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2. Godunov's method. Godnunov's [1], [2] method for integrating a
hyperbolic systems of conservation laws

(1) U,+[/(U)], =0
is a scheme in conservation form:

@ - YA+ {FUl &) - Fluy_, u)) Ax =0
here U/ represents the average value at time t" = nat in the
computational zone centered on X/ = [8X | The numerical flux-
function Fel/s Y.} in the Godunov scheme is taken to be flux value
arising at %).u2 in the exact solution of the initial-value problem
with a piecewise uniform initial distribution

@Gy U=, x-bx/2<x<x+b8x ]2
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\par\noindent

{\bf Abstract.}

The Gauss-Laguerre formula is defined by

$SIF=\int_0~\infty ({e”(-x)£(x)\;dx

\cong \sum\limits_{i=1}"n

{\alpha _i~((n))£(\xi _i~((n)}),}}$$

where the numbers $\alpha_{i}"~((n)}$ and $\xi_{1}"((n)}$ are weights

and nodes. A common method of estimating the error of this rule is to
evaluate the quadrature rule for two different values of n and to then
compare the difference in the answers, Unfortunately, none of the nodes
are in common for two different quadrature rules, and so the function
must be evaluated at each separate node.\par

We investigate in this paper the addition of points to Gauss-Laguerre
rule such that the new points are real, lie in the interval of integration,
and associated weights are positive. Such rules enable one to estimate
economically the error of quadrature, because the function values at the
Gauss-Laguerre abscissae are reused. The weights and nodes for some
suitable low-order formulae are given in Table 2.\par

\end
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(\mags tepQo H; 7151)

Abstract. The Gauss-Laguerre formula is defined by

IF = /m e f(z)dz =y ol f(eM),
0 i=1

where the numbers a§") and f,.(") are weights and nodes. A common method of estimating the error of this

rule is to evaluate the quadrature rule for two different values of n and to then compare the difference in
the answers, Unfortunately, none of the nodes are in common for two diflerent quadrature rules, and so the
function must be evaluated at each separate node.

We investigate in this paper the addition of points to Gauss-Laguerre rule such that the new points
are real, lie in the interval of integration, and associated weights are positive. Such rules enable one to
estimate economically the error of quadrature, because the function values at the Gauss-Laguerre abscissae
are reused. The weights and nodes for some suitable low-order formulae are given in Table 2.

(\\magstepl ® i /151)

Abstract. The Gauss-Laguerre formula is defined by

[e's) n
IP= [T e @) d = ) ol S,

Y =1
where the numbers a?") and {f") are weights and nodes. A common method of estimating
the error of this rule is to evaluate the quadrature rule for two different values of n de
to then compare the difference in the answers, Unfortunately, none of the nodes are in
common for two different quadrature rules, and so the function must be evaluated at each
separate node. :

We investigate in this paper the addition of points to Gauss-L.aguerre 'rule such thz%t
the new points are real, lie in the interval of integration, and associated weights are posi-
tive. Such rules enable one to estimate economically the error of quadrature, because the
function values at the Gauss-Laguerre abscissae are reused. The weights and nodes for
some suitable low-order formulae are given in Table 2.
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\def\contf#1#2{\displaystyle{
{(\strut\hfill#1\;\hfill\vrule}

\over {\strut\vrule\hfill\; #2\h£fill}}})

(R B
f(z) = bo-% alaz
1+ az
b2+ a4
b3+ as
Sl
(R TE) ol ] el ] ol
fo=w il e

\def\contf#1#2{\displaystyle{
{\strut\hfill#1\;\hfill\vrule}

\over {\strut\vrule\hfill\; #2\hfill}}}

$$
f(x)=
b 0 +\contf{a_1}{b_1} +\contf{a_ 2}{b_2} +\contf{a 3} {b_3}
“+\contf{a_: 4}(b 4} +\contf{a 5}{b 5}+\cdots
$$
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(BEXR)

{117 D.E. Knuth, The TeXbook, Addison-Wesley, 1984.

[2] KBEX L4479 FOE bit Vol.19, No.9, pp.1257-1264 (1987).

[3] 1. Aredon, The TAO of TeX, KSTS/RR-88/002, Keio Univ. (1988).

(4] I. Aredon, The TAO of TeX, Notes for Formulas Part I, KSTS/RR-88/003,
Keio Univ. (1988).

[5] G.A. Allen and P.R.Topping, MathType User Manual, Design Science
(1987).

(6] Kellerman and Smith, TeXture User Manual, Addison-Wesley (1987) .

[7] H.S. Wall, Analytic Theory of Continued Fractions, Chelsea Publ.
Company (1948).

[8] A. Cuyt and B. Verdonk, Multivariate Reciprocal Differences for
Branched Thiele Continued Fraction Expansions, J. of Computational
and Applied Math. 21, pp.145-160 (1988).
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43}
bitz- by + z2—
- Up—1
bt o
) z——
" bn.+l +z
%
% A sample document for AMS-TeX
% No.l
[ S
%
$$\displaystyle{{a_1} \over\displaystyle {b_l+z-{{a_ 1}
\over \displaystyle{b_2+z-_{\ddots {
\displaystyle-{{a_{n-1}} \over
\displaystyle{b_n+z-{{a_n} \over
\displaystyle{b_{n+1}+z}}}}}}}}}1$$
fi{—= . -1
fa(—z) 1Tz =1+
1
'nZ — S8n
% -
% A sample document for AMS-TeX
%
% No.2
% _________
%
$$

\displaystyle{{f 1(-z)} \over

{f_2(-2)})={{-1} \over
\displaystyle{r_lz-s_1+ {\ddots _{\displaystyle{+{1 \over
\displaystyle{r nz-s n}}}})}}$$
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Q) _ 1
P(Z)_Q(z) clz+k1+ ! T

$S$\displaystyle{{Q(z)} \over {P(z)-Q(z)}}={1 \over
\displaystyle{c_lz+k 1+{1 \over
\displaystyle{c_2z+k 2+{1 \over
{\displaystyle{c 3z+k 3+}} {\quad\ddots_{\quad
\displaystyle{+{1
\over \displaystyle{c n+k n}}}}}}}}}1$$
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Fla,b+1,c+1;2) 1

F(a,b,c; z) B alc=b)

e+ 1)”
1- 0+ D(c—at1)
C+ D)t
L= (a+1)(c—b+1)_
(c+2)(c+3)

1= (b+2)(c—a+1)
, (cF3)(c+4)
- (a+2)(c—0+2)
1 (c+4)(c+5)
1—.

%
% A sample document for TeX
% -
% No.4

$${F(a,b+l,c+l;z)\over F(a,b,c;z)} =

{1 \over

\displaystyle{l—{{{\displaystyle{a(c—b)} \over
\displaystyle{c(c+1)}}z} \over
\displaystyle{1l~{{{\displaystyle{ (b+1) (c-a+1)} \over
\displaystyle{(c+1)(c+2)}}z} \over
\displaystyle{l~({{\displaystyle((a+1)(c—b+l)} \over
\displaystyle{(c+2)(c+3)}}z} \over
\displaystyle(l—{{(\displaystyle{(b+2)(c—a+l)} \over
\displaystyle((c+3)(c+4)}}z} \over
\displaystyle(1~{{(\displaystyle{(a+2)(c—b+2)} \over
\displaystyle((c+4)(c+5)})z} \over
\displaystyle{ljm(\displaystyle\ddots
JYRYRYIIMYIISS
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Fla,b+1,c+1;2) 1

F(a,b,c; 2) 1 — aljzz

asz

An—1

- 1 — anzPp(z)

A sample document for TeX

00 o0 P 0 o of
2
o
w

$$\displaystyle{{F(a,b+l,c+1l;2z)} \over (F(a,b,c:;z)}}={1
\over \displaystyle{l-{\displaystyle{a_lz} \over
\displaystyle{1l-{{a 2z} \over
\displaystyle{l-{\displaystyle{a_3z} \over
\displaystyle{1l-_{\ddots

_{-}\displaystyle{{a_{n-1}} \over

{1-a_nzP n(z)}}}}}}1}1}}}1$8
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z

log(l+2) = 1z,
L+ 122
2+ 222
3+ 57,
4F 3%z
5+ 6+.

z A sample document for TeX
: No.6

$$\displaystyle{\log (1l+z)=\displaystyle{z \over
\displaystyle{1+{{1~2z} \over \displaystyle{2+{{1~2z} \over
\displaystyle{3+{{2°2z} \over \displaystyle{4+{{2~2z} \over
\displaystyle{5+{ {32z} \over \displaystyle{6+_{\ddots}
FRIIIIIIRRLILSS
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1
(1+2)" = kz
1 T (L+k
14 L2~
1-(1—k
1+ 2:3 "~
221 H)
1+ 34~
2(2 - k)
14— &5 -
3!34—13!
14 5.8 °
1+
% ———
% A sample document for TeX
%
% No.7
% _________
%

$$\displaystyle{ (1+z)“k={1 \over \displaystyle{l-{{kz}
\over \displaystyle{l+{{{\displaystyle{l\cdot (1+k)} \over
\displaystyle{l\cdot 2}}z} \over
\displaystyle{1+{{{\displaystyle{l\cdot (1-k)} \over
\displaystyle{2\cdot 3}}z} \over
\displaystyle{1l+{{{\displaystyle{2(2+k)} \over
\displaystyle{3\cdot 4}}z} \over
\displaystyle{1+{{{\displaystyle{2(2-k)} \over
\displaystyle{4\cdot 5}}z} \over
\displaystyle{1l+{{{\displaystyle{3(3+k))} \over
\displaystyle{5\cdot 6}}z} \over

\displaystyle{1+ {\ddots}}}}}}}}}}}}}}}}18$
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1 z+1 2
O = 1
gz—l 5
z— 32
2 3
3"5“5 3
Lo 4
3% )
Z.z__.__S_.
477
=Z-
%
% A sample document for TeX
%
% No.8
S,
%

$$\displaystyle{\log {{z+1} \over {z-1}}=({2 \over
{z-{{{\textstyle{l \over 2}}} \over {{\textstyle{2 \over
3}}{\displaystyle z}-{{{\textstyle{2 \over 3}}} \over
{{\textstyle(5 \over 3}){\displaystyle z}-{{{\textstyle(3
\over 4}}} \over {{\textstyle(7 \over

4} }{\displaystyle z}—{{{\textstyle{d4 \over 5}}} \over
{{\textstyle(9 \over 5}}{\displaystyle z}-_{\ddots
JYRYRIIYILILSS
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2 odt 1 1
—_— =z F (=1, p—
~/O 1+41tn z (7111 l+n. )

1+ 122,7:
n+1+

2n+ 1+ (n+ 1)'-’271"
(2n)*z"
(2n + 1)%2"
(3n)%2"
6n + 1+

In+14+

dn+ 1+
Sn+4 1+

$$\egalign{\int_0~z ({{dt} \over {l+t"n}}}e=
zF ({1 \over n},1,\,\;1+{1 \over n}:-z"n\,)\cr
g=\displaystyle{z \over {1l+{\displaystyle{172z"n} \over
\displaystyle{n+l+{{n~2z"n}
\over \displaystyle{2n+1+{{ (n+l)"2z"n} \over
\displaystyle{3n+1+{{ (2n)~2z"n} \over
\displaystyle{4n+1+{{(2n+1)~2z"n} \over
\displaystyle{5n+1+{{(3n)"2z"n} \over
\displaystyle{6n+1l+_{\ddots
SRR R DR R R R R AY SN

2-8



KSTS/RR-88/006
April 18, 1988

arcsinz _ 2F(3,3,3,7°)
= FG b b7)
z
B 1 1222
5 1-222
5 3.422
3.4z
7= 2
5.6z
9~ 5 622
11 —
13—

$$\egalign{{{\arcsin z} \over {\sqgrt {1-z"2}}}&=
{{zF ({\textstyle{l \over 2}}, {\textstyle{1l \over
2}}, {\textstyle{3 \over 2}},z"2)} \over {F({\textstyle(l
\over 2}},-{\textstyle{1l \over 2}}, {\textstyle{l \over
2}},z°2) }}\exr
&={z \over\displaystyle{l-{{1l\cdot 222} \over
\displaystyle{3-{{1l\cdot 2z~2} \over
\displaystyle{5-{{3\cdot 4z"2}
\over \displaystyle{7-{{3\cdot 4z~2} \over
\displaystyle{9-{{5\cdot6z~2} \over
\displaystyle{1l1l~{{5\cdot 6z"2} \over
\displaystyle{13- {\ddots}
133D A ST
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(Lt -(-2F_ F(55%55527)
zZ - = 1
2

A+ +Q-2F 7 F(35%,-%5,322)
_ kz
N (k2 — 1)2:2
1
+ 34 (k% —4)22
54 (k* — 9)2*
7+'
%
% A sample document for TeX
G e
% No.11
G e e e

%
$$\eqalign{{{ (1+z) “k-(1-z) "k}
\over {(1l+z)” k+(1-z)"k}}&=
kz\cdot {{F({{1-k} \over
2}, {{2-k} \over 2},{3 \over 2}:z"2)}
\over {F({{l-k}\over 2},-{k \over 2},
{1 \over 2};z"2)}}\cr
&={{kz} \over \displaystyle{l+{
\displaystyle{ (k"2-1) z*2} \over
{3+{\displaystyle{ (k"2-4) z*2} \over
\displaystyle{5+{\displaystyle{ (k*2-9)z"2}\over
\displaystyle{7+_{\ddots} }}}}}}}}\cr}ss
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ktan6
tan k6 =
o 1 (k* — 1)tan? @
—'3 (k* —4)tan? 6
5 (k* —4)tan?® @
7—
%
% A sample document for TeX
; No.12
Y
%

$$\tan k\theta ={\displaystyle{k\tan \theta } \over
\displaystyle{1-{{(k"2-1)\tan ~2\theta } \over
\displaystyle{3-{{ (k~2-4)\tan ~2\theta } \over
\displaystyle{5-{{ (k*2-4)\tan ~2\theta } \over
\displaystyle{7-_{\ddots}}}}}}}}}5$
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P(z)=cy+c1z+ ...+ cnz

n+41
Cn+1%
+

14 [c+ (n+ 1)b)z

(b—c)z
(n+2)[c+ (n+2)b]z
St 2026 — )7
n+ 5+

(n+2)a+

n -+
(n+4)a+

%

$5\eqalign{P (z)=c_0+c_lz+\ldots +c_nz&\cr
+s{\displaystyle{c_ {n+l}z"{n+l}} \over

\displaystyle{l+(\displaystyle([c+(n+l)b]z} \over

\displaystyle{ (n+2)a+{{ (b-c)z} \over

\displaystyle(n+3+(\displaystyle{(n+2)[c+(n+2)b]z) \over

\displaystyle{(n+4)a+{{2(2b—c)z) \over

\displaystyle{nt+5+_{\ddots

}I1IYYIIEIM\cr}$s
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/°° e~ du _ 1
o (coshu+asinhu)™ ~ m(1 —a?)
Ztmart 2m+ 1)(L =)
z+ (m+6)at

2+ (m+2)a+
z+(m+4)a+

A sample document for TeX

o o o o0 o0

$$\int_0~\infty {{{e”~{~zu}du} \over

{ (\cosh u+a\sinh u)”m}}={1 \over
\displaystyle{z+ma+{{m(1l-a~2)} \over
\displaystyle{z+(m+2)a+{\displaystyle{2 (m+1) (1-a~2)} \over
\displaystyle{z+(m+4)a+{\displaystyle{3 (m+2) (1-a~2)} \over
\displaystyle{z+(m+6)a+_j\ddots YPIYRIILESS
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e h2
Emp/ ;1;(1 _ cos au)e..zudu
0

cosh 2u
(12 - o)
(32 - )
(52 —a?)
(T =)
1+.

z2+
1+
z2+

$S\egalign{ Exp\int_0~\infty
&{{1 \over u} (1-{{\cosh 2au} \over {\cosh

2u}})e~{-zu}du}\cr

&=1+{ \displaystyle{{{(172-a"2)} \over
\displaystyle{z~2+{\displaystyle{ (3~2-a~2)} \over
\displaystyle{1l+{\displaystyle{ (5*2-a~2)} \over
\displaystyle{z~2+{\displaystyle{ (7~2-a~2)} \over
\displaystyle{1l+ {\ddots} }}}}}}}}}}\cr}ss
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i M, b
14 aPz 1—b)az
=it T 1+ ((1——L)abz
L+ L4+ (1 — ab)a®z
14 (1 — a?)a’bz
14 (1 —da?b)a’z
1+ (1 —a*)a®bz
1—%1
z A sample document for TeX
; No.1l6

o\

$S\sum\limits_{p=1}"\infty {{{M p} \over {1+a’pz}}

={b \over \displaystyle{l+{\displaystyle{(1-b)az} \over
\displaystyle{l+{\displaystyle{ (1-a)abz} \over
\displaystyle{l+{\displaystyle{ (1-ab)a”2z} \over
\displaystyle{1+{\displaystyle{(1—aA2)aA2bz} \over
\displaystyle{1+{\displaystyle{(1—aA2b)a“32} \over
\displaystyle{1l+{\displaystyle{ (1-a~3)a~3bz} \over
\displaystyle{1l+ {\ddots}}}}}}}}}}}}}}}}$$
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L2r+1(z) _ Ip+r
](2r+1(2) (2)

$S{{L_{2r+1}(z)} \over {K {2r+l}(z)}}=
{\displaystyle{g_{p+r}~{(1)}} \over
\displaystyle{z-{{{\displaystyle{g {p+r}~{(2)}} \over
\displaystyle{g {p+r}~{(1)}}}} \over
\displaystyle{1-{{{\displaystyle{g {p+r-1}~{(3)}} \over
\displaystyle{g {p+r}~{(2)}}}} \over
\displaystyle{z—{{{\displaystyle{g {p+r-1}"{(4)}} \over
\displaystyle{g_{p+r—1}A((3)}}}} \over
\displaystyle{1l-_{\ddots

_{\displaystyle -{{{\displaystyle{g {p+1}~{(2r-1)}} \over
\displaystyle{g {p+2}"{(2r-2)}}}} \over
\displaystyle{z—{{{\displaystyle{g {p+1}"*{(2r)}} \over
\displaystyle{g_{p+1}~{(2r-1)}}}} \over 1-}}}}}}}}}}}}1}$$
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f(=):
#lzo] = f(z0),
Ty — Ti-1

Toj = , 1>1,
#lzol bi-1(zo0, - .-, zi—2, x1] — d1-1[z0, .. -, Ti-1]

then it is well-known that the continued fraction (CF)

=21 |

olool + 3 o]

| éilzo, .-, 7]

is a Thiele interpolating CF for f(z).

A sample document for TeX

define continued fraction

~ 00 o 0P o o o o oo o

def\contf#1#2{\displaystyle{
\displaystyle{\strut\hfill#1\; \hfill\vrule}
\over{\displaystyle{\strut\hfill\vrule\;#2}}}}

%

%
$$\egalign{f (x) :&\cr
&\quad \phi [x _0]=f(x_0),\cr
&\quad \phi [x _0]={{x_1-x_{1-1}}
\over {\phi _{1-1}[x_0,\ldots ,x_(l—2},x_l]—\phi
_{1-1}[x_0,\ldots ,x_{1-1}1}1},\quad 1\ge 1,\cr}$s
then it is well-known that the continued fraction (CF)

$$

\phi_0[x_0] + \sum__(l=1}’\\infty\contf(x—-x__{l—l)}
{\phi_1[x_0,\ldots,x_1]}

$$

is a Thiele interpolating CF for SE(x)S.
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T Y —Yi-1 |

f(x,y)—¢oo[$o Yo +Z|¢lo[m07 ’l?l][yo Z|¢IO 'LO yo,-~>yl]

(z —xp—1)(y — Ya—1)
+Z Bk(ﬂ/,y)
with
T — @y |
Bk(m)y) :qSkk[rU())---,:Ek][yo,---yyk]+ Z |¢1k[fl}o,‘-~,$I][y07"')y1]

I=k+1

Y~ yioi |
+ Z I¢“ Toye ey TE) Yoy Vi)

%_

% A sample document for TeX

\def\contf#1#2{\displaystyle{
{\strut\hfill#l\:\hfill\vrule}
\over(\strut\vrule\hfill\:#Z\hfill)})

$$\eqalign{f (x,y)=\phi (OO)[x 0] [y O]&+
\sum\limits {1=0}" \1nfty {(Ncontf {x~x {1- 1)} (\phi
{10} [x_0,\1dots x 11 {y_O)}+\sum\limits {1=1}~ \infty
(\contf(y y_{1-1}} {\phi _{10)[x 01y 0,
\ldots,y_ 117} \er
&+\sum\limits {k=1}~\infty
({1 (x=x_{k=17) (y-y_{k-1})}
\over {B_k(x,y)}J)\cr}$s
with
$$\eqgalign(
B k(x, y)—&\phl {kk}[x_0,\1ldots, x k] [y_0,\1dots,y k]
+\sum {1l=k+1}~ \mfty\contf[x -Xx_{1-1}} (\phi_ {lk}[x 0,
\ldots, x 1) [y_0O,\ldots, y 1)) \cr

&\quad +\sum {1=k+1})"\infty\contf{y- y_{1-1}}{\phi_{k1l}[x_O,

\ldots, x k][y 0,\ldots, y 1]}\cr}ss
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The expression (6) then becomes

f(z,y) =doo(u, U)+ZI¢0(U v) Z|¢ol(u U)

e (o - ) —v) |
2{: Y
Prr(u,v) +I§Ll I¢1k(u v) lé; |¢k1(u v)

A sample document for TeX

o0 d° d° o o

%

\def\contf#1#2{\displaystyle{
{\strut\hfill#1\;\hfill\vrule}
\over{\strut\vrule\hfill\;#2\hfill}}}

The expression (6) then becomes
$$\egalign{
f(x,y)=&\phi_{00} (u,v) + \sum_{1=1}"\infty
\contf{x—u){\phl {10} (u,v) T + \sum_{1=1}"\infty
\contf{y-v}{\phi_ {01} (u,v)}\cr
&\quad +\sum_{k=1}"\infty\contf{ (x~u) (y-v)}
\phi_{kk} (u,v)+\displaystyle{\sum {1l=k+1}~\infty
\contf{x-u} {\phi_{1k} (u,v)}}+
\dlsplaystyle(\sum {1=k+1}~\infty
\contf(y—v)(\phl {k1} (u,v)}}}.\cr}
$$
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Let us introduce the notations

folz,y) = f(z,y) — doo(u,v) — go(2) — ho(y).

A sample document for TeX

o0 o o o2 o® a°
z
o)
N
[t

\def\contf#1#2{\displaystyle{
{\strut\hfill#1\;\hfill\vrule}
\over{\strut\vrule\hfill\; #2\hfill}}}

Let us introduce the notations

$$\eqalign{

g k(x) &=\sum_{l=k+1}“\infty\contf{x—u}{\phi_}lk}(u,v)),
\quad k\ge 0,\cr

h k(y) &= \sum_{1=k+1}"\infty\contf{y-v}{\phi_{k1} (u,v)},
\quad k\ge 0, \cr

£ 0(x,y)&=f(x,y)-\phi_{00} (u,v)-g_0(x)-h_0(y).\cr}

$S

2-20



KSTS/RR-88/006

April 18, 1988
In this way oo ( )( ) l
T—YN Ny —v
fo(z,y) = ; | $rk(u,v) + gr(z) + hr(y)
= Z cgg)(m - y)i(y - v)j‘
i,j=1

% A sample document for TeX

\def\contf#1#2{\displaystyle{
{\strut\hfill#1\;\hfill\vrule}
\over{\strut\vrule\hfill\;#2\hfill}}}

\par\noindent
In this way
$$\egalign{
£ 0(x,y) &=\sum_ {k=1}"\infty\contf{ (x-y) (y-v)}

{\phi_{kk} (u,v)+g_k(x)+h_k(y)} \cx

& =\sum_{i,3=1}"\infty c_{ij}"{(0)} (x~y)"i(y-v)"j.\cr}
$$

\end
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Applying the univariante formulas (5) to the sequences

1, 1
go(z) =z + 52 +5a 4,
1
gl(a:)———er—a: +0z° + -

pa(e) = Fo b gat 4o,

we obtain the BCF expansion for e*+¥:
POl SPNLIN SN RSP P S T
EMEEMEE 1 l-2"]-3
+ Y |
JAER EI PO PR
R N R R )
e uxy v ] |\[+”‘
4+(I3/2+|T4+ )+(|3/°+|__+ )
z A sample document for TeX
% No. 23

\def\contf#1#2{\displaystyle{
{\strut\hfill#1\;\h£fill\vrule}
\over{\strut\vrule\hfill\;#2\hfill}}}

\par\noindent
Applying the univariante formulas (5) to the sequences
$$\egalign{
g 0(x) &=x + {1 \over 2}x"2 + {1\over 6}x"3 +\cdots,\cr
g _1(x) &=—{1\over2}x +{l\over 12}x"2 + 0x"3 +\cdots, \cr
g_2(x) &={2\over3}x + {1l\over 9}x"2 +\cdots, \cr}
$$
we obtain the BCF expansion for $e”{x+y}s$:
$S\egalign{
1& + {(\contf x1 +\contf x{-2} +\contf x{-3}+\cdots)
+ (\contf y{1l} + \contf y{-2} +\contf y{-3}
+\cdots ) }\cr
& + {\contf{xy}{l+(\contf{x}{-2}+\contf{x}{-3}+\contf{x}{2}
+\cdots ) + (\contf{y}{-2}+\contf{y}{-3}+\contf{y}{2}+
\cdots )}}\er
& + {\contf{xy}{4+(\contf{x}{3/2}+\contf{x}{-4}+\cdots )
+ (\contf{y}{3/2}+\contf{y}{-4}+\cdots )}}+\cdots.\cr}

$$
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