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A REMARK ON THE CENTRAL LIMIT THEOREM FOR WEYL AUTOMORPHISM

Yutaka Kato 1 and Tatsuo Kawata

§1. INTRODUCTION Maruyama [ 3] has investigated the class of

functions satisfying the central 1limit theorem for the Gaussian flow
with the continuous singular spectral measure )/ such that
oo
R(t) = y el v(am=o(|t|'4"+£) Vlt] — oo
-0
for £ > O . It seems to us that this result is the first one of
the central 1imit theorem for a dynamical system with zero entropy .
We have studied the central limit theorem for an ergodic automorphism
on the one dimensional torus , for which the rate of convergence of
Birkhoff's individual ergodic theorem is estimated uniformly for all
intervals on the one dimensional torus , and as an application of the
above fundamental result , we have proved that the class of functions
satisfying the central 1imit theorem for Weyl automorphism is an
uncountable dense set of the space of square-~integrable functions ,
( see , Kato [2] ) .
The purpose of this note is to prove directly the central limit
theorem for Weyl automorphism by the aid of Salem-Zygmund’s central

limit theorem for lacunary trigonometric series . This idea has been
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pointed out in [2] . After completed [2] , we have recently known
that Burton and Denker [ 1] have constructed a function satisfying

the central limit theorem for Weyl automorphism by the similar idea-

In the forthcoming paper , we shall study the multi-dimensional
version of Salem-Zygmund's central limit theorem . Our method of showing
this will be to prove first the central limit theorem for multi~
dimensional Weyl automorphism which will be made just in the same way
as in [2] and then , contrary to our line of the method of this paper ,
the result is applied to show a type of multi-dimensional SalemZygmund's

central 1imit theorem for lacunary trigonometric series .

§2. THE RESULT AND IT’S PROOF Let /UL be Lebesgue measure on
_()_ = [O ’ l) and T be Weyl automorphism on Q , 1ee. Tw =
{ w + 75' } for W € () , where z is an irrational number and

{y} denotes a fractional part of y . Let

z,={1.2, .. |
{rews b3y e —— . —— 1}

for k € Z, and put

o 1+ Y
(1) ... fb,(uo) = E 2 ( _112_ ) cos2Tm, W ,

k=1

2y

where m, € Z) and Y > 1 . The series in (1) obviously converges

absolutely . Let my satisfy the Hadamard’s gap condition :
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D4l
(2) ... _ 2 q > 1 .
My
PROPOSITION 1 . Under the condition (2) , we have
2
n -1 Kk " n
(3) ... Ve (n) = Var({ = fb,('l‘u))),-\
Y k=0 ( log n )T

and

1 n -1
o 4) .. — § fX(Tkw)——ia N(O,1) ,

N Vfa’(n) k=0

as n —> 0O , vwhere a X b, denotes that 0« %igigof an/bn <

limsup an/bn < oo and X, -Dﬁ X means that X, converges in
Mm-> co e
distribution to X .

RE . (1) This proposition has been proved in [2] under a

condition on ? .
(2) Recently , Burton and Denker [l] have constructed a function

g(w) such that

-1
vg(n) = Var( Z: . g Fw))K o8, 0<8 <2

and
n - 1

1
— g *w) —2> nN(o,1) ,

N vg(n) k=0

as n —> OO , by the aid of Salem-Zygmund’s central limit theorem

for lacunary trigonometric series .
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PROOF . The relation (3) is easily proved by Proposition 2 in [2]

From (1) , we have

A
£y (w) = E P 2T w

(5) ... f-F = (2 , U >,

O_p=-1o .

Let
: N p-1 )
F W) = —— _Z— f . (1T7w)
p (—”fa'(p X =0 ¥

21[imnp§'
1 A l-ce
£ eETCimnu.).

e 7T
Nvfb,(p) In] < n,(p) B 1 - &l

A L
+ fne ®n
vf;;(p) fnl>ngy(p)

2wim p¥
A l-ce n
1 Q2T im W

M=y Z fn 1. J2%im,§ p)
Ve \P |n|>no(p) - e

.4
=F) p(wW) +Fp (w) +F; (w) , ( say )
1
where n,(p) = min {n >0 ; {mn'g} < 25 1o 7 )'/6 } . Since
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1 1

8in T px - -z
—_— = 0( p( log p ) }) L, 0<x g

-p

1
BinTx 2p( log p )%

for sufficiently large p , it follows from the proof of Proposition 2

in [2] that

2
2 -3
(1 ) E
E|F3,p(w) 2‘0( - s l%\niz )

vfx(p) Inf>ng(p)
1
-2 3p~3( log p ) k3
6) ... =0( ( log p) k2 g dHfB’(X) )
0
_ 2
=0( ( log p) k2 )
and
1 A 2 sin?(:%p‘; 2
E|Fy (wW)| =—=— Z | £a | P
| 1;9 I vfx(p) |n|§n°(p) sin’ltmn'g
¥
1 ginTwpx |2
= 0f ——-—) S 1 ————i - dHf§x) )
Ll sin X
vfb’(p $p~1(10g p)
(7) ..
| _
(log p)x ( 2p(log p)/" )2 )
p? ( log( 2p(log P)VG) )1+X
_ 2
=0( ( log p ) kB )

From (6) and (7) , we have
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P

Fp,plw) — 0 '
P

F3.p( UJ) _——9 0 ’

2
EIFz,p(w)I _ 1,
as p —> 0o . Furthermore it follows from (5) that

A
Ty

(=%, ]2)?

nzk

as k —> 00 . Therefore it follows from Salem-Zygmund's central limit
theorem for lacunary trigonometric series ( Theorem 5.29 in Zygmund [4] )

that

Fa,plw) —2 5 N(oa1) ,
a8 p —> o0 , 8o that we have

Flw) —2—=>  §(o01) .
This completes the proof of Proposition 1 .
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