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Abstract

We aim to obtain explicit representations of locally risk-minimizing by
using Malliavin calculus for Lévy processes. For incomplete market mod-
els whose asset price is described by a solution to a stochastic differential
equation driven by a Lévy process, we derive general formulas of locally
risk-minimizing including Malliavin derivatives; and calculate its concrete
expressions for call options, Asian options and lookback options.

Keywords: Incomplete markets, local risk-minimization, call options, Asian
options, lookback options, Lévy processes, Malliavin calculus, Clark-Ocone
formula.

1 Introduction

Locally risk-minimizing (LRM, for short) is a very well-known hedging method
for contingent claims in a quadratic way. Theoretical aspects of LRM has been
developed to a high degree. On the other hand, the necessity of researches on
its explicit representations has been increasing. From this insight, we aim to ob-
tain explicit representations of LRM for incomplete market models whose as-
set price process is described by a solution to a stochastic differential equation
(SDE, for short) driven by a Lévy process, as a typical framework of incomplete
market models. In particular, we use Malliavin calculus for Lévy processes to
achieve our purpose.

LRM has more than two decades history. There is so much literature on this
topic. Among other things, Schweizer [12] and [13] are useful to understand an
outline. LRM has an intimate relationship with Féllmer-Schweizer decompo-
sition (FS decomposition, for short), which is a kind of orthogonal decomposi-
tion of a random variable into a stochastic integration and an orthogonal mar-
tingale. As the first step, we focus on deriving a representation of FS decom-
position under some mild conditions by using the martingale representation
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theorem. In order to compute its explicit expressions, we use Malliavin calcu-
lus. Note that we adopt the approach, undertaken by Solé, Utzet and Vives
[15], of Malliavin calculus for Lévy processes on canonical Lévy space. As a re-
sult, using the Clark-Ocone type formula under change of measure shown by
Suzuki [16], [17], we will formulate general representations of LRM including
Malliavin derivatives of the claim to be hedged.

In the second half of this paper, we derive formulas on representations of
LRM for three typical options. Firstly, we shall study call options, whose pay-
off is not smooth as a function of the asset price at the maturity. Thus, the chain
rule is not available to calculate Malliavin derivatives for call options. Instead,
we use the mollifier approximation. Moreover, we illustrate a concrete expres-
sion of LRM for the models whose asset price process is a solution to an SDE
with deterministic coefficients. Next, Asian options will be discussed. Thirdly,
we shall deal with lookback options, whose payoff is depending on the run-
ning maximum of the asset price process. Actually, we need complicated cal-
culations to get Malliavin derivatives of the running maximum. For lookback
options, we shall focus only on the exponential Lévy case; and derive Malliavin
derivatives by using an approximation method.

Summarizing the above, our main contribution is threefold as follows:

1. formulating representations of LRM with Malliavin derivatives for Lévy
markets,

2. illustrating how to calculate Malliavin derivatives for non-smooth func-
tions of a random variable, and the running maximum of processes by
using approximation methods.

3. introducing concrete representations of LRM of call options, Asian op-
tions and lookback options for Lévy markets.

This paper is structured as follows: In section 2, we prepare some termi-
nologies; and give model descriptions, mathematical preliminaries and stand-
ing assumptions. We also introduce in section 2 examples satisfying our stand-
ing assumptions. General representations of LRM are introduced in section 3.
Call options, Asian options and lookback options are studied in Sections 4, 5
and 6, respectively. Section 7 is devoted to concluding remarks.

2 Preliminaries

2.1 Model description

We begin with preparation of the probabilistic framework and the underlying
Lévy process X under which we discuss Malliavin calculus in the sequel. Let
T > 0 be a finite time horizon, (Qy, Fw, Py ) a one-dimensional Wiener space
on [0,T]; and W its coordinate mapping process, that is, a one-dimensional
standard Brownian motion with Wy = 0. Let (Q)j, 7}, IPj) be the canonical Lévy
space (see [15] and Delong and Imkeller [7]) for a pure jump Lévy process | on
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[0, T] with Lévy measure v, that is, O; = U5 ([0, T] X Rp)", where Ry := R\
{0},‘ and ]t(w]) = Z?:l Zil{t,gt} fort € [0, T] and wy = ((i’l,Zl), ceey (tn,Zn)) €
([0, T] x Rg)". Note that ([0, T] x Rg)? represents an empty sequence. Now,
we assume that f]Ro z%v(dz) < oo; and denote (Q), F,P) = (Qu x Qj, Fy x
F1, Py x Py). Let F = {F}c(o 1] be the canonical filtration completed for PP.
Let X be a square integrable centered Lévy process on (), F,P) represented as

X =W+ Ji — t/]R zv(dz), 2.1
0

where o > 0. Denoting by N the Poisson random measure defined as N(t, A) :=
Yo<t14(AXs), A € B(Rpg) and t € [0, T], where AX; := X5 — X;—, we have

Ir = fot fIRo zN(ds,dz). In addition, we define its compensated measure as
N(dt,dz) := N(dt,dz) — v(dz)dt. Thus, we can rewrite (2.1) as

t -
X; = oW, + / / 2N (ds, dz). 2.2)
0 JR,

We consider, throughout this paper, a financial market being composed of
one risk-free asset and one risky asset with finite time horizon T. For simplicity,
we assume that the interest rate of the market is given by 0, that is, the price of
the risk-free asset is 1 at all times. The fluctuation of the risky asset is assumed
to be given by a solution to the following stochastic differential equation (SDE,
for short):

dS; = S;_ |:Détdt + ,Btth —|—/ ’)/t,ZN(dt, dZ):| , S9>0, (23)
Ro

where «, B and vy are predictable processes. Recall that 7y is a stochastic process
measurable with respect to the o-algebra generated by A x (s,u| x B, A € Fs,
0<s<u<T,B e B(Rp). Now, we assume the following;:

Assumption 2.1 1. (2.3) has a solution S satisfying the so-called structure con-
dition (SC, for short). That is, S is a special semimartingale with the canonical
decomposition S = So + M + A such that

< 00, (2.4)

T
MJY2 4 [ dAs|
[z 10,

where dM; = S;_ (,BtdWH—f]R 'YtZN(dt dz))and dA; = S;_adt. Moreover,
we have A = [ Ad{M

defining a process A :=
St ﬁ% + f]RO 'Yt,z (dz))’

Thirdly, the mean-variance trade-off process K; := fot A2d (M) is finite, that is,
Kr is finite IP-a.s.

2. vz > —1, (t,z,w)-a.e., that is, E UOT flRo 1{%,Z§_1}1/(dz)dt} =0.
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Remark 2.2 1. The SC is closely related to the no-arbitrage condition. For more
details on the SC, see [12] and [13].

2. The process K as well as A is continuous.
3. (2.4) implies that sup, o 1) |St| € L?(IP) by Theorem V.2 of Protter [9].

4. Condition 2 ensures that Sy > 0 for any t € [0, T).

2.2 Locally risk-minimizing

We define locally risk-minimizing (LRM, for short) for a contingent claim F €
L%(PP). The following definition is based on Theorem 1.6 of [13].

Definition 2.3 1. Og denotes the space of all R-valued predictable processes ¢
satisfying T [ [, &2d(M): + ([ g As]?] < oo.

2. An L2-strategy is given by a pair ¢ = (&, 1), where & € @g and 1 is an
adapted process such that V(¢) := &S + 1 is a right continuous process with
E[V2(¢)] < oo for every t € [0, T]. Note that & (resp. 1) represents the
amount of units of the risky asset (resp. the risk-free asset) an investor holds at
time t.

3. For F € L*(PP), the process C* (@) defined by Cf (¢) := Fly_ry + Vi() —
fot sdSs is called the cost process of ¢ = (&, 1) for F.
4. An L2-strategy ¢ is said locally risk-minimizing for F if V1 () = 0and CF(¢)

is a martingale orthogonal to M, that is, [CF (@), M| is a uniformly integrable
martingale.

The above definition of LRM is a simplified version, since the original one,
introduced in [12] and [13], is rather complicated

Now, we focus on a representation of LRM. To this end, we define Follmer-
Schweizer decomposition (FS decomposition, for short).

Definition 2.4 An F € L?(IP) admits a Follmer-Schweizer decomposition if it can be
described by

T
F=F+ /O cFds; + LE, 2.5)

where Fy € R, ¢F € @g and LT is a square-integrable martingale orthogonal to M
with L§ = 0.

Proposition 5.2 of [13] shows the following;:
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Proposition 2.5 (Proposition 5.2 of [13]) Under Assumption 2.1, an LRM ¢ =
(&, n) for F exists if and only if F admits an FS decomposition; and its relationship is
given by

t
& =38, m=Fh +/0 gsdSs + Ly — Fly_ry — &f St

As a result, it suffices to obtain a representation of ¢f in (2.5) in order to obtain
LRM. Henceforth, we identify CP with LRM. To this end, we consider the pro-
cess Z := E(— [ AdM), where E£(Y) represents the stochastic exponential of Y,
thatis, Z is a solution to the SDE dZ; = —A4Z;_dM;. In addition to Assumption
2.1, we suppose the following:

Assumption 2.6 Z is a positive square integrable martingale; and ZrF € L?(PP).

A martingale measure IP* ~ [P is called minimal if any square-integrable IP-
martingale orthogonal to M remains a martingale under IP*. We can see the
following:

Lemma 2.7 Under Assumption 2.1, if Z is a positive square integrable martingale,
then a minimal martingale measure IP* exists with dIP* = ZdIP.

Proof. Since d(ZS) = S_dZ+ Z_dM + Z_Ad(M) — Z_Ad[M], the product
process ZS is a IP-local martingale. So that, defining a probability measure IP*
as dP* = Z7dP, we have that S is a P*-martingale, since SUpP;c(o,1] |St| and Zt

are in L2(P). Next, for any L a square-integrable IP-martingale with null at 0
orthogonal to M, LZ is a IP-local martingale. By the square integrability of L, L
remains a martingale under IP*. Thus, IP* is a minimal martingale measure. []

Example 2.8 We introduce a model framework under which Assumption 2.1 is satis-
fied, and Z is a positive square integrable martingale. We consider the following three
conditions:

1. iz > —1, (L, z,w)-ae.
2. supyepopy(loe| + B? + IR, v2,v(dz)) < C for some C > 0.
3. There exists an € > 0 such that

XtYt,z
ﬁ% + fIRO ’)/%’ZU(dZ)

<1—¢ and pB? +/ Y2u(dz) > ¢, (t,z,w)-ae.
Ry

The above condition 2 ensures the existence of a unique solution S to (2.3) satisfying
SUP;co7] |St] € L%(IP) by Theorem 117 of Situ [14]. The first condition of Assump-

tion 2.1 is seen as follows: Firstly, we have H fOT |dAs|

s C?T?E] 1S]?] <
2(p) = SUP;e(o,1] 2t
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co. Next, by the Burkholder-Davis-Gundy inequality, there exists a C > 0 such that

E[[M]r] < CE | sup |Mt|2]
t€[0,T]
gc{JE sup |S¢|?| +[Sol> + E | sup |A:? }<oo
te[0,T] t€[0,T]

Thus, all conditions of Assumption 2.1 are satisfied.

On the other hand, the above condition 3 guarantees the positivity of Z. Noting
that Z is a solution to dZ; = — A Zi_dM;, we have SUPye(o,7) |Z;| € L2(IP) by using
Theorem 117 of [14] again. In addition, since ]E[fOT A2d[M]¢] < oo by conditions 2
and 3, the process — [, AsdMs is a square integrable martingale by Lemma on p.171
of [9]. Thus, the process — fo AsZs—dM; is a local martingale, that is, so is Z. The-
orem 1.51 of [9] implies that Z is a square integrable martingale. Hence, a minimal
martingale measure exists by Lemma 2.7.

2.3 Barndorff-Nielsen and Shephard model

We introduce what we call Barndorff-Nielsen and Shephard model as one more
example which satisfies Assumption 2.1 and the square integrable martingale
property of Z. This is an Ornstein-Uhlenbeck type stochastic volatility model,
undertaken by Barndorff-Nielsen and Shephard [1], [2]. Let H be a subor-
dinator without drift, that is, a non-decreasing, pure jump and no diffusion
component Lévy process with Hy = 0. Note that its Lévy measure v satis-
fies v((—00,0)) = Oand [ (z A 1)v(dz) < oo by Proposition 3.10 of Cont and
Tankov [6]. In addition, we assume that fooo Z2v(dz) < oo, that is, the square
integrability of H. Suppose that the underlying Lévy process X is given as
X = W + H, where H is the compensated process of H. Now, we define a
process X2 as a solution to the following SDE:

t
2%:25—1{/0 >2ds + Hi,

where 2 > 0 and R > 0. By simple calculations, we have ¥ = ¢ Rf¥2 +
fg e~ R(t=5) dH,. In addition, we define

1 st t
Ly = ut — 5/ ngs +/ 2sdWs + pHy,
0 0

where 1 € R and p < 0. Note that we restrict the coefficient of the second term
to f% for the sake of simplicity. Now, the asset price process S is assumed to be
given by S; = Spexp(L¢) with Sg > 0, that is, a solution to the following SDE:

dS; = S;_ {Dcdt + X dWi + / (epz — 1)N(dt, dz)} , (2.6)
JRy

6
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where a 1= u + f]RO(ePZ —1)v(dz). Note that the SDE (2.6) does not satisfy
condition 2 of Example 2.8. The goal of this subsection is to confirm that the
above model satisfies Assumption 2.1 and that Z is a positive square integrable
martingale under the following additional assumptions:

1_67RT

Assumption2.9 1. [ exp {2 & z} v(dz) < oo.

2. a>00re Rlg2 + Ji (€% = 1)%v(dz) > |a|.

Remark 2.10 There are two typical examples of the Barndorff-Nielsen and Shephard
models. One is the case where Z% follows an inverse Gaussian distribution, that is, the
process X2 is given as an IG-OU process. The corresponding Lévy measure is given as

1
v(dz) = ﬁzfg (14 bz)exp {—zbzz} L2504z,

where a and b are positive constants. Whenever %bz > 2#, Condition 1 of
Assumption 2.9 is satisfied as well as [;° z*v(dz) < co.

The other is the Gamma-OU case. In this case, Zf follows a Gamma distribution;
and v(dz) is given as v(dz) = abe’bzl{z>0}d2fora >0and b >0.Ifb > 21’?”,
then condition 1 of Assumption 2.9 is satisfied. For more details, see Schoutens [11].

As for Assumption 2.1, it suffices to see [E {supte[o,ﬂ |St|2} < oo by the
same manner as Example 2.8. On the other hand, the second condition of As-

sumption 2.9 ensures the positivity of Z. Since E| fOT A2d[M]¢] < oo, the square
integrable martingale property of Z is shown by the same way as Example 2.8.

Lemma 2.11 E [sup; (o 7/ [St2] < oo.

Proof. Step 1. Denoting, for t € [0, T]
N t 1 ft
W ::/0 SedWs — E/0 Zfds+th+t/IR0[—ePZ+1]v(dz)
t 1t t - :
:/0 stWS—E/O sts—i—p/o /]ROZN(ds,dz)—f—t/]Ro[pz—ep +1)v(dz),

we see that M is a martingale. From the view of Theorem 1.4 of Ishikawa [8],
we have only to make sure the following three conditions:

(1) f; (1~ e)2v(dz) < oo,

@) [y (pzeP* +1 — eP?)v(dz) < oo,

QB E [exp (% fOT Z?ds)} < oo.

Since 1 — e* < |p|z forany z > 0, we have [ (1 — ef?)?v(dz) < fol p?z%v(dz) +
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[T v(dz) < oo;and 5 (pzeP* +1—eP?)v(dz) < [;°(1—eP*)v(dz) < [ |plzv(dz) <
. As for (3), setting B(t) := £ (1 — e Rt) for t € [0, T], we have

E [exp G /()ngds)] —E [exp< 2/ T—s st)]
<exp< S2B(T )) [exp (B(TZ)HTH

By Proposition 3.14 of [6], Assumption 2.9 ensures IE [exp (B(TZ)HT )} < oo,

Step 2. Next, we see IE[EZMT] < co. We have
R T T T ~
2y :2/ AW, —/ z?ds+2p/ / zN(ds,dz)+2T/ [0z — ¢ + 1]v(dz)
0 0 R, Ro
=Yr+B(T)Z3 + / / (€857 — 2607 4 1]v(dz)ds,
Ro

where g(s) := B(T —s) +2p and

Y, _2/ AW, — 2/ szs+/ / s)zN(ds, dz) +/ / ¢392 4 1]y(dz)ds.
Rg IRO

Because 2p < g(s) < B(T) +2p forany s € [0, T],

z(e86) —1), ifg(s) >0,z € (0,1),
|1— 8062 < { e8()z if g(s) >0,z >1,
—g(s)z, ifg(s) <0,z>0,

and Assumption 2.9, we have fOT flRo e8(5)2 — 1|v(dz)ds < oo. Moreover, we

have [;°(1 — ef*)v(dz) < co. We have then E[e?M1] < oo if E[e'T] = 1.
Step 3. We show E[eT] = 1. By Theorem 1.4 of [8], it suffices to see the
following

@) Jy J57 {01 — 68022 + g(s222 + g (6)2651% +1 = e8| u(da)is < oo,
G)E [exp (2 fo ngs)} < o0,
(4) is reduced by the same sort argument as Step 2 and

g(s)ze8®), if g(s) >0,z € (0,1),
18(s)ze8)7 < § e280)z, ifg(s) >0,z>1,
—g(s)z,  ifg(s) <0,z>0.

As for (5), Assumption 2.9 and the same argument as Step 1 yield E [exp (2 fOT ngs)} <
exp(222B(T))E [exp(2B(T)Hr)] < co.
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Step 4. Since we have 2L; = 2ut + 2M; + 2t f]Ro (eP* —1)v(dz) <2(uVvO0)T+
2M;, the Doob inequality yields

sup St|2] = S2E | sup esz] < S%ez(VVO)T]E sup ezz%]
te[0,T] t[0,T] te(0,7]
< 45%62(HVO)TIE |:€2MT] <
by Steps 1-3. .

3 Representation results for LRM

In this section, we focus on representations of LRM (jF for claim F. First of all,
we study it through the martingale representation theorem.

3.1 Approach based on the martingale representation theorem

Throughout this subsection, we assume Assumptions 2.1 and 2.6. Let IP* be
a minimal martingale measure, that is, dP* = Z7dIP holds. The martingale
representation theorem (see, e.g. Proposition 9.4 of [6]) provides

T T , _
Z0F = Ep-[F] + /0 AW, + /0 /}R ol N(dt, dz)
0

for some predictable processes gV and g},z. By the same sort of calculations as
the proof of Theorem 4.4 of [16], we have

/T g+ [ ZTF\]-} Jus

F = Ep[F LawP”

(dt,dz)

/T th‘F]E[ZTFL/Tt ]9[z~]1;.*
0 JRy Zi(1—6:2)

= Ep:[F +/ hodwt*+/ / hi NY(dt,dz)
where 1; := )\tst_ﬁt, 01z = AtSt—Yiz, th := dW; + usdt and NE* (dt, dZ) =
N(dt,dz) + 6;.v(dz)dt. Girsanov’s theorem implies that WF" and NT" are a

Brownian motion and the compensated Poisson random measure of N under
IP*, respectively. Additionally, we assume that

]EUO {ho +/ (hl, }dt] @3.1)

Denoting i? = h? —CtSt—Pt, it,z = ht/z — GtSt—Ytz, and

A
& i= LB+ [ hlvav(dz)), (32
123 Ry
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we can see i?ﬁt + flRo i},z'yf,zv(dz) = 0 for any t € [0, T], which implies i?ut +
IR, it .6:2v(dz) = 0. We have then

T T . T L
F — Ep:[F] _/0 GtdSt /0 iDdWF +/0 /]R it, N (dt, dz)
b 0

T T
de+/ / it N(dt,dz).
/0 T L Ry ( )

The following lemma implies that LI := E[F — Ep«[F] — fOT CsdSs|Fy] is a
square integrable martingale orthogonal to M with Lf = 0.

Lemma 3.1 Under Assumptions 2.1 and 2.6, and (3.1), we have

E { /0 " i0y2ar + /O ! /]R O(i},z)zv(dz)dt] < oo,

. B2 Jry Viav(dx)
Proof. Noting that and Bt g 770

are less than 1, we have
B+ Ty Vet (@)

[ B2+ B (fi, h},ﬂt,xwdx))zdt

O (Bt Sy ()

<9E /T ﬁ%(h?)z + IB% f]RO(h},x)ZU@ix) fIRO ’)/%,xv<dx) dt
" (B2 + Jy, 7cv(a0)’

<2 /OT {(h9)2 + /Ro(h}z)%(dz)} dt] .

By the same way as the above, we can see E [fOT IRy @'%S%ﬁ’yf,zv(dz)dt}. To-
gether with (3.1), Lemma 3.1 follows. (|

T
E { /0 252 %dt} < 2F

Consequently, we can conclude the following:

Theorem 3.2 Assume that Assumptions 2.1, 2.6, and (3.1). We have then ¢F = ¢
defined in (3.2).

In the above theorem, a representation of LRM §F is obtained under a mild
setting. Since the processes h° and h! appeared in (3.2) are induced by the
martingale representation theorem, it is almost impossible to calculate them
explicitly, and confirm if (3.1) holds. In the rest of this section, we aim to get
concrete expressions for h1° and k! by using Malliavin calculus.

10
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3.2 Malliavin calculus

In this subsection, we prepare some definitions and terminologies with respect
to Malliavin calculus. In particular, we introduce a Clark-Ocone type formula
under change of measure (under IP*). The main results of this section will be
given in the following subsection.

We adapt the canonical Lévy space framework undertaken by [15]. Remark
that Malliavin calculus is discussed based on the underlying Lévy process X.
First of all, we define measures g and Q on [0, T| x R as

4(E) := 02 /E So(dz)dt + A: 2v(dz)dt,
and
Q(E) := U/Eéo(dz)dwt+/EzN(dt,dz),

where E € B([0,T] x R) and ¢ is the Dirac measure at 0. Denote by LZTIM

the set of product measurable, deterministic functions h : ([0, T] x R)" — R
satisfying

2 R 2
s = [ Bz, (o z)) Pt dz) -t 2) < co
Forne Nandh € LZT,W, we define

Iy(h) == h((t1,z1),- -, (tn,zn))Q(dt1,dzq) - - - Q(dty, dzy).

/([OrT] xR)"

Formally, we denote LZT,q,o := Rand [y(h) := h for h € R. Under this setting,

any F € L*(PP) has the unique representation F = Y0 ; I;(h,) with functions

h, € LZTq ,, that are symmetric in the n pairs (ti,zi),1 < i < n, and we have

E[F?] = =2 o n!||hn Hi% . We prepare some notations.
qn

Definition 3.3 1. Let ID'? denote the set of random variables F € L?(IP) with
F = Yoo In(h) satisfying Yo q nn!|[ha |7, < oo,
Tqn

2. Forany F € D2, DF : [0, T] x R x Q — R is defined by

[e9)

Dy F =Y nl1(ha((t,2),-)).

n=1

3. 1Ly denotes the space of G : [0, T] x Q — R satisfying
(a) Gs € D2 fora.e. s €[0,T],
(b) E [I[O,T] |GS‘2ds} < oo,

11
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(c) E [f[O/T]X]R fOT |D; .Gs|?dsq(dt, dz)} < 0.

4. ]L%’2 is defined as the space of G : [0, T] X Rg x Q3 — R such that
(@) Gsy € D2 for g-ae. (s,x) € [0,T] x Ry,
1) E [ fio1)x, |GoxPv(dx)ds]| < co,

© E I[O,T]le f[o,T]leo Dtz Gs x

2y (dx)dsq(dt, dz)} < o0,
5. ]qu is defined as the space of G € IL%'2 such that

[ 2

(f[O,T]x]RO \Gs,xIV(dx)ds) ] < oo,

[ 2

(a) E

Theorem 3.5 below is a Clark-Ocone type formula under IP*, which is con-
cerned about an integral representation of F € L2(IP). The assumptions needed
to see it are given in Assumption 3.4.

Assumption 3.4 1. u, u? € Ly and 2usDyqus + z(Dy zus)? € L?(q x P) for
ae. s €[0T
2. 6+log(l1—#0) € ]INJ%'Z, and log(1 —6) € ]L%’z.
3. Forg-ae. (t,z) € [0,T] X Ry, thereisan e, € (0,1) such that 6, <1 — €.

ZD,,Z log Zr 1

4. Zt {Dt,O log ZTl{O} (Z) + %1]1{0 (Z)} € Lz(q X IP)
5. F € DY2;and ZyDy . F + FDy , Z1 + zDy . F - Dy . Z1 € L?(q x IP).

6. FH;,, H;,D;.F € L'(P*) for g-a.e. (t,z) € [0,T] x Ry, where Hf, :=
exp{zD;.log Zr —log(1 —6:)}.

Theorem 3.5 (Theorem 3.4 of [17]) Under Assumptions 2.6 and 3.4, we have, for
any F € L*(P),

T T N
F = [Ep- [F] + 0’/ Ep- Dt,()F — F{ / Dtloude;P
0 JO

T Dt OGSX g P*
+/ / 2t0Ysx P (45 dx ‘]—'_ dW
0 JRy 1-—- es,x ( )} ! !

T ~
+/ /}R Ep- [F(H;, — 1) + zH;, Dy . F| Fi |N” (dt, dz).
0 0

Remark 3.6 1. Assumption 2.1 has nothing to do with the above theorem.

2. The original version of the above theorem is shown in [16]. Theorem 3.5 is its
canonical Lévy space version introduced in [17] as a special case.
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3.3 Main results

Under the above preparations, we calculate 1° and k! by using Theorem 3.5.
Together with Theorem 3.2, we obtain the following;:

Theorem 3.7 Under Assumptions 2.1, 2.6 and 3.4, 1O and hY are described as

0 _ T ]P* T Dt,()es,x N]P*
ht = 0Ep+ |DigF — F Dtousdws + ——=N (ds,dx) Fi_ |,
’ 0 ’ 0 JIRg 1- Gs,x
(3.3)
hi. = Ep:[F(H}, — 1) + zH; . Dy .F| F_). (3.4)

Moreover, LRM &F is given by substituting (3.3) and (3.4) for h° and h' in (3.2)
respectively, if (3.1) holds.

Remark 3.8 1. LRM for Lévy markets has been also discussed in Vandaele and
Vanmaele [18] without Malliavin calculus. They considered the case where all
coefficients in (2.3) are deterministic; and studied LRM for unit-linked life in-
surance contracts.

2. Benth et al [3] also concerned a similar issue by using Malliavin calculus. They
however studied minimal variance portfolio which is different from LRM, and
considered only the case where the underlying asset price process is a martingale.

In order to calculate LRM concretely through Theorem 3.7, we need to con-
firm if all the assumptions in Theorem 3.7 are satisfied for a given model. But, it
seems to be a hard work. So that, we introduce a simple framework satisfying
all the assumptions.

Example 3.9 We consider the case where «, p and vy in (2.3) are deterministic func-
tions satisfying the three conditions in Example 2.8. Additionally, we assume that

Z7F € L*(IP), and condition 5 in Assumption 3.4. (3.5)

Now, we confirm if this model satisfies all the conditions in Theorem 3.7. Remark that
we discuss this framework in sections 4 and 5 again for the case where F is a call option
or an Asian option.

As seen in Example 2.8, Assumption 2.1 is satisfied; and Z is a positive square
integrable martingale. Thus, together with the above additional condition, Assumption
2.6 is satisfied. Since u is bounded and deterministic, condition 1 of Assumption 3.4
is satisfied. Since 0 is deterministic, the third condition in Example 2.8 ensures that
condition 3 holds with ¢ € (0,1) independent of (t,z) € [0,T] x Ry. Note that
|x +log(1 — x)| < &|x[? and |log(1 — x)| < 7113§S|x| hold for any x < 1 — .
Then, fOT Jr, 1022 ?v(dz)dt < oo implies condition 2. As for condition 4, noting that

Lemmas 3.2 and 3.3 in [7]; and Proposition 3.5 in [16], we can see that log Z1 € D2,
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and Dyzlog Zr = —0 'urlygy (2) + 271 log(1 — 642)1R, (2). In addition, we have
2
thzlogZT 1
/ / {Dt01ong1{0}( )+ 1]R0(z)} q(dt, dz)

:/ dt+//6 v(dz)dt < oo,

from which condition 4 follows. Since H* = 1 identically, F € DY and Z1 €
L*(P), we have condition 6. It remains to make sure of (3.1). Note that h® =
0Ep+ [DyoF|Fi-], and by , = Ep«[zD;.F|F;_]. Since Ky € L™, we can see that
Z satisfies the reverse Holder inequality by Proposition 3.7 of Choulli, Krawczyk and
Stricker [5]. We have then (Ep+[D;oF|Fi—])* < CE[(D;oF)?| F—] for some C > 0.
By Fubini’s theorem, (3.1) is satisfied.

Consequently, all the conditions in Theorem 3.7 are satisfied; and &F is given by

¢ OBiEpe[DioF| Fi]+ [ B+ [2Dt:F|Fi]yezv(dz) (36)
t = ) ’

Si— (B + Jy, 72v(d2) )

4 Call options

In this section, we deal with call options as a common example of contingent
claims. The payoff of the call option with strike price K > 0 is expressed by
(St — K)* where x™ = x V0. First of all, we calculate the Malliavin derivatives
of (F—K)™ for F € D2 and K € R. After that, we shall give an explicit repre-
sentation of LRM for the deterministic coefficients case discussed in Example
3.9.

Regarding (F — K) T as a functional of F, it is continuous, but not smooth.
Thus, we cannot use the chain rule (Proposition 2.5 in [17]). Instead, the molli-
fier approximation is very useful.

Theorem 4.1 For any F € D2, K € R and g-ae. (t,z) € [0,T] x R, we have
(F—K)* € DY and
(F+ 2Dy F — K)* — (F— K)*

Dt,z(F - K)+ = 1{F>K}Dt,OP . 1{0} (Z) + .

11[{0 (Z)

Proof. We take a mollifier function ¢ which is a C*-function from R to
[0,00) with supp(¢) C [-1,1] and [ ¢@(x)dx = 1. We denote ¢,(x) :=
ne(nx) and f(x) == [ (y — K)* @u(x — y)dy for any n > 1. Noting that

fulx) = /j; (x- % - K)+ py)dy = [;x_K) (x- % —K) p(y)dy,

we have f(x) = ffg_K) @(y)dy, so that f, € C! and |fi]| < 1, thatis, f,
is Lipschitz continuous with constant 1. Thus, Proposition 2.5 in [17] implies

14
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that, for any n > 1, f,(F) € D'? and

fn(F"‘ZDt,zF) _fn(F)

Dtz fu(F) = fu(F)DioF - 110y(2) + .

In addition, noting that

1]R0 (Z) (4.1)

|nu»—u—wa-\/ {(+=2-0)" = =1 L oy
LI oty < © “2)

for any x € R, we have lim,_,c E[|f;(F) — (F — K)*|?] = 0. Thus, from the
view of Proposition 2.4 of [16], all we have to do is to make sure that Dy, f,, (F)
converges to

IN

(F 4 zD;,F —K)* — (F—K)*
z

LirskyDeoF - 140y (2) + 1R, (2) = Lo

in L2(g x IP) as n tends to .
First of all, we have

lim f,(x) =

if x > K,
0 if x <K,

{ Loy ifx =K,
1

from which we obtain limy e f; (F) = 1psk) + 1ip—x} f_ooo ¢(y)dy. By (4.1),
(4.2) and Lemma 4.2 below, we have lim,_,co D, fn(F) = I in g X PP-a.e., and

‘Dt,an(F) - 100|
< |fu(F)DioF — 1{p-ky DioF |10y (2)
| falF+2DuzF) — fulB)  (F4+2DieF — K)F = (F-K)*
z zZ

< 2|Dy.F| € L?(q x P).

1R, (2)

Thus, the dominated convergence theorem provides that Dy, f,(F) — I in
L%(q x P). O

Lemma 4.2 Forany F € D2, we have 1ip—yDroF =0, (t, w)-a.e.

Proof. Step 1. We take the same mollifier function ¢ as Theorem 4.1. Addi-
tionally, we assume that q)( ) = 1. We denote, for any n > 1, ¢,(x) := ¢(nx)

and ®,(x) := [*_ ¢u(y)dy. Remark that ®, € C!; and @} (x) = ¢, ( ) is
bounded. Prop051t10n 2.5 of [17] implies
D104 (F) = pu(F)DyF. 43)
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Since @y (x) — 1101 (x)@(0) = 14y (x) for any x € R, we have

lim Dt O(DW(F) = 1{F:O}Dt,OF- (44)

n—oo

Step 2. Recall that any function u € L?(gq x IP) has a chaotic representation

u(t,z) = i Ln(hu (-, (t,2))),

n=0

where h, € L% g1 18 symmetric in the first n pairs of variables. Denoting

by h,, the symmetrization of /1, with respect to all # + 1 pairs of variables, we
define

Domg—{MEquXI{)‘ZH—Fl |hn||L2 <oo}.

We shall show that Domy is dense in L?(gq x IP). Now, we prepare a subclass of
Dom; as

Domy := {u € L%(q x ]P)‘u(t,z) = % Li(hy (-, (t,2))) for some N > 1} .
n=0

Taking a u € L%(g x P) with u(t,z) = Y52 o Ii(ha(-, (t,2))) arbitrarily; and
denoting un/(t,z) := YN o Li(ha(-, (t,2))) € Domy for any N > 1, we have
uy — uin L?(g x P). Thus, Domy is dense in L?(g x IP). So is Dom;.

Step 3. By the dense property of Dom;, we have only to see

E / 1r_1 DioF - 1 ,2)q(dt,dz)| =0 45
o o) Do 110y 2t )l ) 45
for any u € Domy. Fix u € Domy arbitrarily. By (4.4), we have
T T
E |:/0 1{F:O}Dt,OF : Ll(t, O)dt:| =E l:/() nh—I>IoI<> Dt,O(I)n(F) . M(f,O)dt:| . (46)

Since we can find a C, > 0 such that ¢ < C,, (4.3) implies |D;o®y(F)| <
|@n(F)||DgoF| < Cy|DyoF|. In addition, we have

E UOT |Dt,0P-u(t,0)|dt} < \/113 [/OT |Dt,0F2dt] \/113 UOT |u(t,0)|2dt} < co.

Thus, the dominated convergence theorem yields

E UOT Tim Doy (F) -u(t,())dt] — lim E [/ Dy o®u(F) - u(t, O)dt] 4.7)

n—oo
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Next, by the duality formula introduced in Section 6 of [15], there exists a con-
stant C > 0 such that

1
’]E |:/[0,T]><]R Dy ®,(F) - u(t,z)q(dt,dz)} ‘ < C\|CI>,1(F)HL2(P) < CE'
which means
T
E |:/O Dt,OCDn(F) : u(t, O)di’:| -0 (4.8)

as n — oo. Consequently, (4.6), (4.7) and (4.8) imply (4.5). (|

4.1 The deterministic coefficients case

Throughout this subsection, we consider the case where &,  and vy in (2.3) are
deterministic functions satisfying the three conditions in Example 2.8. Addi-
tionally, we assume the following condition:

/]R {'yf,z + [log(1 4 7:2)[*}v(dz) < C for some C > 0. 4.9)
0

We aim to obtain a concrete representation of LRM for the call option (St —
K)™. As seen in Example 3.9, this model satisfies all the conditions in Theorem
3.7, if (3.5) is satisfied. First of all, we calculate the Malliavin derivatives of St.

Proposition 4.3 We have St € ID'2; and

StB:
o

ST’Yt,Z
z

Dy, St = 1{0} (z) + 1R, (2) (4.10)

for g-ae. (t,z) € [0,T] x R.
Proof. Noting that

T 1 oy
log(St/S0) = /0 ‘Xf_EIBt_'_/]R {log(1 +7tz) — 1z} v(dz) | dt
0
T T N
log(1
+/0 ﬁtthJr/O /JRo 0g(1+ v:2)N(dt,dz),

we havelog(St/Sy) € D2 and Dy, log(St/So) = %1{0}(2) + wlﬂ?o(z)
forany (t,z) € [0, T] x Rby (4.9) and Lemma 3.3 of [7]. Setting F := log(St/Sp)
and f(x) := Spe*, we have St = f(F). Thus, we have f'(F)D;oF = ST% for
any t € [0, T]; and
f(F+zDy,F) — f(F) _ STexp{thle} —1 _ Sty
z z z

for any (t,z) € [0, T] x Ry. Hence, Proposition 2.5 of [17] implies St € D!?
and (4.10). (|
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Remark 4.4 A similar arqument with Proposition 4.3, together with Example 3.9,
yields D, Z1 = —Zr (%1{0}(2) + &7’211[{0 (z)) .

Now, we confirm condition (3.5).
Lemma 4.5 Condition (3.5) in Example 3.9 is satisfied.

Proof. By simple calculations, we have

d(ZiSt) = Se—Zs— {(,Bt —up)dWr + /IR (vtz— Oz — %,zf)t,z)N(df,dZ)} ,
0

which implies ZrSt € L?(IP) by Theorem 117 of [14]. Therefore, Z1(St —
K)* € L2(IP) holds.
Since Theorem 4.1 and Proposition 4.3 imply that (St — K)* € D2, and

S ﬁ (ST(1+1z) —K)* = (St —K)*

Dt (St —K)* (z)+ . 1
(4.11)

we have

|ZrDt (S — K)*[[72(p) < E[Z3S3] (/ /det+/ / 72, v(dz)d > o,

and

T T
(St~ K) " DyZr|[32 oy < EIS3Z3] (/0 u%dt+/0 /]R 9§Zu(dz)dt)<oo
0

In addition, there is a C > 0 such that

T
E [ /0 / |th,Z(sT—K)+Dt,zzT|2q(dt,dz)]

< E[Z3s </ / 'ytz v(dz) dt> < CE[Z353] (/OT /lRo 'y‘tllzv(dz)dt> ,

from which condition 5 in Example 3.4 follows by (4.9). This completes the
proof. g

Next, by using the above proposition and lemma, we can calculate an ex-
plicit representation of LRM for call options as follows:

Proposition 4.6 For any K > 0and t € [0, T|, we have

(Sr-K)*F 1 {z
t = B+Ep+[1(s, >k} St|Fi-]
Si— (B + Jy, 1R(d2)) T

+ k Ep+[(S7(1 4 7t2) —K)™ — (S7 — K)+|}—t—]')’t,zv(dz)}'

(4.12)
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Proof. From the view of Lemma 4.5, (4.12) is given by (3.6) and (4.11). O

5 Asian Options

In this section, we study Asian options, whose payoff is depending on 1. |, OT Ssds.
First of all, Lemma 3.2 in [7] implies the following proposition:

Proposition 5.1 Besides Assumption 2.1, we assume the following two conditions:

1. Ss € DY forae. s € [0, T].
2. B [ fiympen Jior) IDSsl2dsq(dt, dz) | < oo.

We have then %fOT Sids € D2 and Dt,z% fOT Seds = %fOT Dy, Ssds for g-a.e.
(t,z) € [0, T] xR

Next, we calculate Malliavin derivatives and LRM of Asian options for the
same setting as subsection 4.1.

Proposition 5.2 When «, B and <y are deterministic functions satisfying the three
conditions in Example 2.8 and (4.9), we have % fOT Ssds € D2 and

/ Seds = — { 100y(2) + 7;zllRO(z)} /tTSsds

for g-a.e. (t,z) € [0,T] x R.

Proof. By the same way as Proposition 4.3, we can see that condition 1 in
Proposition 5.1 and

Dy2Ss = Ss1y 4 () {/itl{o} (z) %leRO( )}

for g-a.e. (t,z) € [0,T] x Rand any s € [0, T]. As for condition 2, we have the
following:

T
2
E |:/[O,T]><]R/ |Dy,2Ss| dsq(dt,dz)}

(/ gart [ v%,szz)dt)m

<TE | sup 52

se€[0,T]

We illustrate LRM for Asian options with payoff (7 fOT Ssds — K) ™.

19



KSTS/RR-15/002
February 2, 2015

Proposition 5.3 Under the same setting as Proposition 5.2, we have, for any K > 0
and t € [0,T],

(V—-K)*  _ 1 2
Gt = {,BtlEIP* [Lvy>ky Vil Fi-]
St ([3% + IR, yﬁzv(dz)) °

+ /]R Ep: [(Vo +7t:Vi —K)" — (Vo — K) " | Fi-] 'Yt,zV(dZ)}/
0

where V; = %ftT Ssds for t € [0, T).

Proof. Theorem 4.1 and Propositions 5.2 imply that

tVi Vo+7t:Vi —K)" — (Vo —K)*
Diz(Vo—K)" = 1{v0>1<}ﬁ71{o} (z)+ ( : Z) ( ) 1R, (2).
Thus, this proposition is concluded by (3.6). O

6 Lookback Options

We focus on lookback options, that is, options whose payoff depends on the
running maximum of the asset price process M° := sup, efo,7] St We treat only
the exponential Lévy case in this section.

6.1 Malliavin derivatives of running maximum

First of all, we calculate Malliavin derivatives of the running maximum over
[0, T] of the following Lévy process: Ly = ut + X;, where X is the underlying
Lévy process defined in (2.2), and u# € R. Note that L; € D2 for any ¢ € [0, T].
Before stating the main theorem, we need some preparations.

Lemma 6.1 Let F}, B, - - - € D2, We have then, foranyn > 1, My, := maxj<x<, Fx €
D2 and

maxq<g<y (Fx +2Dt2Fr) — My
z

11Ro (Z)/

(6.1)
where Apy1 = {My = Fi}and A,y = {My # Fi,--- ,My # F_1, My, = F} for
2<k<n.

n
Dt,zMn = Z lAn,k Dt,OFk . 1{0} (Z) +
k=1

Proof. Remark that My = F{VF, = (F, — F)T + F; € D'? by Theorem 4.1;
and M,, = F, V M,,_1. We have then M,, € D2 for any n > 1.
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Next, we calculate D; gM;,. Theorem 4.1 implies

DioMy = Dyo(FaV My_1) = Dyo(Fs — My—1)" + Dy oM,
= 1yg,>m, 1} Dro(Fn — My—1) + DyoMy 1

= Lyr,om, 1 DroFn + 1p,<m, 1 DroMu—1

= 14,,DroFn +1p,=pm, 3 DroMu—1.

n—1
Iterating this calculation shows
DioMn = 14,,DtoFs
M=, 1} {1An71,n71Dt,0Fn71 + 1{Mn71:Mnfz}DtroMn—2}
= 14,,DtoFn +14,, DioFu1 +1ip,=m, ) ProMn—2

nn—1

n
= ... = Z 1An,thrOFk' (62)
k=1

For the case where z # 0, we have

Dt,zMn = Dt,z(Fn*Mn—1)++Dt,zMn—1
F,— M, _ Dy (FEp—M,_ 1)t —(E, —M,_1)"
_ ( n n-1t2 t,z( n . n 1)) ( n n l) + Dy My

1
=~ [(Fo = Mo+ 2D0(Fa = My1))* + Moy +2D1z My

_{(Fn - ]\/In—l)+ +Mn—1}}

(Fn + ZDt,an) \ (Mn—l + ZDt,ZMn—l) —FE VM,
Z 7

thatis, M, + zD; My, = (F, + zDt . Fy) V (My,_1 + 2Dt ;M,,_1). Thus, we have

M, + ZDt/ZMn = (Fn + ZDt,an) Vv (Mn,1 + ZDt,zMnfl)
= (Fn + ZDt,an) \ (anl + ZDt,ZFn71> \ (Mn—z + ZDt,zMn—Z)
= - = F Dy, F.),
1r§?§(n( i + 2Dy 2 F)
which means
maxq <<, (Fe + 2Dy 2 F) — My
. .
By (6.2) and (6.3), we obtain (6.1). (]

Dy, M, = (6.3)

We need to show more two lemmas. We take a countable dense subset U/ :=
{ug,up,---} C [0, T)with T € U.

Lemma 6.2 Let {Y;}c(o 1) be an RCLL process. Denoting MY = maxj<g<y, Yu,
foranyn > 1; and MY = SUPyc(o,7] Y;, we have M}f — MY asn — oo.
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Proof. Since M < MY forany n > 1, it suffices to show that P (limy, e M} <
MY) = 0. Now, suppose that P (lim,—c MY < M) > 0. Denoting Ay :=
{MY —lim, o MY > 1/k} for k > 1, we have 0 < P(lim,_,eo M} < MY) =
P (U2, Ax) = limy_,oo P(Ag). Thus, P(Ay) > 0 holds for any sufficiently large
k. Now, fix such a k arbitrarily. Note that there exists a [0, T)-valued random
time ¢ such that Y; > MY — % on Ay, since we can find a [0, T]-valued random
time é such that Yé > MY — zl—k as., butYr < MY — % on Ay because T € U. By
the dense property of i/ and the RCLL property of Y, we can find a {/-valued
random time 7 such that Y, > MY — % on Ay. This is a contradiction to the
definition of Ay. O

To see Lemma 6.3 below, we denote M’ := maxj<t<, Ly, forany n > 1,
ML = sup;epo,r) Lt and T = inf{t € [0, T]|L; V Lt = ML}, Note that
ML = supte[O,T](Lt VL) = Ly V L;—; and 7 is a unique random time sat-
isfying ML = L V L_ by Lemma 49.4 of Sato [10].

Lemma 6.3 P(t =t) =0foranyt € [0, T].
Proof.  Takingat € [0, T) arbitrarily, we have
P limsupM =400 | =1
sl0 5

by Theorem 47.1 and Proposition 10.7 of [10]. Thus, P(Li;s < Lt forany s €
(0,T —t]) = 0 holds, from which P(L; = M) = 0 follows. On the other
hand, P(L;—~ = L;) = 1 by Proposition 1.7 of Bertoin [4]. As a result, we obtain
P(t =t) =0foranyt € [0,T). As for the case of t = T, Theorem 47.1 of [10]
together with Lemma II.2 of [4] provides

Lip o —L
P (limsup =T — o) =P <1iminfLs - —oo> —1,
sl0 S sl0 S

which implies P(Ls < Lt forany s € [0, T)) = 0. By the same argument as the
above, P(t = T) = 0 follows. O

At last, we introduce the main theorem of this subsection.

Theorem 6.4 ML € D2 and

SUPse(o, 1] (Ls + Zl{tgs}) - M-
4

Dy M = 12140y (2) + IR,(z).  (64)

Proof. ~ Noting that ML € L2(IP) by the square integrability of X, M} € D'
for any n > 1 by Lemma 6.1; and My, — M" in L?>(IP) by Lemma 6.2, we have
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only to see that D; ;ML converges to the RHS of (6.4) in L?(g x IP) in view of
Proposition 2.4 of [16].
Step 1. Firstly, we consider the case of z # 0. Lemma 6.1 implies

maxq <<y, (Ly, +2Dt:Ly,) — M;%

L
Dt,ZMn = -

Remark that Dy, Ls = 14>y, which is RCLL on s. Thus, Lemma 6.2 yields

supge/o,r)(Ls + 2Dtz Ls) — M

lim Dy, Mk =
n—00 4

(6.5)

Moreover, noting that |max; <<, (4 + bx) — maxy<x<p, a| < maxq<x<, |by| for
any {ax}1<k<n, {bk1<k<n C R, we obtain

1rilkax (Lu, +zDyzLy, ) — ML

< max [zD;;L,,|.
1<k<n

Thus, for any z € R,

_ ML 2
Dy, ML — sup,c(o,7)(Lu +2DtzLy) — M
z
L2

< |Dt ML‘Z SUPseo,T] (LS + ZDt,st) -M |
B i 2P

2 2 2
< Iy max (L”k +ZDtZLuk) M]% + sup (Ls +ZDt,st) _ ML

2 | frsksn s€[0,T]

IN

2{ max |thLuk| + sup |Dy.Ls| } <4 sup \Dt,st|2 = 4.
1<ks s€[0,7] s€[0,7]

The dominated convergence theorem implies that the convergence in (6.5) also
holds in L?(g x IP).

Step 2. Next, we see that D; oM - 140} (z) converges to 1;:>n140}(z) in
L%(q x P). Similarly with Lemma 6.1, we denote AL, = {Mj; = Ly}, and
A;l;,k = {ML # Ly, - ,ML £ Ly, 1,M =Ly} for2 < k < n. In addition,
defining 7, := Y}, ”klAﬁk for any n > 1, we have

n n
DyoMii = 3 Lar Droluge = Y 1ar Lz = Ligzn)
k=1 ! k=1 ’

by Lemma 6.1. Recall that supse[t’T](LS VILs—) < LtV L on{T < t} by

Lemma 49.4 of [10]. Then, on {7 < t}, we can find a k € IN such that L, >
SUPe s 7] (Ls V Ls—). Note that k depends on w. As a result, 7, < t holds for
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any n > k. Similarly, we can see that, on {t > t}, we have 7, > t for any
sufficiently large n. Since P(T = t) = 0 by Lemma 6.3, we can conclude that
limy, 00 17, >4y = 1754} a.s., from which Theorem 6.4 follows. g

6.2 LRM for lookback options

We consider the case where S; is given as an exponential Lévy process S; =
Soexp{L:}, where Sy > 0; and denote MS = SUP;c(o,7] S;¢. In this subsection,
we calculate Malliavin derivatives and LRM of lookback options whose pay-
offs are given as M° — St and (M° — K)* for K > 0. Here we assume that
f]Ro {22+ (¢ — 1)*} v(dz) < oo; and there exists an ¢ € (0, 1) such that

{y—i— ‘772 —l—f]RO(x—ex —i—l)v(dx)} (e*—1)

<1l-
7+ (" — DZu(dx) ¢

for v-a.e. z € Ry. These conditions are corresponding to (4.9) and condition
3 in Example 2.8, respectively. Note that the other two conditions in Example
2.8 are also satisfied. In addition, f]Ro (z — ¢ 4+ 1)v(dz) is well-defined since

¢? —1—2z < (e—1)z* forany z € [—1,1]. The following lemma is also given in
a similar way with subsection 4.1.

Lemma 6.5 (1) We have MS € D2; and

SUPse(o,T] (Sseﬂ{tgs}) - MS
z

Dt,ZMS = Msl{fzt}l{o} (Z) + 1]Ro (Z)

(2) Condition (3.5) holds for both MS — St and (M5 — K)*.

Proof. (1) Proposition 2.5 of [17], together with Theorem 6.4 and ;" (¢* —

1)%v(dz) < oo, implies that MS € D12, D; )MS = SoD; geM" = SpeM" D, gME =
Msl{TZt}; and, for z € Ry,

L D L ML
D M° = SODt,ZeML =S exp{M" +z Zt,zM }—e
L
exp {supse[olﬂ (LS + 21{t§5}>} _ M
= S .
SUPseo,T) (5s621{t§5}) - MS
— - ‘
(2) We can see this assertion by Lemma 4.5. O

Now, we calculate Malliavin derivatives and LRM for lookback options by us-
ing Lemma 6.5, Theorem 4.1 and (3.6).
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Proposition 6.6 (1)

Dpz(M® —S1) = (M*1r2y — S7)10}(2)
sup Ssetti=st) — MS 21
Z Z
(2) For any K > 0, we have

Dpo(M® —K)* = M1yt jog(k/s0)) Lirzty Loy (2

+
(Supse[O,T] (Sseﬂ{'SS}) - K) —(M° - K)*
+ - 1]R0 (Z)

Corollary 6.7 Forany K > 0and t € [0, T], we have

s _ 1
fVI St — CSt—{(TZJEIP* [Msl{-th} — Sﬂftf}
+ /IR Ep- 51[119} (Sueﬂ{tg}) - M5~ ST’)/Z|~F}—‘| ’sz(dz)}r
0 ue|0,T
and
(Mst)Jr o 1 21E Msl 1 F
Gt = 5o\¢ P [MP Lt s10g(k/50)3 Lozt | -]

+
+ IE.]P* ( sup (Suezl{r§t¢}> _ K) _ (Ms _ K)+|./—"t,
/Ry uel0,T)

Y2v(dz) }/

where 7y, := ¢* —1and C := (02 + Jr, 'ygv(dz)).

Remark 6.8 There are lookback options whose payoff is described by the running min-
imum of the asset price process, instead of the running maximum. Thus, we should
mention about how to calculate Malliavin derivatives for the running minimum of
exponential Lévy processes S.

We denote m¥ := infye(o,1) Yt for any stochastic process Y; and S; := 1/S; =

So Ye=Lt, Since S' is also an exponential Lévy process, we can calculate MS through
Theorem 6.4. Noting that MS > 551 > 0, we take a C'-function f on R such that
flx)=1/xifx > So_l. Then, by mS = 1/MS" and Proposition 2.5 of [171, we have

1 1 '
Di.m® =D, —= = ————=D;,M°.
t,z t,z MS ( S /) Mtz

Remark that we can calculate Dy (St — m®) and Dy ,(m® — K)* by the same way as
Proposition 6.6.
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7 Concluding remarks

Throughout this paper, we consider an incomplete financial market model
whose asset price process is given as a solution to the SDE (2.3). Under some
assumptions, we obtain representation results (Theorem 3.7 and Example 3.9)
of LRM by using Malliavin calculus for Lévy processes based on the canonical
Lévy space framework. So that, representations of LRM given in this paper
include Malliavin derivatives of the claim to be hedged.

As typical examples of claims, we treat call options, Asian options and look-
back options. As for call options, we formulate their Malliavin derivatives in
a general form; and calculate their LRM explicitly for the case where the co-
efficients of the SDE are deterministic. Next, we illustrate how to calculate
Malliavin derivatives of Asian options; and give expressions of their LRM for
the deterministic coefficients case. Thirdly, we study lookback options for the
exponential Lévy case.

As said above, we calculate LRM for only the deterministic coefficients
case. It is because Malliavin derivatives of deterministic functions are given
by 0, thereby we can comparatively easily make sure of Assumption 3.4 un-
der some mild conditions as seen in subsection 4.1. Besides, LRM is expressed
simply from the view of Example 3.9. On the other hand, in the random coef-
ficients case, we need very complicated calculations to confirm if Assumption
3.4 holds. Furthermore, we need to calculate exactly H* and Malliavin deriva-
tives of u and 6. That’s why, although we introduce the Barndorff-Nielsen and
Shephard model as an typical example of models with random coefficients, we
do not discuss its LRM in this paper. We shall postpone it to future research.
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