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ABSTRACT

Let X be a complete locally convex space and let

{U; : —o<t<e ] be a one parameter group of operators on X .

Under some assumptions, there exists lim -1-—f -gt—?—dt (zeX)
plions. cxor T e<ltl<N Tt

in X which is denoted by Hz and called a Hilbert transform of z {
c.f. [2] ). In this paper, we study some properties of a Hilbert
transform A on X, that is, the inversion formula and the closed-

ness of H.

1. INTRODUCTION

In [2], we studied about the existence theorems of a Hilbert transform on a
complete locally convex space. In this paper, we shall consider some properties
of the Hilbert transform. For this , we define several terms some of which were

already defined in [2].

Definition 1. Zet R be a real field. Let X be o complete locally conuex space
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and let {U;t €R{ be o one parameter group of operators on X, that is,
(i) Up:X~X is a continuous linear operator forall t<R, and U, is an
identily operator on X,
(ii) ;U = Upys forallt,s €R
(iii) for anyt€Rand any z€X, (U4, —U,)z converges to Oas h - 0 in the
topology of X (for short, in X)
moreaver, the following condition (iv) is assumed in this paper:
(iv) Up:X-X is continuous uniformly for t €R, that is, for any neighborhood
Vof 0in X, there exists a neighborhood W of 0in X such that
UWcV forall teR
Also, if there exists I%EZI—TLTTU,xdt in X, then we denote it by :;
Definition 2. A continuous linear operator H,y (0<e<N<=) on X is defined
as follows;

_1 Uz
HE'Nz—ﬂ—-/;<;t|<N_dtt (z € X)

( this integral can be well defined since a mapping t <R -» (U;z)/ t €X is continu-

ous on o compact set {teR e<|t|<N| ). Also, if there exists }irg1Hs_Nz nX, we
20+
Nsoo
denote it by Hz and call it a Hilbert transform of x. And o dommain of H
(ie. |z€X;Hz exists} ) is denoted by D(H)

2.Special case ( in Hilbert space )

In this section, we shall show several results in a Hilbert space, which are

generalized in a compiete locally convex space in the following section.

Theorem 1. Let {U;:t €R} be a one parameter group of unitary operators on
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o Hilbert space X {i.e. U = U_; forall t€R) . Then , for any element z in X,

there exists Hx in X. Moreover il is seen that
IHz|? = |iz~=zlf < |iz|P
forallzeX.

Proof. Let x be any element in X. Since {Uj;:t €R} be a one parameter group

of unitary operators on a Hilbert space X, we, by Stone's theorem, see the fol-

lowing spectral representation of Uz ;

Uz = [ _e™dE(Nz
where {E(\): A€R} is a spectral family of a one parameter group of unitary
operators {U; : t€R].
In order to show the first part of Theorem, it is sufficient to prove that
|H, vz — Hy pz|| converges to O as £,&' » 0+ and N,N - =, From the spectral

representation of U;z, we see that
|Hewz = Honz II?

i1 Lz, _ 1 Uz 1
"”n_fxmdv t t_ﬂ_j;'dtldvt dl

_ = 1 eiM 1 ei)\l "
_”-/-—-o[_L<|H<N 7% = T eenyar A ENZ

=S Lgen ) = gen NIENz [P

= [ 19wV = gen W ZNENz [P (1)

1 el‘hl
where g, y(A) = 1r_-I;<|t|<N—-t—_dt'

1t is clear that g, y()\) has the following properties:
(i) g~ (N) is a continuous function on R such that [g, y(A\)| < 1 for all A€R

(ii) if « and f are real numbers such that 0<n<f<w=, then 9. uniformiy
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converges to 1 (-1) for the closed interval [aB] ([-B.—]) as >0+, ,N >,
and
(iii) g.n(0) = 0.

From (1) and these properties of g, n, we can easily see that ||[H yx — Henzl|l

converges to 0 as £,6'>0+ and N,V . Hence H xz converges to a certain ele-
ment Hz in X as £+0+ and N -,

Now we shall prove the second part of Theoremn. Ve see that

Bz P = lim || nz]?
N

limHl-let . i—(fmem dE(\)z )dt |

E~0+ T el
Nesw

lim [ 1gen(N) | ZdIEN)z I

Now

= |lz |-l E(0+)z P+ || E(0-)=|F

Also we see that [[E(0+)z|[F=|IE(0=)z|P = |iz| and [&|2+|z ~z| = |z|F. From this
, the second part of Theorem immediately follows. This completes the proof.

Theorem 2. lLet §U;:t R} be o one parameter group of unitary operators on
a Hilbert space X . Then, forony z.y in X,

()  (Hz.y)=—(z.Hy)

(i) (HzHy) = (z-zy-Y)

Proof. Let z and ¥ be any elements in X. Then we see, from the unitarity

of § U;:t <R}, that, for any z,y €X
(Hz.y) = im(H.nz.y)
o

U
= lim (2 <

£-+0+ .7?_ e<jt|<N ¢ Y)
N-vos
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= lim & Lz y)at
ea0r TV e<lt]<N £ £

= lim - Lz, Uy)at

£-0+ MY e<|t|<N ¢
Noveo

1

um —
e~0+ 1T
ol

1
:<it|<N—t_(x’U"‘y)dt

£-+0+
o

. 1 U_sy
lm(x'}“-];qnav 7 dt)

—s;hig(z Heny)

—(z.Hy)
Then (i) follows.

Also we see, from Theorem 1, that

4(H=z ,Hy)
=||Hz + Hy|P-||Hz — Hy|*+i||Hz +¢ Hy|F—i||Hz —iAy|?

=z +y)~(z +¥) IP—(z =y )~(z —y) " IP+ill(z +iy )~(z +iy ) IP—i |(z —ig ) —(z —ig )P
=|l(z —z)+(y )P~z —2)~(y Y+ ill(z —z)+i(y ) B=ill(z —z) i (y -

=4z -2y -y)
Then (ii) follows. This completes the proof.
Theorem 3. Let {U;:t R} be o one parameter group of unitary operators on

o Hilbert space X . Then it follows that

H(Hz)= -(x—-;) forall z€X
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Proof. Let z be any elements in X. Then we see, from Theorem 1 and

Theorem 2, that ,for any ¥ €X,

(H(Hz)y) = —(Hz,Hy) = ~(z -2y —y) = ~(z-z.y) + (z-2.9)

Since {(z —;:;;) =0 , we obtain that

(H(Hz)y) = (~(z-z)y) for all yeX

Then we see that H{Hz) = —(z—~=x). This completesthe proof.

3. General case ( in a complete locally convex space )

In this section, we shall try to generalize the theorems in the section 2. The
following Lemma is fundamental for our theory.

Lemma 1. Let {U; : t€R] be a one parameter group of operators on a com-

plete locally convez space X. Let z be any element in X and let n,e,N and M be

a positive numbers such that 0<n<s<-%—<2<N <EN+1<M< (more precisely,

0<e—n< e+N<N—=N<N+n<M —N<M—e<M+e<M+N). Then it follows that

d + Y Uy t+

HypuH nz=— —[_[ H_t “ og | ——1—1dt -/ H_N—ﬂ—-tog[ 1 TEHdt+R (.o N Miz)]
where
R{(n,e,N.M:z)
=j.2+'l U z+ U_.u.'z [ (a+n)(a +E) |da fN_'I Uax—U_,,zlog; a+n ’da

& a £n £+ a a-n

Nan [ x+U-ax H-c q,z+U-,,z {a-M)a—=N),
+-/;V~n a gl (a,+N)(a.-—17) ' +f ag | HN | da

{da

Hee Upz+U_gz e{a—=N) MN U, :r:+1]-uz (a=M)(a—N)
+Jume a9 Na—s) da+ [y, e MN

Proof. let z be any element in X, and let n,6&,N and M be a positive

numbers such that 0<7<e< —;—<E<N<2N+ 1<M <o,
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Then we see that,

H‘n..ll(HcJVz)
_1 Us (1_ Uz ;
-;r_ n<|s|<H s 1'rf=<lfl<N £)ds

{change variable t »—t)
= ff Yotz Goar
7<|<A]<Il St

{change variable s ~t »a,t >v respectively)

_ _1 Upz
ffq(ta+u<|N<]l,u(a+u) dadv

1
= f>v(+ v jda]

(-‘n)

1 ~(a+7)
_F{f;—n f f )'v(a+'u) da+f(t+n) (-[ ‘/‘—ﬂ“f ‘U(GW) vida]
N —(a+mn) -z N U,
-;rl?[f;m_nz(f—lv 7 +f—(a—vy)+f£ )v(a-:u) vida
(aa—n) -a-7 N Ugx
f(N—q) (f f f-aﬂ; v(a+v) vida]

N+'q

1
';z‘{f -[(a—'r)) f )u(a+'u) v jda
{(N-n) -a U,
o W+ _")u(afv) v ida ]
(N+n)
-[;VH; 2(-[ f)v(:u—v) Jda f(Il;,) (f f)’U(U-""U) Jaa]

-(¥-N)

;12—[.1.” -N (-f j; 'u(a,-l'-'u vida + f(ll—t) (f(M+u) f )'u(a+‘v) vjda]
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Mee .-t (¥ t) N Uz
___{f f-N'u(n,+ vida+ fUl-H:) ¢ vi{a+y) vida]

1, N —(e-H) U,z ~(M+e) N U,z
_ﬂ_z{fyn Ef-]s/ W;M+L(H+N)§f—a-lv(a+v) vida]

1 1
seerhm gl e =y sy
Now we shall successively calculate /; ,/z, /5 ... J; and Jg .

First we see that

1
1= f(a_,,)——-[(f,v SO Ll
e=n LU,z _ v
= oo 10og | ol | Sirviog] 5 | M
_ [ le a+e &n qul a+N
~(z-n) ,a—a d'a—jl(e—v) a og | a—-N da

Next we see that

etn Upzx
Ie= [, —a—log | 7 | 4P*m+iog] =2 | Nea

f(:;‘;’)_[{_i[( tog | 7o | Sh+log] =~ | %,.,)da
=‘/::' U“z IL'*‘s)(a""’]) |da +f f——'lda

ey et 9| 2Bt an s [ g 24
_ftﬁr_léf_l I ate), .o s:—rjailgla.}—xldu

o or| £ [ g 2

+f‘“' UaztUoz, g|{exeatn)
&-n a 87]

(1)

(2)

(3
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Mda

15= [ 2 Gog | 2% |-

a a+v

f—(e'r'n) U,z
~(¥-n) a

| IE“""HogI——[ | 24 4n)da

{(log | ==— | Sf+log | —

N-q U x N—n U,z
- _—n_ a+g
j::m = og | | da f ]————{da+ —_ln ogla_zlda
—(e+n) Uaz a+zs (e '"l) U z a—-N
f(Iv ) I da f I a+N da
" e oz ) faon)(@asn)
¥-n a (2a —n){a+n) '
_ i U z o+e N Upz a+N
o —a w9l g ), 509l G Tylda
f-(m)Uz ate, f(m)Uz a+N
~(N-n) I 9| a—-N da
N-n UaI—U_QZI a+n
+-/;+n o tog | a-n 1da 0
And we see that

Ny Uz v _ v
1= [y —g 109 | 7 | Homitlog] T [ M)da

e 19| S [Retog | 5 |72

NH)U:L' + Nwg [z +'nU
= og | S=Hda+ [ o lda+f z 1_Tl‘_|da

N—na

(—n)U:z:

(N-n)U:c +
n |-—-—-}" £ lda— fuvm) ]—-—lda

(v H;)

W) U,z o
+f_ —;——log | ﬁ—lda

(N+m)
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_ N+"7 at+e a+XN
"IN a. l_—ida—f -—-lg;a—Nida

~(N-1p) U z at+e (N"')) U xz G,+N
o @ 9% d“"f e w29 oy

N+ Uy z+U_ax og |
*Jom ™~ a Tk

And we see that

_ ¥-NU,x ] _ v N
_ Is—fN-H; —a—(log \ ;:_—'u—i |.f,+log| ;_;{ la )dﬂ.

-(N+n) Uz v v N
—(H—N) T(I.og | W | S +log | o +v | 'E )da
_ M-N U x a+e N-N U z a+ N
= f v a |-——{da—f |——-{da
—{N+n) U T a+e (N+n)U T a+N
+J_ T l da~/_ w-m °9l Gy
And we see that
M-z Uyx v - v H-a
o= fyy e Atog | Gt | Frviosl i 1£7004e
f =t ”) | l H ——-] | Mda
A xz og | a.+v Suvartos | 3 )
M-c U,z a+s (M- N)Ux a+e
. N——la g[ |da.+f( I da

'/--H CUZ'"'D-gx l ((L—M)(a—ﬂ}! idﬂ-
And we see that

HH:U::

Iv-f ‘E—.,.;" ‘_X’d‘“'f (Mﬂ:) ‘ | ¥da

(5)

(8)

(7
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= M+£UZ+U-° e(a—=N)
f ’N(ﬂ 8) ,dl!, (8)
lastly we see that
H+N U x —(M+e) U z
L= [ —2og | =2 | e da+ [, —e—og] giA | fawda
NN Upz4UoZ,  (a=H)(@=N)
= fure —*—log | i da (9)

Therefore we obtain, from (1),(2), ..., {8) and (9), that

—7r2H,,_MH,_Nz
—(M—N) —(N+n) -(V-n) -£—n ~£+n e+ N-n N+n
(f-(ll—c) -[~H+N f—(NHv) f(N—‘n) f-s-n f— fc-’n +j;:+n +fN—n
MoK M- UpZ, ats
—
* S wem T og | S—1)da

—N-m =N+n —{e+n) —(e-n) ] £+n N-n
_(f—IHN +f—N-n +~[— +f—(a'-‘*'ri) +f-(e—n)+j;—n +-[;+11 f fNH)

N+

.
(—:x—log | %}x-l )da+R(n.e,N,H:z)

- _ ¥ Uz a+e ¥-N U,z a+N
=/ H-e) a 913 1‘*“ fy,,,v—a—lﬂgl }da+1?(n &N, M;x)
(change variables a-tt and a-Nt Tespectively )

- Bl
r Uz t
_re ;: g btlyarf ) mz, og| S dt +R(n.e. N M:z)

- _.u-: Il—N
z

This completes the proof.

Lemma 2. Let {U;:t <R} be a one parameter group of operators on a com-
plete locally conver space X. Let R{(n.e,N,M;z) be defined as in Lemma 1. Then

it follows that

() limR(nzN.M;z)=0 for all z€X and all 0<s<%—<2<N(w,

'ryn+
£33
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and
(ii) lmA{n.eN,M;x)=0 uniformiy for 0(7)(8(%—(2<N<2N+1<M<°°.
>0

Proof. We can easily take a constant A>0 such that
a+l 1 l i+
j;_l t—!]oglti—ll'dt([\’ and . p—-lloglt+1]]dt<[( (1)
for all 1<a<= and all 0<8<1. Also, we see that
3 a+l 1 _ . 1+a 1 _
ng_;j;_l Flog|t+1]|dt=0  and L‘E%f;-a Fllog|t+1]]dt=0 (2)

Let R(n,&,N,M;z) be defined as in Lemma 1, that is,

R{n.e.N.M:z)
N
LC"") U x+ U_a.'t i (a-}-n)(a-}-g) ldq, f - U z— U—az,agl a+n }da
-n o s+ a a-n

fNHI Uz +U_gx

H- aU:z:+U_a.'r (e —M)a—N)
+ Ny a og | (a+N)(¢l—"7) ,da,+f ! -

MN

Mre Upz+U_oz gla=N) MiNUpz+V oz, (a—M)(a—N)
+-/.-ll—r_ a tog | N{a—¢) I +f.’1+s a tog | MN da
=J+J+ - +Jg, say.

Now we are going to estimate R(7.&N,M;z). Let z be any element in X.
Let g be any semi-norm from the system §{g} of semi-norms defining the topol-
ogy of X.
Let ¥ be any positive number. Since U;:X-X is continuous uniformly for £ €R,

we take a balanced convex neighborhood # of 0 in X such that

g{U;z) < ¥ forall ze€W and t€R

First we see

g(J))= q(_/'m U”U"'z l(”"gf?‘l”) |da)

<20 [ Hlog| 5 |da+zs [ Liog| LY |da
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1+n_ L+1
=1 ;——Hogit+1||dt+219f" log|t+1||at
1-2 z
which implies, by (1) and (2), that
hmJl for all z€X and all 0<e <N <=

e

and

ling.h:o uniformly for 0<n<e<1/2<2<KN KRN +1<M <=
z -l

Next we see that

N Upz-U_gx

aUD=g([f,,, =g | Z-da)

g t+1
<219f” Hlogl = ldt

This implies that
hsz- for all z€X and all 0<e<N <=
Mon

and

Iing.f2=0 uniformly for 0<n<e<1/2<2<N<EN+1<HM <=
z-

R =1 t+1 —
since f_ﬁ 7 {1og | ﬁf |dt =
And we see that

Nen Upz+ Uz, N
Q(Js) q(f a = gl (a+N)?a—7)) 1

da)

+g &-H
<29 —[log{t+1||dt+219 =—|log|t—-1]]|dt
1— N] g

which implies, by (1) and (2), that

l}glufs— for all z€X and all 0<e<N <>

jl-un

(4y

(5)
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and

lirréJ3=0 uniformly for 0<n<e<1/2<R<N<KRN+1<M <o (5
zo

And we see that

QU at T =g ([ gt g | (2=MNeN) (g,

N Uz +U oz (a—H)(a—N)
/ Hre a log | YN {da)

U+Nq (e —M)(a—N)
SZﬁfﬂ_N t-l—log | UN da

1+ 1

szﬂﬁ_fi—lmglt—ll th+zﬂfj: %—Hog]t—ll | dt
.4 N

which implies, by (1) and (2), that
1:1'%15J4+J6§=0 for all z€X and all 0<g<N <= (8)
”
Mom

and

iing}J4+J6; =0 wuniformly for 0<7<e<1/ 2<RKN BN +1<M <= {8y
z -

Lastly we see that

Mz pz+U gz s(a—-N
QW= ([, = rog| 2O 4

Ilnl a-N H+re 1 £
=238, a—loglL—jv—l-fda+2'6fﬂ_z | 2Hog | == |da

By Loy
szqaf”_l -t—{log|t—1|§dt+219fy—l Flloglt=1]|at
N £

which implies, by (1) and (2), that

lim J5=0 for oll z€X and all 0<e<N <= ' (7)

»s0
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and

lin&.f5=0 uniformly for 0<n<e <1/ 2<RKN BN +1<M <= (7Y
z

Hence we see, by (3),(3)....(7) and (7), that (i) and (ii) are true, since
R(n.e. N . M;x)=J \+Ja+Jg+J 4+ J5+J6.

Hence this completes the proof.

Theorem 4. Let {U; ; t <R} be o one parameter group of operators on o com-
plete locally conver space X. Then, for any z&X, ' there exists

HH, yz (0<e<N <)) in X, and

_ ::z t+1 Umz t+1
HH nx = ~ f elaes zf og| H-l s
Proof. Let z be any element in X. By Lemma 1 and (i) in Lemma 2, we see

that

~pos.

HH, yz =7]L£%}Hq.IIH£.Nx

=lim[ - —{f,l_t Doty | L2 ot

-0+

t+1
_M—N"_I‘ I——)n‘.t+R(nsN M;z)]
N

T Unmzx
f ct t+ df + L zf m }t+1|dt

Hence this completes the proof.

The following Lemmas are useful to prove Theorem 5.

Lemma 3. et {Ui:tcR] be a one parameter group of operators on o com-
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plete locally convez space X. Let x be any elementin X such that z exists. Then

, for any g LY(R) such that " o(t)dt =1 , there erists lim | Upze(t)dt | and
y ¢ _w¢ Now —

which is equal to :—c
Proof. We define a characteristic function x(g.11:R~{0,1} such that

Xia.0)(t)=1 (for t €[a,b)) and 0 {elsewhere)

First we assume that ¢ is represented by a linear combination of above charac-

teristic functions i.e.

m
p(t) = iglciX(q.bi](t)
m 3
where I c;(b;—g;) = f p(t)dt=1
i=l -
Then we see that

b N

1 ,
rn———-——qu Upzdt ]

lim [ Unezo(t)dt =lim 3 ¢, [ Unpzdt = 3 [c4(b '
A}{{tf_, Mz () —N-vwi=lcif"1 N T ‘i=][ci( i—ni).ll»}-ow(b,--—a;)N

—m -
=z.zlc1'.(bi -q)==z
=

Next we shall consider about a general case. Let ¢ be any element in L}(R) such
that f_wqp(t )dft =1. Let £ be any positive real andlet g be any semi-norm from

the system of semi-norms defining the topology of X. Then we can take L>0 and

m
a linear combination %(t):_z]c,.x(,,‘_,,i](t) such that
i=
g(Uz) < L for all teR
and

lle = ol <&
Therefore, we see that

¢(f _Umzo(t)dt-f Unze(t)dt)

<q(f " Unz(o(t)~po(t)dt)+q( [ Unzpo(t)dt— [ Umzpolt)dt)
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+q(J Unez(p(t)—po(t))dt)

<2Le + q(f _Unzeo(t)dt—J__ Uz polt)dt)

which implies that if_mUMx;a(t)dt {¥=1 is a Cauchy sequence in X, and has a cer-
tain limit ¥ in X, since we have already proved that 2.[_.. Upzpo(t)dt |-y was a
Cauchy sequence in X. Moreover, it is clear that y=z, so this completes the
proof.

Lemma 4. Let {U;;t <R} be a one parameter group of operators on a com-

plete locally convez space X. Let x be an element in X such that there ezxists

}\;mf_: Unezp(t)dt for some gL (R) such that [ g(t)dt=1. Then there exists =
inX ondz = %}Enj_“UMzgp(t)dt
Proof. Let z° be denoted by leunf_: Upzp(z)dt.

Firstly, we shall prove that U;z* =z for all s€R Let s be any fixed real

number. Then we see that

Uz'-z”

=U[im /_Unze(t)dt] - z°

= US[lel-.mm]l\T-f; U,x;a(jtv—)dt] -z*

=}}§nwjlv—f:Uz+sw(7f,-)dt -z

=}}E—11Vf:U,z¢(£j;-i)dt -z°

=}}2f;UH,x¢(t—%)dt —]13_.mnf_:(]mz;o(t)d.t

=lim f__ Unz(p(t =39 —p(t))at

=0, (1)
since U;:X-X is continuous uniformly for ¢t €R and gs(t--js;—/.-)—ga(t) -0 in LY(R) as

N »eo,
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Hence we get that U;z” = z° for all s€R

Now let D(t) be a function on R such that

D(t)=1/2(t€[-1,1]) and O (elsewhere)
Let V be any balanced convex neighborhood of 0 in X. By the continuity of

U;: X-X uniformly for t€R, there exists a balanced convex neighborhood ¥ of 0

in X such that

U, WCBK for all teR (2)

Also, there exists >0 such that
S UnzD(t)dt — [ Un ([ _D(t+s) nLgo(;—)ds)dt e31 forall N=0 (3)
since f_:D(t +5) 717;0( %—)ds -D(t) (n-0+)in LYR).

And there exists Np>0 such that

S Unmezo(t)dt —z° €W (N=Np) (4)
and
z'— [ Umzpl(t)dt eé—/ (W=Ng) (5)

Then we see, by (1),(4) and (2), that

f_'_,UM<f;D(t+s)-j;1a(;—)as>at -z
=S PO Unz o (F 2t -2 s
= %‘f_l,[ U_ns (f: Uy zo(t Ydt —x*)]ds

€V/3 (N=Ngp) (6)
Therefore we , by (3),(8) and (5), find that

/Uit = [ Unzp(t)at
={.[_:UM"‘D(t )at "f_: Une (f_:D(t+s ) 711—¢(7s]_)ds yat]
+L/ U J D) Lp(Basyar —)

+[z'—f_:UMz;a(t )at
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Since V is arbitrary convex balanced neighborhood of 0 in X, this implies that r

exists and :_r = }vlrnfw Upez ¢{t)dt . This completes the proof.

Theorem 5. Let {U;;t €R] be o one parameter group of operators on a com-
plete locally convez space X. Let x be uny element in D(H). Then the following

two statements are equivalent.

(i) there exists zinX ,

(ii) Hz belongs to D(H).

Moreover, if there exists ;: in X, then H?z = —(z —:;),
Proof. Let z be any element in D{H). Since H, y is continuous, we see, by

Theorem 4, that

hmH:_NHx hmH;_N( hm H,, uI)= 11131 hré'l.H,’ uH. yz
N-o-: N-b Neow B

1 Ugz +1 1. = Upz E+1
= — i /= og| i et rhm [T s e

U x

]
it

Hence we get, by (1) and Lemma 3, that (i) implies (ii). Moreover, it immedi-

ately follows that (i) implies that A? =—(:;:_ —z).

Also, we get, by (1) and Lemnma 4, that (ii) implies (i). This completes the proof.
Lemama 5. Let {U; ; t€R] be o one parameter group of operators on a com-
plete locally convex space X. Then, it follows that

E,{%Hn.HH:JV"’: =0 wuniformly for 0<7n<e< %—<2<N<2N+1<M<w
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Proof. Let ¥ be any positive number. Let g be any semi-norm from the sys-
tem {g} of semi-norms defining the topology of X. Since [;:X-X is continuous

uniformly for £ €R, we can take a neighborhood ¥ of 0 in X such that

g {Upz )=t for all z€W and all t€R

Then, we see, by Lemma 2, that, for any zeW and any 0<7 <& <é—<2
KN<C2N+1<H <=

Q(Hn.ﬂHa.Nx)

og | {EHdt - fﬁi}w—xl 9| S at+R(n.e. N Hiz)])

ctz

<q(- —-{f,“

s%{fl%—l E b+l th+f —logl ————|dt+K]

<9(2+ %
where K is a positive constant independent of 7,e,N and ¥ (which can be taken

by Lemma 2,(ii) ). This completes the proof. This completes the proof.

Lemma 6. Let {U; ; t €R] be a one parameter group of operators on a com-

plete locally conuvex space X. Then, it follows that
(i) for any z€X and any 0<e<N<w=, (H.yz) =0
(i) for any zeD(H), (Hz) =0

Proof. Firstly we shall prove the first part of Lemma. Let z be any element

in X. We see that, for large T>0,
1 rT
-ﬁf_TU,H: Nzl

_1 77 1 Usz
_BTI—TU'[;-/;dsKN s Jat
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UgesT—Ui sz
—-——-———-ds
sz [ j;<s<N ]dt

= 1 1 ..l_ T -
- T/;<s<1v §{ 2Tf-7'( Upssz~Up _sz)dt Jds

2
1 ic 1 —T+s 1 T+s
T 2m Je<s<N S—‘r-_Tf_T_s Utxd“'ﬁfr_s U, zdt Jds (1)

Let g be any semi-norm from the system {g} of semi-norms defining the topol-

ogy of X. By the uniformly continuity of { U;:t €R}, we can take C>0 such that

g(Uz)<C for all teR
Hence we get, by (1) and this, that

1 1,268 R2C{N —
q(!)sgfxsws—{ T jds = (ﬂ’T 2) -0 as T-s+e,

‘This implies that (H, yz)~ =

Next we shall prove the second part of Lemma. Let x be any element in
D(H). Let V be any balanced convex neighborhood of 0 in X. By the uniformly
continuity of U, there exists a balanced convex neighborhood ¥ of 0 inX such

that
|4
U W~ forall teR (2
Since z €D(H ), there exist positive number g¢ and Ny such that
HI—H%N.'EGW (3)
And, by the first part of Theorem, we take Tp>0 such that
1 T |4
PR | U Hey ngzdt €5 for all T>T, (4)
Hence we see, by (2),(3) and (4), that, for any 72Ty,

1 T
57y Us Hzdt

_1 /T 1 r7
ﬁf_ U (H—-ch.No)deﬁf_ 2 UeH o zdt
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=V

m
N-I-<
N l<

which implies that (Hz )~ exists in X and (Hz ) =0. This completes the proof.
Theorem 6. Let {; ; t €R} be a one parameter group of operators on a com-
Plete locally convex space X. Then, the Hilbert transform H is a closed operator
on X (though D(H)is not always dense in X)
Proof. Assume that {z; ey is any generalized sequence in D(H) such that

-z and Hz-»y in X (1)

1t is sufficient to prove that z€D{H) and Hz=y . Let V be any balanced convex
neighborhood of 0 in X. By Lemma 5, we take a balanced convex neighborhood

W of 0 in X such that

|4
HyuHenWe - (®)

for all 0<n<e< %—<2<N<2N+1<M<m.

And we take kg€K such that
Hxy—y €W for all k=kg (3)

By (2) and (3), we see that

vV
Hn.HHc.N(ka"y)EZ (4)

for all k=kq and for all 0<n<e< -é—-<2<N<2N+1<M <,
Letting 70+, M -»= in(4), we see, by Theorem 4, that
|4
- sﬂzk—HHa_Nye—— (5)

3

for all k=kg and for all 0<&e< -é—<2<N<m.

And letting k »= in (5), we find that
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14
—H. vz —HH, yy€ 5 (8)

for all 0<e< -é—<2<N<°°.

Next we shall prove that y=0. Let G be any balanced convex neighborhood
of Oin X.

We can, by the uniformly continuity of U, take ko€K such that
1 7 G
E-Ff_TU,(y ~Hzy Jdt € o for all T>0, (7
and we can, from Lemma 6, take T;>0 such that
1 /7 G
'2'T_f— PUr(Hz)dt e = for all T>Tg (8)
By (7) and (8), we see that, for large T such that T'= T,

1 /7 I 1 7
sl Uyt =[S f_ Uely —Bze)at W 5= Up iz )t ]

€

Nl:;)

G _
2=G
which implies that =0

From this and Theorem 4, we see that , for small ¢ énd large N,

| 4
HH.vy—(-y)e 5
Then it follows, from this and (8), that

H, yz—ycVv
for small £ and large N, which implies that z€D(H) and Hz=y. This completes

the proof.

The author wishes to express his sincere thanks to Professor S.Koizumi.
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