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ABSTRACT

Let X be a complete locally convex space and let { Up:—w <t <oo}

be a one parameter group of uniformly bounded operators on X
T

such that there exists lim-—l——f Upzdt in X for all z€X, and we
Tw 2T -T

assume that operator H,ny (0<e<N<=) on X ( where

Hexz=1f Y% 1t tor all z€X) is bounded uniformly con-
ENET T i 1<V T or a ! ounde y

cerning to & and N. Then we prove that, for any zreX,

H:r=lirng,’Nz exists in X and A is a continuous linear operator on
e-+0+
N-soe

X. Moreover, as the application of this result, we prove the gen-
eralized M.Riesz's theorem on a measure preserving flow which was

first proved by M.Cotlar [1].

1.INTRODUCTION

In [1], M.Cotlar showed that M.Riesz's theorem could be extended to on a
measure preserving flow as well as a real line or a circle. In this paper, more

generally, we shall consider Hilbert transforrm on a one parameter group of
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operators on a complete locally convex space. For this, we define several terms

and prepare some lemmas as follows.

Definition 1. Let R be a real field and let X be o complete locally convez
space. Then {U;;t€R} is said to be o one parameter group of operators on X, if

the following conditions are safisfied;

(i) U is a continuous linear operator on X for all t€R, and U, is an iden-

tity operutor on X,
(ii) Ui U, = Ugss forallt,s €R

(iii) for any t<R and any X, (Uy,,—U;)x converges to Oas h » 0in the

topology of X (for short, in X)

Definition 2. A continuous linear operator H, y (0<e<N<=) on X is defined

as follows;

_1 U;Z
H,_._N:c-ﬂ—fz(m(”—t—dt (z € X)
( this integral can be well defined since a mapping t<R -» (U,z)/ t €X is continu-

ous on o compact set {t€Re<|t|<N{ ). Also, if there exists H_lngc'N.’L' in X, we
-0+
Kon

denote it by Hz and call it a Hilbert transform of z. And a domain of H

(i.e. {xr€X;Hz exists}])is denoted by D(H).

lemma 1. Let X be a complete locally conver space ard let {U;:tcR] be o
one purameter group of operators on X. Let x be any element in X represented
by

-1 r°
z=gf Uit
where §>0 and v €X.

Then, there exists 11131}1 1T in X,
£~+0+
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Proof. Note that

 Upz~U_pz 1 1 /8 1 e
lim — = lim o Un (55 ivdt)=U-n( 55/, Urvit)]

h-0

h+&

| ~h
_hzyn——{&5 , Urvdt— zaf U,udt]

Let g be any semi-norm from the system of semi-norms {g} defining the topol-

ogy of X. From above equality, there exists 7>0 such that

(th—U_,,:x: _ Ugv—U_sv
7 2h 26

) <1 for all 0<|h|<n

Then we get that, for any 0<|k| <7,

U,z —U_pzx Uyz—-U_,x UﬁU—U_é'U UG’U’—'U__g‘U
WP g (g )
U_

Hence we see that, for any £,£’ such that 0<e<e’<n,

U,x

q(He x—Hg x)=g( j;qt|<s )

U-
<q( fl: [th 'y t)

2(s'—¢), Usz —U_gz |
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which implies that {H; 1% }:50 is a Cauchy net as £-+0+. Therefore ,from the com-

pleteness of X, there exists slirg‘l‘Hc‘,z in X. This compietes the proof.

lemma 2. et X be a complete locally conver space and let {U;:t€R| be a

one parameter group of operators on X. Let z be any element X represented by
U
zT =2 2T_/—_?,Uszds

where T>0 and z €X such that {U, z ] is bounded in X uniformly for teR.
Then there exists Jl}mH,'N:r in X.

Proof. Since X is complete, it is sufficient to prove that {H,yz}5-; is a
Cauchy sequence as N o,

let ¢ be any semi-norm from the system of semi-norms {gq} defining the topol-

ogy of X. Now we get that, for any N,V such that 0KT<N <N,

g{H yz~Hinz)

21 Uz
”F‘“fmmw 7 at)

_1 1 1 7
'Fq(quuw TU:(Z"ﬁ—f_TUszdS)df)

1 T ~N(Ui—Ups)z N (U =Upsss)z
= ——
(o) Sy T [, it )ds)

= Ih+1y, say.
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Since we can, from the boundedness of {U;z:t<R] , take M>0 such that

g{U;z)<M for all t <R, we see that, for any N,N such that OKT<N<N+T<N,

1 1 2 Ut +e Ut
1x=;T‘Q(§‘77f_T(f fmS oo dt)ds)
1 T N’ng Ug
S27\'T;(f0 (‘[N t t= N+s t—s t)ds)
N U‘ N+ sU,
21rT (f (f N+s t—~s Fosdt)ds)

:Z;TQ(IcT(fNNHE?"d‘ f,f:s(t - )UtZdt f ——dt)ds)
+f (- fNﬂtUtS "'.[NN s(__ ——9Uuzdt+f ZZ gt )ds)
N+sl

N 1 1 dt Ni+s 1 ds
fN+s(t—s_T) e T

e N

1 LA
t—s)dt+fN+s —t-—dt)ds

M o, ¥ Mes
M 0 e A0 M G

M 7, N+s (N —s){N+s) N +s
szﬂ_ch {log N + log NN +log—-N Yds

M_r° N (N +s)(N-s) N
+on g (009 g+ gt * log 5g79s

(*) -0 (as N,N-x)
Also we see, by (*), that, for any N,N such that OKT<N<N <N+T (KN+2T),
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N42T (U ~Up s )2

<dg( —lT—f (fy ——Edt)ds)

2y T e g

-0 {as N,N -»x)

From this and (*), we see that /;»0 as N,N »=. In a similar way, we can also
see that /p»0 as N,N ->=. Hence this implies that {H, yz{§=; is a Cauchy

sequence in X. This completes the proof.

2. MAIN THEOREMS
Now we can show the following Theorems by Lernma 1 and Lemma2.

Theorem 1. Let X be a complete locully convex space and let {U;:t€R} be a

one parameter group of operators on X. Let z be any element in X represented

by

_ 1 r¢ 1 r
z = Ed—' —-GUS(Z-_Z_YTI—TU‘Zdt)dS + v

where 6,T>0, z€X and vEX such that {U;z ] is bounded in X uniformly for teR

end Uyv =v forall teR

Then li_rgLH;.N:c eristsin X (i.e. z€ D(H)).
0+
Now

Proof. Since it is clear that H, yv = 0, we see

1 1 7
He yz =H;_N('ZTS—LGU,(Z-EFLTU‘zdt)dS)
1 8 1 7
Hc,l(_zdf_&Us(z‘ﬁf_TUtzdt)ds)

1 r7 1 ¢
+Hyn(3 fUzds Tf_TUt(Ed—f_dUszds)dt)
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which implies, from Lemma 1 and 2, that Iilg}rHt‘Nz exists in X, since
Py
N-ooe

s
$U; (—zlé—-f_a U, zds)} is clearly bounded in X uniformly for t €R

Theorem 2. Let X be a complete locally convez space and let {U;:t€R] be o

one parameter group of operators on X such thal a set
T -
fzeX: 1Timé—1?-f_TU,xdt ( denoted by z ) exists in X and { U,z is bounded in X

uniformly for t €R} is dense in X. Then the domain of H (denoted by D(H) )is a

dense selt in X

Proof. Let u be any element in X and let V be any balanced convex neigh-

borhood of 0 in X. Then, we can take z€X and &, 7>0 such that

14 1 ¢ v
u—-xé-g-, I—-z-é—-f_d(fszds <€ 3

and

I e . 4
-zé—f_éif,(-z‘Ff_TUtIdt)ds—ZE 3"

Then, we see that

1 r° 1 rT -
u—[-z—d—f_ﬁUs(z—ﬁf_TUlzdt)ds+z]
_ 1 6 1 o 1 7 -
—[u—z]+[z—-ﬁ—f_aUszds]i-[Eg-f_éUs(E?f_TU‘rdt)ds—:z:]
() exrgrge

Also, since we can easily see that U,; =z forall t €R we get, by Theorem 1, that
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1 1 7 -
Eg-f_éUs(x—ﬁ-f_Tngdt)dS-i—I € D(H)

From this and (*), it follows that D(H) is dense in X, since u{€X) and neigh-

bourhood V of 0 in X are arbitrary.

Theorem 3. Let X be a complete locally convez space and let {U;:t<R] be a
one paremeler group of operators on X such that a set

T -
{reX: lTimzl—Tf_TU,zdt ( denoted by z ) exists in X and {U,z| is bounded in X

uniformly for t €R | is dense in X. Assume that, for any neighbourhaod V of Oin

X, there exists a neighbourhood W of 0in X such that

H,nyz€V forall z€¥ and 0<e<N <o,
Then, for any x€X, there exists Hz. Moreover, His a continuous linear operator
on X.

Proof. Let z be any element in X. It is sufficient to prove that {H, yz}is a
Cauchy net as e+0+,N»o. Let V be any balanced convex neighbourhood of 0 in

X. Take a balanced convex neighbourhood ¥ of 0 in X such that

H,,_J,,ZEBl for all z€¥ and 0<e<N <eo,

From Theorem 2, there exist ¥ in D{H) and 0<gq<Ng<= such that

z —yew

and

|4
Hc.Ny - HC'NyE.:S—
for all £,&',N and V' such that 0<¢g,e'<gg and Ng<N,N <o,

Hence we see that, for any ¢,£',N and N' such that 0<g,e'<gg and Ng<N,N <eo,

Heyz—Hynz

=(Heny— a‘.Ny)"'H:.N(z_Jy)—H:’N(I_y)
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V. Vv,V

—_— =
€3tzty o

which implies that {H, yz{ is a Cauchy net as £-+0+ and N +~. Then we get, from

the completeness of X, that Az exists.

Next we shall prove that H is a continuous linear operator on X. Since the
linearity of H trivially follows, it is sufficient to prove the continuity of 7 at 0 in
X. Let K be any balanced convex neibourhood of 0 in X. Then there exists a bal-

anced convex neighbourhood G of 0 in X such that
X
(*) H.nz €5 for all z€G and 0<e<N <=,

Let u be any element in G. Since Iirar}HLNu = Hu in X, there exist £; and N,
P
Nsoo

such that

KX
Hu —Hcl_NluEz—

Hence we see, from this and (*), that

Hu = Hu "'Hs"jvl'll, +Htl'ﬂlu

K K
.__...+ —
€3 > K
which implies the continuity of H at 0 in X. Therefore we have that H is a con-

tinuous linear operator on X. This completes the proof.

Corollary 1. Let X be a Banach space and tet {U;:t <R} be a one parameter

group of operators on X such that

. .1 T - e
(i) «asetizeX: %’lﬂ?’]—“—f—T U,zdt (denoted by z ) exists in X

and {U;z} is bounded in X uniformly for t€R} is dense in X

(ii)  there exists a C>0 such that
HH . nz|l< Cliz|]  for all z€X and O<e<N<eos .

Then, for any z€X, there exists Hz. Moreover, H is a continuous linear operator
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on X.

Proof. The proof immediately follows from Theorem 3.

Corollary 2. Let X be a Hilbert space and let {U;:t €R} be a one parameter
group of unitary operators on X (ie. U'= U™ forall t€R). Then a Hilbert
transfrm H is a continuous linear operator on X,

Proof. A first part of condition (i) in Corollary 1 is satisfied in a Hilbert
space from von Neumann's ergodic theorem. And a second part of condition (i)
in Corollary 1 is clearly satisfied since [[U;|[=1 for all t€R Therefore it is
sufficient to prove that the condition (ii)} in Corollary 1 is satisfied in a Hilbert

space X. This is assured in the following Lemma.

lemma 3. X and {U;:t<R} are defined as in Corollory 2. Then, it follows

that
|H.nz||<llzl| for all z€X and 0<e<N <=,

FProaf. We see, from Stone’s Theorem, that

i Bz
”H:.NIHZ—”}—LquV t I

=S, e S e NE Oz )t |2

Y et i<

=/ ge n(NIEN)zZ|P

=f lgen (N F2|ENz |

where {E(A):A€R} is a spectral family of a one parameter group of unitary opera-

_ 1 giM
tors {U;:t€R} and g, y(\)= ;—T—j;q”(”_t_dt_

Since we can easily show that | g, y{A)| <1 for all A€R and 0<e<N <=, we see that

IH.nzlP< [ alENz|P
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< |z |*

for all z€X and 0<e<N<e. Hence this completes the proof.

3. APPLICATION

Let (Q,5,u) be a o-finite measure space and let LP{Q}) {1<p<=) be a set of
all p-ordered integrable functions on () with norm ||.||;. We define {7}:t€R} as a

measure preserving flow on (2, that is,

(i) for any t<R, T} is o measure preserving transformation on { and Ty is
on identity on Q,

(ii) Ty Ts=T;4s for all t,s€R,

(iii) a mapping (t,0)cRx(Q- T, we) is measurable.
Now we can define a one parameter group of operators {U;:t <R} on LP(Q)) such

that for all f €LP(Q).

(Ui f (@) = F(Tyw) for all t <R and well.

It is well known that {0U;:t€R} satisfies all conditions in Definition 1 and that

Uy=U_; for all t €Rin L¥(02)
Under these preparations, we see the following Proposition in [2],

Proposition 1. There exists a constant C>0 ( independent of &, N and A\)

such that
1 F (7o) c
pioeld: | P c(]”(N_t—-dt I>M-<—X"“f”1

Jor all 0<e<N<=, 0<A<= and all f €LYQ).

Proof. See{2].

Now we have the following generalized M.Riesz's theorem which was first
proved by M.Cotlar [1]. Our proof is based on Corollary 1.

Theorem 4. Let (Q, B.u) be a o-finite measure space and let {T;: t<R] be a

measure preserving flow an (. Let p be any real such that 1<p<cs.



KSTS/RR-85/005

April 24, 1985

-12-

Then,it follows that

. PR | S (Tiw) .
(i) for any f €LP(Q), there erists %Ig}( pt SOOI ——t——dt(denoted by Hf )in

the norm tapology of LP(Q),
(ii) His a continuous linear operator on LP{Q).
Proof. As the previous arguments, we define a one parameter group of
operators | U ;t €R} on LP(D}) such that , for any f €LP(Q),

(Ui f fw)=F(T;w) for all t€R and well.

First we see, from von Neumann’'s and Yosida's ergodic theorem, that the first

part of condition {i) in Corollary 1 is satisfied, that is, there exists

T
gimEl-Ff_Tngdt exists in X for all z€X. And the second part of condition (i) in

Corollary 1 is clearly satisfied since ||{Ui f |lp=]f llp for all f €IP(Q). Therefore it

is sufficient to show that the condition (ii) in Corollary 1 is satisfied.

By Proposition 1 and Lemma 3, there exists a constant C>0 such that, for any

0<e<N<oe,

oS | Honf SN SIS Il for all 7 €LX(®)

and

|Henfllslf lls  for all feL¥Q).

This implies, from Marcinkiewicz's interpolation theorem, that , for any 1<p=<2,

there exists a constant G, >0 such that

*) |HenF lp< Gollf llb  for all 0<e<N<e and feL?(Q).

In the case of 2<p <=, put q=;iL1-. Then, we see that, for any 0<g<N<eo |,

feIP(Q) and geLi(Q).

_rd U f
JoHen gdu= [ =53 9dn
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SN E SNEACLLUS T
= [ cren 7EoS (Tiodg (@)dwyat
= cren ol fof (@9(T0)d ot
= Jof o on =it

=~ f . Hcngdu

which implies, by Hbrder’'s inequality and (*), that

”Htﬂf“pzsupﬂ_[;)H:_Nfgdﬂl : HQHqSl ;
=mp§!fnf'Hc.Ngdul : “g ”qsl }
ssupll|f lp|1Henglly @ llgllg=1 §

= Gliflp = Gr-plif k.
It follows, from this and (*), that, for any p such that 1<p <=, there exists C};>0

such that

Henf lb<GCollfllp  for all 0<e<N<w andf €LP(Q)

This shows that the condition {ii) in Corollary 1 is satisfied. Therefore, by Corol-

lary 1, the proof is completed.

The author wishes to express his sincere thanks to Professor S.Koizumi.
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