6. 054 6. 000 ¢, 008
002 0: 000 0.0601 8.000 G.001
0. 006 0. 9006°6. 000 ©.000

0. 00
08. 0. 000 0. 000" 6. 000 0.000

o
OQ

" Bon?Z

- 0.000

Bonfi
-2. 305 -06. 010
-1. 741 ~G. 038
-0.984 0. 116

~0.295 -C. 131

-0. 100 ~C. 08
-0.032.-0.038

0,817 0. 617
0,008 ~0. 008
L =0.002°=0. 002
©6.000

6. 000

~2. 285 =0, ¢19
~1. 704 ~0: 039
-0.898 =0: 109

-6. 225 -0 125

~0.056 -0, 056
~0.015 =0, 015
~0. 004 =0, 004
-0, 001 ~§. 008
0,000

0.60C 0.00C

BonfZ  Kwil
~2.217 -0.010
~1. 684 -0.0389

-9, §84 0. 106 -0

0,142 0. 129
-0.089 0. 035
0. 008 0. 602
~6. 092 ~0. 002

0.000 0,000
8. 000

0.000 0.000

12

R

Ke2l

6,000

~0. 085
-0. 038
~0.-014
~0. 008

~0.003

0.000

6. 600

‘KwsL
-0..001
-0. 607
. 035
-0.028

~0. 607

~0. 002

-0.001

0. 060

0.000.
0.660

Kudh
-0, 601
-0.007 -

'

cPoepeeRoo e
3 3 .

FeeesReee s

preroooooo;

coowe

IR
. 001

61
002

010 -

008
008
207
206

003"

sd
. 001

(U1}

003. -

912

8. 009
0.011
2. 008
01 0.903
0. 009

PooOcoRL O o .

99990?9%‘

e
000
001

001
001
008
003

. 000
.60

001

. 009

MG

000
061

.001
002

008

003:
002

001

. 0G0
. 000

eeepoces

sd

001
002
603 -

001
001
002
0. 001
6. 600

sd

6. 004
0.008
0. 006
0.005

0.001. .

0.003

0.003..
0. 001

0. 000

Csd

0.000

0. 001

0,003

0.008
0. 607

0.005

0. 001
0. 000

g0, -

004.. .

6.001

0.002

0.003. .



KSTS/RR-90/004

March 20, 1990

=
(3 =t
el
en

1=
P=
=3

d.f.=

tval
128
250
500
000
500
090

000
006
000

bl ol el S

d.f.=

tval
128
250
500
000
500
000
500
0060
. 600
. 000

o o

&

O e 20 0o S b

Exaet |
1006

1. 050

-0. 988
0.814

G. 537
G.319

0, 183. -
0. 106 .
0.038:

0. 607
10

Exact
1. 000

1,000, .

0. 989
0.818
. 807
. 263

. 056

NUES
L 001,

Exact
1,000
1.000

0. 990

0.819
0. 488
0.228
0. 092
0.083
0,004

6..600

3
2
I
[

RN
0
0
0
0.

0

0

0.124

0

0

0

0.
0.
R
G.
6.

9
0.1
6.0
0.0
0.8
0.0

cidizizizl

Bonfi Bonf$ EKw2l -Xw3U Hunt
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