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Uncertainty relations in simultanecus messurements for

srbitrary observablies

Skire ISHIKAWA

Department of Mathematics, Keio University

ABSTRACT

We consider the simzultancous measurement for arbitrary
observables and show ite existence thecrem and uncerizinty rels-

tions.

L. Introduction.

o 0. n

L the measuremen? of the position ¢ of a particle and the measurement of

=4

the momentum g of & particle with the same state, the following uncertainty rele-
tion holds:

Lg-Ap>hf2 ' @
where # is " Plank’s constant/2a" and Ag and Ap sre respectively the errors in
determining the particle position ¢ and the momentum p.

2 P
Cn the other harnd, in the simultaneous measurement of the position ¢ and
4 q
the momentum p of & particle, the following simultensous uncertainty relstion
holds:

Ag-bp>h. - (@)
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A particular but ver} :npcrtan simultaneous measurement of 3 pau’ of con-

Jugate obcewables was m.,: d1 cu ==ed in [2} where a mui»aneous uncertainty
relation {2) in the messurement was derived. For the precise arguments of the
simultaneaus measurement, aiso, see [10]. Also, & certaln simultaneous measure-
ment for a pair of nom-conjugate observabies and its simaultaneous QZ)’CETt&iﬁty
relation ware studied iz (31}, In shis paper, we shall give mathematical founde~
ticns to & simultarsous weasurements and show the existence theorem of s simul-
taneous raeasuremment of srbitrary chservables. And we shall lasily derive, from

the mathematical deduction, ordinary and simultaneous uncertainty relations.

2. Praliminaries.

In order to exhibit our purpose in this paper, we shail consider, according to
Holevo's book {[8], p122), a cartain simultaneous messurement of the position ¢
and the womensem g of & partiele A in one dimensional real fine R, which has a
state function «(z) (ELAR), Hull opy=1). If this simultaneous teasurement is

proper, we must get the following average results;

(3)

after the messurement. Sigce $he position ovnservable z and the momentum

5 Ve o .
observable -%24» are not commutetive, any simuitaneous measurement ( in the

sense of 7] ) for the position and the momentum of a particle A can pot be real-

ized in the LYR) . So we prepare another particle B with the state function uy(z)

e 1

such that (;;{z!ue(;)lﬂdz = [ T )[u&;uq\z)jdz =0, for example, wuy{z)=— o )1;4*
2

exp(——;g). And we regard these two particles 4 and B a5 a “particle” € in two

dimensional space R? -with the state function w(z)uly) (€L¥R?),
lu(z)uo(y)il qpe=1). Since the observables (z—y) and { 7?” +=-=-m) in LAR? are

commutative, the simultameous measurement ( in the semse of [7] ) of the
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L¥R?). Mcreover, we can easily calculate these expectations as follows;

J LB @929 u(#)uoly)ldady=[ alu(z) Pea S
and |
[t e ey f A e -

F or the reason ths} the equalities (4)=g 2ad {8)=p in (3) hold, it is possible tc
consider uhat the simultaneous measurement of the position g and the momenmm

p of the particle A can be realized.

Also, the ervors Aq and Ap in this simulianeous measuremeny of the posrtxon

¢ and the mcmentum p of the particle A are given respectively by

Bl L a=p)ue)uol i) sy [ L T =) s()ecllldady PR ()
~[;;!zu .,t)lgdx-!j;‘xlﬁ(z )%z i? ~+);!ywo(y‘ 2dy)1/?
and
Ap—[_&l&ﬂu )sz U;R (= )[sfmu(,,)]d’iz ‘HT ;.;‘&',uo\y);zdyll/z (7)

rIence, we can get, by the arithmetic-geometric mean inequality and the well-

known uncertainty priaciple, the following simultansous uncertainty relation
Aq'Ap\Z[J;Iz-z(x) izds_l'&z’iﬁ(x‘lzd*lz]lfl“-[ &‘3’”0 y)i‘z‘dy]l/4
[f | u(z Vi2dz— I_&u(x[ 1.4(:1:)‘!13.'!'2]“‘/4 j;l uo{y) Py 4>h. (8)

For further argments about this simultaneous mea:,ur\.ment, see [6].

Motivated by this example, we shall consider the following two problems in

this paper:

Problem 1. Does these exist a simulianeouvs measurement for a patr of arbi-

trary observables 4, and A2 ¢

observables (z—y) and (%nq.-;%) of the “particle” C can be realized simply in the
e e e e e e 30T — AT SR ) Al —
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Preblew 2. Docs the following esmuliancous sncerteinty relation Sold

Lg Ap>h

Jor eny simullancous measurement of the pos siton ¢ and the momentum p ( there
is ¢ possibilily that sther precise simulicneous measurements gxist ) 9

In order $o snswer these problems, we shall prepare the following definitions

Definitlon 1. Lei H be ¢ Hilbart spece with the suncr product (-, )y ( or
simply (-, )). A iripiet (2B,F) 18 called 6 posiitue opereior valued probabiiity
space in H, if 1t satisfies the following conditions:
(i) (2,B) 15 & messurable spsce,
(i) F e rra,)zv ng from B o B(F), @ space of bounded lineer cperalors on H,
such thet

2) B(E) is 4 posttive aparmar on H for any BEB and partscelarly B()=0 ,

o~

E(i==l |, whers 0 ond I re respeciively o O-operater and an ideniily opere-
tor on H,

B(B;) hoids

ibs

(b} for any countable decomposition {B} 7., of BEB, E(B)=

where the series 16 wealkly convergent.

Positive operator valued prebability spaces were intrcduced into quantum

1

mechanics by Davies and Lewis [3]. A particular but very importent class of posi-

c

tive operator valued probzbility speces is that of orthogomel positive operator

valued probability spaces, that is, they satisfy the additional requirement
E(Bl)'E(.ﬁz)ﬂﬂ for B, erg’zg‘ (9)

Note that, for any state u {(s.c. wEH, Buliz=1), (28,(«,E(-}u} ) is an ordinary pro-

bability spacs. Also, for any u, v €, (2,B,(v,B(-}v} ) is 2 signed measure space

“

since (v,E{(B)u) = i— { {otu, B(BY(v+u)) =~ (v—u,E(BY v~—u)) — i(o-+iu, E(B)(v+iu)) -+

{{v—iv, BE(B)(v—iu)) }.
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“ezrrﬁ on 2 f e_;’mrteb LY (J?ER E,,, (cr (.OB E, j~=(f,, ,f;.,), 15 callcw a

me suvcment (mr ot measu*emcm} tf (2,8,E) is o postitve operaior valued pmaab*l«
ity space end f:f0-=R" {5 2 measurable mapping

Now, we postulate the following probabilistic interpretation of quantum

mechanics: when we fake an n-m ms::r«vme:nﬁ M=a{ZBE, f={f,....f.) on a system
whose stsic fo w (ic. v&H Yul=1) befors the m casurement, the srobebility that the

~

vaise N (={3;,.. M JER™) ebiained in the megsurement M belengs io o Borel set @

{CR") 15 given by (v, B FH G,

Hence the average result ¥ (=(¥},... X, )ER") is equal to the expectaticn value

W)= oo B a0y L[N B, . | ffole, Edwy  (10)
if it exists. Put
AM{v)e=] 1 f{w) =Ry, E{dw)u)/?
= Ly P, B{dwyuy-1 ] 1, AN Bldw)u)i2 12 (4= p). (11)
The value 4AM(x); is called the i-th error { or i~th uncertainty ) of M in the state

x.

Definition 8, Let H be ¢ Hilberi spece. And let {(A,,..,A,) be an n-tuple of
eclj‘-adjoz'nt opcrators - ie. physical guanisiies or observabies ) on H. Let
‘;;L)\F,-(dk) be the‘o.*thog'anaé' ciral representation of A; (i=,. wn). Let G be a
subset of RY = {o&R:ia=0} and let ¥ be o subspace of {veH: j;i!k !(u,ff‘;(dx)u)<oo }
Jor eack 1=1,2,.. n. An n-measurament {Q,B,E,f#fl,...,fn)) iz ealled o (@, )~

simultancous measurement for (A Ay, if it satisfies the Jellowing conditions :

(i) ( mement conditions )

{ucH: &!M (o, 7y d:«,u)<w} {ucH: [ '(w)i"'(z. E(dw)u)<es } (12)
(0€@, :-1 )
and
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’u) (avcmaz zaiuc cond:twns)

};E);(u,}?’,-{d%)u)-':f ik xe, E{dw)e) (K, i=132,..,%). (13)

In particular, a (G K))-cimulioneous measuremens is called ¢ strongly stmullenecous

ey
messurement when G=1{=={12,..}) snd X o= {u€£"i':$;|}‘-.i(u,F,—(dX)u)*{’co} (f==1,...,5).

Aise, it is cvalled a weakly simultancous mecsurement when G { & s an empty

set ) and K, D(A,) where D(A) is o domain of A. In the special caos of n=i, ¢

<.
’:e-
o
€
o
Q
&
&
129
@
-~
©
N
-
‘-—/
a
€
<y
e
<5
2
3
©
3
L

i-measurement (3,B,F, f1) satisfying (12) and (189
of A;.

Note that, for any sn-tuple of commutstive cbservables (Ay,...,.4,), there
exists 2 unique commeﬁ spectral representation { i.e., orthogonal stmultancous
messurement on B} M =~ BRYBE, fn,. 0=, 0,)) with E(dx,,...,d),) =
FyldM)Fqdx,) - - - F{d),), whick is 2ot only » sirengly simultaneous meassurement
for (AE,‘..,A?";} but also a simnitaneous messurement in the seuse of I7], i.e.,‘Fs-(d.‘»\;)
= BRX - XRXIANKRX - - - XR). The problem of the orthogonal simultaneous
measurements for commutative observables is studied precizely in [7]. On the
other hand, the physical interpretation of a simuliancous measurement for non-
commutative observables is based on the following proposition.

Proposition 1 (Helevo [5]}. Let B be ¢ Hilberi sp pace, and let (2B,E) be a
resitive operator valwd probability “;?&Sa i H. Then theve exist ¢ Filbert space
R, an element s, (Usylig m;) in R and an ortﬂogor’m postiive operaior valued proba-
bility spsce (2B.E) in ihe tensor Hilbert spece HQR with the samer product

» Jugr ( or simply (- }) cuch that
(@ E(B)u)s@o0, B(BYu@0o)ygr  (vEH, BEB). (14)
The iriplet (R,E‘,se) is called a realszation of (02,8,5)
Conversely, any orihogonal positive operator valued probability space (2,8,E) in

H@R and s,&R give rise o the unigue posiiive opcrator valued probebility space
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(2B,E) in H satisfying (14).
For any messurement M= (2,B.8, fo= {1,..., [u))y We can see, by the realiza-
tion (R,E,s,), that
BAw)= [ flwile, E{deuye f [{w)e®eg, 8 Eléw) {uG@sg)), {15}
which implies that the measorement ¥ cen be realized in the suitable extended
Hilbert space H@R, thai is, the messurement M can be interpreted to be an
orthogonal simuitencous meﬁsuremént {i.e., simulteneous messurement in the
sense of {7] } for the commutative observables A; (= nf;\w!f dw)) (i=1,2,...,n) of
the state u@®s, in the Hilbert space H®R. Therefore, the above proposition
assures the possibility of the reslization of the miessurement M=

(ﬁ:B’Es f:g(fﬁr": fn)) .

3. Dxistence theorenas

In this section, we shall prove the existence theorem of the simultancous
measurement for arbitrary self-adjoiat operators on &, which includes an answer
to the problem 1.

Theorem 1. Let Ay,...,A, be any self-adjoint operators on a Hilbert space 4.
Then, there exists a sérongly simullancous measurement M = {QBE, J={f1,- 1)
of (Ao hy)-

Proof. * Let _[QXF, dk‘ be fhe orthogonal spestral representation of A;
{(#=0,1,...,n), where 4, iz & O-operaior on K. Let & be the Hilbert space which zop-

sists of the direct sum of n copies of K. That i 15, = {(zq,...,7,) : 7,€H, a':z-l,...,n}

with norm Kay,..,z )i = (‘)“hz: )2, Let H; (i=1,..,n) be the subspace of & for

which z;=0 {js). Deﬁ*‘ﬁ Fel—B, (i=1,... ,n) such that Fiz=ndz €H, (z€D(4,)

CH;), =0 (z€H, orthcgonal complement of H;), which are clearly commutative
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self—ad_yomt operators w1th tho arthogonal spectral representatnons T, = J;lx!"(atx)

where F{d)\)z=F{d\/n)z EK; (z€H}), =Fold\/ajz (=Fy(d)\)z) EH; (z€H; (j#)).
Let P:H—~H be a projection on H(==H,). Define a unitary operater U on H such

that Uzr={z/V'n,...,2/Vn} for ary 2GH(=H,). Now, we can essily see that

PU (3,0, 91/ @W, 0)={1/Vn ‘m (O ) (18)

-]

. because (z PJ\JX) 7»%:))51’ = {va{yl:"'lyvl ‘)H ue y#(z/v—iik)}{ = (z /v—] )_1 yk)H for

all 2€H(=H,). Since F{d>) (i=l,...,n) are commutative orthogonal speciral meas-

ure on R, we can define the orthogonal speciral meesure E(dx; « - - dx,) on R

- such that

. (‘Z)‘l d"u) Uor i(dki) n(d)‘n)U - (17)
Dehne EB o—+B(H) { where B, is a mxmly of Borel sets in R" ) such that E(B)z =

PE(B)z for all BEB, sxd "'CH
Now, ‘we shall show that the n-messurement M == (Q,B,E', J=([1,0 f)) =
R"B,E, f=(\1,....7,)} is & strongly simultaneous measurement for (A4,,...,4,). We

see by (16) that, for any s€H(=:H,),

E(dy - d)e=PE(d); - - - _.Aﬂ)meUﬁFi(f'Al) Fo(dx,)Ux
=PUF\(dN) - - - F{d\Y2/V7,....2/ V7))
= LFod/m) Pl Ducs/ I/ Dryafn) - Fo o fol)s. (18)

A]SO, since JrR.D‘l'i0<“1F0(d>‘l) e Fo(d)\b,_l)Fk(d)\k)Fo(ti)\H_l) s Fo(dxn)ﬁ> L=
J N F{d\u) (k==i), =0 (ksi), we see by(18) that, for eny v€H, «€N and
=], m, ’
L I F (dx)u} g ,{% 1%, Fo(dny) - - FFodh )P AT dhepn) - - - Foldr,)u)
fgjgv”‘* /1% (@, o(dN/n) - - 'A-FO(dkal/n)Fk(-‘ixk/")Fﬂ(d)‘k+l/") © o Fodh,/n)e)

=ale L NI, B, - - dhg)u)
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=t 1 1), B ) e (18)
This implies that M satisfies (12} for G=N. Also, we can easily see that it also

sstisfies (12), because

EMu,FdN)y)

n - .
2’;’_4‘ Jpafhi/wXu Fo(dhyfn) - - - Fo(dhgy/n)Fildag/n)Fo(dhy,, /n) - - - Fo(dr,/n)e)
pom ] .

N

=] f{ ), E(dw)u) , : Za ' (20
for any i=1,2,..,» and any ¥ such that j;ziki(u,F,-(d)\)u)<co.‘ Hence, the proof is

ccmpleted.

Remark 1. We shall rﬁeﬁtidn some remcarks in connection with Theorem 1.
(i) tis clesr that the moment condition {18) holds for all a€R*. Hence, there
exists .a  (R* {zcH: _&IA i(u,Fi{d))u)<oo}}-simultaneous measurement for any
(Agyerrsdy)- B
(ii). From (19) and (20), we can easily calculaie the -th error of M in the state v,
that is,
AM ()] j;ilf,{w)i’(u,E(dw)‘u)—llj;) J{e)u,B{dwyu)i?)t/e

=[ 5 [ Nu, Fy{dw)uy-! JMu Fdwyu)i2 |12

= alldulPi(y, 4;u)i2 |12 (21)
for any v€D(4;) (=1,...,n). k ' '
(iii). Let (4,,...,4,) be an n«tuple of self-adjoint cperators on H. Let {AL}na be
any  sequence of self-adjoint operators on H and let M, =
(2, B,By, f{ f1, 1R, /2. 15) be a strongly §:imult&nedus measurement for
(A Ay, AL) a3 defined in tﬁe vroof of Theorem 1 for each & (k=>n). Put Mp =
(QBLE,, f<{ 1}, [}, 1D). Théni.it is clear that M is a strongly simultaneous

measurement of (4,,...,4,) for each k=n,n41,n+2,.... ~Also, we see from (21) that

AM(u)={ FlAulP~u, A2 172 weD(4,), i=l,..n. (22)
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Hence, we can conclude that there exist mﬁmtely many strong\y snmultaneous

mea.)urements M,, (k::n n-H. va+2 ) of (Al, ,,) in general a.nd if k<1 then M,,

is more precise than M} since AMJ{u); < dMJ(x); (i=1,...,n).

4. Uncertainty reiations.

In this section, we shall discuss the uncerteinty relations in the quantum

measurement.

Lemrmsa 1. Let A; and A, be any symmelric operalors on a Hilbert space H.

Then, it holds that

{Mlmﬁm@ Agu)F)- [Mzuliz-!(u Aﬁa)ﬁ}>=— WA 8,Asu)~{A g8, Ay (33)
fcr all v&D(4, ﬁD{Ag)

Prooi‘ Theugh this lemmas is well-known, we give the proof for ﬂonnpk«zte'=
pess. We see by Schwarz inequality that, for any 4€D(AND(A,),
[MA  ulP =Y, A u)i?]- (14 pu1P—1{u, 4 yu)l?)
=l A ~{u, A u)julP- WA y{(v,A 50 )uif

2 A (s Ay As—(n Agu)u)®
2 Im{{(A (A, ), (A (v, 4 u)u)}

- |((A la(u,Alix)}u,(A {15, A guluy~{(A g—(z,A2u))u, (A ~(u,A  u))u)?
= Ay Agu)~ Ay A, (24)
Where Im{z} is an 1xnagmary part of a comp]ex number z. This; completes the
proofi. |
 Lemma 2. Let A be any self-adjosnt opemto} on a Hilbert space. H. Let K

be o dense subspace of D(A) end lei_(ﬂ,B,E,g) be a {5, K)-measurement for A.
Then, it follows that k ‘ ‘

(v fng(w}(v,E(dw)u) : - (25)
for all ueKﬂ{uer 9(w) 1*(u, E( dw,u)<oo} and all veH.
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Proof Let u be any ﬁxed e]emenf in K n {uEH f tg(w)i¥(e, E(dw)uy<eo}.

We can see »ha‘h for any vE K

(v,Au}=~‘1;{(0+u,A(v+u))—-{v—u,/i(u-u))-£(v+:'u,A(v+a't¢))+{(v-—z'u,A(v—iu))}
=] slepe Bl da) o ) (o E(2ulfo—v)
-wi‘f;g(w}/v-%iu E(dw)v +u)\+zj Fw)(v--sa, B dw‘(v—w\);
=-.%§-f” F{w){{o+u, B{dw)(v-+u}) »(v-n,ﬁ(gw,\(v-u})
—i{v-iu, E{dw) v--du )y +i{v—iv, B(dw) v—its))}

= pg(w)(v,E(dw)u). . (28)
Also, using Proposition 1, we obtain that, for any v€H,

i f ng(w\(v E(dw)s)l=|] a(fo)(v@so,E(dw}(u@}so)}l-"i(v®qu(u@se»l
M (e@spill; -Hiolly, @
where A= fﬂg( w)E(-dw). "Since X is dense, we sge,y from (28) snd (27), that

: _ {v; Au}njpg w)(v, E’dw)u\ o (28)
for all veH. This completes the- proof :

Lemma 3. (1). Let 4, and A, be any sclf-adjoint operators on a Hilbert
space H such that ‘D(Al}ﬁl)v(/lz) is a densz subspace in H. As sume that
(2B,E, 711, f2) 16 any weakly ssmulisneous measurement of (A,,4,) end (R,E,s0)
is a realization of (.G,B,E). And put A =] f3(w)E(dw) and Ay JW)E(dw).

Then the following equalities hold:
S 7 ) B dw)u)
={A{u®s,).A (£®s,)) ' (29)
A A A A @D @) (A -4 @Nu®e)) (5, 6(1.2))
Jor all 5€D(AJD(Ay) ﬁ{ué:,d Jni f,-(w)lz(u E(dwu)<oo (i=1,2)},
(u) Let A be any self-adjoint opcmtm on a Hilbert spacc H and let K be any
. .dense subspacc of D(A). Let (0B.E, f) be any (g K) -measurement of A. Then the

followsng mcqua ity holds
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jlf(w)lz(’u E’dw)u‘)>Muil2 - o (30)

~ for all uGK {]{aeﬂ lf(w; lz(u E(dw)u)<co1
Proof. Let 4 be any element in D{A)ND(Ag)
M{veH: [, f(.u %y, B(dw)uy<oo (=1,2)}.

Then, we see that

f Fiw) S {w)u,E{dw)u)
=/ f‘(w) I u;(u@so,ﬂl dw}{t®sp)).
=/, f(@ﬂﬂ'“)(ﬂ@%;. [ J AW)E(dw)(v@so))
-—(A u@®s, ), A \u®s,)) { then, (29) fellowe )
—<\A _A@I}’“Q?sa/TA;ﬁ@so»(A b ,®D(J®%)+A u@sg)
H{(A—A QI u®s,)(4 =4 QTN u@s ) H{Ai—A RN u®s,),A u®so)
+(A t.®sg,(A —A J®]}{u®s NrHAu@s0,A u®sg)
&*{(ﬁ,‘“ﬁ.@f)(u.@v,),m A RN 6Rs,) )-I-‘A‘-(u®so),.4 Fu@sgy~(Au,A ju)
+(A§u®so,z§ ﬂu@s,})—«(f&,}ﬁ,/{ 7Y A, A ju)
A AR 6@s,), (A A BN 5@e,))- (43,4 1)
+of AN Bldwapt [ [{WKE(dw),A ju)
=i, A S A AR50, (A ;-4 QN4 ®e,))  (by Lemma 2). (31)

Henee, the proof of (i) is completed. Also, the proof of (ii) is carried out just in a
similar way, that is, we caa essily see that fﬂ! f(w)|2<u,E(dw)u) ==

WA 1B A ~A R s®s )i > BAulf for all uek ﬁ{ueH:JLU'(w) li(u,E(dw)u)<oo}.

Now we can show the ordinary ard the simultaneous uncertainty relations.
Theorem 2. Let Al and A, be any self-adjoint operators on a Hilbert space
H suéh_. that D(A;)ND{Ay) ts o dense subspace tn H. Then, jfor any
(@,D(Al)hB(AZ))—measuremcnt M, == v {(,B..E,f) of Ay and any
 (@DAIND(A)-measurement My = (2By,By, 13) of Ay, the following inequality
holds: R | ‘
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bS]

(M)A ()2 (A A A A )
Jor all w€D(AP{4,)-

A3

=

Proof. Putting K=D{4;)\D(As), A=4A; 2nd fe=f; in the part of (iij of
 Lemma 3, we see thai, for any w€D(A MDA M{eeH: 1/ {w) 2, Efdw)u)< oo},
A (w)y={ [, W) i¥u, Efdwju)y-L Flw) (s, B4 dwju)i?}He
>[04 uIP =Y, Au)2 (£1,2). (33)
Also, note that (53) holds for all *€D(A)MD(4,) though the left hand side of (33)
may be infinite for some u. Herce, by Lemma 1, we can easily obtain (32). This

completes the proof.

Note that, if M; is & weakly sirnultaneous measurement for A;, then it is also

a (@, D{A,)D{A,))simultareous mea;urement for A;. -

Now, we bave the followiang inain theqrem which includes an answer to the
problem 2 25 tﬁe special case. V

Theorem 3. Let Ay and A, be any self-cdjoni operaiors on o Hilbert spece
H such that D(4,)D(A,) ts a desse subsp‘am' sn H. Then, for any weakly simul-
tanecous measuremeni Me= (11,B,E; f={f1,f2)) of (A1, Ag), the following inegualiiy
holds:

'(AM(.u)l)-(AM(a)é)z A u,Aqu)~Agu, A u) (34)

for ali w€D(A)MD(A,)-

Proof. Let (B,%,s,) be.a realization of the positive operator valued probabil—
ity space (2,8,£). Put 4;= jn / l(w)ﬁf(dw) and Ag= I fo{w)E(dw).
Let u be sny element in D{4,)MN4,) N{x€H: jnl f;(w)lz(u,E(dw)u)<§o'(i~——1,2)},
We see, by the part (i) of Lemraz 3 for i=1 and j=2, that

(A Ay @ (®s0) (A AN ®e,)
= i) [, E(ee)
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=(Agu, Ax“H(Ao“Ag®f)(u®s.) (M“M@«J(“@%)) T )

~from whach we get that

(A=A, @I 4@, Ay—A DI 4G, ))
= h {4 @5 ®0, ) (A A DN 5Ds, )

i Fay LA . 3% 1. ‘ an
";'{{A 2""“; ;@)!}(L‘@&‘.),(A A 263)1){1“@39)/}”'??(”1 1% y~42uHA2w,A1ﬂ>}- (JO)

M

Since the 2bove {{.»+{.}} is real and {({. {3 is imaginery, we see by Schwars ine-

quality that
1 . "
Y A 15, AguY—~Aqu, A )< A A 1@17)(!"@%;:#1 2~A R u®s,))!
WA A, RN u®s, A=A RN u®s ). (37)

Auso, we obtain, by the part (i) of Lemma 3 for s={ and j={ and the arithmetic-

geomptnc mean inequality, thai, for any w€D(4;) M D(4,) M {wel

f lj',(w}lz/u E{dwjz)=zeo (t- 1,)},

1 1) ¥, E(dw)u}—l £ {9X B dw)u =4, ul!2+ll(A,-=A RN 5 @sg)P—Hu, A\
2O(MA P, AW YA~ A@N e Qsg)h (1=21,2). (38)
From (37), (38) 2nd Lemma 1, we see that
(AW (), ) (AMEu 2)>'(A1u Agu)y~{Agu,A ull (29)
for all uw € DA ND{A,) el LI f{w)P(u,Bldwju)y<oo (i=1,2)}. Note that, i
(—_: DANP(Ay) and 4M(u); = 0 for some i, then the -equality
WA v, Aguy~{A,u,A )l =0 holds because 0 ={AM(s),)? 2K A~(x,4;4)ul? by (20) .
Therefore, (34) holds for all v&€D(4,)\D(4,) in the sense of oo-co=wo and co-0
=0-c0 =0 though the left hand bside of (34) mey be infinite for some

wED{A ) P(A)- Henee, the proof is completed.

. In the following corcliary of Theorems 2 and 3, we give the mathematical
formulation of the uncertainty rnlamons in the ordinary and simultaneous meas-

uremerts of the posu‘,:on q and the momentum p of a particle.
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Corollary &. Let H be ¢ Bilbert space. Lel (P,Q) be 2 cenont uol comngate
pair on H. Ther X the ’!qun; une eréa inty relations hold:
) (ordinary uncsriatnty relaiion }
For any (@250 P(Q)-m roment  Dpedilp,Bp, 8 5y of P avd any

(03, D(P)D{Q))-measurement Mo=lilg B

o=diig,} oEqfg) ef @, tke jellowing inegusitly
holds
by, bp,2Bf2 {40)
for il weD{PyMD(Q) {lull=1), where

zdh’i;{u)i_[f ’fn(»d‘l 2{:.& Fp(db”%)" ]j j{ QJ)(U f'p\u’f:‘d % \ig]"/‘
and

Agu=£‘MQ(u)1~u-[f ! ’Qtw\iz(u Eg(dw) u)-~h "Q w}(u,EQ{éw}ﬁﬁZ]l/z.
(i) { sinuliens azs»umcrmmt.y relatson )

For ang weakiy simultancous measurement M={{1BE, f={ jp
L J B Q

Y of {P,Q), the fol-
lewing snegualily holds:

Lgy, Ap2h

(43)
for ali weD(F)D(Q) (lul=1), where

Ay =41 &(u)p&ﬂ{cﬁ)!f;ﬁ'! “’/,, E(dw}.u%:lj;}fp(w}(u,}?(dw)u)ﬁ]3."-'2 (44)
and ‘

Agq,=AM{m)g={ [ 1 Jo(w)}*x E(dw) uy—t [ p(w)(u, E{duw)udi?] 2, (48)

This proof immediately follows from Theorems 2, 3 and the fact that

{Pu, Quy—{Qu, Puli=£ for 2ll v& D(P)ﬁD( (Huli==1)

Remm’k 2. The above inequalities (40) and (43) are both best possible. ¥

or

{40), see [7]. Aleo, we can eauny see by (21} for a=2 that Ag, 4p, = 2IPuil-iQui=A

if we take a state u€H such thal (v,Qu) = (v,Pu) =0 and WPyl I:Quli =fi/2. Henes,
the inequality {43) is also best possible.
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