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Abstract

A method to construct noncommutative instantons as deformations from commuta-
tive instantons was provided in [1]. Using this noncommutative deformed instanton,
we investigate the spinor zero modes of the Dirac operator in a noncommutative
instanton background on noncommutative R, and we modify the index of the Dirac
operator on the noncommutative space slightly and show that the number of the
zero mode of the Dirac operator is preserved under the noncommutative deforma-
tion. We prove the existence of the Green’s function associated with instantons
on noncommutative R*, as a smooth deformation of the commutative case. The
feature of the zero modes of the Dirac operator and the Green’s function derives
noncommutative ADHM (Atiyah-Drinfeld-Hitchin-Manin) equations which coincide
with the ones introduced by Nekrasov and Schwarz. We show a one-to-one corre-
spondence between the instantons on noncommutative R* and ADHM data. An
example of a noncommutative instanton and a spinor zero mode are also given.

Key words: Noncommutative geometry, Yang-Mills theory, Instanton
PACS: 11.10.Nx

1 Introduction

Deformation Quantization, introduced by Flato et al [2] provided an idea
for the method of quantization, whose crucial point is not to employ the
representation space, and treat it from purely algebraic point of view. It might
be worth to apply this idea to gauge theories for geometry and physics. One of
the important problems for the gauge theory is an instanton, which has been
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tried by several people. Our approach presented in this paper is to develop it
in the context of the deformation quantization.

Nekrasov and Schwarz [3] discovered noncommutative ADHM equations and
constructed noncommutative instantons using the ADHM construction [4]. (In
the following, we call these solutions briefly noncommutative ADHM instan-
tons.) This work initiated the study of noncommutative ADHM instantons,
and at present there is a large body of work on this problem [5]. Several non-
commutative instantons have been discovered, by the ADHM method. How-
ever, some of them like U(1) instantons do not smoothly connect to commuta-
tive instantons. ( There are several noncommutative instanton solutions whose
commutative limits have been studied, and some of them are constructed with-
out the ADHM method [6].) In [7-11], the topological charge of a noncom-
mutative ADHM instanton is studied, where it is shown that the topological
charge is given by an integer and coincides with the dimension of a vector
space appearing in the ADHM construction. (Strictly speaking, the proof of
the equivalence between the topological charge defined as the integral of the
second Chern class and the instanton number given by the dimension of the
vector space in the ADHM construction is not completed. In [8], this identifi-
cation is shown when the noncommutative parameter is self-dual for a U(N)
gauge theory. In [11], the equivalence is shown with no restrictions on the
noncommutative parameters, but a noncommutative version of the Osborn’s
identity (Corrigan’s identity) is assumed.) However, the relation between the
topological number and the corresponding numbers in the commutative space
had not be clarified. Moreover, the calculation in [7,8] shows that the origin
of the instanton number is deeply related to the noncommutativity.

On the other hand, we have constructed previously new noncommutative de-
formations of solitons in gauge theories. These deformations smoothly connect
a commutative soliton to a noncommutative soliton [1,12,13]. In the following,
we call these smooth noncommutative deformed instantons SNCD instantons
for short. The SNCD instantons have a formal power series expansion in the
noncommutative parameter, and the leading terms are instantons in commu-
tative space. In particular, this produces instanton solutions on noncommu-
tative R* which are deformations of instanton solutions on commutative R*.
We showed that the instanton numbers of these noncommutative instanton
solutions coincide with the commutative instanton numbers on R*. Thus, it
is natural to ask if there is a correspondence between the SNCD instantons
and the noncommutative ADHM construction. Answering this question is the
main purpose of this paper.

In the section 3.3 in [3], the completeness of the noncommutative ADHM con-
struction is already discussed without any proofs. In this paper, we give a
complete proof for the completeness for the SNCD instanton. The procedure
of the proof is basically followed by the commutative case. One of the cru-
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cial points for the differences to the commutative case is to observe the decay
properties for the instantons on the noncommutative 4-space which has been
obtained in [1]. Moreover, we have to have the asymptotic behavior of the zero
modes of the Dirac operator associated with the SNCD instanton, the index of
the Dirac operator, and the Green’s function with the SNCD instanton back-
ground. In this article, we first investigate zero modes of the Dirac operator
associated with the SNCD instanton. We give a (modified) index of the Dirac
operator on the noncommutative space. It is shown that this index is deter-
mined by the index associated with the commutative instanton. We show the
existence of the Green’s function with the background SNCD instanton. Using
these properties, we derive the noncommutative ADHM equations from the
SNCD instanton. The ADHM equations coincide with the ones discovered by
Nekrasov and Schwarz [3,5]. We construct one example of a SNCD instanton
deformed from a k = 1 BPST instanton in commutative R*, and we check its
consistency with the theorems in this article. In the Appendix, we show that
there is one-to-one correspondence between the ADHM data and the SNCD
instantons.

This paper is organized as follows. In Section 2, we set the notation and
review basic facts about star products and SNCD instantons. In Section 3,
we show that the (modified) index of the Dirac operator is constant under
noncommutative deformations. In Section 4, we construct the Green’s function
for the noncommutative Laplacian. In Section 5, we prove the main result, that
the ADHM equations derived from noncommutative instantons are the same
as the equations constructed by Nekrasov and Schwarz. In Section 6, we give
a worked example of a noncommutative instanton. Section 7 is the conclusion.
In Appendix A, some extension of the completeness relation of the Dirac zero
modes is derived. In Appendix B, we show the one-to-one correspondence
between ADHM data and noncommutative instantons, and in Appendix C,
we discuss constraints imposed by the choice of the U(N) gauge group.

2 Notations, Definitions and Known Facts

Noncommutative Euclidean 4-space R* is given by the following commutation
relations of the coordinates:

[zt 2", = at % a¥ — 2V 2t =", pv=1,2,3,4, (2.1)

where (0*) is a real, z-independent, skew-symmetric matrix, whose entries
are called the noncommutative parameters.  is known as the Moyal (or star)
product [14]. To consider smooth noncommutative deformations, we introduce
a parameter i and a fixed real constant —oo < 6" < oo with
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0" = ho}". (2.2)
We define the commutative limit by letting & — 0.

The Moyal product is defined on functions by

7 — —

F() * g(a)i= (@) exp (59,075, ) g(x)

= f@ale) + 3 1) (59,079.) ate).

— —
Here 0, and 0, are partial derivatives with respect to z* for f(z) and to =¥
for g(x), respectively.

Moreover, we consider h-expansions functions f(x) (formal power series in A
with the values in C*°(R*)) in the following:

f) = 3 SO (2.3

where f(™(x) € C*°(R*). We mainly consider each f™(z) € C*(R*)NL*(RY).
We extend the Moyal product to the above fields (2.3) and also to other fields
like spinors A linealy. In the following, we consider all subjects by using this
formal expansion and solve equations (Dirac equations, etc.) recursively in
increasing orders of h.

We often use order estimates in the radius |x|. If s is a function on R* and s =
O(|z|~™), the “natural growth condition” is defined by |9fs| = O(|z|~™F).
In this article, this natural growth condition of gauge fields and spinor fields
is always required. (s = O'(|z[™™) is defined by s = O(|z|™™) and [d}s| =
O(|z|=™*) in [15]. We do not use this symbol O’(|z|~™) because it is not
standard in physics. )

We define a Lie algebra structure by [T,, Tj] = fupeT., where the generators
T, are anti-Hermitian matrices. In this article, U(N) (N > 1) gauge theory
on noncommutative R* is considered. The covariant derivative for a some
fundamental representation field f(xz) is defined by

Dy x f(z) = 0uf(x) + Aux f(x) , A,= AT, (2.4)
A gauge transformation of A is given by A — A+ g*dg~! , where g is an
element of the gauge group G = {g | ¢' x g = I,xn}. Here g has a formal

expansion g = Zg(l)hl. As we see in [12] and Appendix C, gf x g = I is
1=0
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equivalent to an infinite hierarchy of algebraic equations which we can solve
recursively starting with the A° term. The Laplacian is defined by

Apg* f:=D"xD,*f. (2.5)

The curvature two-form F' is defined by

1
F = §Fwdx“ ANdz" =dA+ AN*A, (2.6)

where Ax is defined by

ANKA = —(A,x A))dz" A dz”. (2.7)

1
2
Let S =S8t @® S~ be the spinor bundle of R*. We define o, and 7, by

(017 02,03, U4> = (_iTlv _i7-27 _/”—37 IZXQ)?
(5-175-275-375-4) = (Z'Tl7i7—27i7—37]2><2)) (28)

where 7; are the Pauli matrices:
01 0 —: 10

T = , T2 = , T3 = , (2-9)
10 1 0 0 -1

and Isyo is the identity matrix of dimension 2. Note that O’L = 0,. 0, and 7,
are a 2-dimensional matrix representation of the quaternions such, i.e.

0,0, + 0,0, =0,0,+ 0,0, =20,,. (2.10)
We define 0, and 7, as
1 1

O = —(0,0, —0,0,), Ou = Z(éuay —0,0,), (2.11)

4

which are the components anti-selfdual and selfdual two-form, respectively.
The Dirac(-Weyl) operators Dax : I'(ST @ E)[[A]] — I'(S™ ® E)[[A]] and
Dax : (S ® E)[[h]] — T'(ST ® E)[[h]] are defined by

Dax :=0"D, * and Dx := 5“DL* , (2.12)
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respectively. It is worth to comment on the spinor in the context of the de-
formation quantization. Since noncommutativity violates Lorentz symmetry
of R*, spinor as a representation of usual Poincare symmetry does not ex-
ist. However, as shown in [16,17], there exists a twisted Poincre symmetry in
noncommutative space-time.

Instanton solutions or anti-selfdual connections satisfy the (noncommutative)
instanton equation

1
Fr=(14+%)F =0, (2.13)

where x is the Hodge star operator. Note that in this article instantons are
anti-selfdual connections, not selfdual connections. Formally, we expand the
connection as

A, =3 ADR. (2.14)
1=0
Then,
0 1 —
l+m—+n m I A(n

AM*AVZIE_UW + ﬂA,g (A AW, (2.15)
where

«— 7 — L=

A Ei (9“(98 (9,,

Using the selfdual projection operator

_1—1—* 1

; P,uzz,pT = *<5,up61/*r - 61/p5,u7 + Ep,l/pﬂ')u (216>

p=-""
2 4

the instanton equation is

P

wv,pt

FPm = 0. (2.17)

In the noncommutative case, the I-th order equation of (2.17) is given by

P (9,AD — 8714,(,0 + [Aﬁf’, AD] 4 C,(;Q) =0, (2.18)

where
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1
cl= 3wt (A;W(Z))IJA;”) - Aim)(z))pAE,”)) ,
(p; mn)EI(l) b

Note that the zeroth order equation is the commutative instanton equation
with solution ALO) a commutative instanton. The asymptotic behavior of the

commutative instanton A/(f) is given by

~1 _ -1 _
AD = ¢0,(6") " +0(|z[7?), ¢2d(g”) " =02, (2.19)
where ¢, the zeroth order term in the expansion of g, is an element of the

gauge group in commutative space. We impose a boundary condition that is
a natural extension of (2.19):

A, =gx0,9" +0(|z]7?), gxdg™" =O(|z|™). (2.20)

In [1], we found a solution of (2.18), which we call a SNCD instanton. The
order of the SNCD instanton is given by

) _ —3+e€ —
AD = O(lz| 79 ,1=1,2,3,..., (2.21)
for arbitrarily small € > 0. We denote (2.21) by AY = O(|z|~?*) for simplic-

ity. We proved also that the instanton number of SNCD coincides with the
instanton number of A(®:

1

1
T T

For a later convenience, we introduce covariant derivatives associated to the
commutative instanton connection by

DY f:=0.f +AQf, (2.23)

and the Laplacian associated with the commutative instanton connection by
0
AQ f = DOpO. (2.24)

Let us introduce a h-valued pairing for formal expansions f(x), g(z) € (C*(R*)N
L2(RY))[[A] as
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(£.9). = [ d'2(f1 (@), g()).. (2.25)

Here ( , ). is the A-valued point wise product used in Euclidean scalar
product with contraction of spinors or tensors, that is (fT(z), g(x)), is defined
by

(f1(@), g(@)) o= F10 2 5 g (2.26)

Since each f™ and g™ are in C=(R*) N L?(R*), we obtain

/11&4 d4xf(")(x)<z>g(m) (x) =0. (2.27)

then

(£.9).= [ d'a(f(@)' . 9(x))
=3 [ e T (@) g0 2.9

k+l=n

where (fT(z), g(z)) is defined by (fT(x),g(x)) := fiH-tng, . . We also use
the usual L? inner product, that is for i independent function f(x), g(x), we
set

(Fl@)g(@)) = [ d'ofi(@)g(). (2.20)

If f(z) and g(x) are not scalar functions, we regard f7(x)g(x) as a point wise
production with contraction.

We note that our formal space (C*(R*) N L?(R*))[[]] is considered only as a
formal expansion space.

3 The Index of the Dirac Operator

In this section, we investigate zero modes of the Dirac operators acting on
the formal expansion space. The index theorem for the Dirac operator in a
noncommutative ADHM instanton background was studied in [18], where it
was shown that the number of zero modes of the Dirac operator equals the
instanton number of the background instanton in the ADHM construction. In
our case, we start with a commutative instanton and deform it into a SNCD
instanton. The relation between SNCD instantons and ADHM instantons will
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be clarified by using the theorem 3 proved in this section. To construct the
ADHM data from SNCD instantons, we have to investigate the spinor zero
modes and the index. In Section 5 these results will be used to derive the
ADHM equations.

In this article, we treat the index theorem in a formal deformation setting.
The usual index is defined by the difference between the kernel and the cok-
ernel of the Dirac operator. In our context, the differential operators like the
Dirac operator act on (C*°(R*) N L?(R*))[[h]] that is considered only as for-
mal expansion space. We introduce a (h-valued ) inner product in the formal
expansions, we employ the orthonormal bases as in (3.20), and then we define
the modified index as (3.27).

We consider operators acting on the weighted Sobolev spaces

o
e — {u

S 107 s = Illips < 00} (31)

j<k

where j = ji + jo + js + ju , 7 = 0' 082050}, and

fllps = | [ {0+ laP) 3y a@)Pda” < oo, (32)

Here |i(z)| = Vid. See [19] for the properties of weighted Sobolev spaces
used here. We do not introduce the norm from the pairing (2.25) usual to
complete spaces of h - expansions. We deal with the Hilbert spaces (Sobolev
spaces) as usual L?-space step by step for & - expansions.

Let Dax : ['(S*T ® E)[[h]] — (S~ ® E)[[h]] and Dax : ['(S~ ® E)[[A]] —
I'(S* ® E)[[h]] be the Dirac operator defined by (2.12). By the Weitzenbock

formula,
'DA*DA:AA—FO'JFFJF, (33)
DA*Z_)A:AA—i-O'_F_, (34)

where 0" F* = 20" F , 07 F~ =20"F,, and Ay = D" % D,. Assume that
A is a noncommutative anti-selfdual connection, i.e. F™ = 0. We consider the
h expansion of ¢ € I'(ST ® E)[[A]]:

= i ). (3.5)
n=0
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Set

KerDyx = { ¢ e (8T ® E) N L*(S* @ E)[[A]]
| Daxy=0eD(S™®E)H] }. (3.6)
As in the commutative case, we obtain the following theorem.
Theorem 1 Assume that A is a SNCD anti-selfdual connection. Then If Da*
=0 for ™ € L?, we have v™ =0 for all n, i.e. KerDa* = 0.

PROOF. We show this theorem by induction. The zeroth order term D gx1) =
0is Df)w(o) = 0, and this equation only has the solution () = 0. We assume
that the ) = 0 (k < n). The equation of order n 4 1 is

n n n ]_ <> m
0=R"! {DW aorapiy® e 3 (ot AP(A)) }
(p; l,m)el(n+1) £~

— hn+1Dg))1/}(n+1) :

so "t = 0. O
We investigate the zero modes of D 4. Set

KerDyx = { ¢ € (S~ ® E) N L*(S™ @ E)[[A]]
| Dax=0eD(ST o E)H] }. (3.7)

By expanding ¢ € I'(S™ @ E)[[A]] as

T ) (3.8)
n=0

the zeroth order equation of Dyx1) = 0 is @ﬁf)&(o) = 0, and there are £ linearly
independent zero-modes for a commutative instanton A whose instanton

number is —k. We define ¢; (i = 1,...,k) as

b =SB, (3.9)
n=0
where @0) (i=1,...,k) are a basis of the k independent zero modes of 2_)1(2).

10
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The n-th order equation of Dy x ) = 0 is

o= {opar oA & Lap(Eri) |

v tmyerm P!
=1 {DYG + 1 (3.10)

where HZ-(O) =0 and

n — n) 7. 1 — ~ (m
H"Y =6t AMGO + Y (P AD(A O™ forneN. (3.11)
(w5 Lmyer(n) P
We can solve these equations recursively in the order in A, so HZ-(”) is deter-
mined by Eq. (3.10). Z_)S))&i(”) in Eq. (3.10) has k zero modes. We denote
an orthonormal basis of KerD{ by n; (1t = 1...k). Note that DY H™ is

orthogonal to K erl_)gj) with respect to usual L? inner product :

0 n 0 n n) 440
(OVH")n) = [ do@Y B = (" D) =0. (3.12)
Then we get
) _ L 50 5m
(o Zamm mp ;7 (3.13)
. 1
where @, ; are arbitrary constants. Here A0 denotes integration over R*
7 DDy

against the Green’s function of fo)@(o) Note that the ambiguity in the a‘

are occur only in the coefficients of the zero modes of the commutative Dlrac
operator Dﬁl). f” is a constant matrix in general, because the symmetries
realized in matrix representations remain after noncommutative deformation.

We denote K (x,y) by the kernel function of (Df)ﬁf))_l. We recall the Weitzen-
bock formula, )

DYDY = AV 46 F O
The following is known (cf. see [19], Theorem 1.7):

C 1
+0
\x—yP (\fv—y\?’

K(z,y) = ). (3.14)

In the following, we consider ¢ := (¢4, ..., %), H := (Hy, ..., H}) as matrices.

11
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Theorem 2 Assume that A is a SNCD anti-selfdual connection. Let ¢ =
) = Z VMR be a zero mode of Dax as above. Then

n=0

() 1 0) ()

Vi i — —o=oDu H;", 3.15
]221 il D,(L?)D(O) (3.15)

- 1 ©0) p(n) _ 5ic

1y =027, —G5=gDa Hi ), 3.16

J <| ’ ) DEE)D,(L?) A (’| ) ( )
and

b = 3D anmp)h" + O(|z[7°) ,n; = O(l2[ ). (3.17)

n=0 j=1

PROOF. We prove this theorem by induction. (i) By (2.21), A®) = O(|z|~3+9),
so we obtain

HO =2 ADPO + (62 AD(A)O) = O(|a] ~°F). (3.18)
From K(z,y) = Cy|2, we have DOSO —— _DWH® = O(|z|~**). The detailed

derivation of this equation is smrular to the proof of Proposition 1 in [1].
n; = O(]z|™3) is a well-known fact (see for example [15,20] and Appendix B).
Using n; = O(]z|™3) and (3.13), we obtain

P = O(|z|?). (3.19)
(ii) Assume
k .
=>_ajm; +O(|z[77), (0<1<n).
j=1

1
Then we obtain H®*+) = O(|z|7%¢) and

7_D(O)H(n+l) — O(|x75) .
pOHO A (l277)
Therefore, ;Ez(”) = Z§:1 al, n; + O(Jz|7+). -

Note that this theorem implies that each (™ € L*(S~ ® E).
We give a canonical choice of zero modes of D4% by introducing a formal

orthonormalization of the zero mO(_:les_of D . Let 1/_10 be a zero mode of D 4.
Formal expansion of the pairing (1&8, o)« (defined by (2.25)) is given by

12
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/d4:m/10*1/1 /d4x¢o¢0 Z Z / d4:m/10 Tz/10

n=0 k+l=n

2_: (b, o) A", (3.20)

Here we use the decay condition ¢y — 0 as |z| — oo. The inverse of the

formal power series of Z a™R" with a© #£ 0 is defined by Z bR, where

n=0 n=0
1 1 ! - _ -
bO = — and 8" = —— 3" a0 Since (7, ) #£ 0, its formal
a© Ta0 &
inverse is defined by
(0, o)) - zh" (W, o) 11, (3.21)

where [(¢], 10)71]™ is determined by

n—l
7 0 1:0

This con_struction allows us to construct an orthonormalization. Let the 2N x k
matrix ¢ be a zero mode of D,x. We set the following orthonormal condition

/R4 2D+ D = Lk (3.23)

The [-th order equation in & for (3.23) is

> / d*z (Zn}r fjl )(Zampn] ) = 0ip0i0, (3.24)

n+m=I

where

1

n (0) £(n)
H! D(O)@(O)D H™. (3.25)

Gram-Schmidt orthonormalization determines the constants am- recursively.
We introduce a linear space that is expanded by these formal orthonormalized
zero modes

13
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k
KerDyx = {¢ ’ b=y, ¥ € KerDax , 4\ =,
=1

/ d4{L‘77/_)j *1/_)j = (51']‘, C; € C} . (326)
R4

We recall the index for the J0% is defined by
Ind P9 := dim kerDS)) — dim ker@f)
as usual. We define the modified index for the ) 4x as

Ind D 4> = dim KerDy —dimKerD, « . (3.27)

Thus we have the following theorem.
Theorem 3 If Ind % = —k, then Ind Pax = —Fk .

Note that this Ind D 4% is not index in usual sense. One reason is that the D
and the Dy are not Fredholm operators because we consider formal power
series. Another reason is that KerDax # KerDax (KerDax C KerD 4x). For
example, if 1) = Z E'p™ is a zero mode of Dy*, then ¢/ = Z Bk ()
n=0 n=0
is also a zero mode for arbitrary integer k. We find that Y € KerDyx but
Y & KerDax. However, in our context, it is a natural extension of the index
of usual commutative space, because the dimension of the Ker is essential
for the construction of the ADHM data and the relation with the instanton
number.

4 Green’s Function

In this section, we construct the Green’s function for A 4. The definition of
the Green’s function is

Ay *Ga(z,y) =6 (x —y), (4.1)
where
[ d'as(e = y)* fy) = (@) (4.2)

Note that if f(z) is smooth,

14
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/dx5 r—y)* fly /dx5 r—y)f(y). (4.3)

Then, we do not distinguish &,(z — y) and é(x — y) in the following. (This
discussion might be too naive. To avoid any risk of error, we should define
GA(xa y) by AA * GA(CC, y) = 5(1. - y) )

We expand (4.1) in A:

h:AYGY (2, y) = 6z —y)

R AYGY (2, y) + [Aax G (2, 9)]V =0 (4.5)
W AYGY (@y) + [Aax S BGY (@, y)™ =0, (4.6)
0<k<n

We solve (4.4)-(4.6) recursively as

Gz, y) /d4wG (z,w)[Aa* > BG ) (w, )™ (4.7)

0<k<n

Note that Gf)(:c, w) was constructed in [21-23], and

GV (z,y) = Oz —y7?) . (4.8)

From (2.19) and (2.21) A® = O(]z|~3*¢) we found that

[As Y #FGY (2, y)]™ = Oz —y[7) . (4.9)
0<k<n
Therefore,
GV (x,y) = Oz —y| %) . (4.10)

5 From Instantons to The ADHM Equations

In this section we derive the ADHM equations from a noncommutative in-
stanton.

15
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We let , denote x with respect to the variable z = (zy,...,24). Let ¥; (i =
1,...,k) be orthonormal zero modes of Dyx and set matrix ¢ = (1;) as in
Section 3. The concept of completeness in the Hilbert spaces is extended to
the one in formal expansion spaces, and we obtain the following identity for
arbitrary functions f(x), g(y).

@0 [d'y f() . D)0 () %, 9(0) (5.1
= [d'x [d'y{f(2) % 6z —y) x, 9(u)

—f(l') *z DA *z GA(Q?,y) *y 1<_)_A *y g<y)}7

The proof for (5.1) is given in Appendix A. For consistency, we impose the
commutation

[y, = R (5.2)

In the following derivation of the ADHM equations, we use the completeness
condition and the asymptotic behavior of the zero modes of the D% given by
Theorem 2.

We first define T* by
1 o
._ 4.~ T T
T“._/]R4dx2 (# % % G+ G xa?) (5.3)
:/ d%(x“*@*z/?):/ Az (T x ) x ).
R4 R4

Here we use /4 d*z0,(" %) = 0 in the second and third equalities in (5.3),
R _
which follows from 1) = O(|x|™®) (see Theorem 2 ). Then,

Tr = [ da [ dty(at e @) )@ ) B 5 y7) (54)
Using (5.1) and integration by parts, (5.4) becomes
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T“T”:/R1 d'a ot %Pt %% a”
sy [ dtytat s 01(2)0,) e Gale,y) o Daky (5(0) % 0")
= [t [ 'y @)o) x Gali ) 5y Dy (5(0) %, 07),

where dS# = |z]2x#dQ) and dS is the solid angle. The first term is deformed
as follows.

/R4d4:c L L
— /R4 d%(@*zﬁ*x”*x“—l— [x“,@*z/;]**x”+QZT*1E*[:U“,$”]*>

= /11&4 d%(@ * b x 2 w2t i0"°0,(P1 % b)) x ¥ + 0T *175)

:/4d4az T K ah K ¥ % xh (5.5)
R
Here 1) = O(|z|™) is used in the third equality. By integration by parts again,
we get

T =

/R4 d*z T x 1« 2¥ x zH

+ [ ast [ dSy(a s B @)a,) ws Galay) %, (0,5() % 1)

g Sy /1@4 dhy(a# g 1 (2)0,) o Gal, y) *y (579(y))

= [ 'z [ Sy (@)0") % Galw,y) x (77() %, 1)

[ [ dyh @) x Gale,y) , (@00)) (5.10)
(5.7) and (5.9) vanish when R, — oo, where R, is a radius of Sj. (5.10)
will vanish on the selfdual projection [T*, T%]|* := P**7[T,,T,] (see (2.16)),

because 0" — o¥a" is anti-selfdual with respect to the p, . Thus only (5.6)
and (5.8) remain.

We introduce an asymptotically parallel section ¢g=1S of ST ® E by

g~ 1St
|[*

- + O(|z|™), (5.11)

where S is a constant matrix, zf := ,2#, ¢ := %40y, and ! means transpos-
ing the spinor indices. (See also Appendix B.) Recall that A has asymptotic
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behavior given by (2.20), and note that D, x g~' — 0 as 7 — co. Using these

facts and D4 x 1) = 0, we can prove that 1/; has the expression (5.11) by di-
rect calculations similar to the commutative case. Note that ¢ and ¢ have
one-to-one correspondence and D, x¢o# = 0 iff Dyx1) = 0 (see Appendix B).

Let us introduce x by

X(x) = 4 /R4 d'y Galz,y)d(y) = 4r /R4 d'y Ga(z,y) % (). (5.12)

Lemma 4 y is given asymptotically by

gt St

X = WE +O(|z]|72) . (5.13)

PROOF. Consider

Agx (|e*) = 8 + 42" (D, x ) + x> (D" % Dy ) + O(|z| ™). (5.14)

Here
2" (Dyx O(|z]~1) = O(lz| ™) , (5.15)
and
TGt TGt
" gorT .\ a9RoT -5
H(Dux S 3 0l ™) (5.16)

Using (5.15) and (5.16), we have

2' Dy, ) = =3¢ 4 O(|z|™). (5.17)
Note that

D¥ % D, O(|z] ) = O(|z| %) (5.18)
and

D”*Du*g;jf = O(|z|™). (5.19)
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Thus, we get

D" D, v = O(|z]| ). (5.20)

From (5.17) and (5.20),

A (|2[*) = =49 + O(|2| ™) (5.21)
Applying the Green’s function and using (4.8) and (4.10), we get the desired
result. O
Note that

D4 Y = —47T1/~1.

By this relation and the asymptotic behaviors of y and 1, (5.8) becomes

1

gtr(STSé“o”), (5.22)
where the trace tr is taken with respect to the spinor indices.
In the [T, T%]* combination, (5.6) becomes —if"*+ = —iPH"PTHPT,

Then from (5.6)-(5.10) and the definition of [T, T"]*, we obtain the following
theorem.

Theorem 5 Let A* be a SNCD instanton, and 1 be the zero mode of Dax
determined by A" as in Section 3. Let TH",S be constant matrices defined by
(5.3) and (5.11), respectively. Then, they satisfy the ADHM equations:

1
[T+, T = 5w(sT St — i T (5.23)

These ADHM equations are the same as those given by Nekrasov and Schwarz

13].

In [3], it is shown that instantons can be constructed from ADHM data sat-
isfying (5.23). The spinor zero modes of the Dirac operator in a background
of noncommutative ADHM instantons are studied, and the index of the Dirac
operator is given in [18]. The question of whether there is a one-to-one corre-
spondence between ADHM data and instantons is answered affirmatively.
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Theorem 6 There is a one-to-one correspondence between ADHM data sat-
isfying (5.23) and SNCD instantons in noncommutative R,

The proof for this theorem is given in Appendix B.

It may be useful to note the relation between Theorem 2 and the term S in
the ADHM data. S is given as the coefficient of the O(|z|~?) term in ¢, and
Theorem 2 implies that the O(]z| ™) term is a zero mode of DY For example,
when we consider k& = 1, there is only one zero mode . One might think
that the O(|z|™3) term in each ™ is proportional to 1, and S™ is also
proportional to S(® but this is not true in general, due to gauge symmetries
and global symmetries. g can also be expanded as a power series in A (see

Appendix C). For example, @E(I) is given by

- (0) g(1) (1) §O) 41
g + (g z -
¢(1) _ _{( ) |x|(4 ) } + O(|ZL‘| 4). (524)

As a result of this twisting by (¢")®), SM) is not proportional to S in general,
and so tr(STSa#c") is not proportional to tr(S©TS©gHs"). In fact, taking
the trace of (5.23) shows that Tr{tr(S1S5#c")} is deformed by the noncom-
mutative parameter from 0 to (k6" where trace T'r is taken with respect to
the k£ x k matrix indices.

6 Example

In this section, we compute a simple example of a noncommutative instanton
that is deformed smoothly from a commutative one. The notation used in this
section is given in Appendix B.1.

We start from a U(2) BPST instanton in commutative R* with the instanton
number k£ = —1 [24]. Its ADHM data is given by

p 0
T =V, S = , p, bt eR. (6.1)
0p

The ADHM data (6.1) satisfies
v+ 1 T Q=pv
[TH T]" = §tr(5 Sat).
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We deform the ADHM equations to the (5.23). For simplicity, we set

02 = —0*' =h, 0" =0 ((u,v) # (1,2),(2,1)) (6.2)

in this section. Then the ADHM data satisfying (5.23) deforms to

Tubu,s(”p2+h ’ ) (6.3)

0 VPR
Note that the data (6.3) connects smoothly to (6.1) in the commutative limit,

and the noncommutative deformation of the ADHM data is not unique. By
setting y* = o# — b, the solution of VI xV = O is given by

V= (f) = (”) , (6.4
M

where V; is a 4-vector and

(6.5)

Mr(%zﬂ)f*( k0 )*(U”yy)

0 vp?P—h
Here (,y"); ' is defined by (5,y"); " * (6,4") = Isxs. Expanding M as M =
>~ MWRF, we have

k=0
MO = —plaxa,
1 10
2plyl?" \ 0 —1
where y = y"o, and y' := y*G,. We set the orthonormalization condition

Vi %V = I, for the solution of VI « V = O. This normalization is not
elementary because of the x product, even if we use the Gram-Schmidt process,
ie.

Vi=Vi* Vil
Vit o=V = Vi % (Vi % VR), (6.7)
Vo= V5t |V
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where |V;|7! is defined by |V;|* |[Vi|!

= 1. The explicit expressions for V; and
V5 are given by

Z9 0
1 —Z b 0
Vi —— L
VIVP+0% | —p 20[y12\ /1yl + p* | |22]? — |21]?
0 22122
+O(R*) + O(|z|7?), (6.8)
21 0
1 22 h 0
Vo= ——— +
VIYE+p2 ] 0 20ly2\/y|* + p? 2%y 7
-P |21|* — |22
+O(R*) + O(|z|7?), (6.9)

where z; = yo + iy, and 2z, = y4 + 1y3. Finally, we obtain

1 yt
V=WVh= — + O +0(lz|™?).  (6.10
(ViVa) Tt o2 \ O 4 g (7%) (|z[7%).  (6.10)

For this V', the SNCD instanton is given by

A, =Vx0,V

— A0 L I (%{ 1 [ = af* 22z }
Vv +02\ 0 p 20ly 2/ lyl2 + p? 25120 |a1|? — |20)?
h |22]? = |21]* 2222 —p 0 1

+
2P|y|2\/ ly|? + p? 27129 |Z1|2 — |22|2

0 p) P+
+O(h*) + O(|= ™),

(6.11)

where A is a commutative instanton from [24]:

T T
A©) - Yu2x2 Tl (6.12)
y[>+p
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AD | the term in proportional to i in (6.11), is O(|z|™®), and this fact is
consistent with (2.21) (see also [1]). As we show in Appendix B.2, the zero
mode of Dyx is given as ¢ = L(VIC) % f, where C' and f are defined in
Appendix B.1. Substituting our ADHM data (6.3) and (6.10), we get

P=9O + )M + O(h?) + O(|z| ™)
—g0 " MO o) + 0
(9P + )

"Mt O) + O(2| ), (6.13)

_ 0 4
mly[3

where 1(© is a zero mode of DY:

7 —p
PO = _—F 1., 6.14
Iy + 2% " (o1

By Theorem 2, the O(|z|~%) term in the (6.13) should satisfy D{V¢pMo# = 0,
as in this example,

1
(0, + AD) (WM)J“ = 0. (6.15)

This equation is easily verified by direct calculation.

7 Conclusion

Noncommutative deformations of zero modes for the Dirac operator with
SNCD instanton backgrounds, the Green’s function for SNCD instantons, and
the ADHM equations are investigated. From Theorem 1, Theorem 2 and the
solutions (3.13), we find that there are no new zero modes of D 4% and D 4%,
so the (modified) index of the Dirac operator is unchanged under noncom-
mutative deformation. The asymptotic behavior of the zero mode of Dy« is
computed. In particular, the O(|z|~3) terms in the zero modes of D 4* are ob-
tained from the zero modes of the Dirac operator in commutative space. This
result implies that the term S in the ADHM data is constructed from a linear
combination of the corresponding S in the ADHM data of commutative R%.
The Green’s function with a background SNCD instanton is also constructed
recursively. Using these zero modes and the Green’s function, we derive the
noncommutative ADHM equations and prove a one-to-one correspondence be-
tween the ADHM data and SNCD instantons. One simple example is studied
as confirmation of our results: we deform £ = —1 BPST instanton into the
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SNCD instanton via the ADHM method. Consistency checks are verified by
comparing the term proportional to & in the SNCD instanton and the zero
mode of the D 4*.

Our method is based on the h expansion, which means that noncommutative
instantons whose commutative limits are singular, such as U(1) instantons,
are not considered in this article. The relation between the ADHM equations
and a noncommutative instanton with a singular commutative limit remains
to be investigated in a future work.
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A Derivation of (5.1)

In this section, we derive (5.1). The identity for commutative space is proved
by [25,26]. We extend the identity to our formal expansion space. Let us
introduce a A-valued spinor propagator P(z,y) = 52, PO (z,y)h in a k-
instanton background by

V'Dyx Px,y) = 0(z —y) = > Uu() Tl (y), (A1)

n=1

where we use y-matrices

0~
Y= (A.2)

o 0

and zero modes VU, (x) of the Dirac operator 7*D,,. We expand (A.1) in A
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wn@p@@”n:ax—w—ﬁiw%mwmhm (A.3)

I

DO PV (z,y)=RW(z,y),

VDO P (2,y) = R™(2,y), (A.4)

where

RM(z,y) =" AP PO(z ) — > A
(I sk;m)el(n)
k n ) )
=2 v @), (A.5)
i=1 j=1
In the [26], the existence of P (xz,y) satisfying (A.3) is shown. We can solve
recursively (A.4) for P (z,y)(n = 1,2,3,...) by separating P™(z,y) into
two parts by chirality and using the similar way of Section 3. Then we find
that there exist P(z,y) = >2°, P (z,y)A’ such that (A.1).

Next, we derive (5.1). Similar to [25], we take the form

P@w)((o)“zw), (A.6)
s(x,y

then s(z,y) and 5(z,y) satisfy

Dax3(x,y)=0d(x —y), (A7)

Daxp s(x,y) =0(z —y) — ; i)l (y). (A.8)

Here 9);() is a zero mode of Dy given in Section 3. 5(z,y) is obtained as

5(x,y) = Do *, Galz,y). (A.9)

By multiplying P'(z, z) from left side of (A.1), we obtain

5 0) + [ 0 S G % 00) = 512 ) (A10)
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Because of (A.9),

/cmz% ()91 (2) % 5(a. ) = /d‘*mzwl Daa ti(2)!) # Ga(a,y)
=0.

Then the following relation is obtained:

s(z,y) = —5'(z,y). (A.11)

From (A.8), (A.9) and (A.11), we obtain (5.1):

— T ~
;oD (2) T (y) %y = %20(T — Y) *y — %z Da Ky Ga(,y) %y Da .

B A One-to-One Correspondence between Instanton and ADHM
Data

In this Appendix, we prove a one-to-one correspondence between ADHM data
and SNCD instanton solutions. It is shown that instantons can be constructed
from ADHM data satisfying (5.23) in [3]. The spinor zero modes of the Dirac
operator in a background of noncommutative ADHM instantons are studied,
and the index of the Dirac operator is given in [18]. In this paper, we show
that the index of the Dirac operator does not depend on noncommutative pa-
rameters and the ADHM equations are constructed from SNCD instantons in
this article. The proof to show the one-to-one correspondence between ADHM
data and SNCD instantons is completed if we show the completeness and the
uniqueness. We will prove the completeness and the uniqueness in subsection
B.2 and B.3, respectively. In commutative R?*, there is the same one-to-one
correspondence (see for example [25,27,20,28]. ). Many parts of the proofs for
the completeness and the uniqueness are parallel to the commutative cases.

We use the asymptotic behavior of the SNCD instanton (2.21) and the spinor

zero modes (3.17) and other results derived from the decay conditions as
needed throughout.
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B.1  Notation for The ADHM Construction

In this subsection, we set the notation for the ADHM construction. (N +2k) x
2k matrices C' and V are defined by

Onx S
C = Ak , V=

Do sor ozt —TH)

From this definition, we have

o,V =o0,C. (B.1)

If T# and S satisfy the ADHM equations (5.23), we have the following:

T T — v v v O Oka
VsV =515 +atc"(at —TH)x (2" = T") = : (B.2)
kak 4
where
0:= itr(D D) +2T,a" + |x|7,
-5
D = . (B.3)
T

Here T'=T"0,,.

Let us introduce the (N + 2k) x N matrix V satisfying

VikV =0, .
VT*V:INXN, (B5>
Vx V= Iinyomxviary — V* fx Vi

Here
f=00", (B.7)

and we define g !, the inverse of g, by g x g;! = 1.

We obtain a noncommutative instanton solution as
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A, =VT%0,V. (B.8)
B.2  Completeness: ADHM = Instanton = ADHM

In this subsection, we start with ADHM data satisfying the ADHM equations
(5.23) is given.

We can obtain an instanton from this ADHM data as in [3]. We show that we
can reproduce the ADHM data from the instanton.

In this subsection, V is associated to the given ADHM data.

Let us introduce 9 by

1/; = tl/_}0'27
where the transpose * is with respect to spinor indices. Using 090,09 = —'7,,,
we find that
Dyx1) =04 D, *xo" = 0. (B.9)

Therefore, to show D4+ 1 = 0, it suffices to prove D, % 120“ = 0.

Lemma 7 Set 1)

J =" = V1% (CF), (.10

where V' and f are defined in the previous subsection B.1 with respect to the
given ADHM data. Then 1 satisfies

D, %ot = 0. (B.11)

PROOF.

7D, * Yot =D, x (VI % (Cf))o"
=0,V + (VI %x9,V)x V)% (Co"f) + VIx Co* x0,f (B.12)
=0, Vix (1 =V« V)% (Cotf) = V% (Cotf) x 0,(VI « V) x f,

where we use [ = fx(VI«V) . Using 1 =V« VT =V« fxV (B.12) becomes

OV % (Vx fx V) (Catf) = VI%(Cotf)x0,(VI« V) % f.
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Differentiating of VT« V = 0, we get (0,VT)xV = -V19,V = —Vig,C.
Therefore,

7TDM’I7/~)UM = (B.13)
VI {(Copf V1) * (Cof) + 4(Cf) x CTV x f = 2(Cf) » C'V x f}.
Since VIC' = 5,(2 — T") and 0,5,0* = —20,, the first term in (B.13) equals
V% (Co,f x V)% (Cotf)=—VTxCo,f x5,(x" —T")o" * f
=2VIx CfxC'V x f. (B.14)

Then we obtain )
mD, %ot = 0.

Next, we show the following lemma.

Lemma 8 Let ¢ be the zero mode of Dax defined by (B.10). Then,
Pxp = —ia2f. (B.15)
472

PROOF.

B x =t (9 1)
= ;tr((fC’T) *VxVix(Cf))
= (") (s~ V[ V1) 5 (C)), (B.16)

where tr denote the trace with respect to spinor indices. By definition,

(FCN* (Vx fx V)% (Cf) = fx((a" = T")a,) * fx (0,(z" = T")) * f.
(B.17)
Differentiating 1 = f x [, where [J is given by (B.3), we get

Fa(Go(a” —T")) % f = —é&,f&”. (B.18)
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Using (B.18), (B.17) can be rewritten as

(fCN) * (Vx fx V)= (Cf) = —;f*((x“ —1")0u) *(0,f5").  (B.19)

Since (fCT) % (Cf) = fx [, tr 0,6, =tr d,,, and by (B.19), (B.16) equals

732157“(]”*f+;f*(:zc“—T“)*auf). (B.20)

From 0*(0* f) = 9?1 = 0, we obtain the following identity:

f*f+;f*(:c“—T”)*(?Hf:—;(?Qf. (B.21)

Using this identity in (B.20), we obtain

D= ;21157“(;82 f) = —4;232 I (B.22)

For the next step, we show orthonormality.

Lemma 9 If ¢ is a Dax zero mode given above, we have the orthonormal
condition

/ &'z PP =1. (B.23)

PROOF. Define |z| 2 by |z|* x |z|;% = 1. Explicitly, we have

1 1 1 T,T
2 RO (=6, + ATy 4 B0
o TR (0 ) WO ) ¢
1 _
:W+O(‘SL‘| 6). (B.24)
Then,
1
f=0" =221+ 5tr(DTD)\;c];z — 2T, * || 2) (B.25)
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By (B.22), (B.24) and (B.25),

VM = 6% (x) + 0°0(|2|7), (B.26)

and therefore we obtain [ d*z ¥ty = 1. O

Now we can show the completeness; that is to say, we can show that the
original ADHM data can be reproduced from the noncommutative ADHM
instanton by the definition (5.3) and (5.11).

Theorem 10 Let T' and S be ADHM data and let A be a noncommutative
instanton constructed from the ADHM data. Let ¢ be the spinor zero mode of
D4 given above. Define T" and S’ by

:/d4x " )T %,
w:— P +O(|z|™). (B.27)
Then
T=T and S=25.
PROOF.

’“:/d4a: )T %
1
= /d4xm“*82f

__472
s /ng” (xH0, — 68) % f
1
47T2/453” (20, = ) % 2,2 % (1 + 5tr(D'D)[al ;2 = 2T,0° * [« %),
4n? |]*
= (B.28)

/ 45 (249, — 51)—— (=2T")

The proof for S = 5" is given by a direct calculation similar to the commutative
case. 0
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B.3 Uniqueness : Instanton = ADHM = Instanton

In this subsection, we start with a some noncommutative instanton A. Let
D" be the covariant derivative associated with the given noncommutative
instanton connection A*. We introduce &, x by

D" %D, x€=0, D" %D, %X = —4ry (B.29)

with the boundary conditions as |z| — oo:

- TGt
£ gl ¥ — -7 o (B.30)
|2

Lemma 11 Let V be

£t
V= _ (B.31)
>~<T
Then
VikV =0 VIxV=1Iy.n. (B.32)

PROOF. The identity D" x D, * & = 0 implies that D, * € can be written as
a linear combination of 9o,,:

D, %€ =1o0,L, (B.33)

where L is a 2k X N matrix. By orthonormality,

AL= [ d' 6,01 % D €

:/dS?’“ a—#df*é

_ 2o (=289 f
_/dQ 2 Paa, ( o Y ) = —4nst, (B.34)
which implies
D, % €& = —mpo,ST. (B.35)
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A similar computation gives

D, * X = o, Tt — mipo, + x'. (B.36)

From (B.35) and (B.36), we have

D, * V' = —1p %0,V (B.37)
We show that V%V = 0. Note that
D,yx (V1% V)= (D, V)« V + V%9,V
= 1) % (0,V)*V +ViCo,, (B.38)
where we use (B.37). Then
D" % D, (VI % V)= —m) x 0,(0"V) x V + VI« 9"V) + (D" x V) Co,
= 1% 0,(CTo,V + V0,0 +VICs,)=0  (B.39)

As we saw in Section 4, the Green’s function of D*%D,, = A 4 exists. Therefore,

we obtain (VT V) = 0.
We now verify that VI« V = Iy n. VI %V is a covariant constant, as
Dyx (VI V)=(D,x V)%V 4+ V% (D, x VI
= (P x0, V%V + V1% VG, xh) =0, (B.40)
By its asymptotic behavior, VI« V — ¢! x g = Iyyn, shows that Vi« V =

In«n. U

Finally, we show the uniqueness of the noncommutative ADHM instanton.

Theorem 12 Let A}, be a noncommutative ADHM instanton constructed from

V,ie A, = Vixo, V where V' is defined in (B.31). Then, A’ is equal to A:
A; = A, (B.41)

PROOF.
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A =VTxo,V
=Vik(0,V-V*xA)+VI«VxA,
— Vs (D« VN + 4,
= Vi« Vsl +4,=A, (B.42)

C Gauge Group Elements

In this Appendix, we study the conditions forced by the choice of the U(N)

gauge group. If g € G then g' x ¢ = Iyyn. By expanding g as g = Zg(i)hi,
=0
each term in the equation ¢' x g = Iy« is given by

B (gT)(O)g(O) = InxN (C.1)
)
K- (gT)(l)g(O) + (gT)(O)g(l) + 50“”8M(9T)(0)8Vg(0) =0 (C_Q)
: ) _
m(gh™g® 4+ (gH©@g™ 4 % ﬁ((gT)(m)( A )pg(l)) =0 (C.3)

(C.1) show that ¢(® is an element of the U(N) gauge group in commutative
space. Let us introduce a N x N Hermitian matrix ¢(z) by ¢°) = expie¢ with
infinitesimal gauge parameter €. By expanding ¢") as

gV =S ergl) = S FHY + AV, (C.4)
k=0 k=0

where H ,21) and A;” are Hermitian part and anti-Hermitian part of g,gl), re-
spectively, (C.2) becomes
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O HY =0 (C.5)
o = LAl o) (6)
1) = LAl %)+, 6] - AP o} + 20" 0,00,0)  (C)
&1 = (AR, 6%} — (0, %)+ (AL, )+ ilHD, o] — (A, 0}

These conditions show that we can chose A,(Cl) freely, and the choice of A,(Cl) de-

termines H ,ﬁ” . For example, it is possible to choose ¢(!) as a non-zero constant
matrix in the limit as |z| — oo. Therefore we can not ignore the asymptotic
effect of g™ in the estimation of the ADHM data as mentioned in Section 5.
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