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ON THE THEORY OF GENERALIZED HILBERT TRANSRORM V
THE SPECTRE ANALYSIS AND SYNTHESIS ON THE N.WIENER CLASS S

by

Sumiyuki Koizumi

Department of Mathematics,
Faculty of Science and Technology, Keio University,
3-14-1, Hiyoshi, Kohoku-Ku, Yokohama, 223, JAPAN

ABSTRACT
We shall continue the problem of spectrum of function of the N.Wiener class S after the
preceding section 13 in this research report IV and we shall present the more fine and

advanced results.

14. The Spectral Analysis on the N.Wiener class S.
We shall intend to construct the theory of spectral analysis on the N.Wiener class S
nuder the hypothesis of which relaxed as in section 13 of IV in this series (c.f.

pp.105~114).
We shall denote as before that the function f(x)ofthe N.Wiener class S and ¢(x)of

its correlation function and also that s(u) and o(u) the G.ET. of f and ¢

respectively.

We shall set the presupposed conditions as follows. There exists
1§ :
C c, = lim— x)e ™ dx (Vreal A
() ¢ TMT_ij() ( )
and
1 T
D d, = lim— x)e ¥ dx  (Vreal 1)
(D,) 4, mzr_ff"( Je

respectively.

Let us denote

0

0.(x) = [ & | s(u+8: f)=s(u-s:£) du
4re

~00

and
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0, (u) = j p.(x) v+ ljm J—_—[H }wg(x)f_i;—dx.

-4 1
Then we have

e ™ —1

1 % 1
PV = j 9,(x) dimo— e j |s(v+e; f)—s(v—g; f)[dv

for any finite range of u and any positive number &and we have

28\1/5;:['S(V+g;f)—S(V—g;f)|2dv=O-E(u)_’_cs a.e. U

where

_py LITLT e
cg_P.V.ﬂ[£+!] v

We shall refer the above formula to the Research Report I11,pp.55~57.
Let us notice that o_(u) is defined on the space I’ and so it is indeterminable on the

set of measure 0. Therefore we shall intend to define o, (%) on the indeterminable set
by the above formula for any point of u. Then o, (u) is defined everywhere and it is

bounded continuous and monotone increasing function.
Now we shall consider the sequence {0'5 (u )} of which just defined
Since we have
lim.o,(u)=0(u) (%)

and the o, (u) isabounded continuous and monotone increasing function of u for each
fixed positive number &. Then applying the Paley-Wiener Lemma [2](c.f. p.135),we

could conclude that

lingag(u)=0'(u) ae.u

and o(u) is also a bounded and monotone increasing function on the set of # where
o(u) is defined.

14.1 The refinement of properties of o(u)
First of all, we shall intend to clear the properties of o(u ). The reader should refer
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Lemma D, of III in this series of research report [3](c.f. pp.52~60).

Now we shall intend to refinement of the properties of the o(u) as follows.
Let us denote the set D of u where the sequence {O'g (u )} is convergent and the set E

of u where it is not convergent. Then we have DU E =(—o0,+©), m(E)=0.

We shall define

o(u)=supo(v), o(u)=info(v) and o (u)=ZWTI)

v<u u<y 2
veD veD

respectively.
We shall intend to investigate properties of the o (u)
(i) The o (u) is defined at every point of # and bounded, monotone increasing

function .
Proof. Since and ;( u) are o(u) both to be bounded and so & (u) does too.

Since 0'( u) is bounded and monotone increasing on the set D, we have for any pair of
(u',u") for u' <u”

supo(V')<supo(v")

v<u' vi<u
veD v'eD
and so we have
o(u')<o(u").

Then o(u) is defined at every point of # and a bounded ,monotone increasing

function.
Similarly we have the same property as E( u) too.

Therefore we have
o(u)+o(w) o)+ o(u) _ .on)
2 2
(ii) The o (u) satisfies at every point of # the following properties
o (u-0)=c(u) and o (u+0)=0(u).
Proof. Since o(u) isbounded, monotone increasing function on the set D, we have

o'(u')=

for any pair of (#’,u”) suchas u' <u"
yp

o(u')=info(v')= inf o(v')< sup o(v')=supo(v")=c(u").
' u'<y' u'<v'<u” u'<v'<u” vi<u"
v'eD v'eD v'eD v'eD
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Therefore we have proved for any pair of (v,u) suchas v<u,
a(v)<So(v)<a(u)
and so

' (v) =ngw.

Then we shall take the limit such as v T u, we have by the property(i) of o (u)
c'(u—-0)<o(u).
Now we shall intend to prove the inverse inequality.
For any point v in the set D such as v <u, then we shall take a point v' such as
v <V <u. According to the case of the set to which v' belongs we shall treat as

follows.

(a)In the case v'e D, Since o(Vv') is monotone increasing on the set D, we have

by the definition of o(v') and o(Vv') directly

o(v)<o(v')=a(V)=0c(V).
and so we have

o(v')+o(v')
s,

For the sake of completeness we shall prove it as follows.

o(v)<o'(V')=

Lemma . We have
o(u)=g(u)=0o(u) (YueD)

Proof. We have for any point ve D suchas v<u,o(v)<o(u) and so

a(u)<o(u).
On the other hand , since u € D, for any 77, >0, there exists & >0 such that
(@) lo(u)-o(u)l<n (O<s<sg').

Since o, (u)is continuous, for any 77, >0, there exists a point v € D, such that

(18) lo-e(u)_o-s(v) |< 772 (V<u).
Since v € D ,for any 7, >0, there exists £" >0 such that
(7) lo.(v)—o(v)I<mn, (0<s<s&").

Combining these estimations (), (/) and ( y) for any 7>0, we shall take
nm, =1, =1, =n/3, then we have
lo(u)—o(v)slo(u)-o (u)|+|o,(u)-0,(v)|+|o,(v)-0o(V)]

<m+m+n,=n, (0<e<min(e&").
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Therefore we have
o(u)<o(v)+n, (0<&<min(eg' ")
Thus we have
o(u)<o(u).

Therefore we have proved o(u)=o(u). Similarly we shall prove o(u)=0c(u).

(b) Inthecase v' ¢ D,thatis v' € E, we have

o(v)+o(v')

o (V)= 5

and since v <V', we haveo(v) < o(v') < o(v') then we have

o(v')+o(v')
g,

Since in both cases we have the same inequality, therefore tending to V' T u, we shall

o(v)so (V)=

conclude that
o(v)<o (u-0),
for any point v inthe set D suchas v<u.

Therefore we have
o(u)=supo(v)<o'(u-0).

v<u
veD

Thus we have proved the same inequality in both case, therefore we have
c (u-0)=c(u).

Similarly we have
o (u+0)=0(u).

(iii) The o*(u)=0(u) onthe set D and continuous at any point # of the set D.
Proof. First of all we shall remark that

o(u)<o(u)<o(u) (YueD).

Let us suppose that (—)'_( u)—o(u)>0 atapoint u ofthe set D.In particular let us
suppose that o(u)—o(u)=n>0.
Since il-l)fg o.(u)=o0(u),forany 7 >0 thereexists £ >0 such that
(a) lo,(u)—o(u)l<n, (0<es<ég').
Since o,(v)—>o0.(u) as veD and v Tu, we have for any £ (0<e<g') to be
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fixed and for any 77, >0 there exists 6 >0 such that
(b) lo.(v)—o,(u)l<n, (u-8<v<u).

Since ling o,(v)=0(v), forany 7, >0 there exists £” >0 such that
£

(© lo,(v)—o(v)l<n, (0<e<g")
Then we have for any £ >0 to be fixed such as 0 < & <min(g',&")
o(v)>o,(v)-ny>0.(u)=n,—1m,>0(u) =1, —1, =ny=0c(u) = (1 +1, +13)
by combining the above estimations (a), (b) and (c). Then we could take 7, +177, + 7, <7
and we shall prove that there exists v<u# and ve€ D such that
o(v)>o(u)—-n=0o(u).
This lead to the contradiction that o(v)<o(u) (Vv<u,veD).
Thus we shall conclude that
o(u)=o(u)
at any point # ofthe set D.
Similarly we shall conclude that

o(u)=0(u) (YueD)

and

By the results of (ii), we have

o'(u-0)=c(u) and o (u+0)=0(u).

But since we have _o—'( u)=0(u)=0o(u)at any point of # ofthe set D and so

we have
c'(u-0)=c"(u+0)=0"(u)
at any point # ofthe set D.
Thus we shall prove that

o' (u)=0o(u)

ontheset D and o”(u) iscontinuous at any point #of the set D.

(iv) The o"(u) is discontinuous of the first kind for every point # of the set E
and the set E is at most countable.

Proof. In the first we shall intend to prove that

o(u)<o(u)

122



KSTS/RR-16/004
November 25, 2016
(Second edition, August 24, 2017)

for any point # ofthe set E.
Let us suppose that o(u) =E( u) at a point u# of the set E. Then any pairs of

g,&' >0, we have
o (u-¢')<o (u)so,(u+¢').

Since the measure of the set E is 0 and so , for any point of # of the set E, there

exists a sequence of points {u:te'} such that u+¢&' € Dand {8'} 4 0. In the first

we shall intend {8} J 0, then we have

a(u—g')s@ag(u)sfiﬂoag(u)SG(u+s')

g0
Next we shall intend the {8'} 4 0. Since the o(u) is bounded monotone increasing

function on the set D, we have

l;'nga(u—s')=sup0'(v)=g_(u)

and

limo(u+g')=inf o(v)= o(u)

Therefore we have

a(u)<limo,(u)<limo,(u)So(u).

>0

Since we have assumed that o(u)= E( u) atthe point u#, we have

limo, (u)=limo, (u)

>0

and so lin(z) o, (u)exists. Thus it lead to the contradiction of the point # of set E
£

where limo,(u) does not exists.
£—0

Next we shall intend to prove that the set E is at most countable.

By the results of (i), we have
o (u+0)—c" (u-0)=c(u)—o(u)>0

for any point # of the set £ .
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Since the o"(u) is bounded, monotone increasing function, we shall conclude that
the o”(u) is discontinuous of the first kind at each point # of the set E and the set
E is at most countable.

Thus we have proved that the function o"(u) could be defined everywhere and
satisfies the following properties.

The function o”(u) is bounded, monotone increasing function of # and furthermore

(a) On any point u of the set D, we have o (u#)=0(u) and moreover
oc'(u-0)=0c"(u+0)=0"(u)
and so it is continuous there.

(b) On any point # of the set E, we have
o' (u-0)=c(u) and o (u+0)=0(u)
and it is discontinuous of the first kind and has the magnitude of jump
o (u+0)—oc (u-0)=0(u)—o(u)>0.

It should be remarked that the set E is at most countable.
Hereafter we shall denote o(u) instead of ¢ (). Thus we have defined o(u)
on the set DU E =(—-o0, ) and satisfy the above properties (a) and (b).

14.2 The spectral synthesis of function of the N.Wiener class S.
Let us begin to prove the general properties of function f(x) in the N.Wiener class

S under the hypothesis stated in the beginning of section 14.1 as follows.

There exists
T

.1 -
(C,) ¢ =mﬁ_jr f(x)e ™ dx (Vreal A)
and
T
(D,) d,= lim—l—f¢(x)e‘iMdX (Vreal 1)
4 A 5w T L
respectively.

Then we shall prove
Theorem E. Let us suppose that the function f(x) of which belongs to the N.Wiener

class S and satisfies the conditions (C,) and (D, )for allreal A.

Then we have

(D) lc, f<d, (Vreal 1)
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( II ) There exist at most countable set of real number A = {/1,,} (n=0,12,----- )

and 1t satisfies followings

(1) ¢, 20 (n=0,12,--),

where we shall denote the ¢, insteadof ¢, (n=0,1,2,-----) and 4, =0 with ¢, =0

may be permitted.
(ii) c,=d,;, =0 (VYigA)
There exist B, almost periodic function g(x) of which can be expressed as its

Fourier series

(iii) g(x)~ che”""
If we decompose f(x) as follows
(iv) f(x)=g(x)+h(x)
then we have
1y 2, 1 2
(v) ;ﬁﬁiuh(x)iw—g;;(dn—lcn|)

After Prof N.Wiener we shall denote f(x) and s(u) as its G.F.T. and also ¢(x)
and o(u) as its correlation function and G.F.T. respectively. N.Wiener[1](c.f. p.159)

also introduced the following functions

(21.175) q:s(x):LTe“" |s(u+e; f)—s(u—g;f)] du

dme =,
and

1 1 1 A4 e—iux
(21.22) O-S(u)zﬁi‘;?s(x)_dx-l—lj_ﬁ ———IZJ;+_!' }og(x)_—ixdx

Then R.E.A.C.Paley-N.Wiener[2](c.f. p.135) proved that
limoaa(u)zcr(u) (ae. u).

We have proved in III in this research report [3] (c.f pp.52~60)
Lemma D,. Let us suppose that f(x) belongs to the class.S, then the following

limit

lim

g_,ozg\/———_fls(v+sf) s(v=¢:f)Fdv=lim(o,(u)-0,(~¢))
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exists and equals to
o(u)—o(-0) (ae. u)
over any finite range of .
Now we shall begin to refine Lemma D, for the sake of completeness and prove
Lemma E. Let us suppose that  f(x) belongs to the class.S, then the following

1 ute

lim [1s(v+e;f)-s(v—s;f)fdv= lim(o,(uts)=0,(te))

0221 5, |

exists and equals to

o(ut0)—-o(10)
for any point %, respectively.

Proof of Lemma E.

(i) Let us suppose that 0 € D, then we have limo 0,.(0)=0(0),where {8} is any

sequence of positive number £ and tend to 0.

Since {O'g (u )} is bonded, monotone increasing as function of u# for each positive

number &, we have
o.(-u)<o,(-€)<o0.(0) (O<e<u).
Then tending & —> 0 for any point # such as —u € D where o,(-u) > o(-u), we

have

0(—u)$li_mag(—g)s@ag(—e)s a(0).

e-0
In the last tending ¥ -0 such as -ue€D where o(-u)—> o(-0)=0(0) ,thus

we have
lin(z)ag(——g)r: o(-0).
&>

Similarly we have

linga£(+s)=0'(+0).

(ii ) Let us suppose that 0 ¢ D, that is 0 € E. Since the following limit ling 0.(0)

does not exist, we have defined o(0) by using o (0) as follows
| _a(0)+a(0)

c(0)=0"(0) >

Let usput o(+0)—-0(—0)=d >0 and define
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o (u)=0o(u)—dh(u)

where A(u) is the Heaviside operator, that is as follows

1
1
hu)=< — (u=0)
2
0 (u<0).
Then o7 (u) is continuous at % =0. Because we have

o (0)=0(-0)
_(+0)=0(-0) _ o(-0)+0(+0) _a(+0)=0(-0) _ .,

7 (0)=0(0) 5 > 5
67 (+0) =0 (+0) —(c(+0) - 5(~0)) = o(—0)

respectively. Now let us put

o7 (u)=0,(u)—dh(u)
and consider the sequence {0'; (u )} instead of {O'g (u )} , then it is continuous at any

point u of the set D . Because we have
lingoj(u)=lim00'€(u)—dh(u)=0'(u)—dh(u)=o"(u)

and o (u) iscontinuous at # =0. Then we have by using the results of (i)

éi_lzgo’(—e):o’(—O)

where
o.(-¢)=o0.(—¢)-dh(-s)=0,(—¢) and o (-0)=0(-0)

Therefore we have
lin(z)aa(——e) =0(-0)

Similarly we have
lingo’(+s) =0 (+0)

where
o.(+¢)=0,(+s)-dh(+g)=0,(+g)—(o(+0)—0c(-0))

and
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67 (+0) = o(+0)—d = 6(+0) - ((+0) — 5(—0)) = 5(~0)

Thus we have proved
lim {o,(+¢)—(0(+0)~0(-0))} =0(-0)
and thus we have proved

limo, (+g)=0(+0)
&0
In general we shall prove by the same argument as above at the point # =0,
lin(z)ag(uig)za(uiO)
E—>

for any point u ¢ D, thatis u € E. (Notice: In these cases, we should remark that we
would use o(0)etc. instead as the ordinary notations o( 0% ) ete. respectively).

Proof of the Theorem E. First of all let usl notice that we have
1% ix
¢, = lim— x)e” " dx Vreal ).
2 = lim— j f(x) ( )
Then we have by the hypotheses (C,) and the one sided Wiener formula,

1 At+e

1k .
c, = lim— x)e dx P =|lim s(v+e f)—s(v—g; f)dvP
e |M2T_ij() | 's»ozgmi“ f)=s(v=s; f )|

A+e ) B .
Siﬁ'éz,lzgl[gls(v+e;f)—s(v—a,-f)|2dv="(’“0@)2:(/1 0;p)

and we have by the hypotheses (D, )and one-sided Wiener formula too

. 1 T . —iAx
d; = lim— J o(x; f Je " dx

) 1 o(A+0;0)—c(A-0;0)
=lim o(ut+e;@)—o(u—¢c;¢)idu =
lim —— == j{ (u+sp)-o(u—sp)} o

for allreal 4 where we should apply the Lemma E in each of the last formula.

Then we have
1 % 1%
lim — x)e P dx F< lim— x; f)e X dx
|M2T_ij( Je " dx | sz_fT(”( )
for all real A . Therefore we have

lc,P<d, (Vreal 1)
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According to Lemma E, we shall expect as follows. Let us put the set £ = {Z,n}

(n=0,1,2,----- ) astheset A and theset D as its complement. Let us put
f‘
0, AeD

oy +0ip)=0(h-0:0) . _
§ \/57_[' ? )Ly &y

—

and
00 AeD

c; =9

Then we shall acknowledge that these settings are true and coincide with the

assertions of Theorem E .
We have

2§y 504 t09)-0(A -0:9) o(+oip)-o(—09)
;Icni <; n ; \/5; < \/Zt— < 0

Therefore we shall conclude that there exists a B, -almost periodic function g(x)of

which Fourier series is as follows
g(x)~Y c,e™".
n

Then if we put
f(x)—g(x)=h(x)
say, and we shall consider correlation functions @(x; f),w(x;g) and y(x;/h)of
f,g,h ; their GFT. o(u;¢),0(u;wv) and o(u;y) of @,y,y respectively. Let us
remark that
c, =limLJT‘f(x)e"'“dx=limij‘g(x)e"mxdx (Vreal 1)
T 2T < T>= 2T <, :
Then by repeating the same arguments as IV in this research report [4] (c.f
pp.105~108), we shall prove
o(x; f)=w(x8)+x(xh)
and
o(u;9)=o(u;y)+o(u; )
respectively.
Then by the Lemma £, o(u,; @) is continuous on the set D and discontinuous of

the first kind with jump on the set E such as
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_o(A,+0,0)-0(1,-0,9)

" N2

A +E
_" {o(u+ep)-o(u-g:9)ldu  (n=0,12-)

On the other hand , since o(u;i) is G.ET. of w(x;g) and w(x;g) is the

correlation function of B, -almost periodic function g(x), we have

[ V2xYle, P (urd,)

A, <u
o(u, )= <

A, <u

fz?[z|c,,|2+%|c,,,|2J (u=2,)

Then o(u;w) is continuous on the set D and discontinuous of the first kind with

jump on the set £ such as
2 < O-(ﬂ'n + O’.W) - O-(ﬂ’n - 0;‘//) (n — O, 1’ 2, ..... )

C =
|n| \/27

Thus we have
le, P<d, (n=0,12,----)
on the set E.

Furthermore we have

ontheset D.
Therefore we shall prove that o(u;y) is bounded, monotone increasing function.

Since o(u;y) is G.ET. of y(x;h) and y(x;h)is the correlation function of A(x),
we have by the N.Wiener Theorem[1]( Theorem 24,pp. 146~149)

1t 1
lim— | h(x)P dc=—> (d —|c, ).
MZT_ITI (x)F de==23(d,- e, F)
In particular, if it is satisfied the condition
d,—~lc, =0 (n=0,12,-----)
then we have
limlj.lh(x)fdx—()
-0 2T 4. )

Thus we have proved the Theorem E completely.
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