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298 Chapter 11 Simple measurement and causality

ANote 11.2. If we know the present state of the universe and the kinetic equation (=the theory of
everything), and if we calculate it, we can know everything (from past to future). There may be
a reason to believe this idea. This intellect is often referred to as Laplace’s demon. Laplace’s
demon is sometimes discussed as the realistic-view over which the degree passed. Thus, we

consider the following correspondence:

Schrodinger’s cat in Answer [11.15

Laplace’s Demon —
quantum mechanics

Correspondence

Newtonian mechanics
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11.6 Wheeler’s Delayed choice experiment: “Particle or
wave?” is a foolish question

This section is extracted from

(2) [44] S. Ishikawa, The double-slit quantum eraser experiments and Hardy’s paradoz in the

quantum linguistic interpretation, larxiv:1407.5143|quantum-ph],( 2014)

11.6.1  “Particle or wave?” is a foolish question

In the conventional quantum mechanics, the question: “particle or wave?” may frequently
appear. However, this is a foolish question.
On the other hand, the argument about the “particle vs. wave” is clear in quantum language.

As seen in the following table, this argument is traditional:

Table 11.1: Particle vs. Wave in several world-views (c¢f. Table 2.1, Table [3.1))

’ World-views \ P or W H Particle(=symbol) ‘ Wave(= mathematical representation ) ‘
Aristotle hyle eidos
Newton mechanics point mass state (=(position, momentum))
Statistics population parameter
Quantum mechanics particle state (=~ wave function)
Quantum language system (=measuring object) state

In the table 11.1, Newtonian mechanics (i.e., mass point <> state) may be easiest to understand.
Thus, “particle” and “wave” are not confrontation concepts.

Concerning “particle or wave”, we have the following statements:
(A;) “Particle or wave” is a foolish question.
(As) Wheeler’s delayed choice experiment is related to the question “particle or wave”
If so, it may be interesting to answer the following:
(A3) How is Wheeler’s delayed choice experiment described in terms of quantum mechanics?

This is the purpose of this section. And we answer it in the conclusion (H).


http://arxiv.org/abs/1407.5143
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11.6.2 Preparation

Let us start from the review of Section 2.10 (de Broglie paradox in B(C?))

Let H be a two dimensional Hilbert space, i.e., H = C2. Consider the basic structure

[B(C*) € B(C?) C B(C?)

Let fi1, fo € H such that

Put

it fe
V2

Thus, we have the state p = |u)(u| (€ &(B(C?))).
Let U(€ B(C?)) be an unitary operator such that

1 0
U= |:0 61'71'/2:|

and let ® : B(C?) — B(C?) be the homomorphism such that

u

®(F)=U*FU  (VF € B(C?)

Consider two observable O; = ({1,2},2{:% F) and O, = ({1,2},21?},G) in B(C?) such
that

F{1Y) = [f(fl FE2Y = [f2)(f2]

and

G({1}) = lg){ol, G({2}) = lg2)(gal

where

g:f1+f2 g:fl_fQ
1 Vol 2 G
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11.6.3 de Broglie’s paradox in B(C?) (No interference)

half mirror 1

u= 5 (fi+f2) .. course 1 \/Lifl mirror 1
Photon P | "=
course 2 % fo \/Li f
Vg
\ “75 )2
AS L2 ) Da(= (If2)(£:]))
mirror 2 photon detector)
L5

Dy (= (|f1){f1])

(photon detector)
Figure 11.4(1). [D; + D;]=0ObservableO;

Now we shall explain, by the Schrodinger picture, Figure 11.4(1) as follows.
The photon P with the state u = \%(ﬁ + f2) ( precisely, p = |u)(u| ) rushed into the

half-mirror 1,

(By) the fi part in u = \%( f1+ f2) passes through the half-mirror 1, and goes along the course
1. And it is reflected in the mirror 1, and goes to the photon detector D;.

(By) the fo part in u = \/Li(f 1 + f2) rebounds on the half-mirror 1 (and strictly saying, the fo
changes to /—1fs, we are not concerned with it ), and goes along the course 2. And it

is reflected in the mirror 2, and goes to the photon detector Ds.
This is, by the Heisenberg picture, represented by the following measurement:
Mp(c2)(®Oy, 55) (11.27)

Then, we see:

a measured value 1
a measured value 2

[ itz = o ] - |

(C) the probability that [ } is obtained by Mp(c2)(®Oy, Sy,)) is given by

N[ =D [ =

] (11.28)
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Remark 11.18. [Projection postulate] By the analogy of Section 11.2 ( The projection postulate
), Figure 11.4(1) is also described as follows. That is, putting e; = {(1)} and ey = {(1)] (e C?),
we have the observable Or = ({1,2},2{%?} E) in B(C?) such that E({1}) = |ei){e; and
E({1}) = |e1)(e1. Hence,

half mirror 1

u=y3(fitf2) ", course 1 T i®e mirror 1
Photon P | "=
course 2 %fg@&g %fl@el
i V-1 V-1
N e 212922 5 (= (0 @ [e2)ea])
mirror 2 (photon detector)
\%fl®€1

Di(= (Of @ler){er]))

Y
et (photon detector)

Figure 11.4(1"). [D1 + D5]=0; ® Op

Thus, using the Schrodinger picture, in the above figure we see:

v—1
fi®er + —= fa®esy

V2

1 1
u=—(f1 + f: s —
2( ' 2) time evolution V2

which may imply that spacetime and quantum entanglement are related.

11.6.4 Mach-Zehnder interferometer (Interference)

Next, consider the following figure:
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half mirror 1

u=5(N1+f2) '-_.course 1 %fl irror 2
Photon P | "=
course 2 % fo %f 1
Ef . O
' 2
N Y D= (g){au])
mirror 1 half mirror 2| (photon detector)
SN

Dy (= (lg2)(92]))
V(photon getegtor)

Figure 11.4(2). [D; + Dy]=ObservableO,
Now we shall explain, by the Schrédinger picture, Figure 11.4(2) as follows.
The photon P with the state u = \%(ﬁ + f2) ( precisely, p = |u)(u| ) rushed into the

half-mirror 1,

(Dy) the f; part in u = \/Li(fl + f2) passes through the half-mirror 1, and goes along the course
1. And it is reflected in the mirror 1, and passes through the half-mirror 2, and goes to

the photon detector D;.

(D) the fy part in u = \/Lﬁ(fl + f2) rebounds on the half-mirror 1 (and strictly saying, the
f2 changes to /—1f5, we are not concerned with it ), and goes along the course 2. And
it is reflected in the mirror 2, and further reflected in the half-mirror 2, and goes to the

photon detector Ds.
This is, by the Heisenberg picture, represented by the following measurement:
Mpc2)(9*Oy, Si) (11.29)

Then, we see:

a measured value 1

(E) the probability that [ a measured value 2

} is obtained by Mpcz2)(®20,, S},) is given by

[asciaa] = [loevos] = 1
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11.6.5 Another case

Consider the following Figure 11.4(3).

half mirror 1

u=-(fi+f2) = 1 mirror 2
V2 . 1 f
s i L L L Y.L Di(= ([f1){f:])
Photon P | "= (photon detector)
course 2 % fa
V-1 .
\ SRk 3
N , .,
mirror 1 half mirror 2
L,

Dy(= ([f2)(f2
e (photon( ’deiéct(‘))r))

Figure 11.4(3). [Dy + D;]| =ObservableO;
Now we shall explain, by the Schrédinger picture, Figure 11.4(3) as follows.
The photon P with the state u = \%(ﬁ + fo) ( precisely, p = |u)(u| ) rushed into the

half-mirror 1,

(F1) the f; part in u = \/Li(f 1+ f2) passes through the half-mirror 1, and goes along the course
1. And it reaches to the photon detector D;.

(Fg) the f; part in u = \/Li( fi1 + f2) rebounds on the half-mirror 1 (and strictly saying, the f,
changes to v/ —1fs, we are not concerned with it ), and goes along the course 2. And it
is again reflected in the mirror 1, and further reflected in the half-mirror 2, and goes to

the photon detector Ds.

This is, by the Heisenberg picture, represented by the following measurement:
Mpc2)(®°Oy, S)y)) (11.30)

Therefore, we see the following:

measured value 1
measured value 2

(G) The probability that [

is given by

e weriian) = o oo = looe i = |

} is obtained by the measurement Mpc2)(®*Oy, Sj,)

|

NI
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Therefore, if the photon detector D; does not react, it is expected that the photon detector

Dy reacts.

11.6.6 Conclusion

The above argument is just Wheeler’s delayed choice experiment. It should be noted that
the difference among Examples in §11.5.3 (Figure 11.4(1))— §11.5 (Figure 11.4(3)) is that of the

observables (= measuring instrument ). That is,

§11.5.3 (Figure 11.4(1)) 0,
Heisenberg picture

§11.5.4 (Figure 11.4(2)) P20,
Heisenberg picture

§11.5.5 (Figure 11.4(3)) 20,

Heisenberg picture

Hence, it should be noted that

(H) Wheeler’s delayed choice experiment —“after the photon P passes through the half-
mirror 1, one of Figure 11.4(1), Figure 11.4(2) and Figure 11.4(3) is chosen” — can not

be described paradoxically in quantum language.

However, it should be noted that the non-locality paradox (i.e., “there is some thing faster than

light”) is not solved even in quantum language.

ANote 11.3. What we want to assert in this book may be the following:

(#) everything (except “there is some thing faster than light”) can not be described paradox-
ically in terms of quantum language
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11.7 Hardy’s paradox

In this section, we shall introduce the Hardy’s paradox (cf. ref.[16]) in terms of quantum
language!.
Let H be a two dimensional Hilbert space, i.e., H = C% Let fi, f2, g1, g2 € H such that

flzf{: [(1)}: fzzféz [(1)], 912912]01\}%]627 92=9§:f1\;§f2

Put

u:ﬁ\gﬁ(:gl)

Consider the tensor Hilbert space H ® H = C?* ® C? and define the state p such that
,_ht i+ h
V2 V2

As shown in the next section (e.g., annihilation (i.e., f; ® f; — 0), etc.), define the operator

P:C?®C? - C? ® C? such that

p=lu®u)(uxd|

T=u®u ®

Plon1fi®d i+ anfi®@ fotanfo® fi+anfo® fr) =—anfi® fo—anfo® fi + aafe® fo

Here, it is clear that

P2(0411f1 R fitanfi®fitanfo® fi+anf® fo) =afi ® for+anfo® fi +anfo® f

hence, we see that P?: C* @ C?* — C? ® C? is a projection.
Also, define the causal operator ¥ : B(C? ® C2) — B(C?® C?) by
U(A)=PAP  (Ae B(C*®C?)
Here, it is easy to see that U : B(C?* ® C?) — B(C? @ C?) satisfies

(Ay) U(A*A) >0 (VA e B(C2® C?))

)

(A2)

Since it is not always assured that U(I) = I, strictly speaking, the ¥ : B(C2®C?) — B(C2®C?)

(I) = P?

is a causal operator in the wide sense.

IThis section is extracted from

(8) [@4] S. Ishikawa, The double-slit quantum eraser experiments and Hardy’s paradox in the quantum lin-
guistic interpretation, larxiv:1407.5143[quantum-phl,( 2014)
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11.7.1  Observable O, ® O,

Consider the following figure

Positron P’ \/ii(f{ + f})

— 1 ,
.Y course 2’ %f 5 mirror 2
half mirror=1’
course 1/ | L f Ve
half mirror 1 ﬁf_l 5 V2 2 D= (190 )
L(flJer).. 1 1 1rror 2= {191/\91
R "w COUTse ‘/ifl ?S\ o A (Detector)
Electron P . \ if no allnlhllamon,'vé.fl . )
. / . .
M= mirror 1 half mirror 2
course 2 V2 f2 if no annihilation,
L
, Nay, . Dy(= (lg3){(92]))
\ 2 /2 " - ) et (Detector)
mirror 1 half mirror 2| Ds(= (|g1){(g1]))
(Detector)
Y D (=
v 1(= (lg2)(g21))

(Detector)
Figure 11.5(1). Electron P and Positron P’ are annihilated at ®

In the above, Electron P and Positron P’ rush into the half-mirror 1 and the half-mirror 1’

respectively. Here, “half-mirror” has the following property:

o (= =10

vl h=

L, . . [
[0]( fi=1) pass through half-mirror

0 /
HIGEE
be reflected in half-mirror, and x+/—1

Assume that the initial state of Electron P [resp. Positron P’] is 81 f1+ Baf2 [resp. 511+ B5f3].
Then, we see, by the Schrodinger picture, that

(Bufr + Bafo) @ (BLfL + Bofy) = BiBifir @ fi + BiBafi @ fo + BaBBifo @ f1 + B2BBofoa ® fo

—_—

(half-mirror)
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BiBLfL @ fi+ V=1B1ByfL @ [y + V=181 fo @ f1 — BoBsfo @ f5

(annihilation(i.e., f1 ® f] =0))

J—_lﬁlﬁéfl ® fo+ \/—_15251f2 ® fi — Pafafa @ fo

(second half-mirror)
—B1Bof1 ® [ — BoBrif2 ® [+ BoBofa @ [y
The above is written by the Schrodinger picture W, : Tr(C2? @ C2) — Tr(C2 ® C2). Thus,
we have the Heisenberg picture (i.e., the causal operator ) ¥ : B(C? ® C2) — B(C2 @ C2) by

U= (T,)"
Define the observable O, = ({1,2} x {1,2},2(t2x{12} [ ) in B(C? @ C2) by the tensor

observable O, ® O,, that is,

Hoyy({(1,1)}) =91 @ 1) (g1 @ 1], Hyg({(1,2)}) = |g1 ® g2){01 ® g,
Hyy({2. D)) = lg2 ® 1) (g2 @l Hyg({(2,2)}) = |92 ® 92){g2 ® g2

Consider the measurement:

Mpc2ec) (P0y4, Siz) (11.31)
Then, the probability that a measured value (2,2) is obtained by M B(@@Cz)(\ffa, Sip) is given
by

(u®u, PHye({(2,2)})P(u @ u))
:K(fl —f)(fi—f),idft+ fo®fi +f2®f2>’2
16
1

Jm®ﬁ—ﬁ®ﬁ—h®ﬁ+ﬁ®ﬁ,ﬁ®h+ﬁ®ﬁ+b®MP:_
16 16

Also, the probability that a measured value (1,1) is obtained by M B(@z@)(cz)(\fl@gg, Sip)) is given
by

(u@u, PHyg({(1,1)}) P(u® u))
Hfi+ )R (it fo), i@ fat fo® fi+ fo® fa)|?
16
:|<f1®f1+f1®f2+f2®f1+f2®f2, [®fat o @ fi+ fa® fo)]? :3

16 6

1
Further, the probability that a measured value (1,2) is obtained by M B(@@Cg)(@ﬁgg,sﬁ) is

given by

(u® u, PHyy({(1,2) )P (u @ u))
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(it f)@(fri—f) i®fat 2@ fi+ fo® fo)l

16
:‘<f1®f1—f1®f2+f2®f1—f2®f27 i@t fo® fi+ fo® fo)? _ 1
16 16
Similarly,
(@, PHyy({(2, 1)) Plu @ u)) =

Remark 11.19. Note that

1+9+1+1—3<1
16 16 16 16 4

which is due to the annihilation. Thus, the probability that no measured value is obtained by

the measurement M B((C2®(C2)(\/I}6, Siz) is equal to 1.

11.7.2 The case that there is no half-mirror 2’

Consider the case that there is no half-mirror 2/, the case described in the following figure:

Positron P %(f{ + f5)

. /
.V course 2’ %f 5 wirror 2
half mirrof=1’
course 1/ | L f/ Ly
half mirror 1 ﬂf,l 9 v f2 DI( (|f/><f/|))
I (fitfa)e 1 irror =
vsf1tf2) -, _course 1 751 ! g Q(Detec}cor)l
Electron P | ™= \ N if no a1'11'1111ilat101'1,71f fi )
oI mirror 1’
course 2 Rk if no annihilation,
i
, V-1 . Di(= (1/5)(f3])
\\ WoRL . . ) \J (Detector)
mirror 1 half mirror 2| Do (= (|g1){a11))
(Detector)
Y D (=
v 1(= (lg2){g2l))

(Detector)
Figure 11.5(2). Electron P and Positron P’ are annihilated at ®
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Define the observable 6gf = ({1,2} x {1,2}, 2t0:2px{1.2} ﬁgf) in B(C? ® C?) by the tensor
observable O, ® Oy, that is,

Hyy ({1, DY) = g1 @ fil{gr @ i, Hyr({(1,2)}) = |1 @ fo) (g1 © fol,
Hy ({2, 1)) = g2 @ fi){g2 @ fil,  Hyp({(2.2)}) = lg2 ® f2) (g2 @ fol

Since the causal operator U : B(C2®C2) — B(C2®C2) is the same, we get the measurement:
MB((C2®(C2)(\I/ng7 S[ﬁ]) (1132)

Then, the probability that a measured value (2, 2) is obtained by Mpc2gc2) (@69 7,515 1s given
by

(uw®u, PHyp({(2,2)}) P(u®w))

:|<(f1—f2)®f2,f1®f2+f2®f1+f2®f2>|2 _ 0
8

Also, the probability that a measured value (1,1) is obtained by M B(@@Cz)(@ﬁg >5[ is given
by

(u®u, PHyp({(1,1)}) P(u®u))

(Nt )@ N® Lt @+ 1
8

Further, the probability that a measured value (1,2) is obtained by M B(CQW)(@Ggf, Sip) is

given by
(u@u, PHy({(1,2)}) P(u @ u))
KA+ i@kt LA+ M) 4
B 16 -3
Similarly,

(u®u, PHyp({(2,1)}) P(u®u))
(Ah-f)ehheh+theht+fhef)? 1

8 8

Remark 11.20. It is usual to consider that “Which way pass problem” is nonsense. It should
be noted that, in the Heisenberg picture, the observable (= measuring instrument ) does not

only include detectors but also mirrors.



KSTS/RR-16/001
January 8, 2016

11.8 quantum eraser experiment 311

11.8 quantum eraser experiment
Let us explain quantum eraser experiment(cf. [71]). This section is extracted from

(#) [44] S. Ishikawa, The double-slit quantum eraser experiments and Hardy’s paradoz in the

quantum linguistic interpretation, arxiv:1407.5143[quantum-phl,( 2014)

11.8.1 Tensor Hilbert space

Let C? be the two dimensional Hilbert space, i,e., C? = { {zl} | 21,290 € (C}. And put
2

el el

Here, define the observable O, = ({—1,1},2{= F,) in B(C?) such that

rn -5y ] meem=3[L 7

Here, note that

E({1)e = 5o +e), E({1D)es = g(er +e2)

F({-1)er = e~ ), F{=1))e = 5(—er )

Let H be a Hilbert space such that L?*(R). And let O = (X,J, F) be an observable in
B(H). For example, consider the position observable, that is, X = R, F = Bg, and

FEl0-{, EEes

Let u; and uy (€ H) be orthonormal elements, i.e., ||[u1||g = ||uz||z = 1 and (uy,us) = 0. Put
U = QU + Qols

where a; € C such that |ay|* + |ae]? = 1.
Further, define ¢ € C* @ H ( the tensor Hilbert space of C? and H) such that

Y =1 @ Uy + ages @ ug

where «; € C such that |aq|* + |ag|* = 1.


http://arxiv.org/abs/1407.5143
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11.8.2 Interference

Consider the measurement:

Mz c2em)(Oz @ O, Sjyy ) (11.33)
Then, we see:

(A;) the probability that a measured value (1,z)(€ {—1,1} x X)) belongs to {1} x Z is given
by

(v, (Fz({1}) ® F(2))v)
=(ave1 ® up + ages ® ug, (F({1} ® F(E)))(crer ® up + azes ® ug))

(aeg @ ug + agey ® ug, ar(eg + e2) @ F(ZE)uy + ag(er + e3) @ F(Z)us)

1
2
1
=— ‘051’2<U1, F(E)U1> -+ ’062‘2<'LL2, F(E)U2> + 51062<U1, F(E)U2> —+ 06162<UQ, F(E)U1>

2
1 _ — _ -
=5 <|a1|2<u1, F(Z)uy) + |as|*(ug, F(E)uy) + 2[Real part](ayos(us, F(:)u2>)>
where the interference term (i.e., the third term) appears.

Define the probability density function p; by

({1 FE)Y) =
/Epl(Q)dq = D) @ Do) (V= e F)

Then, by the interference term (i.e., 2[Real part](ajaq(us, F(Z)uz)) ), we get the following

graph.

4!

Figure 11.6(1): The graph of p,

Also, we see:

(Ay) the probability that a measured value (—1,z)(e {—1,1} x X) belongs to {—1} x = is
given by

=(age; ® up + age @ ug, (F({—1} @ F(2)))(aner ® ug + ases @ ug))
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1 -
§<0416’1 ® Uy + o€y ® Uy, (e — e2) ® F(E)uy + as(—e1 + e3) @ F(E)ug)
1 — — _ — _ —
= (\a1| (ur, F(Z)ur) + o] (s, F(E)us) — @an(ur, F(E)uz) — a1 (us, F(:)u1>)
1

— (lnPtus, FE)un) + [aaf*{uz, F(2)ua) — 2Real part] (@az{ur, F(2)u2))

where the interference term (i.e., the third term) appears.

Define the probability density function py by

W (B @ FEW) o
[Lptaa= B eny =T

Then, by the interference term (i.e., —2[Real part](@as(ui, F(Z2)us)) ), we get the following

graph.

D2

Figure 11.6(2): The graph of ps

11.8.3 No interference

Consider the measurement:

Mp(c2em)(0r @ O, Sy ) (11.34)
Then, we see

(A3) the probability that a measured value (u,z)(€ {1,—1} x X) belongs to {1, -1} x E is
given by

(v, (I ® F(E))Y)

=(a161 ® Uy + azes @ ug, (I @ F(Z))(are; @ uy + ages @ ug))

=(1e1 @ U1 + Qaey ® Ug, ey @ F(Z)us + anes @ F(Z)uy)
=laa [*(ur, F(E)ur) + |aa|*(ua, F(E)us)

where the interference term disappears.

Define the probability density function ps by

/: ps(a)dg = (0, I @ F(E))y) (V= € F)
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Since there is no interference term, we get the following graph.

P3 = P1+ P2

Figure 11.6(3): The graph of ps = p; + p2

Remark 11.21. Note that

(A3) = (A1)+(Ay)

no interference interferences are canceled

This was experimentally examined in [71].
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Chapter 12

Realized causal observable in general
theory

Until the previous chapter, we studied all of quantum language, that is,

(ﬁl):’ pure measurement theory ‘

(=quantum language)
[(pure)Axiom 1]
= ’pure measurement ‘ + ’ Causality “i‘ ’ Linguistic interpretation

(cf. 2.9 (cf. §10.3) (cf. §3.0)

[Axiom 2] [quantum linguistic interpretation]|

a kind of spell(a priori judgment) the manual to use spells

(#2) :’ mixed measurement theory ‘

(=quantum language)

[(mixed) Axiom (™) 1] [Axiom 2| [quantum Tinguistic interpretation]
= ’mixod measurement ‘ + ’ Causality ‘—l— ’Linguistic interpretation
(cf. §9.0) (cf. §10.3) (cf. §3.0)

~~

a kind of spell(a priori judgment) the manual to use spells

As mentioned in the previous chapter, what is important is

» to exercise the relationship of measurement and causality

In this chapter, we discuss the relationship more systematically.

12.1 Finite realized causal observable

In dualism (i.e., quantum language), [Axiom 2 (Causality) is not used independently, but is

always used with [Axiom 1| (measurement), just as George Berkeley (A.D. 1685- A.D.1753) said

(A1) To be is to be perceived.

315
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ANote 12.1. Note that Berkeley’s words is opposite to Einstein’s words:
(#3) The moon is there whether one looks at it or not.

in Einstein and Tagore’s conversation.

In this chapter, we devote ourselves to finite realized causal observable. ( For the infinite

realized causal observable, see Chapter [I4l) The readers should understand:

e ‘“realized causal observable” is a direct consequence of the linguistic interpretation, that

is,
Only one measurement is permitted.
Now we shall review the following theorem:
Theorem 12.1. [=Theorem [11.1:Causal operator and observable] Consider the basic structure:
[Ar C Ay C B(H)]  (k=1,2)

Let @5 : As — A; be a causal operator, and let Oy = (X, F, Fy) be an observable in As. Then,
0,50, = (X, T, 1 2F3) is an observable in A

Proof. See the proof of Theorem [11.1 O

In this section, we consider the case that the tree ordered set T'(¢y) is finite. Thus, putting
T(ty) = {to,t1,...,tn}, consider the finite tree (T'(ty), < ) with the root to, which is represented
by (I'={to,t1,...,tn},m: T\ {to} — T) with the the parent map . .

Definition 12.2. [(finite)sequential causal observable]  Consider the basic structure:
Ar € Ap © B(Hy)] (€ T(to) = {to,t1,+ -+ ,tu})

in which, we have a sequential causal operator {®;, ,, : A;,, — ﬁtl}(tht2)eTg (cf. Definition

10100 ) such that

(i) for each (t,t2) € T2, a causal operator ®, , : Ay, — Ay, satisfies that @y, ;, Py, 1, = Py, 4,
(V(t1,t2), Y(ta,t3) € Té) Here, ®;, : A; — A, is the identity.
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Dy 3
_ =1As: O
qjy[ﬂz:oz] <[ 31 O]
(I)Ol ﬁ O @274 [z4 04]
B / A1+ 04 ‘Qs_
[Ao : O :@ [Ag : O] [As : O3]
(1)07 [ﬁ7 . 07]

Figure 12.1 : Simple example of sequential causal observable

For each t € T, consider an observable O,=(X;, F;, F},) in A;. The pair {O¢}rer, { Pty 4,
Ay, — ﬁtl}(tm)eTg ] is called a sequential causal observable, denoted by [Or] or [Op,)].

That is, [Or] = [{6t}t€Ta {4, 0 Ay, — ﬁtl}(tm)eTg ]. Using the parent map 7 : T\ {to} — T,

— ':I:'7T Ot —
[O7] is also denoted by [Or] = [{O:}rer, {Ar —2% Ar her\ o))

Now we can show our present problem.

Problem 12.3. We want to formulate the measurement of a sequential causal observable[O]
= [{Ot}rer, { Pt 1o : Aty = Aty fty ta)er2 | for a system S with an initial state p,, (€ GP(Ay))).

How do we formulate this measurement?

Now let us solve this problem as follows. Note that the linguistic interpretation says that
only one measurement (and thus, only one observable) is permitted

Thus, we have to combine many observables in a sequential causal observable[Or] = [{O; }er,

{4, + As, — ﬁtl}(thtz)eﬁ |. This is realized as follows.

Definition 12.4. [Realized causal observable]

Let T(to) = {to,t1,...,tn} be a finite tree. Let [Orqy)] = [{Oihier, {Prgys : A (GEN
ﬁﬂ(t)}tecp\{to} | be a sequential causal observable.

Foreach s (€ T),put Ts = {t € T' | t = s}. Define the observable 652( Xier, Xi, Wien T, ﬁs)
in A, such that
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0, (ifseT\n(T))

O
I

R (12.1)
Osx<><te7r*1({s}) CIDTF(WOt) ( if s € 7T(T) )

(In quantum case, the existence of 68 is not always guaranteed). And further, iteratively, we

get, the observable 6t0 = (Xyer Xi, Wyerd, ﬁto) in Ay, Put 6to = Or(t)-

The observable 6T(t0) = (Xyer Xy, WierTy, ﬁto) is called the (finite) realized causal observable
of the sequential causal observable[Ory)] = [{Other; { Py : A — f_lﬂ(t)}teT\{tO} .

Summing up the above arguments, we have the following theorem: R
In the classical case, the realized causal observable Opqy) = (Xer X3, X erTy, F,,) always
exists.

ap
ANote 12.2. In the above (12.1)), the product “x” may be generalized as the quasi-product “x”.
However, in this note we are not concerned with such generalization.

Example 12.5. [A simple classical example | Suppose that a tree (T = {0,1,...,6,7},7) has
an ordered structure such that 7(1) = 7(6) = 7(7) =0, 7(2) = n(5) = 1, 7(3) = 7(4) = 2.

D23 1700 _
q’l}l“’mg L0y - )50
i ‘% [L2°(€24) : Oy
‘} [L2°(€21) : O] o1
[L>°(Qg) : Op] ™—__ L) o \Em(%) ..

K
o
>

%
=]
~ $

[LOO(Q7) . 07]
Figure 12.2 : Simple classical example of sequential causal observable
Consider a sequential causal observable [O7| = [{O; }er, {L“(Qt)%j)vf L® () beer\fop)]-

Now, we shall construct its realized causal observable 6%) = (Xyer Xy, M yer Ty, ﬁ’to) in what

follows.

Put
O; =0, andthus F,=F, (t=3,4,5,6,7).
First we construct the product observable 62 in L>(£) such as

62 = (X2 X X3 X X4,g’~2 gffg &?4,1:—1\2) where ﬁQ = F2 X( X (I)Qﬂgﬁt),
t=3,4
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[teratively, we construct the following:

<I>011 D12

Fo X ®gFg X @7 F; Fy X @y 5 F;
ﬁo Do,1 F\l D12 ﬁg
(FoX@oygﬁ@X@ojﬁ}beoylﬁl) (F]_ ><<I>115F\5><<I>1,2ﬁ2) (F2><‘1>273ﬁ3><<13214ﬁ4)

That is, we get the product observable 61 = (szlXt, &fﬂﬂ’t,ﬁl) of Oy, @1,262 and @17565,
and finally, the product observable

O = (X_ X, R F, Fo(=Fy x ( X @ 1))

t=1,6,7
of Oy, @0,161, @0,666 and @0,767. Then, we get the realization of a sequential causal observable
¢7\' = .
{0 her, {L2() =9 L)) }rer\foy]- For completeness, Fj is represented by
Fo(So x 2y X By X E3 X B4 X B3 X Zg X Z7)]
:Fo(Eo) X (13071 (Fl(El) X @175F5<E5) X (13172 <F2(Eg) X @2’3F3(53) X @2741"_’4(54)))

X @076(Fﬁ(56)) X @077(F7(E7)) (122)

(In quantum case, the existence of Oy in not guaranteed). O]

Remark 12.6. In the above example, consider the case that O; (t = 2,6, 7) is not determined.
In this case,it suffices to define O; by the existence observable OEeXi):(Xt, {0, X}, Ft(eXi)). Then,

we see that

Fo(So x 21 X X3 X B3 X B4 x T X Xg x X7)
:FD(E()) X (13071 (Fl(El) X @1,5F5(E5) X (13172 (@273F3(Eg) X @274F4(E4))> (123)
This is true. However, the following is not wrong. Putting 7" = {0, 1, 3,4, 5}, consider the [Op]
= [{Othters {Pr o + L2(R,) — L=(Q,) } ey t0)eryz. |- Then, the realized causal observable
6T’(O) = (XtGT’ Xta & tET’gjh ﬁé) is defined by
ﬁé(EO X 21 X Eg X Sy X E5) = F()(Eo)
X @071 (Fl(El) X @175F5<E5) X @174F4(E4) X @173F3(53) X @1,4F4(E4>> (124)

which is different from the true (12.2]). We may sometimes omit “existence observable”. How-

ever, if we do so, we omit it on the basis of careful cautions.
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Thus, we can answer Problem [12.3] as follows.

Problem 12.7. [=Problem [12.3] (written again)
We want to formulate the measurement of a sequential causal observable[Or] =
{0} ier, { Pty 1o * At = At bty t)erz | for a system S with an initial state p;, (€ SP(A;)).

How do we formulate the measurement 7

Answer: If the realized causal observable 6t0 exists, the measurement is formulated by

measurement My, (O, Sipry])

Thus, according to Axiom 1 ( measurement: [§2.7), we see that

(A) The probability that a measured value (z;);c7 obtained by the measurement Mz, (GT, Sipi,])
belongs to =(€ X ;erJ;) is given by

A (pto7E()(E)>ﬁt0 (125)

The following theorem, which holds in classical systems, is frequently used.

Theorem 12.8. [The realized causal observable of deterministic sequential causal observable in
classical systems | Let (T'(ty), <) be a finite tree. For each t € T'(ty), consider the classical

basic structure
[Co(Q) C L(Q, 1) € B(L*(,1))]

Let [Or] = [{Ot}rer, {Pty1, : L2°(2t,) = L=(Q4,) } 1, 10)er2 | be deterministic causal observable.
Then, the realization (A)to = (Xyer Xy, W ierdy, EO) is represented by

6t0 - >< Qto,tot
teT
That is, it holds that

[Fro (X Z ) (wio) = X [ @41 F(E0))(wio) = X [F(Z0)](Sr0.4w10)

te’T teT teT

(tho c QtO,VEt c ?t>
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Proof. It suffices to prove the simple classical case of Example [12.5. Using Theorem [10.6

repeatedly, we see that

ﬁo = FO X ( X CI)07tﬁt)

t=1,6,7

:FO X ((I)O,lﬁl X q)0,6ﬁ6 X @0,7F\7) = F() X (@071.27‘\1 X CI)O,GFG X @077F7>

:( X CI)o,tFt> X (@0,1ﬁ1) = ( X CI)O,tE;) X (I)O,I(Fl X <t2§5q)1,tﬁ>)

t=0,6,7 t=0,6,7

:( X (I)O,tFt> X ®0,1(t2§5®1,tﬁt) = < X (I)O,tFt> X q)0,1(q)1,2ﬁ2 X ¢1,5ﬁ5)

t=0,1,6,7 t=0,1,6,7

:( X (I)O,tFt> X @0,1(‘31,21/*—1\2) = ( X (I)O,tFt> X ®0,1(®1,2(F2 X (t_>§4(1)2,tﬁt)))

t=0,1,5,6,7 t=0,1,5,6,7

7
=X q)O,tFt
t=0

This completes the proof. O
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12.2 Double-slit experiment

12.2.1 Interference
For each t € T' = [0, 00), define the quantum basic structure
[C(H;) € B(H,) € B(H,)],

where H, = L*(R?) (Vt € T).
Let ug € Hy = L*(R?) be an initial wave-function such that (kg > 0, small o > 0):

2 2

1 , x 1
Uo(CL’, y) ~ 1/}:18(1:7 0)¢y(y7 0) - \/m exp (Zkof - 202) . ,—71_1/20 €xXp ( - ﬁ)u

where the average momentum (p?, p9) is calculated by
9,20, B, (9,0

That is, we assume that the initial state of the partlcle P is equal to |ug) (ug].

Picture 12.9. MB(HD)((PO’t2OQ = (R, BR, ¢07t2F2), SHUO><UO|])

t:tl t:tg

Figure 12.3(1) Potential V(x,y) = oo on the thick line, = 0 (elsewhere)

Thus, we have the following Schrodinger equation:
n* o2 n* o?

L0
Zhaut(x7y>_j{ut(xay>v H__%@_%@+V( )

Let s,t be 0 < s < t < oo. Thus, we have the causal relation: {®s; : B(H;) —

B(H;)}o<s<t<co Where

H(t—s) H(t—s)

b A=c # Ae (VA € B(H,) = B(L*(R?)))
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Thus, (Poz, )« (o) = ul 4+ uf in Picture 12.9.

Let Oy = (R, Bg, F3) be the position observable in B(L*(R?) such that

1 (z,y) eRxE

[FE)](x,y) = x=(y) =
0 (r,y) e RxR\Z=

Hence, we have the measurement Mp(,)(Por,02 = (R, Br, Pot,F5), Sfjug)uol))-  Axiom 1 (

measurement: [§2.7) says that

(A) the probability that a measured value a € R by Mp(z,)(®o,1,0, Sjug)(uo|) belongs to (—oo, y]

is given by
y

(10, (Do, F((—00, 4]) Jun) = / or(y)dy

—00

ANote 12.3. Precisely speaking, we say as follows. Let A, € be small positive real numbers. For
eachke€Z={k|k=0,£1,£2,43,,,,, }, define the rectangle Dy, such that

Do = {(x,y) € R* | z < b},
Dpy={(z,y) eR*|b<a,(k—1A<y<kA}, k=1,23,..

Dy ={(z,y) eR? |b< kA <y < (k+1)A}, k=-1,-2,-3,..
Thus we have the projection observable 0% = (Z,2%, F§) in L*(R?) such that
[F({kD)(z.y) =1 ((z,9) € D), =0 ((z,y) eR*\Dy) (k€ Z)

Then it suffices to consider

e for each time ¢,, = to +ne(n =0, 1,2, ...), the projection observable 02A is measured in the

sense of Projection Postulate [11.6L

12.2.2 Which-way path experiment

Picture 12.10. Which-way path experiment: A measured value by Mp(r2(w2))(Pos, (¥(Og ®
(I)t1,t202))7 S[\u@)(uoH) belongs to {T} X (—oo,y]
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O /i\
N
S
S
Y
8
S
&

Figure 12.3(2) Potential V(x,y) = oo on the thick line, = 0 (elsewhere)

Next, let us explain the above figure. Define the projection observable O; = ({1, |}, 2" )
in B(L?(R?)) such that
1 yv>0

Aen={ 420
F{D@y) = 1 - FD]E)

According to Section 11.2 ( Projection postulate ), consider the CONS {ey, es} (€ C?). Define
the predual operator U, : Tr(L*(R?)) — Tr(C? @ L*(R?)) such that

U (fu)(ul) = I(ex @ Fr({THu) + (e2 © Fi({{})u))((ex @ Fi({THu) + (e2 © Fi({{})u)|

Then we have the causal operator ¥ : B(C? @ L*(R?)) — L*(R?) such that ¥ = (¥,)*. Define
the observable O¢ = ({1, 1}, 2{""} G) in B(C?) such that

G{1H) = lenfal,  GHIY) = lea) (e

Hence we have the tensor observable Og ® ®;, 4,05 in B(C?® L?*(R?)), and hence, the measure-
ment Mpr2r2))(Pos, (¥(Og @ Py, 1,02)), Sfuywol))- Then, Axiom 1 ( measurement: [§2.7)) says
that

(B) the probability that a measured value (\,y) € {1,1} X R by Mp(2m®2))(Pos, (V(O¢ ®
Dy,4,02)), Sjuo) (uol]) belongs to {1} x (—o0,y] is given by

(@ Fal=o0. ) = 5 [ ey
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#Note 12.4. Precisely speaking, in the above case, it suffices to consider the following procedure
(1) and (ii):

(i) for time ¢y, the projection observable O; is measured in the sense of Projection Postulate
11.6

(ii) for each time t,, = t5 +ne(n = 0,1,2,...), the projection observable O3 is measured in the
sense of Projection Postulate [11.6L
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12.3 Wilson cloud chamber in double slit experiment

In this section, we shall analyze a discrete trajectory of a quantum particle, which is assumed
one of the models of the Wilson cloud chamber ( i.e., a particle detector used for detecting ionizing
radiation). The main idea is due to. [23, 24 (1991, 1994, S. Ishikawa, et al.)].

12.3.1 Trajectory of a particle is non-sense

We shall consider a particle P in the one-dimensional real line R, whose initial state function is
u(xr) € H = L*(R). Since our purpose is to analyze the discrete trajectory of the particle in the
double-slit experiment, we choose the state u(z) as follows:

1/vV2,2 € (=3/2,—-1/2) U (1/2,3/2)
u(z) = (12.6)
0, otherwise

1/v2

Y

-3/2 -1/2 0 1/2 3/2 x

Figure 12.4 The initial wave function u(x)

Let A be a position observable in H, that is,
(Agv)(x) = zv(x) (Vz € R, (for v e H = L*(R)

which is identified with the observable O = (R, Bg, E 4,) defined by the spectral representation: Ay =

f]R zEa,(dz).

We treat the following Heisenberg’s kinetic equation of the time evolution of the observable A,
(—oo < t < 00) in a Hilbert space H with a Hamiltonian 3 such that H = —(h?/2m)9%/02? (i.e., the
potential V(z) = 0), that is,

dA
—det = HA; — AZH, —oo <t < oo, where Ag = A (12.7)

The one-parameter unitary group Uy is defined by exp(—itA). An easy calculation shows that
A = Ut*AUt = Ut*.’EUt =r+ ——— (128)
Put t =1/4, i/m = 1. And put

1d .
A= Ay(=2), B=A1/4(=l’+47%) = Uj/4A0U1/4 = ©g,1/440
Thus, we have the sequential causal observable

position observable: Ag position observable: Ag

|B(H))|  «———  [B(Hy)

Pg,1/4

initial wave function:ug
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However, Ao(= A) and @ ;,4A40(= B) do not commute, that is, we see:

1d d
AB — BA = ——) - ——r=i/4
@t ) T @t gt iAo
Therefore, the realized causal observable does not exist. In this sense,

the trajectory of a particle is non-sense

12.3.2 Approximate measurement of trajectories of a particle

In spite of this fact, we want to consider “trajectories” as follows. That is, we consider the
approximate simultaneous measurement of self-adjoint operators {A, B} for a particle P with an
initial state u(x).

Recall Definition [4.13, that is,

Definition 12.11. (=Definition [4.13). The quartet (K, s, }1\7 E) is called an approximately simulta-
neous observable of A and B, if it satisfied that

(A1) K is a Hilbert space. s € K, ||s||x = 1, A and B are commutative self-adjoint operators on a
tensor Hilbert space H ® K that satisfy the average value coincidence condition, that is,

(W@ s, Au®s)) = (u, Au),  (u® s, Bu®s)) = (u, Bu) (12.9)
(Vu € H, |Jullg = 1)

Also, the measurement Mg k) (0 ;% Op, S5,,)) is called the approximately simultaneous measure-
ment of MB(H)(OA7 S[Pu]) and MB(H)(OBa S[pu])7 where

Pus = [u@s)(u®s|  ([lstk =1)
And we define that
(As) AP (= [[(A—A@ D)(u®s)|) and A% (= (B — B® I)(u® s)|) are called errors of the
1 2

approximate simultaneous measurement measurement Mg (O3 X Og, Si5,.))

Now, let us constitute the approximately observable (K, s, 27 E) as follows.
Put

K =L*R,), s(y) == (?)1/4 exp ( - w1‘2y|2>

where wy is assumed to be wy = 4, 16, 64 later. It is easy to show that [[s[|2r,) =1 (i.e., [|s|x =1
) and

(s,As) = (s,Bs) =0 (12.10)
And further, put

A=A +2I0 A
E:B@I—%I@B
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Note that the two commute (i.c., AB = BA ). Also, we see, by (12.10),

(W@ s, Au®s)) =(u®s (AT +2I @ A)(u®s)) = (u, Au) (12.11)
(W@ s Au®s)) =(u®s, (BoT -2 A)(u®s)) = (u, Bu) (12.12)
(Yu € H,i=1,2)

Thus, we have the approximately simultaneous measurement Mpggx)(07x0g, S [ﬁus])’ and the errors
are calculated as follows:

b= A% = |(A—=A® D(uas)| = |20/ @ A)(uss)| = 2| As| (12.13)
O1/4 = A%; =(B-B@)(uas)|=(1/2)|( e B)uss)|=(1/2)|Bs| (12.14)
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By the parallel measurement ®,]§V:1 Mprek)(O3 % Og, S[5,.]), assume that a measured value:

<(:L‘1,l’,1), (valJQ)7 B (xNa I/N))

is obtained. This is numerically calculated as follows.

wy =4

A
1

Figure 12.5: The lines connecting two points (i.e., z and z}.) (k =1,2,...)

Here, note that dp(= d;/4) and dg are depend on ws.

#Note 12.5. For the further arguments, see the following refs.
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(#1) [23]: S. Ishikawa, Uncertainties and an interpretation of nonrelativistic quantum theory,
International Journal of Theoretical Physics 30, 401-417 (1991)
doi: 10.1007/BF00670793

(#2) [24]: Ishikawa, S., Arai, T. and Kawai, T. Numerical Analysis of Trajectories of a Quantum
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12.4 Two kinds of absurdness — idealism and dualism

This section is extracted from ref. [38].
Measurement theory (= quantum language ) has two kinds of absurdness. That is,

idealism- - -linguistic world-view
The limits of my language mean the limits of my world

(1) Two kinds of absurdness
dualism - - - Descartes=Kant philosophy
The dualistic description for monistic phenomenon

In what follows, we explain these.

12.4.1 The linguistic interpretation — A spectator does not go up
to the stage

Problem 12.12. [A spectator does not go up to the stage]
Consider the elementary problem with two steps (a) and (b):

(a) Consider an urn, in which 3 white balls and 2 black balls are. And consider the following trial:

e Pick out one ball from the urn. If it is black, you return it in the urn If it is white, you
do not return it and have it. Assume that you take three trials.

(b) Then, calculate the probability that you have 2 white ball after (a)(i.e., three trials).

Answer Put Ny = {0,1,2,...} with the counting measure. Assume that there are m white balls
and n black balls in the urn. This situation is represented by a state (m,n) € N%. We can define the

dual causal operator ®* : M1 (N2) — M,1(N3) such that

tOm—tm) T Oy (When m #0) (12.15)

& (Omm) = { 5(0,n) (when m =0).

where (5(.) is the point measure.
Let T ={0,1,2,3} be discrete time. For each t € T, put Q;
¥ w2 (3 2
[® }3(5(3,2)) =[® ]2 (55(2,2) + 55(3,2)>

3 23 2
=" <(5( d,2) + 5(22)) (55(2,2)+55(3,2))>

= Ng. Thus, we see:

. 3 27 4

3 1 2 27 2 2 4 3
:T0(§5(0’2) + 55(1,2)) + %(15(1,2) + 15(2,2)) 25(55(2 2) + 5(3 2))

1 47 183 8
:TO5(0,2) + mfs(l,z) + @5(2,2) + 175@3,2) (12.16)
Define the observable O = (Np, 20, ') in L>°(€23) such that

_ 1 m,n) € Ex Ny CQ
[F(:)](m»n)Z{ 0 gm,n)ngiNggQg
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Therefore, the probability that a measured value “2” is obtained by the measurement M Loo(Ng)(q)gO,
S((3,2))) is given by

B3 (F({2))](3,2) = /Q PN (6)) () = 50 (12.17)

O
The above may be easy, but we should note that

(c) the part (a) is related to causality, and the part (b) is related to measurement.
Thus, the observer is not in the (a). Figuratively speaking, we say:

A spectator does not go up to the stage

Thus, someone in the (a) should be regard as “robot”.

ANote 12.6. The part (a) is not related to “probability”. That is because The spirit of measure-
ment theory says that

there is no probability without measurements.

although something like “probability” in the (a) is called “Markov probability”.

12.4.2 In the beginning was the words—F'it feet to shoes

Remark 12.13. [The confusion between measurement and causality ( Continued from Example2.31])]
Recall Exampld2.31] [The measurement of “cold or hot” for water]. Consider the measurement
Moo (@) (Och;s Spw)) where w = 5( °C). Then we say that

(a) By the measurement M q)(Och, S|y, (=5)), the probability that a measured value

()(= empty set) 0

= {c elongs to a se {c} is equal to [F({c})](5) =1

He Tl bemeston st ) a0 | [r((a})](5) = 0
{Cv h} 1

Here, we should not think:
“5°C” is the cause and “cold” is a result.

That is, we never consider that

(b) 5 °C]—

(cause) (result)

That is because Axiom 2 (causality; §10.3)| is not used in (a), though the (a) may be sometimes
regarded as the causality (b) in ordinary language.
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ANote 12.7. However, from the different point of view, the above (b) can be justified as follows.
Define the dual causal operator ®* : M([0, 100]) — M({c, h}) by

[©*0,](D) = fo(w) - 6(D) + fa(w) - 0u(D) (% € [0,100), YD C {e,h})
Then, the (b) can be regarded as “causality”. That is,
() “measurement or causality” depends on how to describe a phenomenon.

This is the linguistic world-description method.

Remark 12.14. [Mixed measurement and causality | Reconsider Problem [0.5(urn problem:mixed
measurement). That is, consider a state space Q = {wi,ws}, and define the observable O =
({w,b},2{wb ) in L°(Q) in Problem 5. Define the mixed state by p™ = pdy, + (1 — p)du,.
Then the probability that a measured value = ( € {w,b}) is obtained by the mixed measurement
Moo () (O, Sy (p™)) is, by (9.3), given by

P({z}) Z/Q[F({ﬂﬁ})](W)ﬂm(dw) = plF({z})l(wr) + (1 = p)[F({})](w2)

B { 0.8p+04(1—p) (whenz=w)

1 02p+0.6(1—p)) (whenz=10) (12.18)

Now, define a new state space Qp by Qo = {wo}. And define the dual (non-deterministic) causal oper-
ator ®* : M41(Q0) = M41(Q2) by @*(0wy) = Py + (1 — p)dw,. Thus, we have the (non-deterministic)
causal operator ® : L>°(2) — L*°(Qp). Here, consider a pure measurement My (0.)(®0, Sj,,)). Then,
the probability that a measured value z ( € {w, b}) is obtained by the measurement is given by

P({z}) = [®(F({z}))(wo) = /Q[F({:r})](w)pm(dm

B { 0.8p+0.4(1—p) (whenz=w)
| 0.2p+0.6(1 —p)) (whenz=10)

which is equal to the (12.18). Therefore, the mixed measurement Mo (q)(O, Sj,(0)) can be regarded
as the pure measurement M) (®O, Si))-

ANote 12.8. In the above arguments, we see that
(1) Concept depends on the description

This is the linguistic world-description method. As mentioned frequently, we are not concerned
with the question “what is ()()?”. The reason is due to this (). “Measurement or Causality”
depends on the description. Some may recall Nietzsche’s famous saying:

There are no facts, only interpretations.

This is just the linguistic world-description method with the spirit: “Fit feet (=world) to shoes
(language)”.
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ANote 12.9. In the book “The astonishing hypothesis” ([I0] by F. Click (the most noted for
being a co-discoverer of the structure of the DNA molecule in 1953 with James Watson)), Dr.
Click said that

(a) You, your joys and your sorrows, your memories and your ambitions,your sense of personal
identity and free will,are in fact no more than the behavior of a vast assembly of nerve cells
and their associated molecules.

It should be note that this (a) and the dualism do not contradict. That is because quantum
language says:

(b) Describe any monistic phenomenon by the dualistic language (= quantum lan-
guage )!

Also, if the above (a) is due to David Hume, he was a scientist rather than a philosopher.
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Chapter 13

Fisher statistics (II)

Measurement theory (= quantum language ) is formulated as follows.

[Axiom 1] [Axiom 2| [quantum Tinguistic interpretation]
° ’measurement theory‘ := | Measurement | + ’ Causality ‘—l— ’Linguistic interpretation
(=quantum language) (cf. [82.7) (cf. §10.3) (cf. §3.1)
a kind of spell(a priori judgment) manual to use spells

In Chapter 5 (Fisher statistics (I)), we discuss “inference” in the relation of “measurement”. In
this chapter, we discuss “inference” in the relation of “measurement” and “causality”. Thus,
we devote ourselves to regression analysis. This chapter is extracted from the following:

(#) Ref. [29]: [S. Ishikawa, “Mathematical Foundations of Measurement Theory,” Keio Uni-
versity Press Inc. 2006.

13.1 “Inference” = “Control”

It is usually considered that

e statistics is closely related to inference
e dynamical system theory is closely related to control

However, in this chapter, we show that
“inference” = “control”

In this sense, we conclude that statistics and dynamical system theory are essentially the same.

13.1.1 Inference problem(statistics)

335
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Chapter 13 Fisher statistics (II)
Problem 13.1. [Inference problem and regression analysis|

Let Q = {w1, w2, ...,w100} be a set of all students of a certain high school. Define h : Q — [0, 200]
and w : Q — [0,200] such that:

h(wn) = “the height of a student w,,” (n=1,2,...,100)
w(wy) = “the weight of a student w,” (n=1,2,...,100)

(13.1)
For simplicity, put, N = 5. For example, see Table 13.1.

Table 13.1: Height and weight

Height- Weight \_Student
Height (h(w) cm)
Weight (w(w) kg)

wi | wo | w3 | wa | ws
150 | 160 | 165 | 170 | 175
65 | 55 | 75 | 60 | 65

200
Assume that:

(a1) The principal of this high school knows the both functions h and w. That is, he knows the exact
data of the height and weight concerning all students.

Also, assume that:
(ag) Some day, a certain student helped a drowned girl. But, he left without reporting the name.
Thus, all information that the principal knows is as follows:

(i) he is a student of his high school.
(ii) his height [resp. weight] is about 170 cm [resp. about 80 kg].

Now we have the following question:

(b) Under the above assumption (a;) and (az), how does the principal infer who is he?

This will be answered in Answer [13.51
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13.1.2 Control problem(dynamical system theory)

Adding the measurement equation g : R? — R to the state equation, we have dynamical system
theory(13.2)). That is,

(i) : d";—gt) =v(w(t),t,e1(t),5) ---( state equation)

’ dynamical system theory ‘ = (initials(0)=e) (13.2)

(ii) : z(t) = g(w(t),t, ea(t)) -+ ( measurement)

where a, 8 are parameters, e (t) is noise, e2(t) is measurement error.

The following example is the simplest problem concerning inference.

Problem 13.2. [Control problem and regression analysis] We have a rectangular water tank filled with

water.

F

Iz(t)

|

Figure 13.1: Water tank

Assume that the height of water at time ¢ is given by the following function h(t):

dh

% = By, then h(t) = ag + Bot, (13.3)

where ag and Sy are unknown fixed parameters such that «q is the height of water filling the tank at
the beginning and fy is the increasing height of water per unit time. The measured height h,,(t) of

water at time ¢ is assumed to be represented by
hm(t) = ag + Bot + e(t),

where e(t) represents a noise (or more precisely, a measurement error) with some suitable conditions.

And assume that we obtained the measured data of the heights of water at ¢t = 1,2, 3 as follows:
hm(1) =19, hn(2) =3.0, hy(3)=4.7. (13.4)

Under this setting, we consider the following problem:
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(c1) [Control]: Settle the state (ag, o) such that measured data (13.4) will be obtained.
or, equivalently,
(c2) [Inference]: when measured data (13.4) is obtained, infer the unknown state (ayg, o).

This will be answered in Answer [13.6l

Note that

(c1)=(c2)

from the theoretical point of view. Thus we consider that

(d) Inference problem and control problem are the same problem. And these are

characterized as the reverse problem of measurements.

Remark 13.3. [Remark on dynamical system theory (cf. [29]) ] Again recall the formulation (13.2)

of dynamical system theory, in which

(#) the noise e1(t) and the measurement error ey(t) have the same mathematical structure (i.e.,

stochastic processes ).

This is a weak point of dynamical system theory. Since the noise and the measurement error are
different, I think that the mathematical formulations should be different. In fact, the confusion
between the noise and the measurement error frequently occur. This weakness is clarified in quantum

language, as shown in Answer [13.6.
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13.2 Regression analysis

According to Fisher’s maximum likelihood method (Theorem5.0]) and the existence theorem of the

realized causal observable, we have the following theorem:

Theorem 13.4. [Regression analysis (cf. [29]) | Let (T={to,t1, ..., tn},7: T\ {to} = T) be a
tree. Let Op =(X e X, X terFt, Fy,) be the realized causal observable of a sequential causal
observable [{O¢}rer, {®rs)e + L(2) — L (Qr()) hrer\{to} |- Consider a measurement

MLW(QtO)(GT:(téXu X terFt, Fry)s S

Assume that a measured value obtained by the measurement belongs to = (e X terFt). Then, there
is a reason to infer that

[*]:wto

where wy, (€ Q4,) is defined by

~

[Fio ()] (wro) = max [F},(E)](w)

W€y,

The poof is a direct consequence of |Axiom 2 (causality; §10.3) and Fisher maximum likelihood
method (Theorem [5.6]). Thus, we omit it.
It should be noted that

(#) regression analysis is related to |[Axiom 1 (measurement; 52.7) and [Axiom 2
(causality; §10.3)

Now we shall answer ProblemlI3.1] in terms of quantum language, that is, in terms of re-
gression analysis (Theorem(I3.4)).

Answer 13.5. [(Continued from Problem13.I(Inference problem))Regression analysis] Let (T'=
{0,1,2}, 7 : T\ {0} — T') be the parent map representation of a tree, where it is assumed that

(1) =7(2)=0

Put Qp = {w1,ws,...,ws}, 1 = interval[100,200], Q23 = interval[30,110]. Here, we consider
that

QoDwy-vve-- a state such that “the girl is helped by a student w,,” (n=1,2,...,5)

For each t (€ {1,2}), the deterministic map ¢ : €y — € is defined by ¢o;1 = h(height
function), ¢p2 = w(weight function). Thus, for each ¢ (€ {1,2}), the deterministic causal
operator O, : L®(€;) — L>®(€) is defined by

(Do fi](w) = fildor(w)) (Vw € Qo,Vf, € L=())
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Qo1 L)
L2 () /
‘<I>\L°°(QZ)

0,2

For each t = 1,2, let Og,,=(R, Br, Go,) be the normal observable with a standard deviation
o > 01in L>(9;). That is,

_ (z—w)?

27 dr  (VE € By, Vw € Q)

[Go, (D) (w) =

\/ 27mt

Thus, we have a deterministic sequence observable [{Og,, }i=1,2, {®os : L=() — L>() }i=1,2]-
Its realization Op = (R2, Fpe, Fp) is defined by

~

[Fo(Z1 % Z)](w) = [20,1G0, (W) - [20,2G0, (W) = [Goy (E1)](00,1 (W) - [Gon (F2)](¢0,2(w))

(VEl,EQ c 'BR, Yw € Q() = {wl,wg,. .. ,W5})

Let N be sufficiently large. Define intervals =;, =y C R by

=1 = [165 1165—{-1 =y = |65 165—1—1
—1 — N7 N ) —2 — N7 N

The measured data obtained by a measurement M Lw(go)(@T, Sp) 1s
(165, 65) (€ R?)

Thus, measured value belongs to =Z; x Zy. Using regression analysis ( Theorem [13.4) is charac-
terized as follows:

(#) Find wy (€ Q) such as

[Fo({Z1 % Z3)](wo) = max[Fy({Z1 x Za)](w)

wef

Since N is sufficiently large,

() = max ——— //exp (1 Qh( W) _ (2= @)

weNp 4 / 2 o2 202
0 0-10-2 £.0E, 1 2
165 — 2 65 —
—s maxexp[ - | WF (65— ww))
weN 20’1 20’2

i (UGB B@)? (65— w(ew))?

for simplicity, assume that oy = o
weo 20’% 20'% ] ( P ¥ ! 2)
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1 -1 2 _ 2
(165 70)2 —;(65 60) is obtained
01

—>When w4, minimum value
—>The student is wy

Therefore, we can infer that the student who helps the girl is wjy. n

Now, let us answer Problem [13.2] in terms of quantum language (or, by using regression
analysis (Theorem(I3.4])).

Answer 13.6. [(Continued from Problem [I3.2(Control problem))Regression analysis] In Problem
13.2, it is natural to consider that the tree T'= {0, 1,2, 3} is discrete time, that is, the linear
ordered set with the parent map 7= : 7'\ {0} — T such that 7(t) =t —1 (¢t = 1,2,3). For
example, put

Qo =10, %[0, 2, 2 =10, 4 x[0,2, =10, 6]x[0,2, =10, 8 x[0, 2

For each t = 1,2, 3, define the deterministic causal map ¢r«)s : Q@ — Q¢ by (13.3), that is,

¢o1(wo) = (v + B, 5) (Vwo = (o, B) € Qo = [0, 1] x [0, 2])
¢172(W1) = (Oé—|—ﬁ,5) (VOJ1 = (Oé,,@) € Ql = [O, 4] X [0, 2])
Pa3(wa) = (v + B, 5) (Vws = (a, B) € Qo = [0, 6] x [0, 2])

Thus, we get the deterministic sequence causal map {¢u): @ Qr@y — Qt}t€{1’273}, and the

deterministic sequence causal operator {®r ) : L() = L>(Qr1)) }ref1,2,33- That is,

(o,1.f1)(wo) = fi(@o1(wo)) (V1 € L=(Q1),Vwo € Q)
(Prafo)(wi)=fa(@Pra(wr)) (Vfo € L7(Q), Vi € )
(Po3f3)(we) = f3(Pa3(w2)) (Vfs € L7(Q3), Vw1 € Q).

[lustrating by the diagram, we see

L) €21 Loo(Q) €42 Lo0(Qy) €22 Lo°(9)

And thus, ¢g2(wo) = ¢1,2(001(wo)), ¢0.3(wo) = ¢P2,3(¢1,2(¢01(wp))), Therefore, note that @, =
Dyp- Do, Poz=Dp1- P2 Pos.

Por_L[()
L=(Q0) £ ®Po2 L°(0Q,)

‘q’\LOO(Qs)

0,3
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Let R be the set of real numbers. Fix ¢ > 0. For each ¢t = 0,1,2, define the normal
observable O,=(R, Bg, G,) in L*>®();) such that

1 eXp(_M

Go(E) ) = ——
(V= € B, Vo, = (a, B) € Q=[0, 2t + 2] x [0, 2]).

2

Thus, we have the deterministic sequential causal observable [{O;}i=123, {®r()s : L2(2) —

L2(Qrr)) hee 1,233
And thus, we have the realized causal observable Oy = (R3, Fgs, F\O) in L>°(Qg) such that (

using Theorem [12.8] )

[Fo(Z1 % Zp % E3))(w0) = [20.(Go(E1)81.2(Go(Z2) ®25(Go(E1)))] (wo)
=[®0,1Go(E1)}(wo) - [P0,2Go(Z2)](wo) - [Po3CGo(Z5)](wo)
=[G+ (E)](do,1(wo)) - [Go(Z2)](P02(w0)) - [Go(Z3)](do3(wo))

(V=1, 22,23 € B, Ywy = (o, 8) € Qo = [0, 1] x [0, 2])

Our problem (i.e., Problem [13.2) is as follows,

(#1) Determine the parameter (o, ) such that the measured value of Mpeq)( Or, Sp) 1s
equal to (1.9,3.0,4.7)

For a sufficiently large natural number N, put

=119 119—}—1 Ho = (3.0 130+1 Hy = 4.7 147+1
-1 — . N’ N =2 — . N’ N sy =3 — . N N

Fisher’s maximum likelihood method (Theorem [5.6)) says that the above (£;) is equivalent
to the following problem

(#2) Find (o, B) (= wp € Q) such that

[F()(El X Hy X 33)](04”8) = I(Ial%)){[FO(El X Ho X Eg)]

Since N is assumed to be sufficiently large, we see
(f2) = max [Fo(Z: x Zp x Z3)](a, B)
(e, B)€Q0
/// _(@1-(a+B) +(rp— (a+2ﬂ)) +(zg=(at38))?
— max
Oc ,BYEQY 4 /27T0-2

E1xEaxE3
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X dl‘ldIQd{Eg

— max exp(—J/(20
Joax p(—J/(20%))

—> min J
(a76)€QO

where

J=(1.9—(a+8)%+ (3.0 — (a+28))% + (4.7 — (a + 38))?

(2 ...}:o,%{---}:Oandthus,)

{ (19— (a+B)) + (3.0 — (@ +28)) + (47— (a +36)) =0
(1.9 (a+B)) +2(3.0 = (a+28)) +3(4.7— (e + 38)) =

— (o, 8) = (0.4,1.4)

0

Therefore, in order to obtain a measured value (1.9, 3.0, 4.7), it suffices to put
(o, ) = (0.4, 1.4)
Remark 13.7. For completeness, note that,
e From the theoretical point of view,

“inference” = “control”

Thus, we conclude that statistics and dynamical system theory are essentially the same.

343
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Chapter 14

Realized causal observable in classical
systems

As mentioned in the previous chapters, what is important is
» to exercise the relationship of measurement and causality

In this chapter, we discuss the relationship more systematically. That is, we add the further
argument concerning the realized causal observable. This field is too vast, thus, we mainly
concentrate our interest to classical systems, particularly, Zeno’s paradox. That is,

(b) to describe the flying arrow ( the best work in Zeno’s paradoxes ) in terms of quantum
language (cf. refs.[36] B38])*

We believe that this is the final answer to Zeno’s paradox.

14.1 Infinite realized causal observable in classical sys-
tems

In what follows, we shall generalize the argument ( concerning the finite realized causal
observable in Chapter [IZ) to infinite case. In the case of infinite trees, it is impossible to

discuss quantum system deeply. thus, in this chapter,

we devote ourselves to classical systems

I This chapter is extracted from
[36): S. Ishikawa, “Zeno’s paradozes in the Mechanical World View,” |arXiv:1205.1290v1 [physics.hist-phll
(2012)
[38]: S. Ishikawa, Measurement Theory in the Philosophy of Science, jarXiv:1209.3483 [physics.hist-ph]
2012, (177 pages)
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Let (T, <) be an infinite tree, i.e., an infinite tree like semi-ordered set such that
“tl é t3 and to é t3” — “tl é ty or to é t1”

Put T2 = {(t1,t2) € T? : t1 < to}. An element t, € T is called a root if to < t (Vt € T)
holds. If T has the root ty, we sometimes denote T by T'(ty). T'(C T) is called lower bounded
if there exists an element t;(€ T') such that ¢; <t (Vt € T").  Therefore, if T has the root,
any T"(C T') is lower bounded. We always assume that 7" is complete, that is, for any 7"(C T)
which is lower bounded, there exists an element Infr(7”)(€ T') that satisfies the following (i)
and (ii):

i) Infp (7)<t (VteT)
(i) If s <t (Vt € T"), then it holds that s < Infy(7")

/1]

Let (T'(to), <) be an infinite tree with the root ty. For each t € T, consider the classical

) =

basic structure:
[C()(Szt) g LOC(Qt, Vt) g B(L2(g2t. I/t))}

Also, for each t € T, define the separable complete metric space X;, and the Borel field By,
and further, define the observable O;=(X;, F;, F}) in L>(€, 14). That is, we have a sequential

causal observable:

[@T(to)} = [{Ot}teTa {(I)tl,tz : LOO(Qtzv Vtz) — LOO(Qt1> th)}(tl,tQ)ETé]

Now let us construct the realized causal observable in what follows:

Here, define, Po(T) (= Po(T(ty)) € P(T)) such that

Po(T(to))
={T" C T |T'is finite, ts € T" and satisfies Inf»S = Inf7S (VS CT")}

Let T'(to) € Po(T(ty)). Since (T'(ty), <) is finite, we can put (T'={to,t1,...,tx}, 7 : T"\

{to} — T"), where 7 is a parent map.

Review 14.1. [The review of Definition 12.4]. Let T"(= T"(ty)) € Po(T). Consider the sequen-
tial causal observable [{O;}rerr, { @) o L(, v4) = L), Va(r)) ber\fto) |- For each s
(€T, putting Ty, = {t € T" | t = s}, define the observable Oy=( X cr, X;, Xier, Fi, Fs) in
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L*>(Qy, 1) such that

O; (seT'\m(T") and)
0, = (14.1)

O.x( X ®.4,0,) (sen(T’) and)
tem=1({s})

And further, iteratively, we get CA)tO:(XtGT/ X, Xier 9—},]3,50), which is also denoted by
OT’:(XteT/ Xt7 XtGT’ fTrh FT’)-

In classical cases, the existence is guaranteed by Definition [12.4 )

For any subsets 77 C To( C T), define the natural map 7p, 1, : Xyer, Xo —> Xyer, Xt by

X Xy 3 (w)er, = (ve)ier, € X X
teTy teTy

It is clear that the observables { Op=(Xyer Xy, Xoep Fo, Fp) | T € Po(T) } in

L*>(Qy,, v, ) satisty the following consistency condition, that is,

e for any T}, Ty (€ Po(T)) such that Ty C Ty, it holds that

F\TQ (71—;11,T2 (ET1)) = F\Tl (ETl) (VETI € tél 9:,5)

Then, by Theorem [Z.1] Kolmogorov extension theorem in measurement theory |, there uniquely

exists the observable 6T = (XteT X, Wier F, ﬁT) in L*>°(€y,, 14,) such that:

~

Fr(r7'p(Ep)) = Fr(Er)  (VEp € X5, VI e Po(T))

This observable 6T = (Xyer Xi, Wier T, Z?T) is called the realization of the sequential causal

observable [(O)T(to)] = [{Ot}tETa {(I)t1,t2 : LOO(Qt27Vt2> — LOO(QtUth)}(n,tz)eTé ]

Summing up the above argument, we have the following theorem in classical systems. This

is the infinite version of Definition [12.4L

Theorem 14.2. [The existence theorem of an infinite realized causal observable in classical
systems] Let T be an infinite tree with the root t3. For each t € T, consider the basic
structure:

[Co(Q) C L(Q, 1) € B(L*(Q,11))]

Also, for each t € T, define the separable complete metric space X;, the Borel field
(X, F) and an observable O;=(X;, F;, F) in L>(£y, ;). And, consider the sequential causal
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observable[Oruy)] = [{Other, {Pr o + Ly, 11,) — LOO(Qt17Vt1)}(t1,t2)GT§ ]. Then, there

uniquely exists the realized causal observable 6T = (XteT X, W erT, ﬁT) in L°(Qyy, ),
that is, it satisfies that

~

FT(’]T’Z_"/{T<E'T/)) = ﬁT/ (ET/) (VET/ c lEtET’SFta VT’ € io(T)) (142)
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14.2 Is Brownian motion a motion?
14.2.1 Brownian motion in probability theory

There is a reason to consider that
(A) Brownian motion should be understood in measurement theory.

That is because Brownian motion is not in Newtonian mechanics. As one of applications of

Theorem [14.2, we discuss the Brown motion in quantum language.

Let us explain the above figure as follows.

(

Definition 14.3. [The review of Brownian motion in probability theory [54]].
Let (A, Fy, P) be a probability space. For each A € A, define the real-valued continuous
function B(-, A) : T(=[0,00)) — R such that, for any to =0 < t; <ty < -+ < tp,

PHA{Ne A | B(ti,\) €2, €Br (k=1,2,...,n)})

Z/E1 ("'(/Et (/Etn k:>i<1 G i (wk —wk_l)dwn)dwn_1)~-->dw1 (14.3)

n—1

where, wy € R, dwy, is the Lebesgue measure on R, and G 4(q) = ﬁexp [— %—i}
The B(-,\) : T(=[0,00)) — R is called the Brownian motion.
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14.2.2 Brownian motion in quantum language

Now consider the diffusion equation:

Opi(q) — Ppilq) L
o op (Vg € R,Vt € T=R, = [ty = 0, 00) )

By the solution p;, we get predual operator {[®;, ;] : L}(R,dq) — L'(R,dq)} as follows. That
is, for each p;, € L*(R, m), define

o0

([®e,10)4(012)) (@) = pro(q) = / P (V)G ym=r(q — y)m(dy) (Vg € R, V(t1,t5) € T2)

For simplicity, we put (Q:.Bg,, dw;) = (2, B, dw) = (Ry, Bg,,dq). And thus, for each t € T,

consider the classical basic structure:
[Co(Q) C L°(Q, dw;) € B(L*(Q, dwy))]
Putting ®;, 1, = ([Pr,.1,]+)", we get the sequential causal operator
(@11, 1 L(Qpy, dewr,) = Ly, dey) | (1, ts) € T2}

For each ¢ € T consider the exact observable O\ = (Q, Bg, F) in L*°(€), dw). Thus, we
get the sequential causal exact observable [O7] = [{O™}V,ep: {®y,4, | (f1,t2) € T?}]. The
existence theorem of the infinite classical realized causal observable (Theorem [14.2)) gays that
Or has the realized causal observable (A)to = (QT, B(QT), F,,) in L¥(Q, dw).

Assume that
(B)  ameasured value @ (= (w;)ier € QF) is obtained by MLOO(Q)(atO, Sfsuo])-

Let T = {to, t1,t, -+ ,t,} be a finite subset of T, where tg = 0 < t; < ty < -+ < t,. Put

= XZ;TEt (e B@+) where =, = Q (Vt ¢ T"). Then, by Axiom 1 (measurement; 52.7) , we see

[

the probability that @W( = (wi)ier) belongs to the set = = XZ;TEt is given by
~ T/ —_
[Fio (X erZe)) (wo)
where

[Fro (X 1erZ2)] (w0)

—(F(E0)o (FE0) - @t st (FE0 ) (@00, FIEL)) ) -+ ) )

:/El ((/: (/Et X p1G =iy (n — wpr )i 1) -+ ) o (14.4)

n—1 n
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which is equal to the (14.3).

Thus, we see that

probability theory quantum language

(B6) r = | (3

Brownian motion measured value

#Note 14.1. Thus, the following assertion has a reason in some sense:

e The Brownian motion B(t,\) is not a motion but a measured value. Some may recall
Parmenides’ saying:

(#) There are no “plurality”, but only “one”. And therefore, there is no movement.

which is the same as the essence of the linguistic interpretation.
That is, the spirit of quantum language says that

(#) Describe “plurality” as if only “one”.

(#) Describe moving one as if not moving.
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14.3 The Schrodinger picture of the sequential deter-
ministic causal operator

14.3.1 The preparation of the next section (§14.4: Zeno’s paradox)

The linguistic interpretation |(§3.1) says that
a state does no move,

which is called the Heisenberg picture (i.e., a state does not move, and, an observable moves).
This is formal. On the other hand, we sometimes use the Schrodinger picture (i.e., a state
moves, and, an observable does not move), which is handy and makeshift.

In this section, we explain something about the Schrédinger picture in classical deterministic
systems.

This section is the preparation of the next section (Zeno’s paradoxes).

Let (T'(to), £ ) be an infinite tree with the root ty. For each t € T, consider the classical

basic structure:

[Co(Q) C L(Qy, 1) € B(L*(Q,11))]

Definition 14.4. [State changes — the Schrodinger picture] Let {®y, 1, : L®(Qy, 11,) —
L®(Q4,), Vi) } ey an)erz be a deterministic causal relation with the deterministic causal maps
¢t1,t2 . Qtl — QtQ (V(tl,fé) c Té) Let Wt S Qto be an initial state. Then, the {¢t0’t(wt0)}t€T

(o1, {0gy, +(wry) yrer 18 called the Schrodinger picture representation.

The following is the infinite version of Theorem(I2.8.

Theorem 14.5. [Deterministic sequential causal operator and realized causal observable | Let
(T'(ty), <) be an infinite tree with the root to. Let [Or] = [{Other, {Pr, .ty = Ly, v1,) —
L2(Q4y, v4,) Fy 4a)er2 ] be a deterministic sequential causal observable. Then, the realization

6t0 = (Xyer Xy, X ;eT.fﬂ, ﬁto) is represented by

6t0 - >< Qto,tot
teT
That is, it holds that

[Fio (X Z)(wig) = X @41 F(Z)](wry) = X [Fi(Z0)] (Dot (wio))

teT teT teT
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(tho € QtO,VEt € gdt)
Proof. The proof is similar to that of Theorem{12.8 ]

Theorem 14.6. Let [Orqq)) = {01 }rer, (@10, + LDy 1) = L=y, 1) bnamper2 ) be
a deterministic sequential causal exact observable, which has the deterministic causal maps
Grrty * Uy — U, (V(t1,2) € T2). And let (A)to = (Xyer Xy, Xier Ty, F\T) be its realized causal
observable in L™ (Qy,, 14,). Assume that the measured value (x;)qcr is obtained by M Loo(gto)(@T

= (Xyer Xiy Xier T, 1/7\0), Slwry))- Then, we surely believe that

Ty = ¢t0,t(wto) (Vt S T)
Thus, we say that, as far as a deterministic sequential causal observable,

(a) exact measured value (z;)ier = the Schrodinger picture representation (¢, +(we,))ter

= XierZe =

= D
=
=

Proof. Let D = {ty,ts,...,t,}(C T) be any finite subset of 7. Put
(Xiep Ze) X (Xyerp Xi), where Z; € Xy(= ) is an open set such that ¢4 (wy,) € Z
(Vt € D). Then, we see that

~

—_
—

—

(b) the probability that the measured value (z;);er belongs to = = XgTEt is equal to 1.

That is because Theorem [14.5] says that

n

(Fr(®) () = ( X (r0a FV(E) ) (o)

k=1

:< X F(exa)w;),ltk(gtk)))(wm) - k>:<1 Xz, (90 (wra)) = 1

Thus, from the arbitrariness of =;, we surely believe that

(€) (@)ter = Grot(Wiy) (VteT)

ANote 14.2. Note that “(b) <(c)” in the above. That is, (b) is the definition of (c).

Thus, we have the following corollary, which is the generalization of Theorem [3.15.
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Corollary 14.7. [System quantity and exact observable].  For each t € T'(ty), consider
the exact observable O\ = (X, F,, F®)(= (€, By, X)) in L®(, ;) and a system quantity
gt % — Ron Q. Let O; = (R, Bg, G;) be the observable representation of the quantity g; in
L>(€). Assuming the simultaneous observable O,Eexa) x O}, define the sequential deterministic

causal observable:

O] = [{OI™ x Opier, {1,y + L%(Quyovy) = Ly 11} et |

Let ¢r 1, : Q1 — Qi (V(t1,t2) € T2) be the deterministic causal map. Let Oy, = (X er(XexR),
&tGT(% X Bg), ﬁto) be the realized causal observable. Thus, we have the measurement
M Lm(QtO)(6t07 Slw))- Let (x4,4t)ier be the measured value obtained by the measurement

M Lm(QtO)(6t07 Slwry))- Then, we can surely believe that

Ty = ¢to,t(wto) and y; = gt(¢to,t(wto)) (vteT)

Remark 14.8. [Why doesn’t Newtonian mechanics have measurement?]. Newtonian mechan-

ics and quantum mechanics are formulated as follows:

(

| o |
| Newtoinan mechanics| = _ Nothing = Causality

(Newtonian equation)

‘ quantum mechanics ‘ = Measurement + Causality

\ (Born’s quantum measurement) (Heisenberg (and Schrédinger) equation)

(%)

Thus, the following question is natural:
(f2) Why doesn’t Newtonian mechanics have measurement 7

Some may think that the reason is due to Theorem [14.6 (or, Corollary [14.7] ), which says that
we need only ¢y, (wy,) and not z;. However, this answer is superficial. The question (#2) is

significant in the light of Einstein’s words:
(#3) The moon is there whether one looks at it or not.

in Einstein and Tagore’s conversation. This should be compared with Berkley’s words “To be

is to be perceived”. We believe that the (#3) is the same as (#4) (= (f5) ):
(B4) Physics should exist without measurement

(#5) The concept of "measurement” is metaphysical and not physical
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14.4 Zeno’s paradoxes—Flying arrow is at rest

First we explain what Zeno’s parador means, one of the oldest paradoxes in science.

14.4.1 What is Zeno’s paradox?

Although Zeno’s paradox has some types (i.e., “flying arrow”, “Achilles and a tortoise”,
“dichotomy”, “stadium”, etc.), I think that these are essentially the same problem. And
I think that the flying arrow expresses the essence of the problem exactly and is the first
masterpiece in Zeno’s paradoxes. However, since “Achilles and the tortoise” may be more

famous, I will also describe this as follows.

Paradox 14.9. [Zeno’s paradox]

[Flying arrow is at rest]

e Consider a flying arrow. In any one instant of time, the arrow is not moving. Therefore,
If the arrow is motionless at every instant, and time is entirely composed of instants,

then motion is impossible.

[Achilles and a tortoise]

e [ consider competition of Achilles and a tortoise. Let the start point of a tortoise (a late
runner) be the front from the starting point of Achilles (a quick runner). Suppose that
both started simultaneously. If Achilles tries to pass a tortoise, Achilles has to go to the
place in which a tortoise is present now. However, then, the tortoise should have gone
ahead more. Achilles has to go to the place in which a tortoise is present now further.

Even Achilles continues this infinite, he can never catch up with a tortoise.
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In order to explain
“What is Zeno’s paradox?”
we have to start from the following Figure. That is, we assert that

Zeno’s paradox can not be understood without the following figure:

Figure 14.10. [=Figure[l.1 The location of quantum language in the history of world-description

(cf. ref.[31]) ]

roTTTTTTTTT the realistic view——""""""""""""""-- 7
! |
} relativity \ (unsolved) }
i (monism) — [theory  |——0}) ® theory of i

N —teverythin
Parmenides \ @ M 8 |
Socrates | (realism) quantum (quantum phys.) |
(0):Greek Schola L — | mechanics ——@) J
phﬂosophy — o
Plato sticism . lapguage ®\ |
Aristotle (dualism) o : (=MT) :
Descartes (linguistic view) , quantum .
Locke,... @/ linguistic langluage language !
— | Kant philosophy ——— o° '
; ; ! (language) !
(idealism) | l
statistics la: age :
system theory :ng—ug>@‘ !
: :
L-- the linguistic view- - -

Figure 1.1: The history of the world-view

It is clear that

(A) Descartes=Kant philosophy and the philosophy of language have no power to describe

Zeno’s paradox [14.9.
However, we have the following problems:
(By) How do we describe Zeno’s paradox [14.9 in terms of Newtonian mechanics?

(B2) How do we describe Zeno’s paradox [14.9/in terms of quantum mechanics?
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(B3) How do we describe Zeno’s paradox [14.9 in terms of the theory of relativity?

(B4) How do we describe Zeno’s paradox [14.9in terms of statistics (i.e., the dynamical system

theory) 7
(B5) How do we describe Zeno’s paradox [[1.9 in terms of quantum language?
And, finally, we have
(C) What is the most proper world description for Zeno’s paradox [14.97
We assert that
(D) “to solve Zeno’s paradox 14,97 <= “to answer the above (C)”
and conclude that

(E) The answer of the above (C) is just quantum language

Therefore, it suffices to answer the above (B 5), that is,

Problem 14.11. [The meaning of Zeno’s paradox]

Describe “flying arrow” and “Achilles an a tortoise” in (classical) quantum
language!

14.4.2 The answer to (B4): the dynamical system theoretical answer
to Zeno’s paradox

Before the answer of Problem [I4.11) we give the answer to the Problem (B,), i.e., the
dynamical system theoretical answer. However, in order to do it, we have to start from the

formulation of dynamical system theory in what follows

14.4.2.1 The formulation of dynamical system theory

Although statistics and dynamical system theory have no clear formulations, as mentioned
in Chapter [I13, we have the opinion that statistics and dynamical system theory are the same
things. At least, the following formulation (i.e., the formulation of dynamical system theory in

the narrow sense) should belong to statistics.
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Formulation 14.12. [The formulation of dynamical system theory in the narrow sense]

Dynamical system theory is formulated as follows.

’Dynamical system theory‘ = ’@:State equation ‘ + ’ ®):Measurement equation‘ (14.5)

D: ’State equation‘ is as follows. Let T" = R be the time axis. For each t(€ T), consider

the state space 0, = R" (n-dimensional real space). The state equation (Chap. T3(13.2])) is

defined by the following simultaneous ordinary differential equation of the first order

dsa (1) — (1), wa1), ,wa(t), e2(t), 1) (14.6)

’ State equation ‘ =

where €,(t) is a noise (k =1,2,--- ,n).

®: ’Measurement equation‘ is as follows. Consider the measured value space X = R™ (m-

dimensional real space). The measurement equation (Chap.[I3|[I3.2))) is defined by

S—
~
SN—

25(t) = ga(wr (1), walt). ..., (), malt

wm(t) = gm(wl(t)> w2<t)a s 777n(t)7 nn(t)a t)

’ Measurement equation ‘ = (14.7)

where g(= (91,92, ,gn)) : @ x R? = X is the system quantity and 7 () is a noise (k =
1,2,---,m). Here, x(t)(= (z1(t), z2(t), -, 2,(t))) is called a motion function.

14.4.2.2 The dynamical system theoretical answer to Zeno’s paradox

Answer 14.13. [The dynamical system theoretical answer to “flying arrow (in
Paradox [14.9)”]
Let q(t) be the position of the flying arrow at time ¢. That is, consider the motion function

q(t).
e Note that the following logic (i.e., Zeno’s logic ) is wrong:

e for each time ¢, the position ¢(t) of the flying arrow is determined.
—
the motion function ¢ is a constant function

Thus, Zeno’s logic is wrong.
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[The dynamical system theoretical answer to “Achilles and a tortoise (in Paradox
14.9)”] For example, assume that the velocity v, [resp. v,| of the quickest [resp. slowest]
runner is equal to v(> 0) [resp. yv (0 < v < 1)]. And further, assume that the position
of the quickest [resp. slowest] runner at time ¢ = 0 is equal to 0 [resp. a (> 0)]. Thus, we
can assume that the position £(¢) of the quickest runner and the position 7(t) of the slowest
runner at time ¢ (> 0) is respectively represented by

£(t) = vt
{ n(t) =yt +a (14.8)

e Calculations

The formula (I4.8)) can be calculated as follows (i.e., (i) or (ii)):
[(i): Algebraic calculation of (14.8)]:
Solving £(s¢) = 1(sp), that is,

VSy = YUSo + a

we get 5o = (17“7)1). That is, at time sy = ﬁ, the fast runner catches up with the slow

runner.
[(ii): Tterative calculation of (14.8))]:
Define t;, (kK =0,1,...) such that, t, = 0 and

tk—i—l :ﬂyvtk—ka (kZO,l,Q,)

Thus, we see that t;, = % (k=0,1,...). Then, we have that

(14.9)

as k — o0o. Therefore, the quickest runner catches up with the slowest at time sy = ﬁ

[(iii): Conclusion]: After all, by the above (i) or (ii), we can conclude that

the quickest runner can overtake the slowest at time sy) = —%~.
! =y
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a4
s
: i o@t)=tta
(1—% ) :
T b
(1—*)
I 2 S "
a b T ......
() =t
0 v o S !
— v —Y)v —Y)v —Y)V
) En) ER) R Eh

The graph of q;(t) = vt, qa2(t) =yvt +a

14.4.2.3 Why isn’t the Answer [14.13/ authorized?

We believe that the Answer [14.13is not the wrong answer of Zeno’s paradox. If so, we have

to answer the following question:
F) Why isn’t the Answer accepted as the final answer of Zeno’s paradox?
( y p p
We of course believe that

(G1) the reason is due to the fact that statistics (=dynamical system theory) is not

accepted as the world-view in Figure
Or equivalently,
(G1) the linguistic world-view is not accepted as the world-view in Figure [14.10.
If so, the readers note that

(H) the purpose of this note is to assert that the linguistic world view should be
authorized in Figure

14.4.3 Quantum linguistic answer to Zeno’s paradoxes

Before reading Answer [14.14 ( Zeno’s paradox(flying arrow) ), confirm our spirit:
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(I) The theory described in ordinary language should be described in a certain world de-
scription. That is because almost ambiguous problems are due to the lack of “the world-

description method”.
Therefore,

(J) it suffices to describe “motion function ¢(¢) in Answer 14.13 (flying arrow)” in terms
of quantum language. Here, the motion function should be a measured value, in which

the causality is concealed.

This will be done as follows.

Answer 14.14. [The answer to ProblemI4.TT] or [Answer to Problem [14.9; Zeno's paradox(flying
arrow) (cf. ref. [36,138])] In Corollary 14.7, putting

qt) = yi(= gt(¢to,t(wto)))

we get the time-position function ¢(t).

Although there may be several opinions, we consider that the followings (i.e., (K;) and (K3))

are equivalent:
(K1) to accept Figure [14.10:[The history of the world-view]

(K2) to believe in Answer [14.14] as the final answer of Zeno’s paradox

ANote 14.3. I think that “the flying arrow” is Zeno’s best work. If readers agree to the above
answer, they can easily answer the other Zeno’s paradoxes. Also, it should be noted that Zeno
of Elea (BC. 490-430) was a Greek philosopher (about 2500 years ago). Hence, we are not
concerned with the historical aspect of Zeno’s paradoxes. Therefore, we think that

ow did Zeno think Zeno’s paradoxes?” is not important from the scientific point of view.
“How did Z think Zeno’ d 71 t i tant f the scientifi int of vi
and
at is important is “How do we think Zeno’s paradoxes?
What is i tant is “How d think Zeno’ d 77

Also, for the quantum linguistic space-time, see §10.7 ( Leibniz=Clarke correspondence). I
doubt great philosophers’ opinions concerning Zeno’s paradoxes.



KSTS/RR-16/001
January 8, 2016



KSTS/RR-16/001
January 8, 2016

Chapter 15

Least-squares method and Regression
analysis

Although regression analysis has a great history, we consider that it has always continued being
confused. For example, the fundamental terms in regression analysis (e.g., “regression”, “least-
squares method”, “explanatory variable”, “response variable”, etc.) seem to be historically
conventional, that is, these words do not express the essence of regression analysis. In this
chapter, we show that the least squares method acquires a quantum linguistic story as follows.

describe by

The least squares method‘ Regression analysis
- quantum language -
(Section [T5.1) (Section [15.2))

— ratwal [ Generalized linear model] (8)

generalization (Section [15.4)

In this story, the terms “explanatory variable” and “response variable” are clarified in terms of
quantum language. As the general theory of regression analysis, it suffices to devote ourselves
to Theorem [13.4. However, from the practical point of view, we have to add the above story

(B
15.1 The least squares method

Let us start from the simple explanation of the least-squares method. Let {(a;,x;)}, be
a sequence in the two dimensional real space R2. Let ¢(##2) : R — R be the simple function

such that

R>a—z=0¢P"(a)=pa+p cR (15.1)

IThis chapter is extracted from

e Ref. [42]: S. Ishikawa; Regression analysis in quantum language  (|arxiv:1403.0060[math.STI,( 2014) )

363
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where the pair (3, 82)(€ R?) is assumed to be unknown. Define the error o by

(1) = ¢ (= 0P @) (= 2 Y= (Gt M) (152

i=1 i=1

Then, we have the following minimization problem:

Problem 15.1. [The least squares method|.

Let {(as,2;)}i_, be a sequence in the two dimensional real space R?.
Find the (8y, 1) (€ R?) such that

n

o*(Bo, 1) = min (B, 52)( = min 1 Z(l’l — (Brai + ﬂo))2> (15.3)

(B1,82)€R? (B1,82)€R2 N

1=

where (S, 1) is called “sample regression coefficients”.

This is easily solved as follows. Taking partial derivatives with respect to [y, (i, and

equating the results to zero, gives the equations (i.e., “likelihood equations”),

00*(B1, B2) _ <

0o (3, = .
% = Zzl(l'l — 60 — Blai)ai = 0, (Z = 17 ceey TL) (155)
Solving it, we get that
5 Saz 5 — Sazx _ ~92 1 - A A 2 Szx
=— =T —— = - i~ i = Sgz — —— 15.
fi=iE homrojma e s (e h)) e -2 (150)
where
d:al—l— +(1n’ j:$1+"'+wn7 (157)
n n
—_— n 2 .« o o — a 2 —_— T 2 DY —_— T 2
Saa — ((I]_ a) + + (a’n a’) , Sa;m — (‘7;1 .T) + + (‘/I;n ‘I) , (158)
n n
Sup = (al_a)(xl_E)_{_"'_{_(an_d)(l‘n_‘f). (159)
n

Remark 15.2. [Applied mathematics]. Note that the above result is in (applied) mathematics,
that is,

e the above is neither in statistics nor in quantum language.

The purpose of this chapter is to add a quantum linguistic story to Problem [I5.1] (i.e., the

least-squares method) in the framework of quantum language.
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Put T'={0,1,2,--- ,4,--- ,n}. And let (T, 7 : T\ {0} — T) be the parallel tree such that

r(i)=0 (Vi=1,2,---,n) (15.10)
!
0o 2

Figure 15.1: Parallel structure

#Note 15.1. In regression analysis, we usually devote ourselves to “classical deterministic causal
relation”. Thus, Theorem [12.8] is important, which says that it suffices to consider only the
parallel structure.

For each 7 € T, define a locally compact space €2; such that

0y = R? = {5: {gﬂ . Bo, B eR} (15.11)
Qi:R:{ui : MGR} (=12, ,n) (15.12)

where the Lebesgue measures m; are assumed.

Assume that
GweR  (i=1,2--n), (15.13)

which are called ezplanatory variables in the conventional statistics. Consider the deterministic

causal map ¥, : Qo(= R?) — Q;(= R) such that
Qo =R?3 8= (6o, }1) = Ya, (B0, B1) = Bo + bra; = i € % = R (15.14)
which is equivalent to the deterministic causal operator W,, : L>=(€;) — L*°(€) such that

(o, (f)](wo) = [i(Ya;(w0))  (Vfi € L(8), Vwy € Qo, Vi € 1,2, ,n) (15.15)
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Yo = (=R)

Figure 15.2: Parallel structure (Causal relation ¥,,)

Thus, under the identification: a; < V,,, the term “exzplanatory variable” means a kind of

causal relation V¥,,.

For each i = 1,2, -+ ,n, define the normal observable O,=(R, Bg, G, ) in L>(§2;(= R)) such
that

_ 1 (v — p)? - _
Gy (2)](1) = (Q—WZexp [— i ]da: (VE € Bg,Vu € Q(=R)) (15.16)

where o is a positive constant.
Thus, we have the observable Of'=(R, Bg, ¥,.G,) in L=(Qy(= R?)) such that
= _ = _ 1 (z — (Bo + aif))?
0 G @D = [Gol@NN0a3) = s [ o [ 5 2  Jae 157

(V= € Bg, V8 = (8o, B1) € Q(=R?)

(1

Hence, we have the simultaneous observable X ; O%=(R" Bgn, X ¥, G,) in L®(Q(=

R?)) such that

n

(X 0,Go)(X Z)](8) = X ([2,G)(E0)(5))

i=1 i=1 =
n o , 2

:/ . /[)(50,3170)(.’171, To, -+, xy)dxy - - dxy, (15.18)
X

(Vi>:<1 Ei € Bn, Y6 = (B0, f1) € Qo(= R?))

Assuming that o is variable, we have the observable O = (]R”(: X), Bra (= F), F) in L>2(Q x
R, ) such that

n n

[F(X EDI(B,0) = [(i>:<1 Vo, Go) (X E)](B)  (VEi € Br,V(B,0) € R*(= Qo) x Ry)  (15.19)

i=1

1=
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Problem 15.3. [Regression analysis in quantum language|
L1

)
Assume that a measured value x = € X = R” is obtained by the measurement

Ty,
Moo (oxr,) (O = (X, T, F), Si(80,81,0))- (The measured value is also called a response vari-
able.) And assume that we do not know the state (8, 81, 02).
Then,

e from the measured value x = (x1, 29, ...,2,) € R", infer the 5y, f1, 0!

That is, represent the (89, 81, 0) by (Bo(z), B1(x),6(z)) (i.e., the functions of z).

Answer.
Taking partial derivatives with respect to By, 31, 02, and equating the results to zero, gives

the log-likelihood equations. That is, putting
L(ﬁ0> 617 027 L1y, Loy 7xn) = 108; (p(ﬁo,ﬂl,a)(xh D PR 7xn))7

(where “log” is not essential), we see that

n

oL

905, =0 = ; (zi — (Bo + aifr)) =0 (15.20)

oL -

=0 = > aiwi — (Bo + aiBr)) = 0 (15.21)
=1

dL IS

5=0 — o+ 2012 (i — Bo — Bra;)* = 0 (15.22)

Therefore, using the notations (15.7)-(15.9)), we obtain that

Bo(x) =T — pr(@)a =T — 22a, Bi(x) = 22 (15.23)

Saa Saa
and

S (= (Gola) + ()

_ Jas (15.24)
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Note that the above (15.23) and (15.24) are the same as (15.6). Therefore, Problem
(i.e., regression analysis in quantum language) is a quantum linguistic story of the least squares

method (Problem [15.1]).
Remark 15.4. Again, note that

(A) the least squares method (15.6) and the regression analysis (15.23) and (15.24) are the

same.

Therefore, a small mathematical technique (the least squares method) can be understood in a

grand story (regression analysis in quantum language). The readers may think that

(B) Why do we choose “complicated (Problem [15.3))” rather than “simple (Prob-
lem I5.1)” 7

Of course, such a reason is unnecessary for quantum language! That is because

(C) the spirit of quantum language says that
“Everything should be described by quantum language”

However, this may not be a kind answer. The reason is that the grand story has a merit
such that statistical methods (i.e., the confidence interval method and the statistical hypothesis

testing ) can be applicable. This will be mentioned in the following section.



KSTS/RR-16/001
January 8, 2016

15.3 Regression analysis(distribution , confidence interval and statistical hypothesis testing)369

15.3 Regression analysis(distribution , confidence inter-
val and statistical hypothesis testing)

As mentioned in Problem [I5.3]( regression analysis), consider the measurement M Lo0(Qo xRy (0=
(X(: Rn)a J, F)> S[(ﬁo,ﬁl,a)])
For each (8,0) € R* x Ry, define the sample probability space (X, F, Pg,)), where
Po)(E) = [F(E)](Bo, pr,0)  (V2€T)
Define L*(X, Ps,)) (or in short, L*(X)) by

L*(X) = {measurable function f: X - R | [/ | f(2)|2 P 0 (dx)]/? < o0} (15.25)
Further, for each f,g € L?(X), define E(f) and V(f) such that

_ /X F(2) P (da / (@) — B(f)[* P (dr). (15.26)

Our main assertion is to mention Problem [15.3 (i.e., regression analysis in quantum lan-
guage). This section should be regarded as an easy consequence of Problem [I5.3] ( regression

analysis). For the detailed proof of Lemma [15.5] see standard books of statistics (e.g., ref. [§]).

Lemma 15.5. Consider the measurement My (o,xr,)(0O = (X, T, F), S|3,8.,0)) in Problem

15.3 ( regression analysis). And assume the above notations. Then, we see:

(A) () V(B =21+ 5), (@ V(A) =21,

aa

)

(Ay) [Studentization]. Motivated by the (A;), we see:

Vil —p) g VB )
V2 (1 + @2 /50a) ’ 1 V0 Saa

where t,,_5 is the student’s distribution with n — 2 degrees of freedom.

Ty, = ~ tos (15.27)

For the proof. see ref. [§].

Let Mooy (=r2)xr,) (0 = (X(=R"), T, F), Sj(8,,8,,0))) be the measurement in Problem [15.3
( regression analysis). For each k = 0,1, define the estimator Ej : X (= R") — O4(= R) and
the quantity 7 : Q(= R? x R, ) — O,(= R) as follows.

)
>
»

Eo(x)(= Po(z)) =T — ;ﬂaa El(x)(z pi(z)) = jﬂ, 70(Bo, B1,0) = Bo. ™1 (Bo, P1,0) = B,
(15.28)
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(V(Bo, B1,0) € R? x Ry)

Let a be a real number such that 0 < a < 1, for example, « = 0.05. For any state
w=(8,0)( € Q=R>xR,), define the positive number 1%, ( > 0) by (6.9), (6.15), that is,

NS (= 0050) = inf{n > 0: [F({w € X : g, (Ex(w), me(w)) > n})(w) < a} (15.29)

where, for each ), 0 (€ ©y), the semi-distance dg_in O is defined by

V|09 —65 e
0 1 6—2(1+62/3aa) (lf k o O)
gk(ek,ek) = (15'3())
V|69 0] (if k=1)

\/62/Sqa

Therefore, we see, by Lemma [15.5 that

inf{n>0:[F{zreX : \/% > nH)(w) < a} (f k=0)

Mo = A (15.31)
inf{n >0:[F{zeX : LA > WH(w)<a} (ifk=1)

&Z(x)/saa
= t,_o(a/2) (15.32)
Summing up the above arguments, we have the following proposition:

Proposition 15.6. [confidence interval]. Assume that a measured value x € X is obtained by
the measurement Mze (o) xr,)(0O = (X, F, F), S(8,,8.,0)])- Here, the state (5o, 81, 0) is assumed

to be unknown. Then, we have the (1 — «)-confidence interval I ;;a in Corollary [6.6] as follows.

I = {melw)(€ ) = b, (Ex(x), m(w)) < 5"}

&QTEx) (1+62/Saa)

- . (15.33)
= {h =m)(e0): BOA <4 a2} ([fk=1)

V @(USM)

155 = { B0 = m(w)(€ O) - y bt <, (a/2)} (it = 0)

Proposition 15.7. [Statistical hypothesis testing]. [Hypothesis test]. Consider the measurement
Moo (oxiry) (O = (X, T, F), Sy(,,8,,0)])- Here, the state (8o, 51, 0) is assumed to be unknown.

Then, according to Corollary 6.0, we say:
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(By) Assume the null hypothesis Hy = {8o}(C ©¢ = R). Then, the rejection region is as

follows:
Ry = Eg' (R = N {z(€ X) : dg, (Eo(x), mo(w)) > mg}
weQ such that mo(w)eHy
- {:c ex . @) =Sl > tn_Q(a/z)} (15.34)

V(1122 s,,)

(By) Assume the null hypothesis Hy = {8:}(C ©; = R). Then, the rejection region is as

follows:

Ry = BV (R = N {x(€ X) : d, (Bx(x), m(w)) > %}
we such that = (w)eHy

—WZ(I) — A > tyo(cr/ 2)} (15.35)

ol (1/54a)

n

:{xEX:




KSTS/RR-16/001
January 8, 2016

372 Chapter 15 Least-squares method and Regression analysis
15.4 Generalized linear model

Put T={0,1,2,--- ,i,--- ,n}, which is the same as the tree (15.10)), that is,

(1) =0 (Vi=1,2,---,n) (15.36)
o
o 2

Figure 15.3: Parallel structure

For each i € T, define a locally compact space §2; such that

Bo
Qg =R™ = {5 = 6:1  Bo B B R} (15.37)
B
QZ-:]R{:{M :MER} (i=1,2,--,n) (15.38)
Assume that
a; €R (i=1,2,---,n, j=1,2,--- ,m,(m+1<n)) (15.39)

which are called ezplanatory variables in the conventional statistics. Consider the deterministic
causal map v, : Qo(= R™) — Q;(= R) such that

Qo =R™' 3 B=(By, b1, Bin) ¥ Vaw(Bo. Brs - Bm) = Bo+ > _ Bjay = p; € % =R

j=1
(15.40)
(i1=1,2,--+,n)
Summing up, we see
— — — -— -1 a/ a “ .. a/ m- — -
60 wal. (B07 617 e 7ﬁm) 1 all 2 ! BO
21 Q22 - d2m
61 wQQ.(BOMBD"' 7/8m) 1 as asy -+ as /Bl
6 = /8.2 —> @Zja:a. (507 517 e 7B’m) =11 41 Qo -+ G . 5‘2 (1541)
_ﬁm_ _wan. (ﬁ0> 617 T 7ﬁm)_ -1 apy Ay - anm_ _ﬂm_
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which is equivalent to the deterministic Markov operator ¥, , : L>(£2;) — L*(£2) such that
Wa (fi)l(wo) = fi(Yai(wo)) (Vi € L¥(), Vo € Qo,Vie1,2,---,n) (15.42)

Thus, under the identification: a;; < W,,,, the term “explanatory variable” means a kind of

causality.

q,\ L®(2,(= R))

Gne -

Figure 15.4: Parallel structure(Causal relation ¥,,,)

Therefore, we have the observable Of*=(R, Bg, ¥,.,G,) in L=(Qq(= R™)) such that

[Wa,, (Go (ENI(P) = [(Go (EN)(Wai (8) = da

1 (x — (Bo + 22011 aiiBy)
(2—\/?2)/6)(1) [_ 202

[1

(15.43)
(V2 € Br,VB = (B0, B, -+ » Bm) € Qo(= R™H))

Hence, we have the simultancous observable X O%*=(R", Bgn, X | ¥, .G,) in L=(Q(=

R™1)) such that

X
=
8
Q
N
X
[0

) = X (%0 Co)E)5))

=1 =1 i=

1 /.../exp {_Z?l(‘”i — (Bo+ 3200 aiiBy))?

}davl - dy (15.44)

202

(v@>:n<1 EZ S 3Rn,Vﬁ = (607&17 e 76m) € QO(E Rm+1))

Assuming that o is variable, we have the observable O = (]R”(: X), Bge(=F), F) in L>=(Q x
R, ) such that

n n

F(X Z0)(8,0) = [(X WauG)(X Z0)(B) (v X 5i € By V{5, 0) € R™ (= 0y) x Ry)

= =1 i=1

(15.45)
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Thus, we have the following problem.

Problem 15.8. [Generalized linear model in quantum language]

I
X2 . .

Assume that a measured value z = ) € X = R” is obtained by the measurement
xn

Moo (oxr,) (O = (X, T, F), S180,81, ,pmio)])-  (The measured value is also called a response

variable.) And assume that we do not know the state (8o, 31, - , Bm, 02).

Then,

e from the measured value x = (x1, 29, ..., 2,) € R", infer the Sy, 51, , B, 0!

That is, represent the (5o, 81, -+ , Bm, ) by (Bo(x), @Al(x), <o Bm(z),0(x)) (i.e., the functions
of z).

The answer is easy, since it is a slight generalization of Problem [[5.3. Also, it suffices to
follow ref. [8]. However, note that the purpose of this chapter is to propose Problem [I5.8 (i.e,
the quantum linguistic formulation of the generalized linear model) and not to give the answer

to Problem [15.8l

Remark 15.9. As a generalization of regression analysis, we also see measurement error model

(cf. §5.5 (117 page) in ref. [29]), That is, we have two different generalizations such as

D : ’generalized linear model‘

(15.46)

’Regression analysis‘ e
generalization @ : |measurement error model |

However, we believe that the (1) is the main street.
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Kalman filter (calculation)

The Kalman filter [52, [56] is located as in the following ():

+ causality

Fisher’s maximum likelihood method » regression analysis

usually deterministic

(f) : Statistics

+ causality

Bayes’ method Kalman filter

non-deterministic

Thus, I can not emphasize too much the importance of the Kalman filter. Though Kalman filter
belongs to Bayes’ statistics, this fact may not be a common sense. This present state is due
to the confusion between Fisher’s statistics and Bayes’ statistics. I hope that such confusion
should be clarified by the above (f) (based on quantum language). This chapter is extracted
from the following paper:

e S. Ishikawa, K. Kikuchi: Kalman filter in quantum language, arXiv:1404.2664 [math.ST|
2014.

16.1 Bayes=Kalman method (in L*({), m))

Recall Theorem 9.11(Bayes’ theorem), particularly, the Bayes operator (9.5). This will be

generalized as Bayes=Kalman operator as follows.

Let ty be the root of a tree T'. For each t € T', consider the classical basic structure:
[Co(Q) C L(Qy, my) € B(L*(Qy,my))]

Let [O7] = {0« = (X3, Ft, F})) her, {012 0 L°(Qy,) — LOO(Qtl)}(tl,tz)eT% | be a sequential
causal observable with the realization 6t0 = (Xyer X, XierGs, ﬁto) in L>°(Qy,).

For example,

375
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o
} [L2(825) : O3]

/

L) Dop [L27(S2) : O
V\Cblﬁ

[L°°(Q) : Og] -

[L2°(827) : O]

ki

[L>°(€) : O]

KA
o
o>

be/
L
~ S

Figure 16.1 : Simple classical example of sequential causal observable

For each t € T, consider another observable O} = (Y;, G, Gy) in L*>°(;,m;), and the simul-
taneous observable O x O) = (X; x Y, W G, F; x Gy) in L™, m;). And let [OF] =
{O (= (Xy xY;, Ft X Gy, Fy X Gy)) her, {@12 0 L(Qy,) — Lm(Qtl)}(tl,tQ)eTé | be a sequential
causal observable with the realization 6;0 = (Xyer(Xy x ), W yer(F; X G,), ﬁto) in L>°(Q,).

For example,

[L>(€) - O7]
Figure 16.2 : Simple classical example of sequential causal observable
Thus we have the mixed measurement My« Qto)(Oto, Sp(20)), where zg € L% (€Q,). Assume
that we know that the measured value (z,y) (= ((t)wer, (Yt)ter,) € (Xier Xit) X (Xier Yr))

obtained by the measurement Mpe(q, ) (OtO,S*](zO)) belongs to (XerZi) X (Xier V) (€
(RierT:) W (RyerGe)). Then, by Axiom™) 1(8§9.1), we can infer that

(A) the probability P, .=, ((G¢(I't))ier) that y belongs to X,er I'y(€ MyerGy) is given by

PXteTEt((Gt(Ft))tET)
_ Jo[Hio((Xiser Z0) X (Xser D)) () 2o0(i) mo(den)
Jay [Hiy (X er Ze) X (X per Y2)](wo) 20(wo) mo(dw)

(VI'y € G, t €T).

(16.1)
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Let s € T be fixed. Assume that
I''=Y; (Vt €T suchthat t # s)

Thus, putting Py,_,=,(Gs(Ts) = Pu,opz, ((Go(T1))ier), we see that P,
That is, there uniquely exists z2 € L1 (€, m,) such that

e Lt (92, ms).

teTEt

~

Prerz((Gs(Ts)) = 11, (255 Gs(Ds)) poo :/Q (G (T)](ws) 25 (ws)ms (dws)

for any observable (Y;, G5, Gs) in L>®(Q,). That is because the linear functional Py

teTEt -

L>(Q,) — C (complex numbers) is weak® continuous. After all,

(B) we can define the Bayes-Kalman operator [B%tO(XteT =) LY () — LY, () such
that

(pretest state) [Bg, (Xier E)] (posttest state)

0 20 (16.2)

Bayes-Kalman operator

(€LL1 () (€LY (%))

which is the generalization of the Bayes operator (9.5).

Remark 16.1. We have frequently discussed the Bayes=Kalman filter, for example, in [29, [32].
However, these arguments are too theoretical. In this chapter, we devote ourselves to the

numerical aspect of the Kalman filter.
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16.2 Problem establishment (concrete calculation)

In the previous section, we study the general theory of Kalman filter. In this section,
we devote ourselves to the calculation of Kalman filter in the case of a linear ordered tree

T =1{0,1,2,--- ,n} such that the parent map = : T'\ {0} — T is defined by 7(k) = k — 1:

m m

0¢+——1¢+—2 n—1«"—n

Figure 16.3: Linear ordered tree
For each k € T, consider the classical basic structure:
[Co(€) © L=(Q, my) C B(L%(Qk,mk))]( = [Co(R) C L®(R, dw) C B(L(R, dw))])

where dw is the Lebesgue measure on R.

Consider the sequential causal observable [Q7] = [{O;}ier, {®1 : L®(Q;) —
L(Q4-1)}r=12, n ], and assume the initial state zy € L1, (Q0, mo).
Thus, we have the following situation:
initial state zg - L ) o )
@ 3 (b 5 (I’S— yS ¢$,$ (bn— g
| L(Qg,mg) | | L%(Qq,mq) [ -+ L>(Q,my) L>(Qp, )
00=(X0,F0Fo) 01=(X1,91F1) 0,=(X;,5:F5) 0n=(Xn,5nFn)
or, equivalently,
initial state zg
<I)0,1 (131,2 <I)s—l,s (I)s,s+l Cp'n—l,n
LY (Q9,mo) | —— | LY, my) | —— -+ —— | LY(Qg,ms) | — coe— LY, my)
OOZ(X[)vg:OvFO) Olz(legrlyFl) OS:(XS7:TS7FS) O’VL:(XTL7:T’717FTL)
In the above, the initial state zy(€ L% (g, my)) is defined by
1 wo — fo)”
Z()((J.Jo) = exp[—u] (V(JJO € QO) (163)

2
20§

V2mog

where it is assumed that g and oy are known.
Also, foreacht € T'={0,1,--- ,n}, consider the observable O, = (X;, F;, F;) = (R, Bg, F})
in L>(£, m;) such that

_ 1 2y — oy — dy)? _
[Ft<:‘t)](wt) = / \/%q exp[—( i ;q; t) ]dﬂft = / fftt (Wt)dxt (V:t € ?t, th € Qt)
=n t t =

(16.4)

where it is assumed that ¢;, d; and ¢; are known (¢t € T)).
And further, the causal operator ®~1*: L>(Q,) — L*>°(Q;_) is defined by

o 1 (wt — QWi—_1 — bt)2

[, J(wy) = /_ Nor exp|— 202 [ fo)dw, = fior(wir) (16.5)
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(V};t < LOO(Qt,mt), th—l S Qt—l)

where it is assumed that a;, b; and r; are known (¢ € T').
Or, equivalently, the pre-dual causal operator ®. 1 : L1, (Q,_1) — L1, (€,) is defined by

(Wt — QiWi—1 — bt)2 ~

(D147 1] (wy) \/ﬁrt exp|— 207 1Zt—1(wi—1)dw 4 (16.6)
(Vzt,l € LH(Qt,l,mt,l), Yw; € )
Now we have the sequential causal observable
[Or] = [{Oc}rer, {®""" - L=(Q) = L=(Qu-1)}r=12,
Let O (X1 X;, R F,, F) be its realization. Then we have the following problem:
Problem 16.2. [Kalman filter; calculation]
Assume that a measured value (zg, 7, - ,7,) (€ X[_y X;) is obtained by the measure-

ment M (q) (O, Si(20)). Let s(€ T') be fixed. Then, calculate the Bayes-Kalman
operator [B%O(XteT{xt})](zo) in (16.2)), where

B3, (X fwPl(0) = 20 = _ Jim_ [B3 (X Z0)](x0)

That is,

measured value:(zo,21,...,Zn)

L1(90) 3 20

By (X eried)
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16.3 Bayes=Kalman operator B (x;er{z:})
0

In what follows, we solve Problem [16.2. For this, it suffices to find the z, € L (€) such that

Jog (X9 Z2) % T)](wo) 20(wo)dewo

e (€) [0 [Fo( X g Ze)](wo) Zo(wo)duwo

:/Q [Gs(rs)](ws) Zs<ws)dw$ (VFS € ‘("FS)

Let us calculate z, = [B(%O(Xte;p{xt})}(zo) as follows.

/Q Fo((X Z)) x T)](w) 20(wo)decio

t=0

~ n
L) <ZO’ FO((t>:<0 :t) X F5>>L°°(QO)
n

= (@O (Fy(Z0)20), Fi(( X Zp) x Ls)) poecar) (16.7)

Tl
L (Ql> t=1

(A) and, putting zy = Fy(Zp)z20 (or, exactly, its normalization, i.e., Zop = limz, 4, %)
, 2= F(ENPY(20), 2 = Fa(E2) 0% (21), -+, Zomr = Foma(Sem1) 52771 (Z2), we see
that

(16.7) :lel)<<1>g,1(zo),Fl((t>:<1 Et) X Is)) pooay)
_L1(92)< 12(%)7 F2<(t>:<2 Ep) x F5)>L°°(92)
:L1(523+1) <®i78+1 (Es>’ FS+1((t:>S<+1 Et) X F5)>L°°(Qs+1)
:L1(QS) <¢)i_118<28—1)v FS<<t>=<S Et) X 1j5)>L°°(Qs)
:Ll(ﬂs) <(I)i7178(5571)7 FS<ES)GS(FS)(I)S’S+1F8+1(t:>8<+1 Et>>L°°(ns)
=1 ( (FS(ES)QDS’SHFHl (t:>s<+1 Et)) (q)ifl’s(’gsfl)> , GS(FS)>LOO(QS) (16.8)

Thus, we see

. ) (FS(ES)CDS’SHﬁs—s-l( X ?:s—l—l Et)) X (q)i_l’szs—l))
[Bg, (X {z:})](20) = _ lim P
0 teT Zt— Tt (tGT) fQO [FO( >< =0 ‘:‘t)] (wo) ZO (wo)dwo

(16.9)
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16.4 Calculation: prediction part
16.4.1 Calculation: z, = & "*(Z,_;) in (16.9)
We prepare the following lemma.
Lemma 16.3. It holds that
o0 x—By)? —D)? 2—BD)?
(B1) o T exp|— 52 ks expl— 52y = JavarTies Op[- 2(542+Bz)02)]
Aw—B)? Cw—D)? 212, 2 22 ABF2+CDE?) ) 2
(B2) exp[~ U2 exp[ - C4-D) m expl - 4(AECE ) (- ABECDED Y
where the notation “~” means as follows:
“fw) = g(w)” <= “there exists a positive K such that f(w) = Kg(w) (Vw € Q)"
Proof. It is easy, thus we omit the proof.
We see, by (16.3) and (A), that
_ . F(Z0)z0
=1
ZO(WO) Eolzg‘o f]R F(Eo)ZQdUJO
1 (20 — cowo — do)*, 1 (wo — f10)?
~ exp[— 2 ] eXp[— 2 ]
V27qq 2q5 V2moy 204
1 (wo — ,170)2
~ exp|l————— 16.10
where
2o 0% n 4 (D) —d ) (16.11)
= = oo(—=)(xg —dy — ¢ .
0 qg n c%ag’ Ho = Mo 0 qﬁ 0 0 oMo
Further, the (B;) in Lemma [16.3l and (16.6]) imply that
z1(wr) = [0 %) (wn)
1 (w1 —a1wp — b)) 1 (wo — Ji)?
= exp[— exp[———=—""]dw,
oo V271 pl 21 ]\/27T50 d 20 Jeo
1 (w1 — M1)2
exp|———— 16.12
where
ol = aloe +r?, 1= ayfio + by (16.13)

Thus, we see, by (Bs) in Lemma [16.3] that

Z—1(we-1) =_ lim SRV
= B Ei—1—=Ti—1 f]R F(Et,l)zt,ldwt,l
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- 1 exp[— (Te-1 — coawi1 — dy_y)? 1 exp[— (wi—1 — Mt—1)2]
V2T G 2g7 4 27041 207
1 (Wit — ig—1)?
N———— eXp|————— 16.14
VP w, e
where
52— %2710?71 — 52 QtQA + 67?71‘77&271 + %271 - QtZA - C?flo-thl
1= =01
! Gy +c10f ! @1+ ci10f
2 2
2 Ct—10t—1
=0, (1 - )
o Gi1 + 107y
~ ey G
P11 = -1 + 01:2_1((;2 ) (@1 — Cefie1) (16.15)
-1
Further, we see, by (B;) in Lemma [16.3] that
ze(wr) = [P %] (w)
> 1 (Wt — QW1 — bt)2 1 (wt—l - ﬁt—l)z
~ exp|— exp|— — dw;_
—oe V27T bl 2rf | 2m01 bl 207, Ik
1 (we — pue)
~ exXp|—————— 16.16
B, pl 20,2 ] (16.16)
where
of = ajor ,+rl, = i1 + by (16.17)
Summing up the above (16.10)—(16.17), we see:
o — @8,1 z1 (Pi—Z,t—l Te_1 — (I>i—1,t Zip1 4’i_1"s
2 Z 21| — s —— | 2t — | Zi— z Zs
[ [2) e [ Lo e o] e
And thus, we get
ze = ®H5(Z,) (16.18)

in (16.9).
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16.5 Calculation: Smoothing part

16.5.1 Calculation: <F( s) D% SHFS“( st _t)) in (16.9)

Put
r 1 (xn — CphWn — dn)2
zn\Wn) = exXp|—
Foin) = o expf - L2 )
~ (Cntwn = (T — dn))? _ Lo ~\?
~ exp| 202 | = exp] 5 (unwn vn> ] (16.19)

where it is assumed that ¢,, d,, and g, are known (¢t € T'). And thus, put

~ Cn ~ xn - d?’l
Up = —, Up =
dn qn

(16.20)

And further, Lemma [16.3) implies that the causal operator ®'~1* : L>(Q,) — L>(Q;_) is
defined by

fror(wimt) = [@7 o) (wiea)

1 (Wt — QWi—1 — bt)Z (ﬂtwt — fTZg)Q
exp|— exp|———|dw
00 V 27rrt pl 2r2 Jexp| D) Jdw
0, 1+ b)\2 1 2
~ exp[— ( ut(atwt ! 2~2t)) | = exp[—= (ut,lwt,l — vt,1> ] (16.21)
\/1+rtut 14 riu; 2
where
atﬂt btat - Et
U] = ——F—, V| = —F——— 16.22
And also, Lemma [16.3] implies that
~ C,1w71+d71—$,12 Uflwfl—U,12
Jor 1 (Wim1) = exp[—( — 2 2t t-1) ]eXP[—( — ) ) ]
di
1 Ct 1+ Ut 1Qt 1 Ct—l(dt—l - tt—l) + ut—l”t—thZ—l 2
~ exp[—ﬁ( ) We—1 — 2 2 2 ]
G Ci—1 T Uf_14i—4
1/ _ 2
~ exp[—§ (ut,lwt,l — Ut,1> ] (16.23)
where
2 2 2 2
~ Ui g, - Ci—1(di—1 — ti—1) + Us—1v4_1q;_
By = \/Ct 1T UGy 17 T = t—1(di—1 ; 1) 2t 12t 191 (16.24)
di—1 qi—1 \/th + U195

Summing up the above (16.19)-(16.24), we see:

Up—1,0¢—1 Wp_ 1,08 Ut ,Ut Uy 1,Vpy— Uy,

Us,Vs t 1 U,

— T q>t 2,t—1 xt 1 q,t 1t [~ - Tp_1 pn—1.n

frs = fxt 1 m o fxn (16 19)
— (16 7)) [16.22)

Ws

Wi _1 Wn—1 W
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And thus, we get

(REIPH (X0 5)

foo lim (16.25)
ZEi—at (te€{s.s+1,,n}) ”Fs( )(I)s s+1F +1< ><t st Ht)) HLOO(QS)
n (16.9)
After all, we solve ProblemlI0.2( Kalman Filter), that is,
Answer 16.4. [The answer to Problem16.2(Kalman Filter)]
(A) Assume that a measured value (xg, Ty, - ,2,) (€ X,_yX;) is obtained by the mea-

surement Mz () (6,50, Si(20)). Let s(€ T') be fixed. Then, we get the Bayes-Kalman
operator [BY (Xier{z:})](20), that is,
to

}Tﬂ?s (ws) " Zs (ws>
BZ (X {z: D]z ) (ws) = = = 25 (ws Yw, € Qg
(1B, (X feehlzo) (wn) = 8 (s P = 2h() (dn € 92)

where z, in (16.18) and f,, in (16.25) can be iteratively calculated as mentioned in this
section.

Remark 16.5. The following classification is usual
(B1) Smoothing: in the case that 0 < s <n
(By) Filter: in the case that s =n

(B3) Prediction: in the case that s = n and, for any m such that no < m < n, the existence
observable (X,,, Fn, Fr) = ({1},{0, {1}}, F) is defined by F,,,(0) =0, F,,({1}) =1,
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Chapter 17

Equilibrium statistical mechanics

In this chapter, we study and answer the following fundamental problems concerning classical
equilibrium statistical mechanics:

(A) Is the principle of equal a priori probabilities indispensable for equilibrium statistical me-
chanics?

(B) Is the ergodic hypothesis related to equilibrium statistical mechanics?

(C) Why and where does the concept of “probability” appear in equilibrium statistical me-
chanics?

Note that there are several opinions for the formulation of equilibrium statistical mechanics.
In this sense, the above problems are not yet answered. Thus we propose the measurement
theoretical foundation of equilibrium statistical mechanics, and clarify the confusion between
two aspects (i.e., probabilistic and kinetic aspects in equilibrium statistical mechanics), that is,

we discuss
the kinetic aspect (i.e, causality) -+ in Section [17.1
the probabilistic aspect (i.e., measurement) --- in Section [17.2

And we answer the above (A) and (B), that is, we conclude that
(A) is “No”, but, (B) is “Yes”.

and further, we can understand the problem (C).

This chapter is extracted from the following: [34] S. Ishikawa, “Ergodic Hypothesis and Equi-
librium Statistical Mechanics in the Quantum Mechanical World View,” World Journal of Me-
chanics, Vol. 2, No. 2, 2012, pp. 125-130. |doi: 10.4236/wim.2012.22014.

17.1 Equilibrium statistical mechanical phenomena con-
cerning Axiom 2 (causality)

385
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17.1.1  Equilibrium statistical mechanical phenomena

Hypothesis 17.1. [ Equilibrium statistical mechanical hypothesis |. Assume that about
N(=~10** =~ 6.02 x 102 ~ “the Avogadro constant”) particles (for example, hydrogen
molecules) move in a box with about 20 liters. It is natural to assume the following phe-

nomena (1) — (¥):
(O Every particle obeys Newtonian mechanics.

(@ Every particle moves uniformly in the box. For example, a particle does not halt in a
corner.

(3 Every particle moves with the same statistical behavior concerning time.

(@ The motions of particles are (approximately) independent of each other.

\
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(17.1)

In what follows we shall devote ourselves to the problem:

(D) how to describe the above equilibrium statistical mechanical phenomena @) —

@ in terms of quantum language ( =measurement theory).

17.1.2 About (O) in Hypothesis 17.1

In Newtonian mechanics, any state of a system composed of N( ~ 10**) particles is repre-

sented by a point (q7p> (E (pOSitiOD, momentum) = (qlna 42n; 43n; Pin, P2n, p3n)7]:[:1 ) n a phase
(or state) space RV, Let H : R®Y — R be a Hamiltonian such that

ﬂ{((qln, Q2ns G3ns Pins P2n, pgn)ivzl) = momentum energy + potential energy
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Z Z pk” ]+U((Q1n7q2naq3n)Nfl)' (172)
s 2 X particle’s mass n=

Fix a positive £ > 0. And define the measure v, on the energy surface 2, (= {(¢q,p) €
RN | H(q,p) = E}) such that

v, (B) = /B |VH(q,p)| " dmen— (VB € Bq, , the Borel field of )

where

N
OH OH
VH(q,p)| = > P (5 )
[VH(q, p)| = 2 2 8p;m) G

and dmgy_1 is the usual surface Lebesgue measure on Q. Let {¢f } _oo<t<oo be the flow on the

energy surface (2, induced by the Newton equation with the Hamiltonian H, or equivalently,

Hamilton’s canonical equation:

dt  Ope,  dt — Oqun
(k:1,2,3, n:1,2,...,N).

(17.3)

Liouville’s theorem (cf.[55]) says that the measure v, is invariant concerning the flow
{F} —co<t<oo. Defining the normalized measure 7, such that 7, = ﬁ, we have the nor-
malized measure space (2,,Bq_, 7).

Putting A = Cy(2,) = C(2,) (from the compactness of €2.), we have the classical basic

structure:

ve) € B(L*(Q,v,))]

E)TE

Thus, putting 77 = R, and solving the (I7.4), we get w, = (q(t),p(t)), dres = VE_4,,
D 1,00, = Ogy, 1y (wiy) (Vwy, € Q,), and further we define the sequential deterministic causal

operator {®, 4, : L=(2,) = L¥(Q) } iy 1) )eT2 (cf. Definition [10.4).

17.1.3 About (@ in Hypothesis [17.1

Now let us begin with the well-known ergodic theorem (cf. [55]). For example, consider one

particle P;. Put
Sp, ={w € Q, | astate w such that the particle P, stays around a corner of the box }

Clearly, it holds that Sp, € Q.. Also, if ¥7(Sp,) C Sp, (0 =Vt < ), then the particle P

must always stay a corner. This contradicts (2). Therefore, (2) means the following;:
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@' [Ergodic propertyl: If a compact set S(C Q,,S # 0) satisfies 7 (S) C S (0 £Vt < 00),
then it holds that S = 2,.

The ergodic theorem (c¢f. [53]) says that the above (@)’ is equivalent to the following equality:

a+T
/ F7(d) = Jim = [ F0F o))t (17.4)

(state) space average) (time average)

Va e R,Vf e C(Q,), Ywy€Q,)

After all, the ergodic property @) (< (17.4)) ) says that if T" is sufficiently large, it holds that

a+T
f, S g [ s (17.5)

Put m, (dt) = 2. The probability space ([, a+T), Bla,as1], M) (or equivalently, ([0, ], Bjo.ry,

m,) ) is called a (normahzed) first staying time space, also, the probability space (€2, Ba_,7,)
is called a (normalized)second staying time space. Note that these mathematical probability
spaces are not related to “probability” (Recall the linguistic interpretation |(§3.1)| :there is no

probability without measurement).

17.1.4 About 3) and (») in Hypothesis [17.1

Put Ky = {1,2,..., N(=10*)}. For each k ( € Ky), define the coordinate map 7 : Q,( C
RY) — RS such that

Tr(w) = me(q: p) =mk((¢1ns G20, QBnuplmempZin)y]y:l)
=(q1k, 92k, G3k> D1k P2k, D3k) (17.6)
for all w = (Q:p) (QInv Q2n; q3n; Pins p2n7p3n) -1 € Q ( - R6N)~

Also, for any subset K ( C Ky= {1,2, ..., N (=10**)}), define the distribution map Dg()
:Q, (CR%Y) — M7 (R) such that

1
Dﬁ?’p) = 7 Z 57rk(q,p) (V(Q7p) € QE( - RGN))
AR

where $[K] is the number of the elements of the set K.
Let wo(€ Q) be a state. For each n (€ Ky), we define the map X“° : [0,7] — R® such
that

X530 (t) = ma(pf (wo))  (VE€0,T7]). (17.7)
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And, we regard {X“°}Y | as random variables (i.e., measurable functions ) on the probability

space ([0, T, By, m,). Then, 3 and (@ respectively means

@ {X@}N  is a sequence with the approzimately identical distribution concerning time. In

other words, there exists a normalized measure p, on R® (i.e., p, € M7 (R®)) such that:
m,({t €[0,T] : X;0(t) € E})= p(2) (17.8)

(VEE‘BRG,’R:LQ,...,N>

@' {X@IN_is approzimately independent, in the sense that, for any Ko C {1,2, ...,
N(=~10?")} such that 1 < §[K,] < N ( that is, ﬁ[f,o]%O ), it holds that

m,({t € [0,T]: XZ°(t) € Zx(€ Bgs), k € Ko})

~ X 7, ({t €[0,T]: X2(t) € Zp(€ Bo)}).

keKy

Here, we can assert the advantage of our method in comparison with Ruelle’s method

(cf.[66]) as follows.

Remark 17.2. [About the time interval [0, T]]. For example, as one of typical cases, consider
the motion of 10%* particles in a cubic box (whose long side is 0.3m). It is usual to consider
that “averaging velocity” =5 x 10*m/s, “mean free path”’=10""m. And therefore, the collisions
rarely happen among #][Kj] particles in the time interval [0, 7], and therefore, the motion is
“almost independent”. For example, putting #[K,] = 10'°, we can calculate the number of
times a certain particle collides with Ky-particles in [0,T] as (10~7 x 185y~ x (5 x 10%) x T

~ 5 x 107° x T. Hence, in order to expect that 3) and (@' hold, it suffices to consider that
T ~ 5 seconds. ///

Also, we see, by (I7.7) and (I7.5)), that, for Ko(C Ky) such that 1 < ${Ky] < N,
m.({t €[0,T] : X;°(t) € Zx(€ Bgo),k € Ko})
=m,.({t € [0,T] : mx(VF (wo) € Zx(€ Brs), k € Ko})

=1, ({t € [0, ] : ¥ (wo) € ((Th)rers) " ( X Zp)})

~ Uy ((Th)kero) é{o Er))
=(7, o ((Wk>keKo>_1)(k€>§<0 Ek)- (17.9)
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Particularly, putting Ky = {k}, we see:

m,({t € 0.T] : X°(t) € E})= (7, om;")(E)
(VE € Bps). (17.10)

Hence, we can describe the 3) and (@) in terms of {7} in what follows.

T -

Hypothesis 17.3. [® and @ |. Put Ky = {1,2, ..., N(=10*")}. Let H, E, v
Q, — R be as in the above. Then, summing up @) and @), by (17.9) we have:

E) VE’

(E) {m : Q. — RC}Y  is approximately independent random variables with the identical
distribution in the sense that there exists p, (€ M’ (R%)) such that

® p,(= “product measure” )~ v, o (7 )rex,) (17.11)
keKo

for all Ky C Ky and 1 £ #[Ky] < N.

Also, a state (g, p)(€ §2,) is called an equilibrium state if it satisfies D;?;f)sz.

17.1.5 Ergodic Hypothesis
Now, we have the following theorem (cf.[34]):

Theorem 17.4. [Ergodic hypothesis|. Assume Hypothesis [I7.3 ( or equivalently, 3) and (@) ).
Then, for any wy = (¢(0),p(0)) € Q,, it holds that

(DY (2)~ . ({t € [0,T] © Xio(t) € Z})
(VZ € Bgs, k= 1,2,..., N(=10*)) (17.12)

for almost all £. That is, 0 £ m,.({t € [0,7] : (I7.12) does not hold}) <« 1

Proof. Let Ky C Ky such that 1 < §[Ky] = Ny < N (that is, ﬁ[flﬁ,o]%()z 5] Y. Then, from
Hypothesis A, the law of large numbers (¢f. [54]) says that
Dfr?ét)’p(t))% voom (~p,) (17.13)

for almost all time ¢. Consider the decomposition Ky = {Kx), K(2),..., Ky} (e, Ky =
Ul 1 K(l) N K(l/) = Q) (l 75 l/) ), where ﬂ[K(l)]%No (l = 1,2, e L) From (7.13), it holds
that, for each k (=1,2,..., N (=10%*)),

L
Q(t)p Z X D(q ) ())]

=1

ZIH
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L

1

NZ XPENV Oﬂkl(%pE )7 (1714)
for almost all time ¢. Thus, by (17.10), we get (17.12). Hence, the proof is completed.

We believe that Theorem [17.4]is just what should be represented by the “ergodic hypothesis”™
such that

“population average of N particles at each t”

=“time average of one particle”.

Thus, we can assert that the ergodic hypothesis is related to equilibrium statistical mechanics
(cf. the (B) in the abstract). Here, the ergodic property (2 (or equivalently, equality (I7.5]))
and the above ergodic hypothesis should not be confused. Also, it should be noted that the

ergodic hypothesis does not hold if the box ( containing particles ) is too large.

Remark 17.5. [The law of increasing entropy]. The entropy H(q,p) of a state (¢,p)(€ §2,) is
defined by

H(q,p) = klog[v, ({(d,p)) € Q, : D¥P~ DY)

where

k = [Boltzmann constant]/([Plank constant]*" N1)

Since almost every state in (), is equilibrium, the entropy of almost every state is equal

klogv, (€2, ). Therefore, it is natural to assume that the law of increasing entropy holds.
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17.2 Equilibrium statistical mechanical phenomena con-
cerning Axiom 1 ( Measurement)

In this section we shall study the probabilistic aspects of equilibrium statistical mechanics.

For completeness, note that
(F) the argument in the previous section is not related to “probability”

since Axiom 1 (measurement; §2.7) does not appear in Section [I7.1. Also, Recall the linguistic
interpretation |(§3.1) : there is no probability without measurement.
Note that the (17.12) implies that the equilibrium statistical mechanical system at almost

all time ¢ can be regarded as:

G) a box including about 10** particles such as the number of the particles whose states
g p p
belong to = ( € Bgs) is given by p,(Z) x 10%*.
Thus, it is natural to assume as follows.
(H) if we, at random, choose a particle from 10?* particles in the box at time ¢, then the

probability that the state (g1, 2, g3, p1, P2, p3) (€ R®) of the particle belongs to = ( € Bgs)
is given by p,(Z).

In what follows, we shall represent this (H) in terms of measurements. Define the observable

Op = (RS, Bgs, Fy) in L>(£2,,) such that

[Fo()(g,p) = [Dg;?](g)( _ Bk W;{(}q{,f]) € E}])

(V= € Bgs, V(q,p) € Q,( € RYY). (17.15)
Thus, we have the measurement Mo, (Op = (RG,BRe,FO),S[(;MQO’%)}). Then we say, by

Axiom 1 (measurement; §2.7)|, that

I) the probability that the measured value obtained by the measurement My« .)(Og =
(Q2E)

(R6’ BRG, Fo), S[adit(qomo)])

A says that [Fo(2)](¢e(q,,p,)) = px(Z) (almost every time t).

belongs to =(€ Bgs) is given by p,.(Z). That is because Theorem

Also, let WF : L*™(Q,
continuous map f : Q. — Q. (¢f. Section I7.1.2). Then, it clearly holds UfO, = O,.

) — L>*(2,) be a deterministic Markov operator determined by the

And, we must take a MLOO(QE)(OO,S[(q(tk)m(tk))]) for each time ty,t9,...,t,...,t,. However,
the linguistic interpretation |(§3.1)|:( there is no probability without measurement) says that it

suffices to take the simultaneous measurement MC(QE)( XZ:1 Oo, S[é(qw),p(o»])'
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Remark 17.6. [The principle of equal a priori probabilities |. The (H) (or equivalently, (I))
says “choose a particle from N particles in box”, and not “choose a state from the state space
2.7. Thus, as mentioned in the abstract of this chapter, the principle of equal (a priori)
probability is not related to our method. If we try to describe Ruele’s method [66] in terms of
measurement theory, we must use mixed measurement theory (cf. Chapter 9). However, this

trial will end in failure.

17.3 Conclusions

Our concern in this chapter may be regarded as the problem: “What is the classical me-

chanical world view?” Concretely speaking, we are concerned with the problem:
“our method” vs. “Ruele’s method [66] ( which has been authorized for a long time )”

And, we assert the superiority of our method to Ruele’s method in Remarks [17.2, [17.5 [17.6.
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Chapter 18
Reliability in psychological tests

In this chapter, we shall introduce a measurement theoretical approach to a problem of analyzing
scores of tests for students. The obtained score is assumed to be a sum of a true value and a
measurement error. It is also subject to a systematic error (=noise) depending on his/her health
or psychological condition at the test. In such cases, statistical measurements are convenient
since these two errors (i.e., measurement error and systematic error) in measurement theory can
be characterized in different mathematical structures. As a result, we show that

“reliability coefficient” = “correlation coefficient”

in a clear formulation.
This chapter is extracted from the following.

[50] K. Kikuchi, S. Ishikawa, “Psychological tests in Measurement Theory,” Far east
journal of theoretical statistics, 32(1) 81-99, (2010) ISSN: 0972-0863

18.1 Reliability in psychological tests

18.1.1 Preparation

In this section, let us consider reliability of psychological tests for a group of students. We
discuss examples from measurement theoretical characterization of tests to measure mathemat-
ical ability of students.

Let © :={61,0s,...,0,} be a set of students, say, there are n students 6;,0,,...,6,. Define
the counting measure v, on © such that v.({0;}) =1 (: = 1,2,...,n). The © will be regarded
as a state. For each 0; (€ ©), we define 15, (€ L1,(0,1,)) by 15(0) =1 (if0 = 6;), =
0 (if 6 # 60;). Recall that © can be identified with the {1y, | §; € ©} under the identification:
©350,+ 1y, €{ly| 0O}
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For simplicity, we shall begin with the test for one student 6; (€ ©). Let (Qgr, Fqy, dw) be

the Lebesgue measure space where (g = R.

Example 18.1. (test in mathematics for a student ;) Let © := {0,6,,...,0,} be a state
space which is identified with the set of the students. The mathematical ability of the student
0; (¢ ©) is assumed to be represented by a statistical state ®,(1p,) (€ L, (Qg,dw)) (i =
1,2,...,n) where ®, : LY(0,1.) — L'Y(Qg,dw) is a pre-dual Markov causal operator of ® :
L>®(Qg,dw) — L®(0,1v,).

0=1{1,]0c0

Du(lo,)  Pu(loy)  Qp

Let O := (Xg, Tx,, F') be an observable in L®(Qg, dw). Axiom™ 1 (§9.1)) asserts that

(A) the probability that the score (measured value) of the student §; (€ ©) obtained by the
statistical measurement Mpe (o, a.)(O, Sp(P.(1g,))) belongs to a set Z (€ Fx,) is given
by

L1(Qp,dw) <q)*(19i)7 F(E)>L°°(QR,dw) ( = / [F(E)](w) [(I)*(19i)](w) dw)-

Qr

Remark 18.2. In the above, readers may have a question
(B) What is the unknown pure state [*] in Sy ?
Imaging the deterministic causal map ¥ : © — (dg, we may consider that
=006 = [ el (10)](w)do
R

Also, note that the [*] does not play an important role in this chapter since Bayes’ theorem

9.11] is not used.
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Remark 18.3. It should be kept in mind that the variance o? of the ability of 6; (€ ©)

(i=1,2,...,n) is not constant, that is to say, we do not assume that o? = 0]2- (Vi,V7):

o2 ;:/ (@ — ) [B.(1p)](w) dw (i =1,2,....n), (18.1)
Qg
where p; is an expectation of ®,(1y,):

i = /ﬂkw[@*(lgi)](w) dw (i=1,2,...,n). (18.2)

18.1.2 Group measurement (= parallel measurement)

The above example is the test for a student 6; (€ ©). Keeping this in mind, we will next
consider the test for a group of n students. Let Q3 = R", and let (Qﬁ,ff%,dw”) be a n-
dimensional Lebesgue measure space. Furthermore, let O := (Xg, Fx,, F) and My« (q, 4.)(O,

S (®.(1g,))) (i = 1,2,...,n) be as in above example. Here, we consider a parallel measurement

MLm(Qﬁ,dwn)((A), S(p)) where 0:= (Xg, Fxz, F\) is an observable in L*(Qg, dw™). If
[F(E1 % Z X -+ X B (@1, w3, - wn) = [F(ED)](@1) - [F(Ea)](wn) -+ [F(En)] (wn),
and
plwi, wa, ..o wn) = [@s(1g,)](wr) - [u(Lg,)](w2) - - [Pu(Lg, )] (wn),
then, the parallel measurement M Lm(ﬂﬁjdwn)(ﬁ, Si(p)) is denoted by
®0,c0M Lo (g dw) (O Sy (s (19,)))-

In addition, we introduce the following notations concerning tensor product:

R L®(Qp,dw) = L®(Q, dw™) and ®7_, L'(Qg,dw) = L' (Qf, dw™).

By the way, we introduce the test observable.

Definition 18.4. [Test observable] The O, = (Xg,Fx,, F;) is called a test observable in

L*>®(Qg, dw), if F, satisfies the following no-bias condition:

/X P F(dn)](w) = w (Y € Q). (18.3)
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Recall that the normal observable (¢f. Example 2.24] ) and the exact observable (cf.
Example 2.25] ).

For each 6; (€ ©), we use the notation Mgi to the test for §; (€ ©) (the measurement of the
test observable O, for the statistical state ®,(1y,)):

M§) = Mo (9.d0) (Or, Spy (@4 (15,))).- (18.4)

Now we are ready to consider the test for a set of the n students in our measurement theory.

Definition 18.5. [Test, Group test] Let © := {01,65,...,0,}, Xg = Qg = R and P, :
LY,(0,v.) — L (Qg,dw) be as in Example[I8.1 Let O, := (Xg, Fx,, F;) be a test observable
in L*(Qg,dw). The measurement Mze(qy da0)(Or, Sy (P(1g,))) is called a test for a student
6; (€ ©) and symbolized by I\/lgi for short. And the measurement

®6,c0M o (25.0) (Or, Sy (@.(15,)))  (or in short, ©p,coMy)), (18.5)

is called a group test and symbolized by M%T for short.

Axiom™ 1 (§9.1)) says that

(C) the probability that the score  (z1,x9,...,2,) (€ X§) obtained by the group test
®0,coM Lo (@) (Or, Siy(@4(1,))) (or in short, M3 ) belongs to the set X_; Z; (€ Fxn)
is given by

X Ll(ﬂmydw><®*<]‘9i)7 FT<E'i)>LOO(QR,dw) ( = Pl( X Ez) X ‘P’L(EZ)> (186>

0,€0 i=1 i=1

Here, (Xr, Fx,, ;) is a sample probability space of I\/Ig)T.
Let W : X% — R be a statistics (i.e., measurable function). Then, Emg [W1], the expectation
of W, is defined by

Eve
Mg

[W]:/ W($1,$2,~-7$n)ﬁ1(d$1d$2"'d$n)-

Xp J Xz

Definition 18.6. Let O, := (Xg, Fx,, F;) be a test observable in L®(Qg, dw).

(i: Score of 6;) Let Mpoo(qy aw)(Or, Sp(P4(16,))) (or in short, Mgz) be a test for a student

0; (€ ©). Here, we consider the expectation of x; (€ Xg) and its variance.
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1. AV{M ] ((_:M(i) [IZ],
2. VarMg)] i= &0 |(2; = AVIMG)])?)

(ii: Scores of n students) Let ®g,eoM oo (ag,dw)(Or: S (Ps(1g,))) (or in short, Mg ) be a group

test. Here, we consider the expectation of %(xl +x9 + -+ 4+ x,) and its variance.

1
1. Av[Mg | —8M® [n($1+$2+"'+$n)}a

2. Var[Mg ] := 8M§>T [% i(mk - Av[l\/lg]y].

From the no-bias condition (I8.3), we get
AVIME)| = AvME) ] = / [0, (16,))(w) doo = 15, (18.7)
R
ZAV = Av[M§ | = ZA MG ] ZN =7, (18.8)
=1

where O := (Xg, Fx,, F) is an exact observable in L®(Qg, dw).

18.1.3 Reliability coefficient

When we suppose the group test, we can consider the reliability coefficient which can be

represented by a proportion of variance of mathematical abilities to obtained variance.

Definition 18.7. [Reliability coefficient] Let O, := (Xg, Fx,, F;) [resp. Op := (Xg, Fxp, F)]

be a test observable [resp. an exact observable] in L (Qg, dw). And, let

MG = ®g,coM Lo (0g.dw) (Or, Sy (P (10,)))

be a group test. The reliability coefficient RC[Mg | of the group test Mg is defined by

Var[Mg_ ]

RCIMg ] = W-

Now let us consider the measurement error. First, when the ability (true value) is w (€ ),

the measurement error A, is as follows:

A= /X (e [FT(dx)](w)>1/ T (weq). (18.9)
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Note that the error A, (Vw € 2) depends on w (€ ) in general, that is, we do not assume
that A, = Ay (Vw, Vo' € Q). Next, for each 6; (€ ©), the error A; for the student §; (€ ©) is

as follows:

A= e dw)m

_ (/Q (/X (z — w)? [FT(dx)](w)>[<1>*(19i)](w)dw)m (i=1,2...n).  (18.10)

Finally, the group average of the student 6;’s error A; (i = 1,2,...,n) is as follows:

A, = (%g&) v (18.11)

From what we have seen, we can get the following theorem.

Theorem 18.8. (i: The variance Var[Mg)T]) Let Mgl 1= Moo (0g,dw) (Or, Sy (P4 (1p,))) be the

measurement of test observable O, for the statistical state ®,(1p,). Then, we see

Var[ ] Var[ ] + A7 (18.12)

(ii: The variance Var[Mg ]) We consider the group test Mg := ®p,co Mgz =
®g,c0 ML (a,dw)(Or, Su(Pi(16,))). And, we obtain the following:

Var[Mg | = Var[Mg ]+ A2, (18.13)
Proof. Let i; be an expectation of @, (1p,). Then, we see
VarlMG) = [ ([ (o= E () . (10)](w)
= [ o mr .l + [ ([ @2 F) @00l d
o ( /X 2o~ ) = 1) [ (d0))) . (1)) o

— Var[M{ ] + A2

From the above formula, it follows that the group average of Var[Mg)T] becomes

Var[Mg / / /X : /X R Z B X [P ()} () X [ (1)) () do
- Z / K / (o= = 0 [P ) [ 1))
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- Z [ = )l
23 [ ([ e ) i) b
. Z/ (/XR 2s - w)(w ~ 7) [Ffwx)w)) [@.(10))(w) dw
= Var[M§, | :A?, -

18.2 Correlation coefficient: How to calculate the relia-
bility coefficient

Var[M@ ]

In the previous section, we define the reliability coefficient RC[Mg ] := WM%E}. However,
from the measured data (x1,zs,...,z,) (€ X§), we can not get the variance of mathematical

abilities of n students Var[Mg ] directly (though we can calculate the Var[Mg ]). Thus, we
focus on the problem how to estimate the reliability coefficient. Here we consider one typical

method, say the split-half method.

Split-half method: This method is appropriate where the testing procedure may in some
fashion be divided into two halves and two scores obtained. These may be correlated.
With psychological tests, a common procedure is to obtain scores on the odd and even

items.

Now we introduce the measurement theoretical characterizations of the split-half method.

Definition 18.9. [Group simultaneous test] Let © := {6;,0s,...,0,}, Xg = Qg = R and
®, : L11(0,v.) = LL,(Qr,dw) be as in Example 181l Let O, := (Xg,Fx,, F;,) and O,, :=

(XRr, Fxz, Fr,) be test observables in L>°(Qg, dw). The measurement,

®9i69ML°°(QR,dw)(On X OTza S[*](q)*(lez)))v

is called a group simultaneous test of O,, and O, and it is symbolized by Mo X0, for short.

Axiom™) 1[(§9.1)| says that
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(A)  the probability that the score ((z},2?), (xd.22),...,(z},22)) (€ X2") obtained by the
group simultaneous test ®g,coM (g dw)(Or X Ory, Sy (Pu(1g,))) (or in short, M%’Tl ><OT2)
belongs to the set X|_ (2} x Z2) (€ Fxzn) s given by

(@.(10,), (Fry X Fo)(EE X Z2)) gy (= B(X(EE X ED)). (18.14)

1
6,€0 L (Qp,dw)

Here note that (X", F X2, ﬁQ) is a sample probability space.
Let Wy : X2" — R be a statistics (i.e., measurable function). Then, Emg [Ws], the

T ><O7'2

expectation of W, is defined by

1,2 .1 .2 1 .2\ D 172 3.1 7.2 1 7.2
Eme . [Wa] = W(zy, 27, 23, 05, . . ., &, x5) Po(day doy dey dzs - - - dx,, dz)).
71 T2 Xﬂg

We use the following notations:

. 1
(i) AV(k)[M%ﬁxo@] = Eye [E xf} (k=1,2),

1 &
(i) Cov[M§ .o,):=Eng o |5 D (@l —AVIIME o)

07—1 ><O7—2

It is clear that AVW[MG o ]=Av[Mg ] = Av[Mg,] (k = 1,2).
Definition 18.10. [Equivalency of test observables] We call that test observables O, :=
(Xr, Fxy, Fry) and O, == (Xg, Fxg, Fr,) in L®(Qg, dw) are equivalent if it holds
A =AD (vw e Qp), (18.15)

where AL = ([ (z — w)? [, (d2))(w))/?  (see (I8.9)).

In case that test observables O, := (Xg, Fxy, Fr,) and O, := (Xg, Fxz, Fry) in L®(Qg, dw)
are equivalent and O,, x O, is a product test observable in L>°(Qg, dw), it holds that

VarMg_] = VarV[Mg_ ., ] = Var®?[Mg__ ] = Var[Mg_]. (18.16)

In consequence of these properties, we introduce the correlation coefficient of the measured

values (z},23,...,z)) (€ X&) and (23,23,...,22) (€ Xg) which are obtained by the group

1 n rn

. ®
simultaneous test MOT1 ST
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Theorem 18.11. [The reliability coefficient and the correlation coefficient in group simultaneous
tests] Let O, and O,, be equivalent test observables in L™ ({2g, dw). And let O, x O, be a
product test observable in L>(Qg, dw). Let M%Tk = ®p,coM e (0p,dw) (O, s

Sy (P(1g,))) (k = 1,2) and M%’TIXoT2 = ®g,eoM(0r, X O, Sp(P.(1y,))) be group tests as
above notations. Then we see that

® ® COV[M%TI XOTQ]
RCMg, ] =RCM§_ | = . (18.17)

e \/ Var[M%TI] : \/Var[M%T2]

Proof. From the (I8.3]), we get the following:

n

1
CovIME o] = Eug o =D (et = AVIME_ o D) = AVEOME o )]

MOT]_ ><O-r2 [n
=1

1 n
= /Q . /Q (/X . /X - Z(mll — AV(I)[ngon])(ﬁ _ AV(Q)[M%ﬁxoTZD
R R R R i=1

n

X X [P () Er(dad)](w)) X [0 (1)) (1)

X [Py ()] () [P ()] () ) (@ (1)) () de)

%i( / ( /X (x} — Av[MS,]) [P, (da})](w)

=1

x /X (22 = AVIM,]) [Pry (d2D)] (@) )[4 (19,)] () dw)
=23 [ (o AIME, 2 010w = Ve[, . 1819

Then, we see that

Cov[Mg 0. | ~ Var[M§ ] Var[Mg ]
\/Var[Mng] : \/Var[l\/[gv] VarlV[Mg_ o ] Varl?[Mg_ o |

(18.19)

18.3 Conclusions

In this chapter, we introduce the measurement theoretical understanding of psychological test

and the split-half method which estimate reliability. Measurement theoretical approach show
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the following correspondences:

split-half method +— group simultaneous test.
M%TIXOT2 = ®9i€9ML°°(QR7dw)(O7'1 X 07'2’ S[*](q)*(19i)))

And further, we show the well-known theorem:
“reliability coefficient” = “correlation coefficient”

in Theorem [18.11l.
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How to describe “belief”

Recall the spirit of quantum language (i.e., the spirit of the quantum mechanical world view),
that is,

(#) every phenomenon should be described in quantum language.

Thus, we consider that even “belief” should be described in quantum language. For this, it

suffices to consider the identification:

“belief” = “odds by bookmaker”

This approach has a great merit such that the principle of equal weight holds.

This chapter is extracted from Chapter 8 in

Ref. [29]: [S. Ishikawa, “Mathematical Foundations of Measurement Theory,” Keio
University Press Inc. 2006.

19.1 Belief, probability and odds

For instance, we want to formulate the following “probability”:
(A) the “probability” that Japan will win the victory in the next FIFA World Cup.

This is possible (¢f. [29]), if “parimutuel betting (or, odds in bookmaker)” is formulated by
Axiom™) 1 ( mixed measurement ). The purpose of this chapter is to show it, and further, to

propose the principle of equal weight, that is,

(B) the principle that, in the absence of any reason to expect one event rather than another,

all the possible events should be assigned the same probability.

405
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whose validity has not been proven yet. It is one of the most important unsolved problems in

statistics.
In Chapter 9, we studied the mixed measurement: that is,

|(mixed) Axiom (") 1] [Axiom 2|
mixed measurement theory‘ = ’ mixed measurement ‘ + | Causality
(=quantum language) (cf. [§9.1]) (cf. §10.3)

a kind of spells (a priori judgment)
lquantum Tinguistic interpretation)
+ ’Linguistic interpretation‘ (19.1)
(cf. §3.1)

manual to use spells

The purpose of this chapter is to characterize “belief” as a kind of mixed measurement.

19.1.1 A simple example; how to describe “belief”’ in quantum lan-
guage

We begin with a simplest example (¢f. Problem [9.5]) as follows.

Problem 19.1. [= Problem [9.5; Bayes' method] Assume the following situation:

(C) You do not know which the urn behind the curtain is, U; or Us, but the “probability”:
pand 1 —p.

Here, consider the following problem:

Assume that you pick up a ball from the urn behind the curtain.
(i): What is the probability that the picke((i) ball is a white ball ?

Uy

(0]@)
(0Je)
(0]e)
(o]0
o0

(ii): If the picked ball is white, what is the probability that the urn behind the curtain is Uy ?

Figure 19.1:( Mixed measurement)

Answer 19.2. (=Answer 9.13)
Put Q = {wi,ws} with the discrete metric and the counting measure v., thus, note that
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Co(Q2) = C(Q2) = L*(Q,v). Thus, in this chapter, we devote ourselves to the C*-algebraic
formulation: Define the observables O = ({W,B}, 2{W:B} F) and Oy = ({U,,U,}, 210Uz},
Gy) in C(92) by

F{W})(w1) =08, F({B})(w1) = 0.2, F{W})(w2) = 0.4, F({B})(w2) = 0.6
Gu({U1})(w1) = 1,Gu({Ua})(w1) = 0, Gy ({U1 })(w2) = 0, Gu({Ua})(w2) = 1

Here “W” and “B” means “white” and “black” respectively. Under the identification: U; ~ w;
and Uy = ws, the above situation is represented by the mixed state péﬁor(e M, 1(€)) such that

pggor = p5w1 + (1 - p)5w27

where ¢, is the point measure at w. Thus, we have the mixed measurement:
Moy (O x Op = ({W.B} x {Uy, U}, 2W0 A3 B Gy S(p,)). (10.2)
Axiom™ 1 gives the answer to the (i) in Problem [19.1] as follows.

(D) the probability that a measured value (z,y) obtained by the mixed measurement
(O x Oy, S« p belongs to {W} x {Uy, Us} is given by
[+] pI‘lOI‘
M(Q )<p1()r10r7 ({W}>)C(Q) = 0. 8p + 0. 4(1 - )

Since a white ball is obtained, Answer [9.13] (=Bayes’ theorem ) says that a new mixed state

P (€ M1 (92)) s given by

® _ F{W})p, 0.8p 0.4(1 — p)
Pt P D @)pP (dw)  0-8p+04(L—p) T 0.8p+0.4(1 — p)

8o,  (19.3)

Hence, the answer of the (ii) is given by

0.8p
0.8p+ 0.4(1 — p).

wi@) (P, Gu({U ) oy =

By an analogy of the above Problem [19.1] ( for simplicity, we put: p = 1/4), we consider as
follows.

Assume that there are 100 people. And moreover assume the following situation (E) such
that, for some reasons,

(E) 25 people believe ( or vote) that [«] = U; (i.e., U is behind the curtain)
75 people believe ( or vote) that [*] = U, (i.e., Us is behind the curtain)

That is, we have the following picture instead of Figure [19.1:
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Figure 19.2: Belief ( or voting )

Ui (~ w1)

O
O
O
O
[
0

25 people believe that [«x| = Uy, 75 people believe that [x] = Us.

Now, we have the following problem:
Problem 19.3. Consider Situation (E) and Situation (C) (p=1/4, 1 —p=3/4). Then,
(F;) Can Situation (E) be understood like Situation (C) ?
or, in the same sense,

(F;) Can Situation (E) be formulated in mixed measurement (i.e., Axiom™ 1)?  That is,
can Situation (E) be described in quantum language ?

19.1.2 The affirmative answer to Problem 19.3

Since 100 people know the situation of the urn (i.e., Figure [19.2] the assumption (E) ) implies
(G)(=Figure [19.3), that is,

(25 people (in 100 people) believe that [¥] = U;
N { (G1): 20 people guess (or bet) that a white ball will be picked
(Gz): 5 people guess (or bet) that a black ball will be picked
75 people (in 100 people) believe that [x] = U,
. { (G3): 30 people guess (or bet) that a white ball will be picked
\ (Gy): 45 people guess (or bet) that a black ball will be picked

(G)

Figure 19.3: The odds in bookmaker

Ul(% wl)

y 4 N
7/ N
7 N
7 N
7 N
v 4 N
7 N
7/ N
y 4 N\

T
s =S Y

. > f ¥ <
1 I

7

\ 7

N\ v 4
7

0000
0000

25 people believe that [x] = Uj. 75 people believe that [x] = Us.
(G1): 20 people guess that a white ball will be pickdds): 30 people guess that a white ball will be picked.
(G2): 5 people guess that a black ball will be pickefiG4): 45 people guess that a black ball will be picked.

Assume that a white ball is picked in the above figure. Then, the above (Gy) and (Gy) are
vanished as follows.
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Figure 19.4: A white ball is picked
e ©
Uy (% Wl) 7

0000® - =F E S = -

0000 = —
25 people believe that [x] = U;. 75 people believe that [x] = Us.
(G1): 20 people guess that a white ball will be pickdds): 30 people guess that a white ball will be picked.

—(Gor—Hpeoplegress-that-a—black-ball-will be pickefcr)y—45-peopleguessthat-ablackball-will be picked.

After all, we get the following figure:

Figure 19.5: After all, we get the new odds

Ul(% Wl)

O0000e
O0000e

40 % people believe that [x| = Uy, 60 % people believe that [x] = Us.

Thus we see that

(prior state) (a white ball is picked) (post state)
Fig. 193] — |Fig. 19.4] ——[Fig. 09.5 (19.4)
16w1+ O %5W1+%6W2

Considering the mixed measurement (i.e., the (19.2)) in the case that p = 1/4):

Mc(o) (O x Oy = ({W,B} x {Uy, U}, 9(W.B}x{U1U2} 7 o Grr), Spy /4))) (19.5)

pprlor

we see that the above (19.4) is the same as the Bayesian result (19.3).
Note that the measurement (19.5)) is interpreted as

(H) choose one person from the 100 people at random, and ask him/her “Do you guess that a
white ball (or, a black ball) will be picked from the urn behind the curtain, and its urn
isU; or Uy 77

In what follows, let us explain it. Consider the product observable Ox 6U of O = ({W, B}, 2(W:B},
F) and Oy = ({Uy, Uy}, 21002} Gyy) in C(©) (where © = {6, 0s, ..., 0100}) such that

[FAWHI(60) = 4/5, [FABDIO) = 1/5, (k=1,2,...,25)
[F{WHI(6r) =2/5, [FEBN](6:) =3/5, (k=26,27,...,100) (19.6)
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[Go({UNO) = 1, [Go({UD](0;) =0, (k=1,2,...,25)
[Gu({UD)(0) = 0, [Gu({Us})](0) =1, (k = 26,27, ...,100) (19.7)

And put vy = (1/100) 3,2 85, (€ M,1(0)). Then, the above measurement (H) is formulated
by

Mcey(0 x Oy = ({W,B} x {Uy, Uy}, 2WEPLTRY [ 5 Gy, Spyy (1)) (19.8)
which is identified with the measurement (19.5) under the deterministic causal operator ® :

C(Q2) — C(O) such that ®*(dg, ) = s, (k=1,2,...,25), =4, (k = 26,27,...,100). That is, we

see, symbolically,

(H)=(19.8)): the Heisenberg picture —2 (19.5)): the Schrodinger picture

identification

Thus, as a particular case of the above arguments, we can answer Problem [19.3] such that
(I,) Situation (E) can be understood like Situation (C).
That is,

(Iy) Situation (E) can be formulated in mixed measurement (i.e., Axiom™ 1).  In the same
sense, Situation (E) can be described in quantum language.

19.2 The principle of equal odds weight

From the above arguments, we see that

Proclaim 19.4. [The principle of equal weight] Consider a finite state space {2 with the discrete
metric, that is, Q = {wy,ws, ..., w,}. Let O = (X, F, F') be an observable in C(2). Consider a
measurement Me(q) (O, Sp). If the observer has no information for the unknown state [*], there
is a reason to assume that this measurement is also represented by the mixed measurement

MC(Q) (07 S[*} (pprior)), where

1 n
Porior = > G- (19.9)
k=1
Explanation. In betting, it is certain that everybody wants to choose an unpopular wy.
Thus, I believe that everybody agrees with Proclaim [19.4. Also, it should be noted that
(J) the term “probability” can be freely used within the rule of Axiom 1 or Axiom™ 1.

The reason that the justice of the (B: the principle of equal weight) is not assured yet is due
to the lack of the understanding of the (J).

#Note 19.1. In this book, we dealt with the following three kinds:
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(#1) the principle of equal weight in Remark [5.19
(f2) the principle of equal weight in Theorem [9.18
(#3) the principle of equal weight in Proclaim [19.4

which are essentially the same.

In order to promote the readers’ understanding of the difference between Theorem [9.18 and
Proclaim [19.4, we show the following example, which should be compared with Problem [5.14
and Problem [9.17

Problem 19.5. [Monty Hall problem (=Problem [5.14; The principle of equal
weight) |

You are on a game show and you are given a choice of three doors. Behind one door is a
car, and behind the other two are goats. You choose, say, door 1, and the host, who knows
where the car is, opens another door, behind which is a goat. For example, the host says that

(b) the door 3 has a goat.

And further, he now gives you a choice of sticking to door 1 or switching to door 2 7 What
should you do ¢

|

é § |

door door door J |
No. 1 No. 2 No. 3 |

Figure 19.6: Monty Hall problem

Proof. It should be noted that the above is completely the same as Problem 5.14. However,
the proof is different. That is, it suffices to use Proclaim [19.4] and Bayes theorem (B,). That
is, the proof is similar to Problem [9.16] . ]
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Chapter 20

Postscript

20.1 Two kinds of (realistic and linguistic) world-views

In this lecture note, we assert the following figure:

Figure 20.1. [=Figure[Il.It The location of quantum language in the history of world-description
(cf. ref.[31]) ]
rTTTTTTTTTTo the realistic view-——""""""""""""""-- T
‘ [
| relativity \ (unsolved) |
i (monism) — [theory | ——(®) ® theory (?f i
Parmenides : } @ 1 everythlng |
Socrates | (realism) quantum (quantum phys.) !
| . J |
©:Greek | gy, 10 . jmechamcs-—> @ .
philosophy | ——— (@ lahguage N 77T A
Plato sticism (duslism) _AReTash, ®\ ) :
Aristotle . | (=MT) |
Descartes (linguistic view) | quantum |
Locke,... @)/ linguistic langluage language |
— | Kant philosophy ——— © !
- - ! (language) !
(idealism) | l
statistics : |
1
system theory M@‘ !
L-- the linguistic view- - -
Figure 20.1: The history of the world-view

Most physicists feel that

(A1) quantum mechanics has both realistic aspect and metaphysical aspect.

And they want to unify the two aspects. However, quantum language asserts that

(A2) Two aspects are separated, and they develop in the respectively different directions (5)

and @ in Figure 20.1L
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20.2 The summary of quantum language

20.2.1 The big-picture view of quantum language

The big-picture view of quantum language

Measurement theory (= quantum language ) is classified as follows.

( classical system : Fisher statistics
pure type .
(Bl) quantum system : usual quantum mechanics
(B) measurement theory
(=quantum language) mixed type classical system : including Bayesian statistics, Kalman filter
(BQ)” pe quantum system : quantum decoherence

And the structure is as follows.

(Cl):’ pure measurement theory ‘

(=quantum language)

|(pure)Axiom 1| [Axiom 2] |[quantum Tinguistic interpretation]
= ’ pure measurement ‘ + ’ Causality ‘—|— ’Linguistic interpretation
(. 2D (of. §10.3) (. @D
a kind of spell(a priori judgment) the manual to use spells

(Cg):’ mixed measurement theory ‘

(=quantum language)
|(mixed)Axiom(™) 1] [Axiom 2] [quantum linguistic interpretation|

= ’ mixed measurement ‘ +’ Causality |+ ’Linguistic interpretation
(cf. §9.1) (cf. §10.3) (cf §3.0)

a kind of spell(a priori judgment) the manual to use spells

In the above,
(D;) Axioms 1 and 2 (i.e., kinds of spells) are essential

On the other hand, the linguistic interpretation (i.e., the manual to use Axioms 1 and 2) may

not be indispensable. However,

(Dg) if we would like to make speed of acquisition of a quantum language as quick as possible,

we may want the good manual to use the axioms.

In this sense, this note is a manual book (=cookbook). Although all written in this note can

be regarded as a part of the linguistic interpretation, the most important statement is

Only one measurement is permitted
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Also, since we assert that quantum language is the final goal of dualistic idealism (=

Descartes=Kant philosophy) in Figurd20.1, we think that

(E) Many philosophers’ maxims and thoughts constitute a part of the linguistic interpreta-

tion

20.2.2 The characteristic of quantum language

Also, we see:

The characteristic of quantum language

(F1) Non-reality (metaphysics ): Quantum language is metaphysics (= language), which

asserts the linguistic world-view.

(F3) The collapse of wave function does not occur: According to the linguistic inter-
pretation (i.e., only one measurement is permitted), we can not get information after
the measurement. That is, the collapse of wave function can not be found. However,

the projection postulate holds in the sense of Postulate 11.6.

(F3) Non-deterministic: Since we usually consider non-deterministic processes in classical
system, it is natural to assume non-deterministic processes (i.e., quantum decoherence)

in quantum language.

(F4) Dualism: The two concepts: “measurement” and “dualism” are non-separable. Thus,

quantum language says
(#) describe any monistic phenomenon in the dualistic language !

(F5) Non-locality, faster-than-light: Quantum language accepts “non-locality”. This is

the only one paradox in quantum language.
(F¢) Many paradoxes and unsolved problems are clarified:

(a) Paradoxes and unsolved problems due to a lack of quantum language:
What is probability (causality, space-time) ? Zeno’s paradox, the principle of equal

probability, classical syllogizm, classical Bell’s inequlity

(b) Paradoxes and unsolved problems solved by descriptive power of quantum language:

Schrodinger’s cat
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(c) What we cannot speak about we must pass over in silence:
Heisenberg’s uncertainty principle (due to the thought experiment by ~-ray micro-

scope), Cogit proposition, Wigner’s friend, delayed choice experiment

(d) Everything should be spoken by quantum language:
Several problems in statistics (Fisher’s maximum likelihood method, Bayes method,
semi-distance (confidence interval, statistical hypothesis, ANOVA), regression anal-

ysis, Kalman filter)

20.3 Quantum language is located at the center of sci-
ence

Dr. Hawking said in his best seller book [17]:

(G) Philosophers reduced the scope of their inquiries so much that Wittgenstein the most fa-
mous philosopher this century, said “The sole remaining task for philosophy is the analysis

of language.” What a comedown from the great tradition of philosophy from Aristotle to
Kant!

I think that this is not only his opinion but also most scientists’ opinion. And moreover,
I mostly agree with him. However, I believe that it is worth reconsidering the series in the
linguistic world view (D-®—-@—(0 in Figure 20.1)).

It is a matter of course that quantum language is different from pure mathematics. Hence,

in spite of Lord Kelvin’s saying: Mathematics is the only good metaphysics , 1 assert that
(H;) quantum language is located at the center of science

That is, I believe, from the pure theoretical point of view, that quantum language will replace
statistics.

Since quantum language is not physics but language (= metaphysics), quantum language
(= the linguistic interpretation of quantum mechanics) is completely different from other in-

terpretations. In this sense, I am convinced that
(Hy) quantum language is forever,

even if someone discovers the “final” interpretation of quantum mechanics in the realistic view

(i.e., ® in Figure 20.1] ).
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I hope that my proposal will be examined from various view-points.

Shiro ISHIKAWA
January in 2016
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BallgQ (w;n) :complement of Ball, 147
B(H): bounded operators space,
X< :definition function,
C(= the set of all complex numbers), [15
C(H): compact operators class,
=€ complement of =,
C" : n-dimensional complex space, 211
Co(€): continuous functions space,
d,: point measure at w, 28
ess.sup : essential sup,
@, 9: causal operator , 255
@7 :dual causal operator ,
(®1,2)4:pre-dual causal operator ,
h: Plank constant,
L™(9,v): r-th integrable functions space, 25
M= (O, S[p}) :pure measurement, /47
MZ(O, S (w)) :mixed measurement, 211
M(£): the space of measures,
MZ(O, S[*]) :inference, 114
N(= the set of all natural numbers), [16
®)—1 Ox: parallel observable ,
X i_, Fr:product o-field,
2X (= P(X)):power set of X, 34
Po(X):power finite set of X,
R™(= n-dimensional Euclidean space), 24
R(= the set of all real numbers), [I3!
GP(A*): pure state space, [17]
G™(A*): C*-mixed state space,
G™"(A,): W*-mixed state space, [I7|
Tr(H): trace class, 211
Tr: trace, 22
Trh (H): quantum pure state space, 22
(T, £),(T(to), < ):tree,

426



KSTS/RR-16/001
January 8, 2016

Department of Mathematics
Faculty of Science and Technology
Keio University

Research Report

2015

[15/001] Shiro Ishikawa,

0 Linguistic interpretation of quantum mechanics: Quantum Language,
a KSTS/RR-15/001, January 22, 2015

[15/002] Takuji Arai, Ryoichi Suzuki,
Local risk-minimization for Lévy markets,

KSTS/RR-15/002, February 2, 2015

[15/003] Kazuma Teramoto, Takashi Nodera,

Lanczos type method for computing PageRank,
KSTS/RR-15/003, March 9, 2015

[15/004] Yoichi Matsuo, Takashi Nodera,
Block symplectic Gram-Schmidt method,
KSTS/RR-15/004, March 9, 2015

[15/005] Yuto Yokota, Takashi Nodera,
The L-BFGS method for nonlinear GMRES acceleration,
KSTS/RR-15/005, March 9, 2015

[15/006] Takatoshi Nakamura, Takashi Nodera,
The flexible incomplete LU preconditioner for large nonsymmetric linear systems,

KSTS/RR-15/006, April 13, 2015

[15/007] Takuro Kutsukake, Takashi Nodera,
The deflated flexible GMRES with an approzimate inverse preconditioner,
KSTS/RR-15/007, April 15, 2015

[15/008] Dai Togashi, Takashi Nodera,

O The GKB-GCYV method for solving the general form of the Tikhonov regularization,
O KSTS/RR-15/008, September 29, 2015

[15/009] Shiro Ishikawa,

O The projection postulate in the linguistic interpretation of quantum mechanics,

O KSTS/RR-15/009, November 8, 2015

2016

[16/001] Shiro Ishikawa,

O Linguistic interpretation of quantum mechanics: Quantum Language [Ver. 2],

0 KSTS/RR-16/001, January 8, 2016



	title_16-001
	KSTS160108
	1 My answer to Feynman's question  
	1.1  Quantum language (= measurement theory) 
	1.1.1 Introduction
	1.1.2 From Heisenberg's uncertainty principle to the linguistic interpretation

	1.2 The outline of quantum language  
	1.2.1 The classification of quantum language (=measurement theory) 
	1.2.2 Axiom 1 (measurement) and Axiom 2 (causality)
	1.2.3 The linguistic interpretation  
	1.2.4 Summary

	1.3 Example: ``Cold" or ``Hot" 

	2 Axiom1 — measurement 
	2.1 The basic structure[A A B(H)];General theory 
	2.1.1 Hilbert space and operator algebra 
	2.1.2 Basic structure[A A B(H)]; general theory 
	2.1.3 Basic structure[A A B(H)] and state space;General theory 

	2.2 Quantum basic structure[C(H) B(H) B(H)] and State space   
	2.2.1 Quantum basic structure[C(H) B(H) B(H)];
	2.2.2 Quantum basic structure[C(H) B(H) B(H)] and State space;

	2.3 Classical basic structure[C0() L(, ) B(L2( , ))] 
	2.3.1 Classical basic structure[C0() L(, ) B(L2( , ))]
	2.3.2 Classical basic structure[C0() L(, ) B(L2( , ))] and State space 

	2.4 State and Observable—the primary quality and the secondary quality—  
	2.4.1 In the beginning
	2.4.2 Dualism (in philosophy) and duality (in mathematics)
	2.4.3 Essentially continuous 
	2.4.4 The definition of ``observable (=measuring instrument)"

	2.5  Examples of observables
	2.6 System quantity — The origin of observable 
	2.7 Axiom1 — No science without measurement 
	2.7.1 Axiom 1 for measurement
	2.7.2 A simplest example

	2.8 Classical simple examples (urn problem, etc.)
	2.8.1 linguistic world-view — Wonder of man's linguistic competence  
	2.8.2 Elementary examples—urn problem, etc. 

	2.9 Simple quantum examples (Stern=Gerlach experiment )
	2.9.1 Stern=Gerlach experiment 

	2.10 de Broglie paradox in B(C2) 

	3 The linguistic interpretation  
	3.1 The linguistic interpretation 
	3.1.1 The review of  Axiom 1 ( measurement: §2.7)  
	3.1.2 Descartes figure (in the linguistic interpretation)
	3.1.3 The linguistic interpretation [(E1)-(E7)]

	3.2 Tensor operator algebra 
	3.2.1 Tensor product of Hilbert space
	3.2.2 Tensor basic structure

	3.3 The linguistic interpretation — Only one measurement is permitted
	3.3.1 ``Observable is only one" and simultaneous measurement 
	3.3.2 ``State does not move" and quasi-product observable 
	3.3.3 Only one state and parallel measurement 


	4 Linguistic interpretation of quantum systems  
	4.1 Kolmogorov's extension theorem and the linguistic interpretation 
	4.2 The law of large numbers in quantum language  
	4.2.1 The sample space of infinite parallel measurement k=1MA (O=(X,F, F ), S[]) 
	4.2.2 Mean,variance,unbiased variance
	4.2.3 Robertson's uncertainty principle

	4.3 Heisenberg's uncertainty principle  
	4.3.1 Why is Heisenberg's uncertainty principle famous? 
	4.3.2 The mathematical formulation of Heisenberg's uncertainty principle
	4.3.3 Without the average value coincidence condition

	4.4 EPR-paradox (1935) and faster-than-light 
	4.4.1 EPR-paradox

	4.5  Bell's inequality(1966) 
	4.5.1 Bell's inequality is violated in classical and quantum systems 


	5 Fisher statistics (I) 
	5.1 Statistics is, after all, urn problems 
	5.1.1 Population(=system)state
	5.1.2 Normal observable and student t-distribution  

	5.2 The reverse relation between Fisher ( =inference) and Born ( =measurement)  
	5.2.1 Inference problem ( Statistical inference )  
	5.2.2 Fisher's maximum likelihood method in measurement theory  

	5.3 Examples of Fisher's maximum likelihood method 
	5.4  Moment method: useful but artificial  
	5.5 Monty Hall problem—High school student puzzle—  
	5.6 The two envelope problem —High school student puzzle—  
	5.6.1  Problem(the two envelope problem)
	5.6.2 Answer: the two envelope problem 5.16  
	5.6.3 Another answer: the two envelope problem 5.16
	5.6.4 Where do we mistake in (P1) of Problem 5.16?


	6 The confidence interval and statistical hypothesis testing  
	6.1  Review: classical quantum language(Axiom1) 
	6.2 The reverse relation between confidence interval method and statistical hypothesis testing  
	6.2.1 The confidence interval method
	6.2.2 Statistical hypothesis testing

	6.3  Confidence interval and statistical hypothesis testing for population mean  
	6.3.1 Preparation (simultaneous normal measurement)
	6.3.2 Confidence interval
	6.3.3 Statistical hypothesis testing[null hypothesisHN={0}( = R)]
	6.3.4 Statistical hypothesis testing[null hypothesisHN=( -, 0] ((=R))]

	6.4  Confidence interval and statistical hypothesis testing for population variance  
	6.4.1 Preparation (simultaneous normal measurement)
	6.4.2 Confidence interval
	6.4.3 Statistical hypothesis testing[null hypothesisHN={0} = R+]
	6.4.4 Statistical hypothesis testing[null hypothesisHN=(0, 0] = R+]

	6.5  Confidence interval and statistical hypothesis testing for the difference of population means  
	6.5.1 Preparation (simultaneous normal measurement)
	6.5.2 Confidence interval
	6.5.3 Statistical hypothesis testing[rejection region: null hypothesisHN={0} = R]
	6.5.4 Statistical hypothesis testing[rejection region: null hypothesisHN=(- , 0] = R]

	6.6   Student t-distribution of population mean   
	6.6.1 Preparation
	6.6.2 Confidence interval
	6.6.3 Statistical hypothesis testing[null hypothesisHN={0} ( = R)]
	6.6.4  Statistical hypothesis testing[null hypothesis HN=(- , 0]( = R )] 


	7 ANOVA( = Analysis of Variance)  
	7.1 Zero way ANOVA (Student t-distribution) 
	7.2 The one way ANOVA 
	7.3 The two way ANOVA 
	7.3.1 Preparation  
	7.3.2 The null hypothesis: 1 =2 =@let@token =a =  
	7.3.3 Null hypothesis:   1= 2 =@let@token = b=  
	7.3.4 Null hypothesis: ()ij=0 (i=1,2, …, a,j=1,2, …, b )  

	7.4 Supplement(the formulas of Gauss integrals) 
	7.4.1 Normal distribution,chi-squared distribution,  Student t-distribution,F-distribution 


	8 Practical logic–Do you believe in syllogism?– 
	8.1 Marginal observable and quasi-product observable  
	8.2 Implication—the definition of ``"  
	8.2.1 Implication and contraposition  

	8.3 Cogito— I think, therefore I am—  
	8.4 Combined observable —Only one measurement is permitted —  
	8.4.1 Combined observable — only one observable  
	8.4.2 Combined observable and Bell's inequality

	8.5 Syllogism and EPR-paradox — Does Socrates die?  
	8.5.1 Syllogism and its variations  


	9 Mixed measurement theory (Bayesian statistics) 
	9.1 Mixed measurement theory(Bayesian statistics)  
	9.1.1 Axiom(m)1 (mixed measurement)

	9.2 Simple examples in mixed measurement theory
	9.3 St. Petersburg two envelope problem  
	9.3.1 (P2): St. Petersburg two envelope problem: classical mixed measurement 

	9.4 Bayesian statistics is to use Bayes theorem 
	9.5 Two envelope problem (Bayes' method)  
	9.5.1 (P1): Bayesian approach to the two envelope problem 

	9.6 Monty Hall problem (The Bayesian approach) 
	9.6.1 The review of Problem5.14 ( Monty Hall problem in pure measurement) 
	9.6.2 Monty Hall problem in mixed measurement

	9.7 Monty Hall problem (The principle of equal weight) 
	9.7.1 The principle of equal weight— The most famous unsolved problem  

	9.8 Averaging information ( Entropy )   
	9.9 Fisher statistics:Monty Hall problem [three prisoners problem]  
	9.9.1  Fisher statistics: Monty Hall problem [resp. three prisoners problem]
	9.9.2  The answer in Fisher statistics: Monty Hall problem [resp. three prisoners problem]

	9.10 Bayesian statistics: Monty Hall problem [three prisoners problem]
	9.10.1  Bayesian statistics: Monty Hall problem [resp. three prisoners problem]
	9.10.2  The answer in Bayesian statistics: Monty Hall problem [resp. three prisoners problem]

	9.11  Equal probability: Monty Hall problem [three prisoners problem] 
	9.12 Bertrand's paradox( ``randomness" depends on how you look at) 
	9.12.1 Bertrand's paradox(``randomness" depends on how you look at)


	10 Axiom2—causality 
	10.1 The most important unsolved problem—what is causality? 
	10.1.1 blackModern science started from the discovery of ``causality."
	10.1.2 Four answers to ``what is causality?"  

	10.2 Causality—Mathematical preparation  
	10.2.1 The Heisenberg picture and the Schrödinger picture  
	10.2.2 Simple example—Finite causal operator is represented by matrix  
	10.2.3  Sequential causal operator — A chain of causalities 

	10.3 Axiom2 —Smoke is not located on the place which does not have fire   
	10.3.1 Axiom 2 (A chain of causal relations) 
	10.3.2 Sequential causal operator—State equation, etc.  

	10.4  Kinetic equation (in classical mechanics and quantum mechanics)  
	10.4.1 Hamiltonian ( Time-invariant system) 
	10.4.2 Newtonian equation(=Hamilton's canonical equation)
	10.4.3 Schrödinger equation (quantizing Hamiltonian)

	10.5 Exercise:Solve Schrödinger equation by variable separation method  
	10.6 Random walk and quantum decoherence  
	10.6.1 Diffusion process
	10.6.2 Quantum decoherence: non-deterministic causal operator 

	10.7 Leibniz=Clarke Correspondence: What is space-time?  
	10.7.1 ``What is space?" and ``What is time?") 
	10.7.2 Leibniz-Clarke Correspondence


	11 Simple measurement and causality 
	11.1  The Heisenberg picture and the Schrödinger picture  
	11.1.1 State does not move— the Heisenberg picture —  

	11.2 The wave function collapse ( i.e., the projection postulate ) 
	11.2.1  Problem: The von Neumann-Lüders projection postulate 
	11.2.2  The derivation of von Neumann-Lüders projection postulate in the linguistic interpretation 

	11.3 de Broglie's paradox(non-locality=faster-than-light)  
	11.4 Quantum Zeno effect  
	11.4.1 Quantum decoherence: non-deterministic sequential causal operator

	11.5 Schrödinger's cat, Wigner's friend and Laplace's demon  
	11.5.1 Schrödinger's cat and Wigner's friend
	11.5.2 The usual answer
	11.5.3 The answer by quantum decoherence

	11.6 Wheeler's Delayed choice experiment: black ``Particle or wave?" is a foolish question  
	11.6.1  ``Particle or wave?" is a foolish question
	11.6.2 Preparation 
	11.6.3 de Broglie's paradox in B(C2) black(No interference)
	11.6.4 Mach-Zehnder interferometer black(Interference)
	11.6.5 Another case
	11.6.6 Conclusion

	11.7 Hardy's paradox
	11.7.1  Observable Og Og
	11.7.2 The case that there is no half-mirror 2'

	11.8 quantum eraser experiment 
	11.8.1 Tensor Hilbert space
	11.8.2 Interference
	11.8.3 No interference


	12 Realized causal observable in general theory  
	12.1 Finite realized causal observable  
	12.2 Double-slit experiment 
	12.2.1 Interference
	12.2.2 Which-way path experiment

	12.3 Wilson cloud chamber in double slit experiment  
	12.3.1 Trajectory of a particle is non-sense
	12.3.2 Approximate measurement of trajectories of a particle

	12.4 Two kinds of absurdness — idealism and dualism  
	12.4.1 The linguistic interpretation — A spectator does not go up to the stage  
	12.4.2 In the beginning was the words—Fit feet to shoes  


	13 Fisher statistics (II) 
	13.1  ``Inference" = ``Control"  
	13.1.1 Inference problem(statistics)  
	13.1.2 Control problem(dynamical system theory)  

	13.2 Regression analysis  

	14 Realized causal observable in classical systems 
	14.1 Infinite realized causal observable in classical systems  
	14.2 Is Brownian motion a motion?  
	14.2.1 Brownian motion in probability theory
	14.2.2 Brownian motion in quantum language

	14.3 The Schrödinger picture of the sequential deterministic causal operator  
	14.3.1 The preparation of the next section (§14.4: Zeno's paradox)

	14.4 Zeno's paradoxes—Flying arrow is at rest  
	14.4.1 What is Zeno's paradox?  
	14.4.2 The answer to (B4): the dynamical system theoretical answer to Zeno's paradox
	14.4.3 Quantum linguistic answer to Zeno's paradoxes


	15 Least-squares method and Regression analysis
	15.1 The least squares method  
	15.2 Regression analysis in quantum language 
	15.3 Regression analysis(distribution , confidence interval and statistical hypothesis testing)
	15.4 Generalized linear model

	16 Kalman filter (calculation) 
	16.1  Bayes=Kalman method (in L(, m))  
	16.2  Problem establishment (concrete calculation) 
	16.3 black Bayes=Kalman operator BO"0362O0 s (t T {xt })  
	16.4 Calculation: prediction part  
	16.4.1 Calculation: zs = s-1,s* (z"0365zs-1) in (16.9) 

	16.5  Calculation: Smoothing part  
	16.5.1  Calculation:  (to1.5. Fs (s) s,s+1F"0362Fs+1(t=s+1n t) )to1.5.  in (16.9) 


	17 Equilibrium statistical mechanics 
	17.1  Equilibrium statistical mechanical phenomena concerning Axiom 2 (causality)   
	17.1.1  Equilibrium statistical mechanical phenomena
	17.1.2  About 1 in Hypothesis 17.1  
	17.1.3  About 2 in Hypothesis 17.1 
	17.1.4  About 3 and 4 in Hypothesis 17.1 
	17.1.5  Ergodic Hypothesis

	17.2  Equilibrium statistical mechanical phenomena concerning Axiom 1 ( Measurement)   
	17.3  Conclusions 

	18 Reliability in psychological tests 
	18.1  Reliability in psychological tests 
	18.1.1 Preparation
	18.1.2 Group measurement (= parallel measurement)
	18.1.3 Reliability coefficient

	18.2 Correlation coefficient: How to calculate the reliability coefficient
	18.3  Conclusions 

	19 How to describe ``belief'' 
	19.1  Belief, probability and odds 
	19.1.1 A simple example; how to describe ``belief" in quantum language 
	19.1.2  The affirmative answer to Problem 19.3 

	19.2 The principle of equal odds weight

	20 Postscript 
	20.1 Two kinds of (realistic and linguistic) world-views
	20.2 The summary of quantum language
	20.2.1  The big-picture view of quantum language 
	20.2.2  The characteristic of quantum language 

	20.3 Quantum language is located at the center of science


	list



