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ON THE TOPOLOGICAL DERIVATIVE DUE TO KINK
OF A CRACK WITH NON-PENETRATION

A.M. KHLUDNEV*, V.A. KOVTUNENKOT, AND A. TANI®

ABSTRACT. We define a topological derivative caused by kinking
of a crack, thus, representing the topology change. Using vari-
ational methods, the objective function of the potential energy
is expanded with respect to an incipient crack branch. For the
sensitivity analysis we provide a Saint-Venant principle, and we
decompose the solution of a model problem in the Fourier series.

INTRODUCTION

The problem of kinking and determining of the direction in which
a crack will propagate is the subject for discussion in the literature
on fracture mechanics, see [2], [4], [8], [24], [26]. There is no explicit
formulas of the kink angle even in the simple, linear setting of crack
problems. We investigate a non-linear model problem for the crack
subject to non-penetration conditions [13]. To emphasize the main
difficulties arising here, in the paper we rely on a model scalar-valued
problem and on a piecewise-linear path of the crack. We are aimed to
derive an expansion of the objective function of the potential energy
with respect to an incipient crack branch.

Our task lies within the general framework of structure optimiza-
tion. To account the common approaches adopted in shape and topol-
ogy optimization, we refer to [1], [7], [11], [19], [25]. In spite of the
known techniques, singular character of solutions dealing with cracked
geometries requires always separate investigation. In the crack context,
variational methods of the shape sensitivity analysis were developed in
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[13], [16], [17], [20], [21], [22], and other works by the authors. For the
appropriate numerical methods, see [12], [28].

Utilizing the optimization approach due to [6], evolution of a crack
with kink and non-penetration is described recently in [14]. The evo-
lution process implies that it is global in time. Nevertheless, local
characteristics at the time, when a kink occurs, are of especial interest.
Indeed, the kinking phenomenon implies arrest of the tangential move-
ment along the pre-kinked crack and appearance of a different branch
at the point of kink. In this sense, it is close to the phenomena of crack
splitting into few branches as well as appearance of a crack-like defect
in a continuum. ;From a geometric viewpoint, these features present
the change of topology.

Treating changes of topology is the key difficulty in the structure
analysis and optimization. The generic change of topology due to cre-
ating infinitesimal holes in a continuum was introduced successfully in
the works [9], [27]. The mathematical formalism exploits a respective
topological derivative of the objective function when the hole dimin-
ishes. The topological sensitivity based approach was tested numeri-
cally for the problem of crack identifiability in [3]. However, the disad-
vantage concerns the fact that the topological derivative was defined for
a-priori smooth geometries only. Pre-described cracks are not the case.
By these reasons, in the paper we adapt the notation of the topological
derivative specifically for the phenomenon of kink.

Denoting by r and ¢ the length of a branch and its angle with the
pre-kinked path of a crack, respectively, we will consider the objective
function (of the potential energy) r — II(r,¢) : (0, R) — R for arbi-
trary fixed ¢ € (—m, 7). Under suitable regularity assumptions, it can
be decomposed as

(4 1(r.6) = 110) + [ 10 (t.0) .
0
where I1(0) := TI(0, ¢) does not depend on ¢, and the shape derivatives

(B) 11 (r, 6) = tim{ - (1(r + 5,6) ~ T1(r,9)) }

are well defined for » > 0 by the smooth velocity arguments of [14].
Restating a Saint-Venant principle (see [5], [18]) for the constrained
crack problem, we obtain the uniform estimate

T

(©) /W@@ﬁ:mm

0



KSTS/RR-09/001

May 25, 2009

TOPOLOGICAL DERIVATIVE DUE TO KINK OF A CRACK 3

In the general case, (C') admits bounded oscillations when r — 0. For
particular cases it can be specified in more details. If an expansion

holds
(D) / IV(t, &) dt = rIT(0, 8) + o(r).

then we can define a topological derivative (for ¢ # 0) as the first
asymptotic term in (D). Obviously, from (A) and (D) it follows that

(B) 10(0.9) = lim{ £ (1(r.¢) = 10.0)) }.

Note that according to (B) and (FE), generally speaking,
(0, 6) # lim T (7, 0)

in view of interchanging the limits. Using a Fourier series arguments
of [10], [15], [23], for the linearized crack problem we will specify these
expressions in the terms of stress intensity factors, which are of the
first importance for engineers.

1. FORMULATION OF THE MODEL PROBLEM WITH CRACK

Let © be a bounded domain in R? with Lipschitz boundary 092 and
normal vector ¢ at 9€2. We assume that the origin O of a Cartesian
coordinate system z = (z1,75) € R? is located strictly inside Q. De-
noting with Bs a ball of radius > 0 centered at O, this assumes that
R > 0 exists such that Bg C Q.

=

FIGURE 1. Example configuration of the kinked crack I'(; 4.

We consider the reference crack I'y as a segment AO of length [ > 0
posed in €2 along the z;-axis. Its right end-point lying at the origin O
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will be associated with the point of kink. We specify shape parameters
r € [0, R] and ¢ € (—m, ) such that kinked cracks I', 4) will be formed
by two parts: fixed one I'y and varying branches v(.4). The branch
Y(re) is assumed to be a rectilinear segment of the length r starting
from O with the kink of angle ¢ counter-clockwisely from the x;-axis.
An example configuration is illustrated in Figure 1. The tangential
vector 7 and the normal vector v at I'(, 4) are:

{ 7(0) = (1,0), v(0) = (0,1) on Iy,
7(¢) = (cos ¢,sin ), v(¢) = (—sing,cosp) on g

With Q. 4) we denote 2\ I'¢. ). For the further use we fix the radius
0 < R < [ of the ball B inscribed in €2, thus the left end-point A is
located outside of Bp.

Starting modeling we fix » and ¢. To model a solid which occupies
the domain with crack €, 4), we rely on the scalar-valued setting of
the problem.

Let 09 consist of two parts I'y and I'p such that meas (I'p) > 0.
The volume force f € C*(Q) and the boundary traction g € L*(T'y)
are given. For x € Q. 4), unknown displacements u(z) are assumed to
be zero at I'p. Along the crack, they are restricted by non-penetration
conditions due to possible contact between the opposite crack faces:
(1) [u] := u|F(+n¢> - u\rzw) >0 onlgg).

The positive Fa #) and the negative F(;, 8 faces can be distinguished
geometrically as the limit of points x going to I'(. 4 ”from above” and
”from below”, respectively.

The potential energy of a solid is represented by the domain-dependent

functional

1
(2) (u; Q) = 5 / |Vul? do — / fuda;—/gud:c
r.) Q) Iy

defined over the Sobolev space

(3) H(Qrg) = {u € H'(Qg)) 1 u=0 onlp}
It is equipped with the norm
@ i = [ [Valdo.

Q(r,0)

which is equivalent to the standard H'-norm due to the Dirichlet
boundary condition at I'p. The non-penetration condition (1) accounts
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for the set of admissible displacements
(5) K(Qug) ={uc H Qpg): [u[20 onTlugl,

which is a convex cone in H (. 4)).
The equilibrium of a solid with crack is described by the following
constrained minimization problem: Find u® € K (Q(r,4)) such that

(6) T(u"; Q) < T(w; Q) for all v € K(Qrgy).

Optimality conditions for (6) are expressed by the variational inequality

/ Vu™? . V(v —u"?) dx > / flo—u™?)da

(7) Qr,¢) Qr,0)
+ /g(v —u"Ydr  for all v € K(Q.q)).
I'n

By the Lax—Milgram theorem, there exists the unique solution to prob-
lem (6), equivalently, (7). Variational inequality (7) describes a weak
solution to the boundary-value problem:

8a —Aum? = in Q¢ 4,
(r,9)
Ou (9
(8b) u™® =0 onTp, u@q =g only,

<0
o —

ou(®)

Ou(m®) 0 Ou(m®)
[[ ov ﬂ_ ’

[u"?] = 0,

(8¢c)

[[u(r’(b)]] =0 on F(T’¢).

To give an exact sense to the boundary terms in (8c), we introduce
a Lions—Magenes space Hé({Q(F(W)) which is equipped with the norm:

u?(x(s))

2 . 2
Feliggoce, o = 1l rzer, ) / dist (a(s), O (r.9))
Lire)

da(s),

(9) ||U||§11/2(F(T,¢>)

_ / w(2(s)) dz(s) + / / ’“(Tgii:;‘g?” dz(s) dz(t)

Lre) L) Dire)

for parameters s,t € (—[,r) of the length along the crack I, 4). The
function dist (z(s), OI'(,,¢)) of distance from z(s) to the crack end-points
Ol'(r.4) has the order [ + s as s — —/[, and r — s as s — r. With
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Héf(l“(w))* we denote the formally dual space to HS({Q(F(W)). Then
the following proposition holds, see [13] for its detailed proof.

Proposition 1. The solution of (7) possesses the properties:
u(r’¢) c K(Q(r@)), Au(r’¢) € L2(Q(T7¢)),

(10) s ()
["9)] € Hyf*(Tr ), 5

and the solution is H*-smooth up to F?ET o) apart from the kink and end

points of the crack.

1/2
€ Ho) (Tirg))",

In what follows we keep the kink angle ¢ fixed and pass the branch
length r to zero. For r = 0, data of the crack problem do not depend
on ¢, so we exclude ¢ from notation for simplicity:

F(O,¢) = Fo, Q(O7¢) = Qo, U(O’d)) = UO.
The reference solution u° € K (£y) minimizes
(11) IT(u’; Qo) < M(v; Q) for all v € K(Qp),

or, equivalently, satisfies the variational inequality

/Vuo V(- ) dr > /f(v — ) da

(12) " X

+ /g(v —u")dr for allv € K(Qp).
I'n

It describes a weak solution to the respective boundary-value problem:

(13a) —Au’ = f in Qq,
0
(13b) W' =0 onTp, aaiq —g onTy,
ou® ou® ou®
(13c) [[a_?i]] =0, a—qu <0, [u’]>0, a—?f/[[uo]] =0 on .

Firstly, we find the shape derivative at finite r > 0 defined as

(w59 Qprewy) — D9 Q,
1) 0, 6) = tim LT Yeres) = MOE Qo)

s—0 S

With the help of (14), second we restate the topological derivative as
the following limit at r = 0 (if it exists)

(15) (0, ) = hm(1 /H’(t,gb) dt).

r—0\7r
0
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It expresses the derivative of energy at the kink point in the direction

of 7(¢).

2. DERIVATIVE OF THE ENERGY FUNCTIONAL AT 7 > 0

For fixed r € (0, R) we can apply the regular perturbation arguments.
For this reason, we construct a time-independent velocity

(16) V(z) = zn(r) € WH(R?)? V=0 on S,

where z +— 71 : R? — [0, 1] is a suitable cut-off function supported in
such that n = 1 in a ball B; of radius ¢ € (r, R) and n = 0 outside Bpg.
The usual solvability arguments provide existence of a unique solution
(17) d(t,x) € CY[-T,T); Wh>(Q))?, T >0,
of the Cauchy problem for a nonlinear ODE

d

(18) %<D(t, ) =V(P(t, -)) fort #£0, &(0,2) ==z.

Since (18) is an autonomous system, we obtain the identities

implying that ®(—t, z) is an inverse function to ®(¢,z). In the ball B
where 1 = 1, the solution to (18) can be calculated analytically as

(20) O(t,r) =xe’ when ze' € Bs.
Relations (16)—(20) argue the following proposition, see [14] for details.
Proposition 2. There exists T > 0 such that, for t € [=T,T), the

coordinate extention y = ®(t,z) yields a bijective mapping between the
domains Q.4 and Qe gy, and between sets (5) in the following sense:

ifu € K(Qug), then wo®(—t) € K(Qerg));

21
(21) ifu € K(Qpetg)), then wo ®(t) € K(Qg))-

Next, we rewrite the potential energy functional (2) in the perturbed
domain Q(mt@)

1
(w; Qret,p)) = 5 / \Vul? do — / fudr — /guda:
Qiret,p) Qret ) Iy

for u € H(Q(ret,qﬁ))

(22)

and expand it in small ¢ — 0. In fact, transformation y = ®(¢,x)
applied to (22) yields

(23) H(u; Q(Tet@)) =1Ilo <I>(t)(u o (I)(t); Q(T@)) for u € H(Q(rez@))
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with the perturbed functional
[To @(t)(u; rg))

-1 / (Vu)Tag)Il(t)<a§;(t)> Vu det(gim)’ I
Qr,e)

/fo(ID det(Z(I)()>‘dx—/gudm

Qr,e) DY

for u € H(Q(mﬁ))'

(24)

Using the asymptotic formula due to (18)
(25) O(t,z) =z +tV(x) + Resy, |[[Resy|lwre)p = o(t),

differentiating (25) with respect to x, and substituting the result into
(24) we derive the asymptotic expansion

ITo (1) (u; Qrgy) = M(w; Qrgy) + LIy (w1, f5 Q) + Rese(w),
|Res:(u)| < c(t)(||u\|§{(ﬂ<w)) + const), 0 < c(t) = o(t).

(26)

With Res we denote respective residuals. The first asymptotic term is
associated to a quadratic form:

1 ov. oV’
Iy (u, v, £ Qgrg)) = 3 / Vu - (dlv(V)I - - )Vv dx
(27) Qr.9)
- / div(V f)vdz for u,v € H(Qp.g))-
Qr.e)

Note, that (27) is not symmetric with respect to u and v in the latter,
linear term. For the detailed derivation of (26), see, for instance, [20].

Proposition 3. Since (21) and (26) hold true for problem (6), the
directional derivative (14) exists, and it can be expressed by formula

1
(28) 0 2 H,(Ta (b) = ;H‘l/<u(r’¢)7 u(r,qﬁ)’ f; Q(T,¢))'

Proof. The complete proof is given in [14], we sketch it briefly.
We consider the perturbed problem (6) for u(™*?) € K (€.t 4)) such
that minimizes

(29) (U Qppet ) < TH(0; Qprer.gy)  for all v € K(Qpet )
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With the help of (21) and (22), it follows from (29) that u(""9) o ®(t) €
K () is the unique solution minimizing
(30) o (£)(u"? 0 &(t); Qrg)) < o (t)(v; L)

for all v € K(Q.4)).

Substituting u® as a test function into (30) results in the uniform esti-
mate due to (26):

T’@t
[ 0 ®(1) e, ) < o+ a1 e, )+ O):

Qr,e)

Hence, a subsequence of u("¢"%) o ®(t) exists which converges weakly to
u(™?) . By the usual arguments of monotone operators we arrive at

31) w0 d(t) - u strongly in H(Q.4)) ast — 0.

Due to (23), (26), and (30) we evaluate the increment of energy from
above:

(" Dot ) — LU Q)

= Lo () (u""? 0 O(t): Qrgy) — M5 Q)

< To &(1)(u™; Qprgy) — Ml Q)

= LTI, (™ u™ | £ Q) + Resy(u™?), Resy(u?) = o(t).
On the other hand, (6) implies similar estimation from below:
(U Qrer ) = U5 Q)

> o B(1)(u0™ 0 B(t); V) — T 0 B(1); V)

T () 0 (1), w9 0 B(t), ;)

+ Resy (u? 0 ®(t)),  Res,(u""? o ®(t)) = o(t).

For re! = r + s, we have t = In(1 + s/r) = s/r + o(s/r). Dividing (32)
and (33) with s, passing s — 0 due to (31) we infer (28).

The sign of the derivative follows from the general fact that r +—
I1(r, ¢) is a nonincreasing function of the crack length. O

(32)

—_—

(33)

Corollary 1. If f = 0 in Bs,, 0y > 0, the derivative in (28) can be
expressed equivalently by the domain integral over Qy \ Bs only

! 1 T T
(34) I(r,¢) = —TIy (u™?, u™?, f; Q0 \ By),

or by the contour integral over 0B;

(35) ' (r, ¢) = é /{%|Vu(r,¢)’2 _ <8u(7‘,¢)>2} "

r on
dBs
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for arbitrary § € (0,67). The notation uses the normal vector

(36) ni= - ondBs.

||
In the general case we have
(37) u™ € H*(Bs\T(g) = I'(r,¢) =0.

Proof. Let us rewrite (28) with the help of (27) explicitly as

1 1 ov. oV’
/ — — _ (T7¢) . ] o ('ﬁ(b)
(r,) = / { ;Vu (dw(V)I e )Vu
(38) Q(r,9)

- div(Vf)u(T’d’)} dx.

In Bs we can take n = 1, thus V(z) = z, and the density of the integral
in (38) is —div(zf)u™® due to identity

Henceforth, f = 0 in By implies (34).
In Bg\ Bs the solution ) is H?-smooth according to Proposition 1.

Therefore, we can differentiate the domain integral by parts and obtain
due to V=0 1in Qy \ Bg:

1 oV oV
- (r¢) . ; 2 _ 7 (re) _ 3; (r,9)
/ {2§7u (dlv(V)I . )Vu dlv(V f)u }dx

Q0\Bs

= / (Au™) + AV - Vu"™) da

Br\Bs
1 (r,¢)
+ /{§(n~V)|Vu(T’¢)\2 — ag (V- qu))}dm
n
9B;
1 ou(r:®)
- / [[—(V V)| Va9 — (V- Vu(”b))ﬂ dx.
2 v
ToN(Br\Bs)

Using relations (8), the integrals over By \ Bs as well as I'o N (Bgr \ Bs)
are zero. At 0Bjs it holds V = z. As the result, from (34) we arrive at
formula (35). The detailed derivation is given in [20].

If u™®) € H*(Bs\T'(;.4)), then the integration by parts over the whole
ball Bg results in IT'(r, ¢) = 0. O
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Corollary 2. Due to the property that y = ®(t,z) maps Qo and K (o)
into themselves, it holds

(39) I, (u®, 4, f5Q0) = 0.
Indeed, (39) is argued by the proof of Proposition 3 implying that

0 . _ 0.

= H%/(U’O) UO, f7 QO)

3. CONVERGENCE OF THE SOLUTIONS AS 7 — 0

In this section, we are aimed to evaluate with respect to r — 0 the
increment of solutions, which we will denote by

(40) w) =y 0 € H(Qg)-

For this aim, we will employ the normal derivatives at the crack.

Indeed, following Proposition 1, by the surjectivity of the trace op-
erator at a boundary, distribution % € H&f(l“(m))* is defined from
the Green formula by the identity

Ou(®)
( % ,[[v]]>r( o= / (=Vu"? . Vv + fo)ds + /gv dx
v r
(41) Q(r,¢) 'y
for v € H(Q(T’¢)),
where (-, -)pr  means the duality pairing between HééQ(F(r,qg)) and

*

its dual space Hég2(F(T,¢)) .
(41) imply that
Ou(r®)
v
Apart from the kink and end points of the crack, where u("?) is smooth,
from (42) we can derive the boundary conditions (8c¢) pointwisely.
Similarly, we can extend the normal derivative of the solution u° €

H(Q) C H(,4)) of problem (11) from I'y to the crack I';, 4) as the
following distribution

o 0
<a_uy’[[vﬂ>r(r,¢) = / (=Vu’ - Vv + fo) d:r;—l—/gvdx

Qr.9) Iy
for v € H(Q(nqg)).

Variational inequality (7) together with

42)  ( Jo—u 9] <0 forallv e K(Qug)).

)

(43)



KSTS/RR-09/001

May 25, 2009

12 AM. KHLUDNEV*, V.A. KOVTUNENKO', AND A. TANI®

It fulfills the natural boundary conditions in the following sense

O
(44) <%_V, [v —u°])
where the test functions form K(€). We recall that (. 4) = () \ To.
Apart from the end points of crack Iy, smooth u° satisfies relations
(13c) pointwisely.

Subtracting (43) from (41) gets a variational formulation for the
increment w(™®) € H(Q;.4)):

Lo =0 forv € K(Qug) : [v] =0o0n74y),

. ou™®)  ouP
/ Vel ? Vode = === = 50 1.,

14

(45)

Qr.o)
for all v € H(Qq))-

It satisfies weakly the following boundary-value problem:

(46&) —Aw(’""ﬁ) =0 in Q(T,tﬁ)v
Ow'r®)
(46D) wr =0 onTp, % —0 onTy,
q

owr®  oun? o0
aw o o " Loy

In what follows we evaluate the solution of (45) with respect to
r — 0.

To estimate the norm of w™?) from (45), we observe the following
facts. Substituting u” € K () C K(Q¢)) into (42) as a test function
provides the inequality

(46¢)

Ou(r®)
47 — (7”7¢) <
7 < v’ lw ]]>F<r,¢> =0.

In contrast, u(™®) can not be substituted into (44). By this reason, we
partition I'(. 4) with the help of a suitable cut-off function x — x,(x) :
2 — [0, 1] such that satisfies the following relations:

(48) Xr(2) =1 asx €ype), Xo(r)=0 aszely)\B,.

Consequently, (1—x,)[u™?] = 0 at v(.4), and v = (1 —x, )u™® + y,u°
can be taken in (44), thus providing the inequality
ou® ou®

) AL i Ty b C
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Substituting w™® into (45), from (47) and (49) we end with the esti-
mate

ou’
(r,¢)|2 (r,9)
(50) / ’V/IU | dx S < aV 7Xr[[w ]]>F<T1¢>HBT’

Q(r,¢)

where (-, -)r , , np, means the duality pairing between H&éQ(F(T7¢)ﬂBT)

and its dual space HééQ(F(w) N B,)*.

Note that the right-hand side of (50) employs the cut-off function
Xr supported locally in a neighborhood of the branch 7.4 only. To
use this feature in the further estimation we need to restate the usual
result on traces in a local sense.

Lemma 1. For u € H(S.4)), continuity of the trace operator yields
the following estimates holding at the crack locally in Bs with ¢ € (r, R):

2 c 2 2
ey < 5 [ WePdose [ vuRe
(51) Bs\T(r, ) Bs\L(r,¢)

, 1/2
if [u] € Hof*(Try N By),
for the jump, and for the normal derivative
0
H o <c / |Vul? dr,
Ov Il HY (T N Br)*
(52) Bs\I'(r,¢)
0
if[5o] =0 and du=0 inB;\ i),
v

2

Moreover, a Poincaré inequality implies that

(53) % / lul*dr < ¢ / |Vul®dz, if / udz = 0.

Bs\I'(r,¢) Bs\I(r, ) Bs\I(7,¢)

All constants ¢ are independent of 9.

Proof. We start deriving an equivalent formulation of the Holf—norm
from (9). In fact, for 6 > r we can take a closed extention I's of I'( 4N
B, in By and extend [u] with zero along I's. Accounting identities

1 T FES
r—|s| / It — s|? / |t — s|?
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and taking the distance function dist (x(s), d(I'¢,¢) N By)) = (r—1s])/2,
it follows from (9) that

([ e—— / [u(z(s)]? da(s)

|[u (S))]H2
b f [ = DIE 43 ) =

Ts Ds

(54)

To derive (51)-(53), we employ homogeneity arguments. With the
uniform extension of coordinates x = 0y, integrals in the right-hand
side of (54) are transformed onto the image I'y of I's in By as

1y = [ [ = ) v

r, Iy

4o / [u(6y(s))I2 dy(s) < max(L, )| [u(y)] |2z,

In By, the usual trace theorem provides standard estimation

H 5y HHl/z(Fl < ClHu((sy)HHl Bl\Fl)

:cl{ [ wtwra+ | |w<5y>|2dy},

Bl\fl Bl\fl

with constant ¢;, which is independent of . Thus, applying the inverse
transformation y = z/6 in By \ I'; we obtain

2 C
10Ty < 2 / () d + / V() d.

Bs\Ts Bs\Ts

and together with (54) we infer (51).
Conversely, an extension operator exists such that

a2 ) < sl 1O/,

with constant c3 independent of . This implies the inequality

[ vl ) < { [tutou(s)1 dy(s)

Bl\fl I~11

/ / [ yg;(j”“‘Z i) an) .

o
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After transformation y = x/J it reads

/ HmwmﬁdeC%{ﬁjﬁmx@»rdx@>

Bs\I's T's
//' |$ ':)(|2))]H2dx(s)dx(t)}.

Since [u(z(s))] = 0 for |s| > r, we can evaluate

%/M@@HMM@z/W;“”““@Wdﬂ@

r—|s|

s

< B - ] [

//‘ ]a: f)(;))]”Zd:v(S)dx(t)_

Ts Ts

As a consequence, the following uniform estimate holds with ¢, = 2c3:

(55) / |Vul? dx < C4H[[u]]H21/2(fé) foru € H'(Bs \ Lg))-

Bs\Ts

The distribution du/dv € H%Q(F(r@) N B,)* is defined well from a
generic Green formula by the relation

(2

ov’

v >F(r7¢)mBr = / (=Vu-Vv—uvAu)dr

Bs\L(r,9)
forv € H'(Bs \ (D(r.g) N By)), u =0 on dBs,

provided that Au € L?(Bs \ T'(,.4)) and [0u/0v] = 0 at Ty, If Au=0,

we evaluate the norm as

ou
H . Sup ‘<_’ [MDF( #)NBr
b CeoMBD el =1 OV
1/2
= sup / Vu-Voudr §c4< / |Vu|2dx>
1Bl 172 gy =1

Bs\I'(7,4) Bs\I(r,¢)

due to (55), thus providing (52).
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If the integral of u over Bs \ I'(, 4 is zero, a Poincaré inequality in
Bj reads:

[ wepay<e [ 1vu@prdy tor [ uldydy=o
Bi\Iy Bi\Iy Bi\Iy
Consequently, with the help of y = x/§ we obtain (53). O

For the following use we decompose in Bg \ F(mﬁ):

(56)  w) = g o), —<r¢)_2 / / W dg,
m

using polar coordinates x = p(cos @, sin ). The polar angle 0 € (—m p)U
(¢, ) starts from the xq-axis counter-clockwisely around the origin O.

The polar radius p = |z| = y/2} + x3. Firstly, integrating (56) with
respect to 0 gets

(57) ( /¢ + ] ) W) g9 = 0.
S o

Second, we evaluate w("?).
Lemma 2. The function x — w™?) is constant for x € Bg \ Lig)-

Proof. We take a smooth cut-off function &£(p) supported in Bg and
substitute v = £ into (45). In view of [¢] = 0 at the crack, the right-
hand side turns to be zero. Due to Aw™® € L*(Bg \ I'(.4) We can
integrate by parts in B \ I'(¢). Thus, accounting & = 0 at 0Bg,
[€] = 0 and [0w™?) /Ov] = 0 at T'(g,4) we obtain that

0= / Vu? . Véde = — / Aw™E dx

Qr,0) Br\L(r, )
7 WO\ 1 52O
T, ,LUT,
_ dp do
/// ppap >+p 00? }g(p)p
6 0
o i 13 (¢>)
w'f’
= o | = d d
m ap <,0 £p /p 00 9= :|:7r,9:¢£ P
0

2 (e

s
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Since ¢ is arbitrary we conclude with the identity
o dw™?
9p <p p

A general solution to this differential equation gets @w"?) = ¢; + ¢, In p.
But the logarithmic term would contradict to the inclusion w® &
HY(Bgr\T(¢). Indeed, if ¢2 # 0, we can derive from (56) that

T R
Ow(™®)
(r.¢)|2 >
/ Vu |d$_//< dp

BR\L(r,9) -0

) —0 forallpe (0,R).

>2pdpd0

R R g
1
> 27c) / ; dp + 2c / %(/ W re) d9> dp = 400
0 0 -7

due to (57). Henceforth, ¢o = 0 implies the assertion of lemma. O

Corollary 3. If f =0 in B;, with iy € (0, R) and

1 ™
u’ =ua’ + U° in Bs, \ To, T ::—/uodﬁ,
27

then U° satisfies [ U°df =0, and u°(x) is constant for x € B;, \ .

—T

Proof. We take a suitable cut-off function {(p) supported in Bs, and
substitute v = u° £ ¢ into (12). In view of f = 0 in Bs, and £ = 0 on
['y we obtain the identity

/ Vu’ - Védr = 0.
B5f\FO
Henceforth, repeating the arguments used in the proof of Lemma 2

implies that @’ is constant in Bj +\ To. U

The next two results restate a Saint—Venant principle for the crack
problem.

Lemma 3. Apart from the kink point, the following estimate holds for
r<dy<d<R:

5
/ \vw“vd’)\?d:pgf / V™2 da.

Q0\Bs Q0\Bs,

(58)
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Proof. We have w™®) ¢ H'(Qg \ B;), and Aw™®) = 0 due to (46a).
Therefore, with the help of a regular extension fo of T'y from its left
end-point A up to the external boundary 0f2, a generic Green formula
can be written in D := (Q2\ Ty) \ Bs. This gets

Ow'(r®)
Jdq

(59) /Vw("’d’) - Vodr = ( ,v>8D for v € H'(D),
D

where the normal derivative 0w /dq is defined in a distributional
sense at 9D. The boundary 9D is a closed curve consisted of d€2, 0Bs,
and two faces of 'y \ Bs.

For R < [, the crack end-point A is not contained in Bg \ Bs. Then
w™? is smooth in (Bg \ Bs) \ Ty up to the boundary dBs and Iy N
(Bgr \ Bs) due to Proposition 1. Let £ : 2 — [0, 1] be a suitable cut-off
function supported in Bp such that £(x) = 1 for 2 € Bs. With the
partition v = &v + (1 — &)v, using the local smoothness of w™®) and
accounting the boundary conditions in (46), from (59) we infer that

(r,9)
/ V™ . Vods = — / dw vdx

on
QO\Bé 335
(60) dw"?) dw')
- / ay 5[[/0]] dx - < ay ’ (1 - 5) [[U]]>F0\B§

ToN(Br\Bs)
forv e H(Q \ Bs).

Substituting v = Eu™? + (1 — &)u’ into (42) and v = (1 — &)u™?) + &l
into (44) gets

w9
_ _ (r,9)
< ov ' (1=lw ]]>F(r,¢) <0

The next pointwise relations are derived from conditions (8c) and (13c)

aw (7‘,(]5)
ov

After substitution of w™®) into (60), the lines between (60) and (61)
result in local estimation of the norm as

(r,)
(62) / |Vw(r’¢)|2da7 < — / 812 w™? dz.

n
Q0\35 0Bg

(61) [w"?] >0 onTyN (Bg\ B).
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To evaluate the right-hand side of (62) we observe that
(o) T (o 4 W)
/ QW ) i — / o@™? + W )(w“‘v‘“ +We)5de
on dp
0Bs —7
s 71’¢ ™ 7‘7¢
_ / WD g g+ (3 / W5 do) ) = / 0w ) g
dp dp on
—_r - 0B;s

due to Lemma 2 and (57). Therefore, we can apply to W® the
Poincaré inequality along the circle

™ 7T m

(63) /u2 df < 4/(%)2%? for u such that /ud@ =0

—TT —T —Tr
and estimate

[ ]« |0 e

9Bs

(64) <6 ] {5(6“5;@)2 + %(W(W))?} do

< 5/{5(8“;;’¢))2 + %<avg<9w>>2} o =& / Vw92 dr.

S 0Bs

On the other hand, differentiating with respect to é we find that

d 1
T Vw9 de = — lin% / ~ | Vw2 da
e— g
(65) QO\B(S (B(;+E\B(;)QQQ
=— / (Vw2 da.
0Bs

Combining estimates (62)—(65) implies the differential inequality

d
/ (Vw9 2 de < -6 = |V ? da.
Qo\Bs Qo\Bs

Applying a Gronwall inequality we arrive at the desired relation (58).
O
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Lemma 4. Around the kink point, if f =0 in Bs,, the following esti-
mate holds for 0 < 6y < § < min(R, df):

(66) / |Vu0|2dx§%0 / |Vul|? dx.

Bsg\l'o Bs\I'o

Proof. The statement for a general inhomogeneous load is proven in
[15]. As f = 0, we simplify the proof with the arguments used in
Lemma 3.

The extended crack I' g 4) splits a ball Bs into two subdomains which
we denote by By and Bj. Since v’ € H'(Bf) and —Au® = f €
L?(B5), the normal derivative du®/dq is well defined at the boundaries
835i in a distributional sense. From Green formulas holding in B(si, due
to f =0 in Bs we have
0

ou
/VUO -Vodr = <8—q,

+
Bc$

(67) U>636i fOI' NS Hl(Bgt)

For v € H'(Bs\Ty), we apply to [v] the partition 1 =y, + (1 — x,) at
OB§ NOB; with a non-negative cut-off function y, suitably supported
in B; and satisfying (48). Accounting the local smoothness of u° in
Bg\ B, using [0u’/0v] = 0 at T'(g¢) and [v] = 0 at ['(ge) \ [y result
(67) in the identity

/Vu Vvdx—/—vdx

(68) Bs\I'o dBs
ou . p ou’
- E( _XT)[[U]] :E_<E’ XT[[U]DFOHBT'
T'oNBs

Substituting v = (1 £ Xr)uo into (44) gets

< ov’ XT >FoﬁB =0.

With the help of boundary conditions (13c) holding pointwisely at the
crack apart from its end-points, we obtain
oud
(1— Xr)a_l: [v’] =0 onTynN Bs.

Thus, from (68) with v = u® we infer equality (compare with (62)):

ou®
02
(69) /|Vu dx—/a u’ dx.

Bs\I'o 0Bs
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Differentiating the left-hand side of (69) with respect to d similarly
to (65) implies the relation

d
Bg\ro 0Bg

In view of Corollary 3 we can repeat for v’ the arguments used in (64)
and evaluate the right-hand side of (69) as

(71) /—u dx’ <(5/ VUl |? da.

0Bs 0Bs
JFrom (69)—(71) we conclude with the differential inequality
d
/ VUl |? dw < 5d—5 VUl |? da.
B(S\FO B(S\FO

Applying the Gronwall inequality results in (66). O
Finally, we state the main result of this section.

Theorem 1. If f =0 in Bs, with ; € (0, R), the increment of solu-

tions w"? = u"?) —y0 converges to zero asr — 0 strongly in H(Q.4))
for arbitrary fixed 6 € (0,05) with the following uniform estimates:

(72) Hw HH(Q(r@ < C\/_

(73) [w™ || apss) < cr-

Proof. The proof is based on evaluation of (50) due to Lemma 1-
Lemma 4. Indeed, the right-hand side of (50) admits the Cauchy
inequality

ou’
(r,d) 112 o (r,9) (2 - (ry¢)
||w ||H(Q(T,¢)) = / |Vw | dx S ‘< 61/ 7X7’[[w ]]>F(T’¢)OBT

Qr,0)

<[22,

(r,0)
Hof* (T r, )N Br)* Xl HHHSS2(F(T,¢)“BT)'

Applying estimate (52) with § = 2r to u°, which obeys —Au’ = f =0
in By, gets further

(74) ||w(7”¢)]|§{(9w)) < er|u’ | mreo\a) [ [w T’qs)]]Hﬂg({?(rM)mBr)

with constant ¢; which does not depend on r.
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We assume that the cut-off function y, in (74), which satisfies rela-
tions (48) in B,, can be extended appropriately to By, such that

(75) 0< v (z) <1, |[Vy(z) < ; for 2 € By,.

In view of Lemma 2, constant w"?) can be avoided from the right-hand
side of (74) since [w™?] = 0. Henceforth, applying estimate (51) as
§ = 2r to x,W? we infer that

el Wggece, o = DDV M igzee, m

OO(

<o [ oweNPar S [ o

B2r\T'(r,9) Bar\T'(r,9)

Using (75) and Poincaré inequality (53) as § = 2r due to (57) proceeds

el Mg, oy S [ WO ds

Bar\L(r,g)
¢
+r—§ / WO de < ¢y / VIV 9|2 .,
B2r\L(r,9) B2r\L(r,9)

Adding Va™?) = 0 to the right-hand side of the above inequality yields

r 2 T
1) el i < [ 1T00OPdn

B27'\F(T,¢)

JFrom (74) and (76) we have the estimate

1/2
(r.0)|2 02 (r,$) (2
=~ G5 .
/ [Vw'™?*dx < ¢ ( / |Vu’|* dx / |Vw'™?| d:c)

Qr,0) Bar\T'(r,9) B2r\l'(r,9)

Now, with the help of Lemma 4 as ¢, = 2r, for fixed 6§ € (2r,dy) we
infer that

2 1/2
/ V™| dz < c5 (% / VUl |? dx / V™| d:r;)
Q(r,0) Bs\L'(r,9) Bar\I'(r,0)
1/2
<avi( [ 1vutopar)”
Q(r)

thus (72). It implies also the strong convergence w™® — 0 in the
H(5,4))-norm as r — 0.
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To derive (73), we represent (72) as
(77) / Vw9 % dx + / Vw9 2 de < err

Qo\Bar Bar\T' (1, ¢)

and apply Lemma 3 for g = 2r:

1

(78) — / (Vw2 d < cq / |V % da.
r
Q0\Bs Q0\Bar

Evidently, (77) and (78) imply the estimate
1
Z / |vw(h¢)|2 dx + / |Vw(n¢)|2 de < ecr,
,
Q0\Bs B2 \T g

thus (73). O

Corollary 4. A weak limit w® € H(Qy \ Bs) exists such that
1

(79) —w™?) - w®  weakly in H(Q \ Bs) asr, — 0.
T'n

Indeed, this is a direct consequence of the uniform estimate (73).

4. EXPANSION OF THE ENERGY FUNCTIONAL AT r =0

The unifrom estimation of solutions from Theorem 1 provides state-
ments for the energy functional formulated below. During the rest of
the paper we assume always that f = 0 in Bs, with fixed d; € (0, R).

Proposition 4. The sequence of derivatives II'(r, ¢) is bounded uni-
formly with respect to r — 0.

Proof. Due to f = 0 in Bs;, we can apply Corollary 1 and rewrite
IT'(r, ¢) with the help of decomposition u(™?) = u° + w? as

T, 6) = T (u’ 1, /500 \ By)

(80) (r:6)

70§QO\Bé>-

Using Corollary 2 and estimate (73) yields the assertion. O

(r.0)
+ H%/ <2U0, wTa fa QO \ B5> + H%/ (w(r7¢)a d

For fixed s > 0, definition (14) and Proposition 3 imply expansion
of II(s + r, - ) with respect to r > 0 in the form

T

(U Q) = M Q) + / (s +t,¢)dt.
0
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Passing here to the limit as s — 0 due to the strong convergence (31)
and Proposition 4, the Lebesgue dominated convergence theorem gets

(81) (ul™; Q) = (u" Q) + / IT'(t, ¢) dt.
0

Details arguing passage to the limit can be found in [14]. Moreover,
we employ decomposition (80) to II'(¢,¢) in (81) for ¢ € (0,7) and
conclude with the following result.
Theorem 2. The expansion of the potential energy holds as r — 0:

/ 1 o wh? 2
82 T(ré) =100)+ [ 10 (2%, £i8\ Bs) di + 0()

0

and

T

(t.9)
(83) 0> /Hlv <2u0, “’T £\ 35) dt = O(r),
0

for arbitrary fized § € (0,0y).

Corollary 5. If the limit function w® € H(Qo \ Bs) from Corollary 4
is unique and it satisfies in g \ Bs the relation

w™®) = ri® + Res,, |Resy || i1 (ao\55) = 0(7),
then the topological derivative in (15) exists uniquely given by
H,(O) ¢) - H%/<2UO, ’UJ¢7 f7 QO \ B5)

In the general case, Theorem 2 guarantees existence only of the limit
superior and the limit inferior of the quotient in (15). For particular
cases, formulas in Theorem 2 can be specified in more details. For this
reason, we rely on a linearized setting of the crack problem (8) in the
next section.

5. SPECIFICATION OF EXPANSIONS FOR A LINEAR PROBLEM

Avoiding the non-penetration constraint (1) will result in linear for-
mulation of the crack problem. For this particular case, we express the
integral IT{, in expansion (82) in the terms of stress intensity factors.

We restate problems (6)—(8): Find u™®) € H(€(.4) such that

(84) H(U(T’@; Q(Nf?)) < H(U; Q(T7¢)) for all v € H(Q(T,¢))7
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which is equivalent to the variational equation

(85) / Vul"? . Vo dr = / fvdx + /gv dr forwv e H(Q(m)),

Qr,¢) Q(r,¢) Iy

and it describes a weak solution to the linear boundary-value problem:

(86&) —AU(T’(}S) = f n Q(mﬁ)?
Ou(®)
(86b) w™ =0 onTp, %q —g onTly,
Oum®)
(86(3) Q(;V =0 on F(Nf))‘

At r = 0, the reference solution u® € H(§) satisfies (compare with
(11)—(13)):
(87) H(UO, Qo) S H(’U, Qo) for allv € H(Qo),

variational equation
(88) /Vu0~Vvdx:/fvda:+/gvdx for all v € H(),
Qo Qo

I'n

and the respective boundary-value problem:

(89a) —Au’ = f in Qq,
0
(89b) WL =0 onTp, 2“4 onTy.
dq
0
(89¢) Ou =0 onIy.
v

All the previous results remain true for the linear problems (84)-
(89). In what follows we will refine expansions of the solutions (56)
with the first-order asymptotic terms in a Fourier series with respect
to the polar angle # at the point of kink.

Proposition 5. Around the kink point, the following expansion holds
.0 .
(90) u0:a0+K\/ﬁsm§+Uf in Bs, \ To

with the constant stress intensity factor K € R given by

1 s
(91) K = W—\/ﬁ/uo(p, 6) singdﬁ for arbitrary p € (0,d¢),
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and the reminder term U) € H'(Bs, \ T') satisfying

™

(92a) /Uf(p, ) df = /Ulo(p, 0) singdﬁ =0 foranyp e (0,65),

—T —T

On\ 2
(92b) / VU dr < () / VUPPdz, 0<dy<8<dy.

Bsy\T'o Bs\I'o

Proof. Indeed, consider the zero-order decomposition from Corollary 3:

W =a"+U% in Bs; \ To,

s ™

93
(93) @’ = QL u® df = const, /U0d9:0.
s

Let us define in Bs, \ I'g

™

1 0 0
(94) a(p) = — / U’sin—df, U} :=U"—a(p)sin~.
s 2 2
Property (92a) follows immediately from (93) and (94).
Repeating the arguments of Lemma 2 we take a smooth cut-off func-
tion {(p) supported in Bs, and substitute v = {sinf/2 into equation

(88). Accounting f = 0 in Bs,, decomposition (94) and (92a) get

/Vu fsme)dx— / V(asing)-V(fsing)d:p

B(sf \To Bs\I'o

// Olasing) O(¢sing) 10(asing) J(€sing)

Op o 00 90 }d” a0

—m 0

_ /{_8(8@) }5 N <8a£)f’_5f
-7 op 8,0 prr pap p=0
0
Since ¢ is arbitrary we derive the ordinary differential equation

0 Oa a
—a—/)(l)a—p) + e 0, pe(0,dy).

Its general solution implies

(95) a(p) = K\/p + %, K,ceR.
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Using (95) we can evaluate from below the norm

of
daN2 a®
012 7. _ oa a” 012
/ Vil dx-w/{p(ap) +4p}d,0+ / VU2 dx
B(gf\l—‘o 0 B(;f\l—‘o

S5 P
m 2 4
22/([( p2)dp:+oo.

This fact contradicts to v’ € H'(B; ; \ To) and concludes necessarily
that ¢ = 0. From (95) with ¢ = 0, (93) and (94) we infer (90) and (91).

To derive (92b) we repeat the arguments of Lemma 4 modified for
U}. Substituting expansion of the solution (90) into equality (69) and
using (92a) gets for § € (0,0;):

/|Vu0|2dx:gK2(5+ / VU dx

Bs\I'o Bs\I'o
[ o ) ouy
0Bs 0B;s
which implies the equality
ou?
(96) / |VU{’|2dx:/ 5 — LU0 da.

Bs\I'o 0B;s

Moreover, (92a) guarantees for U the following Poincaré inequality

](m a6 < /”(880:) a0

in comparison with (63). Henceforth, from (96) we can estimate

™

/ VU da < g/{a(aa—?) %(UO) }(5) do

Bs\I'o

b
<2 v°2 VUOQ
—2/|U1|d 2d5/| il de.

0Bs Bs\TI'o

Applying the Gronwall inequality ends with the desired property (92b).

Note that U} obeys the H?-smoothness property, see [10]. A gener-
alization of this result for the nonlinear crack problem (12) is given in
[15]. O
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Next we consider the increment of solutions w™® = (™) — ¢
which describes the boundary-value problem (compare with (46)):
(97&) —Aw(r’¢) =0 in Q(Nb)?
w9
(97b) w™ =0 onTp, 22— =0 only,
dq
Owr?) Ow'r?) ou’
(97¢) 5 only, = 5, O Vee)

Its weak solution w™?) € H () satisfies the variational equation

0
/ V'™ . Vv dr = <6ai,[[ ]
1%

v >F(r,¢) for all v € H(Q.g))-

Qr,e)

Accounting represention (90), we state the following auxiliary result.

Lemma 5. The solution of equation (98) admits the decomposition

(r¢) _ K ¢ L(r:¢)
W = CoSs + Q1,
(99) 2 2 !

Q1m0 = O0). 1@illn@os) = OC*?)  ford € (0,4y),
where h("9) € H(Q,.4)) solves the problem

1
(ré) | (= H(Q

Q / VA" . Vo dz <\/_pH7(T,¢),[[vH>F(T,¢) forv e H(Qpg),

(r9)

H'V(mb)

Proof. ;From (90), (98) and (100) we derive that Q1 € H (. 4)) fulfills
the equation

Qr,e)

Substituting v = x,Q1 4 (1 — x,-)@1 into (100) with the cut-off function
X» from (48) gets estimation due to OUY/Ov = Ou’/Ov = 0 at T

[ vara<| 52

ov
Q(r,9)

Since A(y/psinf/2) = 0, then AU} = 0 in Bj,, hence we can apply
estimate (52) in Lemma 1 to U}. Repeating arguments used in the

(100)

=1lonvue, H =0only.

V(r,¢)

(9U0
>F<r for all v € H(Qg))-

Hyp* (U (r,4)NBr)* HXT[[QJ]“H *(C(r,)NBr)"
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proof of Theorem 1 we continue the estimation

1/2
/|VQ1|2dx§c1< / VU2 d / \VQ1|2dx>

Qr,9) Bar\T'(r,9) Bar\T'(r,9)
o2 ) 1/2 ) 1/2
< 027“( VU | dx VQ| d:L‘) < 037“( IVQ| d:L‘)
Bs\L(r, ) B2r\T(r,) Qr,0)

due to (92b), thus [|Q:[ () = O(r).
In Qg \ Bs the Green formula provides the following identity for @,

(similarly to (62))

Qo\Bs 0B
Henceforth, we can apply Lemma 3 to ()1 and obtain
0
/ |VQ1|2d$§go / IVQ:|*dr, r <8 <6<y
Q0\Bs Q0\Bs,

Taking dy = 2r, the estimation finishes with ||Q1]| g, 5, = O(r*/?).
U

;From (100) it is interesting to observe that h(™®) in decomposition
(99) is independent of the particular choice of the forces f and g, but it
depends on the geometry of ), 4 only. We proceed with an expansion
of h("®) in the Fourier series.

Lemma 6. The following expansion holds

_ 0 .
(102) A9 (p,0) = (h(’""z’) + b9 (p) sin 5)9((/)) +Q2(p,0)  inQpg),

where h(™®) = const, x is a cut-off function supported in B,

T T T, 1
(103) b (p) = O o= C—= Jorp >,
\/ﬁ
stress intensity factors C’ﬁ% € R are given by:
(T,¢) — 1 a T, : 9
01/2 = ;/%(ﬁh( ¢)) SlnEdQ,

—T

(104)

™

ve) 1 0 (9N 0
o=~ o5 7 )y Joroe ()

—T



KSTS/RR-09/001

May 25, 2009

30 AM. KHLUDNEV*, V.A. KOVTUNENKO', AND A. TANI®

and the residual term yields
(105) 1Qslls0o\y) = O()  for fived § € (r, R).

Proof. Since (100) is a particular case of the variational equation (98),
all the results of w(™?) remain valid for h"?, too. By this reason, we
can apply Lemma 3 and conclude with

h(rqu) — B(T7¢) + B(T’QS) in BR \ F(T,¢)’

T

é T @
- 1
h(h@ - 2_</+/) h(”ﬁ) df = COIlSt, (/+/> B("“#’) dd = 0.
m
-7 ¢ ¢

—Tr

We expand further in Bg \ T ¢):

¢ lis
pro) = l(/%—/) h(r?) singde,
T 2
—TT d)

T i f
B .= Bro) _ (9 gip 2

(106)

which implies that

™ ™ 6
(107) /ﬂwwz/ﬂwm5w=0bme@m.

For arbitrary cut-off function &(p) supported in [r, R], the substitution
of v = Esinf/2 as a test function into (100) gets

R
0 o s Obre) (o)
_ (ré) . N — — -
0= / Vh V(fst)dx 71'/{ 8p<p ap >—|— I }ﬁdp.
BR\BT T

This proves the representation of b® in the form of (103), similarly
to (95). Then (103) and (106) result in the equality

. a1 1 0
C’{/f)\/ﬁ—C’(_i%% = %/h(“ﬁ) smEdQ for p € (r, R).

Differentiating it with respect to p yields (104).
With the help of a cut-off function y supported in Bg and such that
x = 11in Bs, § € (r, R), we can define a function Q2 € H(,¢)) by

. .0 ré) .
Qs := h(™) — (h(r’d)) + b sin §>X7 Q2 = B§ ) in Bs\ T



KSTS/RR-09/001
May 25, 2009

TOPOLOGICAL DERIVATIVE DUE TO KINK OF A CRACK 31

The Green formula written in g \ Bs gets for v € H(Sy \ Bs):

/ VA" . Vode = / V(Qg + b9y sin 6) Voudx

Q()\B5 Q()\B5
8h(r’¢) 0 (r,) 0
[ e - Ty (T,(Z)) 1 —_
/ 7 vdx /{8nv<B1 +0b sm2>}vdx.
0Bs 0Bs

Substituting v = ()2 as a test function here we obtain the equality,
which is similar to (96), and estimate it in the same way

aB(T7¢) ,
/ |VQ2]2dq::—/;B§ ) d

on
QO\B5 835
(r®) |2 _ 2

/ VB dx = 2d5 IVQ,|? da

835 QO\B(;
due to property (107). The Gronwall inequality provides

oo\ 2
(108) / VQal dr < () / VQa[?dz, 0<3y<5<R,
Q0\Bs Q0\Bs,

Taking dy = 2r we proceed (108):

/ VQo|? da < err” / IVQo|* du < cor® / IVRT9)|2 dg
20\Bs o\Bzr Q(r,0)
< cgr? / (VW™ 2 dz + O(rh) = O(r?)
Qr,9)

in view of Lemma 5 and Theorem 1. The latter estimate implies (105),
and this ends the proof. O

JFrom Lemma 5 and Lemma 6 we derive the following.

Proposition 6. Apart from the kink point, the representation holds

) . K rg) L\ . 0
w” (p,0) = w' ’¢)+EC°S_( 1/2 VI C(—lq/gf) )

+Q(p.0),  QIusasy = OFY?)  for fived 5 € (r,5y).

Finally, we state the main result of this section.

(109)
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Theorem 3. For the linear crack problems (84)—(89), expansion of the
potential energy at the point of kink as r — 0 reads

1
(110) (r, ¢) = I1(0) — %KQ cos 4 go(_tfj; dt + O(r*?),
0

with the stress intensity factors K and C’Yl% defined in (91) and (104),

T

1
(111) 0< /goﬁfi‘% dt = O(r).

0

Proof. Let us calculate the integral IT}, (2u®, w™?) | f; Q\ Bs) from The-
orem 2 explicitely by substituting here the representation of solutions
(90) and (109). In this way we will specify the decomposition of energy
(82)—(83) for the linear problem in the form of (110)—(111).

We choose the cut-off function 7(p) for the velocity V' in (16) and
the cut-off function x(p) in representation (102) such that:

n=1 inDB;, supp(n) C Bs,,
x=1 inB;, supp(x) C Bgp ford <d; <R.

Using (99) and (102) due to Corollary 1 and Proposition 6 gets

1

r

I, (2u®, w™?) | f; Q0 \ Bs)

K P (900 v () 4 ) i

=3 COS§HV<2u,X(h’ + 0o\ Slna),f;Qo\B(;>+O(\/7—“),
r

with b (p) given in (103). Integrating the following integral by parts
in B;, \ Bs, where the solutions are smooth and x = 1,

- 0
IT}, <2u0, X(h(r"b) + b sin 5)’ £\ B(;)

. VN, o O
- / {Vu0~ <d1v(V)I—2%>V(b( @ sin 2)

Bs;\Bs

—div(V'f) <E(’"’¢) + b9 sin g) } dz,
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similarly to the proof of Corollary 1 we obtain
IT;, <2u X(h(r @) 4 pr®) gin — ) ;90\ B5>

— / {(Au0+f)<V-V(b(r"ﬁ)sing)) +A(br¢)sm9)(V Vu )}dm

Bs;\Bs
o .0 o 0 s . 0
+0 /{Vuo . V(b( ) sin 2) — 28_71(9_71 (b( ) sin 5) } dx
0B
0
+ / {%% [[(b(”b) sin g) ]] + % (b(“d’) sin g) [[uol]]} dx
ToN(Bs ;\Bs)
. 0 ol 9 1 .. 0
=4 /{Vu V(b( %) gin 2) - 2%6—n<b ) sin )}dm
9B

in view of (89a), (89c¢), and relations

0 0
% (b(r’¢) sin 5) =0on FO
due to (103). Applying decomposition (90), from Proposition 5 to-

gether with the orthogonality conditions (92a) it proceeds further

0 :
A(b(r"b) sin 5) = 01in Q,

0 ou® 9 0
U (ré) o _9Z2 ¥ (prd) gin =
4] /{Vu V(b sin 2) 2 5 (b sin 2>}dac
0Bs
p sm (b(r"f’) sin g) ) 8(\/ﬁ sin g) (‘3(()(”7‘75) sin g)
=K / 00 -0 dp dp },,:a 40

7"7 T7 (7‘7¢)
Vo O(_f% 52 O{ /2¢ ) Ci)n T ()
KT <\/_C”2 Vs )- 2\/5< N 25\/3>} =R

Thus, we arrive at the equality for the linear crack problem

1
H/(Tv ¢) = —H%/(2UO, w(nd))a f7 Q0 \ B5)

(112) )
)
- —EK2 cos — C’( Sat O(Vr).
Henceforth, Theorem 2 argues (110) and (111). O

We finish with few remarks on Theorem 3.
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Corollary 6. If K = 0 in (91), i.e., the solution u° is H*-smooth
around the kink point, then (110) implies that

K=0= 1I'0,¢) =0, I(r,¢)=11(0) + O@>?).

Corollary 7. If ¢ = 0, i.e., there is no kink, then it is known that
the derivative erists and 11'(0,0) = —7w/4 K?, for example, see [20].
Therefore, from (110) and (111) we infer that

C’(_ri(;)z =174 o(r).

CONCLUSION

The asymptotic representations resulting formal analysis are also

of practical meaning for engineers. In fact, the expansion of potential

energy (110) is expressed via stress intensity factors K and C(fi%. They

can be calculated as a path-independent integrals by explicit formulas
(91) and (104). The former constant K depends on the specific choice
of data of the reference crack problem before kinking, while the latter
(r,¢) — C(_Ti% are universal functions depending on the geometry of
the kinked domain )4 only. These implicit quantities are to be
determined from a generic problem of the crack kinking (100).
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