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Abstract

Recently we propose “measurement theory”, which includes measurements in
classical and quantum systems and is constructed in terms of a C*-algebra. The
purpose of this paper is to study (1): “regression analysis” (2): “Kalman filter”
(3): “measurement error model” in measurement theory. And, we show that this
approach is applicable to very general situations.

1 Introduction

Recently in Ishikawa (1997), Ishikawa (2000), (or see Ishikawa’s papers in the ref-
erences in Ishikawa (2001)), one of the authors proposed “measurement theory”, which
includes measurements in classical and quantum systems and is constructed within the
framework of a C*-algebra. This theory is characterized as a kind of generalization of von
Neumann’s theory proposed in his book: “The mathematical foundation of quantum me-
chanics” (cf. von Neumann (1932)), in which quantum mechanics is completely described
in terms of mathematics (i.e., the theory of Hilbert space (cf. Prugovecki (1981))). There-
fore, the quantum part of measurement theory is essentially the same as von Neumann’s
theory, and thus, it is well-authorized. On the other hand, the classical part has not
been developed yet. Therefore, we are interested in the classical part of this measurement
theory rather. Of course, we believe that the classical part is as profound as the quantum
part (i.e., von Neumann’s theory).

In Section 2, we introduce measurement theory (with Axioms 1 and 2, Proclaim 1),
which includes measurements in classical and quantum systems and is constructed within
the framework of a C*-algebra. The purpose of this paper is to study (1): “regression
analysis” in Section 3, (2): “Kalman filter” in Section 5, (3): “measurement error model”

in Section 6. And, we show that this approach is applicable to very general situations.
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2 Measurement theory

Measurement theory (=MT) can be classified two subjects, i.e., “(pure) measurement

theory (= PMT)” and “statistical measurement theory (= SMT)”. That is,

PMT (=“(pure) measurement theory”),
MT (=“measurement theory”)
SMT (="“statistical measurement theory”).

PMT is essential and it is represented in the framework of the mathematical theory of

C*-algebra and is summarized in the following scheme:

PMT = measurement + the relation among systems , (2.1)
((pure) measurement theory) (Axiom 1) (Axiom 2)

which includes classical and quantum measurements. PMT is introduced as a kind of
generalization of quantum mechanics, i.e.,

quantum mechanics = Born’s quantum measurement + Schrodinger equation.  (2.2)
(= Heisenberg kinetic equation)

Also, it should be noted that the classical part of MT includes the following conventional
dynamical system theory (= DST):

DST = { dfz(tt) = f(x(t),u1(t),t), x(0)==z¢ --- (state equation),

y(t) = g(x(t), us(t),t) -+ (measurement equation), (2:3)

where u; and us are external forces.
In PMT, the initial state (e.g., o in (2.3)) is composed of one point (of the state
space) and not distributed on the state space. However, if an initial distributed state is

permitted, we can propose SMT (= statistical measurement theory) as follows.

SMT = PMT + “statistical state” in C*-algebra.  (2.4)

(Axioms 1 and 2 ) (the probabilistic interpretation of distributed state)

Thus, if we define Proclaim 1 by

“Proclaim 1”7 = “Axiom 1”7 + “statistical state”. (2.5)
(the probabilistic interpretation of distributed state)

we see that SMT is formulated as follows.

SMT = statisti((:%l r{leas;ll)lrement + the relation among systems in C*-algebra. (2.6)
roclaim (Axiom 2)

Thus, we say that PMT is more fundamental than SMT. That is, we see that there is no
SMT without PMT.
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It is generally considered that the system theory (= DST) is a kind of epistemology
called “the mechanical world view”, namely, an epistemology to understand and analyze
every phenomenon (that appears in our usual life) — economics, psychology, engineering
and so on — by an analogy of mechanics. Therefore, we also consider that MT is just
“the mathematical representation of the mechanical world view’. Since MT is regarded
as a kind of generalization of “DST (2.3)”, MT is also called “general system theory (=
GST)”, i.e., GST = MT. In this paper we use the term “measurement theory (= MT)”.

2.1 Measurements (Axiom 1 in PMT (2.1) and Proclaim 1 in SMT(2.6))

We intend that this paper is essentially self-contained. And further, the mathemat-
ical deep knowledge will never be required. Let A be a C*-algebra (cf. Sakai (1971)),
that is, a Banach algebra with the involution “*” and the norm || - || satisfying the
C*-condition: [|[F*F| = ||F||* (VF € A). For simplicity, in this paper we always as-
sume that A is wnital, i.e., A has the identity 14. The complex-valued linear func-
tional p(F) on A is denoted by ,.(p, F),, where p € A* (the dual Banach space, i.e.,
A* = {p | pis a continuous linear functional on A}) and F' € A. An element F (€ A)
is said to be self-adjoint if it holds that F° = F*. Also, a self-adjoint element F' is
called a positive element, denoted by F > 0, if F = FjFy holds for some Fy (€ A).
Define the mized state class (or, distributed state class) &™(A*) by {p € A* | ||p|la(=
SUPpea Fa<t |P(F)]) = 1 and p(F) > 0 for all FF > 0}. A mixed state p (€ &™(A*)) is
called a pure state if it satisfies that “p = 0p; + (1 — 6)ps for some pq, py (€ &™(A*)) and
0 <0 <17 implies “p = p; = p2”. Define GP(A*) = {p? € &™(A*) | pP is a pure state },
which is called a state space (or, pure state space). Note that GP(A*) and &™(A*) are
compact Hausdorff spaces in the sense of the weak*-topology 7(.A4*, A).

A C*-algebra A is said to be commutative if it holds that FiF, = FyF; for all
Fi, F, € A. Gelfand theorem (cf. Sakai (1971)) says that any commutative C*-algebra
A can be identified with some C(2), the algebra composed of all complex valued con-
tinuous functions f on a compact Hausdorff space 2. Here, the norm is defined by
| £l = supgeq | f(w)|. Riesz representation theorem (cf. Yosida (1980)) reads that C(€2)*,
the dual Banach space of C'(2), can be identified with M (), where M(2) is the Ba-
nach space composed of all regular complex-valued measures p on €2 with the norm

ollaie) = Supjgq <1 Jo f(w)p(dw). The identification of C'(2)* with M(Q) is pre-
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scribed in the following: there exists an isometric, linear, and bijective operator ¥ :
M(Q) — C(2)* such that ¥(p = Jo [( w) (Vf € C(Q),Vp € M(Q)). We see
and denote that &™(C()7) = {p <o > | o 2 0, 0" ey = 1} = M7,
and &”(C(Q)*) = {d, € M(Q) | 4, is a point measure at w € Q, ie., o (0w, o =
flw) (Vf € C(Q),Vw € Q)}= ME,(Q). Under the identification: Q 3 w «— 4, €
PL(Q) (that is, Q@ =~ M",(2)), the Q is also called a state space. Also, note that the
state space 2 is called a parameter space in the conventional formulation of statistics.

As a typical non-commutative C*-algebra, we know the B(V'), that is,

B(V)=A{T| T is a continuous linear operator from a Hilbert space V into itself}.
(2.7)

Although this B(V) is essential to quantum mechanics, we omit to mention the elemen-
tary knowledge of the B(V'). That is because our concern is concentrated on classical
measurements in this paper.

As a natural generalization of Davies’ idea (cf. Davies (1976) and Holevo (1973)) in
quantum mechanics, we define “observable” as follows. A triple O = (X, F, F) is called
an observable (or precisely, C*-observable) formulated in a C*-algebra A, if it satisfies

that

(i) [field]. X is aset (called a “measured value set” or “label set”), and F is the subfield
of the power set P(X)(={ZE|E C X}),

(i) for every = € F, F(Z) is a positive element in A such that F()) = 0 and F(X) = I4
(where 0 is the 0-element in A),

(iii) for any countable decomposition {=;, =5, =3, ...} of =, (i.e., =52 e F(1=1,2,3,...),
U, =2, =% 2,NZ,=0(ifn# m)), it holds that
N

p(F(Z)) = lim p ZF (Vp e 8™(A")).

N—oo

Also, if F(Z) is a projection for every = (€ F), a C*-observable (X, F, F) in A is called

a crisp C*-observable or, crisp observable in A.

REMARK 2.1. When we want to stress that X is finite, we write (X, 2%, F) instead
of (X, F, F). In this paper we usually assume that X is finite, even when we can do well

without the assumption that X is finite.
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EXAMPLE 2.2. ((i). Gaussian observable in C(2)). Put Q = [-L,L] (C R, the
real line). And let o be a fixed positive real number. Define the normal observable (or,

Gaussian observable) Ogs = (R, Br, G?) in C(£2) such that

1 )2
[G7(E)](w) = W/_e(zoz) dz  (VZ € Br,Vw € Q).

[(ii).Discrete Gaussian observable] Under the condition that X is finite, the definition of
“Gaussian observable” is somewhat complicated as follows. (For the ordinary Gaussian
observable (i.e., X (= R) is infinite), see Ishikawa (2000).) Put Q = [a,b] (C R, the real
line), the closed interval. Let o? be a variance. And let N be a sufficiently large fixed
positive integer. Put Xy = {% | k=0,£1,42, ..., £N?}. And define a discrete Gaussian
observable O, x = (X, 2%V, F, x) in the commutative C*-algebra C'([a,b]) such that

[Fon ({k/N})](w)
ﬁfffiﬁ exp[—%]dl’ (k = Nvaw S [av b])’

£+L r—w)?
=4 2 SR exp[— = de (Vk=0,41,£2,...,£(N* — 1), Yw € [a,D]),

[T exp[ - de (k= —N%Vw € [a, ).

(2.7)
And thus, for any 2 (€ 2*¥), we define [F, x(2)](w) = E%GE[FU,N<{]€/N}>]<W)' This

O, v is the most useful observable in classical measurements.

With any system S, a C*-algebra A can be associated in which measurement theory
of that system can be formulated. A state of the system S is represented by a pure state
PP (€ GP(A*)), an observable is represented by a C*-observable O = (X, F, F') formulated
in the C*-algebra A. Also, a measurement of the observable O for the system S with the
state pP is denoted by M4(O = (X, F, F),S|e) (or in short, M4(O, S»)). We can
obtain a measured value x (€ X) by the measurement M 4(O, Siy»).

The axiom presented below is analogous to (or, a kind of generalization of) Born’s

probabilistic interpretation of quantum mechanics (cf. von Neumann (1932)).
AXIOM 1. (Measurement). Consider a measurement M 4(O = (X, F, F), Sy»)) formu-
lated in a C*-algebra A. Then, the probability that a measured value x (€ X) obtained
by the measurement M4(O, Si») belongs to a set = (€ F) is given by pP(F(2)) =
4 (07 F(B)) 4

Thus, the measurement M 4(O = (X, F, ), S[pp]) induces the probability space (X, F,
PP(F(+))), which is called a sample space.
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We introduce the following classification in measurement theory:
classical measurement theory (for classical systems)
measurement theory (2.8)

quantum measurement theory (for quantum systems)
(i.e., von Neumann’s theory, cf. (1932))

where a C*-algebra A is commutative or non-commutative.

For each k = 1,2, ..., n, we consider an observable Oy = (X, 2%*, F}) in a C*-algebra
A. An observable O = ([]}_, Xy, 2"=1% F) in A is called a quasi-product observable of
{Ok | k=1,2,...,n} if it satisfies (i) [];_, Xk is the product set, (ii) it holds that

F(Xy XX Xpot X T X Xpgr X - x X)) = Fio(Br)  (VEx € 2% VE =1,...,n).

(2.9)

The quasi-product observable O [resp. the F| is denoted by C)1<pk,e{1,2 ,,,,, n} Oy [resp. (;fke{m ,,,,, n}
Fy]. Note that the existence and the uniqueness of the quasi-product observable O =
(IThy Xg, 2Me=1®k F) of {Oy, | k = 1,2,...,n} are not guaranteed in general. If Oy (k =
1,2,...,n) is commutative, i.e., Fp(Zx)Fu(Zw) = Fu(Ew)FL(EL) (V= € 2% V), €
2%k k # k'), the quasi-product observable of {Oy, | k = 1,2,...,n} always exists. For
example, it suffices to define F' such that

F(E1xZyx - xE,) = F(E)FR(5) - Fu(Z,) (V2 € 2% Vk=1,2,...,n). (2.10)

The quasi-product observable which satisfies (2.10) is called a product observable of {Oy | k
1,2, ...,n} and denoted by x,_, Oy [resp. x7_, F].

EXAMPLE 2.3. (1. Product discrete Gaussian observable. (Continued from Example
2.2)). The product discrete Gaussian observable O, X Oy x = (Xn x X, 25VXN B <
F,n) = 0%y = (X%,2%%, F2) in the commutative C*-algebra C([a, b)) is defined by

FrE 20w = Y Fon(D) Fon((2D]w) (€ [ab)

%631,%652
Let wg € [a,b]. Then, Axiom 1 says that the probability that the measured value
(&, %) (e X3) is obtained by the measurement M () (OF n» Sps.,,)) I8 given by [F7

(& B Dwo).
(2. Null observable). Define the observable O®) = ({0, 1},2{®%} F®)) in A such that

FEY@) =0, FPO({oy) =0, FO({1}) =14 F{0,1}) =14,

which may be called a null observable (or, existence observable). Then, we have a mea-

surement M 4(O®), S). Note that
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(#) the probability that the measured value by M4(O™), S,) is equal to 1 (€ {0,1})
is given by 1. That is, the measured value is always equal to 1 (€ {0,1}).

Thus, we consider that “to take the measurement M A(O(nl), Sipr))” is the same as “to

take no measurement”, or more precisely, “to assure the existence of the system”.

REMARK 2.4. (Simultaneous measurement). The quasi-product observable (or, the
product observable) is used to represent the measurement of more than one observables as
follows. For example, consider a measurement of Oy and Oq for the system with the state
PP (€ 6P(A%)). If the quasi-product observable 01;1502 of O; and O exists, the measure-
ment is represented by M 4(O; X O3, S|pr) <and not “M4(O1, Spr)) + Ma(Oy, S[pp])”>.
If the quasi-product observable Oy C)f O, does not exist, the measurement also does not
exist. That is, the symbol “M4(O1, Syw)) + Ma(Og, Sjr))” is non-sense. Thus we can
say that

(#) only one measurement is permitted to be conducted even in the classical measure-

ment theory.

qp
which is the well-known fact in quantum mechanics. The measurement M4 (01X Oz, S|,

is sometimes called a simultaneous measurement of two observables O; and Os.
The following example will promote the better understanding of Axiom 1.

ExAaMPLE 2.5. (The urn problem). There are two urns w; and wy. The urn w;

[resp. wsq] contains 8 red and 2 blue balls [resp. 4 red and 6 blue balls|. That is,

| [ redballs | blue balls |
urn wq 8 2
urn wy 4 6 (2.11)

Here, consider the following measurement Mj:
M = “Pick out one ball from the urn wy, and recognize the color of the ball”.

The measurement M is formulated as follows. Put 2 = {w;, ws}. And define the observ-

able O = ({r,b},2(""} F) in C(Q) such that

wl)
F(0)(we) =

0, F{rDHw) =08, F{b(w) =02 F({r,b})(w) =10,
0, F({rP(ws) =04, F{b})(ws) =06, F({r,b})(ws)=10. (2.12)
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Then, we see that
M; = Mc(0)(O, Sps,.,))- (2.13)
The probability that a measured value r [resp. b] is obtained is, by Axiom 1, given by
F{r})(w) =038, [resp. F({b})(w1) = 0.2]. (2.14)

The following example will promote the better understanding of Proclaim 1, mentioned

latter.

EXAMPLE 2.6. (Coin-tossing and urn problem). Under the same situation of Example

2.5, consider the following procedures (P;) and (Ps).

(P1) One of the two urns (i.e., wy or wy) is chosen by an unfair tossed coin (Cp1_p), i.e.,
Head (100p%) — wy, Tail (100(1 —p)%) — we (0 <p < 1). (2.15)

The chosen urn is denoted by [*] (€ {wi,w2}). Note, for completeness, that we
do not know whether [] is w; or wy since the two can not be distinguished in
appearance. Here define the mixed state vy (€ M7 (Q2)) such that vy({w:i}) = p,
vo({w2}) = 1 — p, which is considered to be “the distribution of [*]”. Thus we call

the 1y a statistical state.

(P2) Take one ball, at random, out of the urn chosen by the procedure (P;). That is, we
take the measurement Me() (O, Sp).

Note that
(i) the probability that [] = &, [resp. [#] = d.,] is given by p [resp. 1 — p].

(ii) If [%] = 0., [resp. if [#] = d,,], the probability that the measured value obtained by
Me()(O, Spy) is equal to x (€ {r,b}) is, by Axiom 1, given by
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Thus, under the condition (Py), the probability that the measured value obtained by the
measurement M) (O, Sp) is equal to = (€ {r,b}) is given by

P({x}) = / o B P e 20(060) = oy 0 F({& ]
[ 08p+04(1—p) (fz=r)
N { 02p+0.6(1—p) (ifz=0)

Therefore, we see;

(#) There is a reason that the measurement M¢(q)(O, Siy) in (P2) under the condition
(Py) is denoted by M¢ o) (O, Sp(10)), and called a “statistical measurement”. Here
the mixed state vy (€ M (Q2)) is called a “statistical state”, which represents the
distribution of [%]. And, the probability that the measured value x (€ {r,b}) is
obtained by the measurement Mc(q)(O, Si(10)), is given by

c@)* <V07F({x})>c(ﬂ) = /QC(Q)* <6W7F({$})>C(Q)V0<dw)'

That is, the statistical state 1 is the mized state with probabilistic interpretation.

Summing up, we have the following proclaim:
PROCLAIM 1. (The probabilistic interpretation of mixed states). Consider a statistical
measurement M4(O = (X, F, F), Sy (p™)) formulated in a C*-algebra A. Then, the
probability that x (€ X), the measured value obtained by the statistical measurement

M 4(O, Si(p™)), belongs to a set = (€ F) is given by

PrEE)) = 0™ F(E)) 4

The statistical measurement M 4(O, Sp,j(p™)) is sometimes denoted by M 4(O, S(p™)).

Thus, we see that Proclaim 1 is characterized as follows.

“Proclaim 17 = “Axiom 1”7 + “statistical state” (2.17)
(the probabilistic interpretation of distributed state)

2.2 The relation among systems (Axiom 2 in PMT (2.1) and SMT (2.6))

In this section we devote ourselves to the “relation among systems (i.e., Axiom 2)” in
PMT (2.1) and SMT (2.6).
Let A; and Ay be C*-algebras. A continuous linear operator ®; 5 : Ay — A; is called

a Markov operator, if it satisfies
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(i) @12(Fs) > 0 for any positive element Fy in Aj,
(i) ®12(12) = 1, where 1; is the identity in Ay (k = 1,2).

Let 02 = (X2,2X27F2> be an observable in AQ. Put (CI)LQF2>(EQ> = (I)LQ(FQ(EQ)) (VEQ €
2X2). Then, the (X3, 2%2, @, 5F}y) is an observable in A;, which is denoted by ®;50s.
A Markov operator @5 : Ay — A; is called a homomorphism (or precisely, a C*-

algebraic homomorphism), if it holds that
(1) @172<F2)(I)172(G2) = @172(F2G2) fOI' any F2 and G2 n ./42,
(ii) (P12Fs)* = Oy o(Fy) for any Fy in Ay (where * is the involution in A).

Let @7, : A7 — Aj be the dual operator of a Markov operator ®;5 : Ay — A;. Then,

the following mathematical results are well known (cf. Sakai (1971)):
(i) ®7,(6™(A})) € 6™(A3),
(ii) @7,(6P(A})) C &P(A3), if @1 : Ay — A; is homomorphic.

Suppose that A4; and Ay are commutative C*-algebras, i.e., 43 = C(Q) and Ay = C(s)
with compact Hausdorff spaces €; (i = 1,2). Under the identification that GP(A}) =
ME (1) = @ and 8™(Aj) = M7, (€Q2), the above property (i) implies that the dual
operator @7 , of a Markov operator ®; 5 can be identified with a transition probability rule
P(wi, By) (w1 € 4, By € Bq, ; Borel field on ) such that M (w:, By) = (97 5(d.,))(B2).
Also, under the identification that M%,(Q;) ~ Q; and M% (Qy) ~ Q,, the above
property (ii) implies that the dual operator ®], of a homomorphism @, is identified
with a continuous map ¢;- from €y into €2y defined by (®12f2)(w1) = fa(p12(wr))
(Vwy € Q1,Vfy € C(€2)) in the following sense:

CI)TQ((Swl) = 6¢1,2(w1) (le € Ql) (218>

Let (T, <) be a tree-like partial ordered set, i.e., a partial ordered set such that “t; < 3
and ty < t37 implies “t; <ty or to < 7. Put T2 = {(t1,t) € T x T | t; < to}. An
element ty € T is called a root if to < t (Vt € T)) holds. In this paper, we always assume,
for simplicity, that 7" is finite (cf. Remark 2.1).

10
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. Dyt
DEFINITION 2.7. (General system). The pair S,z ) =[Sz j; {As, = At} t2)er2]

Dyt

[resp. S(p") = [S(p1); { A, = Atl}(tl,tQ)ETgu is called a general system with an initial
state pl), (€ &P(A;))) [resp. general system with an initial statistical state pi* (€ &™(A; )]

if it satisfies the following conditions (i)~ (iii).
(i) With eacht (¢ T'), a C*-algebra A, is associated.

(ii) The ty (€ T') is the root of T. And, assume that a system S has the state p;, at t
[resp. the statistical state py, at to}, that is, the initial state is equal to p, [resp. pm

(iti) For every (ty,ty) € T2, a Markov operator ®; 4, : Ay, — Ay, is defined such that
Dy 1, @ity = Pty 1 Ay — Ay, holds for all (t1,t3), (ta,t3) € T2, where &y @ Ay —
A, is the identity map.

@
The family { Ay, RIS Atl}(tl,tz)eTg is also called a Markov relation among systems. Let
an observable O, = (X;,2%t, F,) in a C*-algebra A; be given for each t € T. The pair

®
{O }ier; {A, =7 At} tn)erz] s called a sequential observable.

Before we propose Axiom 2, we make some preparations. Let T'= {0,1,..., N} be a
tree with the root 0. Define the parent map = : T \ {0} — T such that 7(t) = max{s €
T | s < t}. It is clear that the tree (T'= {0,1,..., N}, <) can be identified with the pair
(I'={0,1,...N},7m: T\ {0} — T). The Markov relation {A;, Payge Aty Yty toyerz s also

(Dﬂ' t),t
denoted by {A; iy Aﬂ-(t)}tET\{O}'

The following example will promote the better understanding of Axiom 2 mentioned

later.

EXAMPLE 2.8. (A simple general system, Heisenberg picture). Suppose that a tree
(T'={0,1,...,7},7) has an ordered structure such that 7(1) = 7(6) = 7(7) =0, 7(2) =
7(5) =1, m(3) = 7(4) = 2. (See the figure (2.19).) Consider a general system Sir =

T(t),t

@
[Siprs A =7 Ax) ber\{oy] With the initial system Syp [resp. a general statistical system

(I)ﬂ' t),t . o ey
S(pm) = [S(pp); {A = Az }er (03] with the initial system S(pj")].
Dy 5

A

'*2’4

3

Ay

P12 A,

1,5
‘/@ Aﬁ\AS
0,6
‘\{)077 A
7 (2.19)
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Also, for each t (€ {0,1,...,6,7}), consider an observable O; = (X;,2% F}) in a C*-
algebra A;. Now we want to consider the following “measurement”,
(4) for a system Sy [resp. a statistical system S(p§")], take a measurement of a “se-
D
quential observable [{O}ier; { As e Aﬂ(t)}teT\{o}]”, i.e., take a measurement of

an observable Qg at 0 (€ T), and next, take a measurement of an observable O at

1(eT), ------ , and finally take a measurement of an observable O7 at 7 (€ T),

which is symbolized by MM({O}ier, Sy)) [resp. M({O;}ier. S(py))]. Note that the 90
({O¢}eer, Siery) [resp. M({O;}ser, S(py"))] is merely a symbol since the above (f) is a
rough statement which seems to include “many measurements” (in spite of the spirit that

only one measurement is permitted in measurement theory (cf. Remark 2.4)). In what
follows let us describe the above (£) (= M({O;}rer, Sir))) [resp. (= M({O¢}rer. S(p))]
precisely. Put

6t = Ot and thus ﬁt = Ft (t = 3,4,5,6, 7)

First we construct the quasi-product observable 62 in Aj such as

~ ~ ~ qp  9p ~
0O, = (X2 X X3 X X4, 2X2><X3><X4, FQ) where [5 = Fy X (Xt:374(1327tﬂ), (220)
if it exists. Iteratively, we construct the following:
Ao ®0,1 ./41 D12 .AQ
qp ~ gqp ~ qp ~
Fyx @0’6F6 X (13077F7 Fix (131’5F5
| | (2.21)
2 0,1 2 1,2 28
ap ~ ap ~ ap ~ ap ~ ap ~ ap ~ ap ~
(F()X<I>0,GF6X<I>0,7F7X<I>0,1F1) (F1X@175F5X‘1>1’2F2) (FQXCI>273F3X¢'274F4)

That is, we get the quasi-product observable 61 = (Hf:1 Xt,QH?:IXt,E) of Oy, (1317262
and @17565, and finally, the quasi-product observable 60 = (HZ:() X,, 21— Xe ﬁo) of Oy,
@07161, (1907666 and <I>0,7(N)7, if it exists. Here, 60 is called the realization (or, Heisenberg
picture representation) of a sequential observable [{ Oy her; { A P Az heer\foy)- Then,

we have the measurement [resp. the statistical measurement}:
M4, (0o, Sppry) [resp. M4, (O, S(pf"))] (2.22)

which is called the realization (or, Heisenberg picture representation) of the symbol M
({O¢}ier, Sppy) [resp. M({O¢}ier, S(pi))]-

12
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Now, we can propose Axiom 2, which corresponds to “the rule of the relation among
systems” in PMT (2.1) and SMT(2.6).

Examining Example 2.8, we see as follows. Let (T'={0,1,...,N}, 7 : T\ {0} — T) be
a tree with root 0 and let Syp) = [S[z); {As P Az her\0}) be a general system with
the initial system Spz. And, let an observable O; = (X, 2% Fy) in a C*-algebra A; be
given for each t € T'. And further, for any s (¢ T'), put Ts = {t € T' | s < t}. For each
s (€ T), define the observable O, = (I Tier, X, 2Mems e, F,) in A, such that

_ { 0, (if s € T\ 7(T)) (2.23)

O, = ap qp

O, x (Xteﬂ—l({s})@ﬂ(t)’tét) (lf S € W(T)),

if possible (i.e., if the existence of the quasi-product observable 0, is guaranteed). Then, if

an observable 60 (i.e., the Heisenberg picture representation of the sequential observable
Qﬂ' . . .

{O}rer; {A 28 A hergoy]) in Ag exists (such as in Example 2.8), we have the

measurement
M.4,(O0, Spp)),  [resp. M, (0o, S(pi))] (2.24)

which is called the Heisenberg picture representation of the symbol IM({O¢}ier, Syr)
[resp. M({O¢}eer, S(P()n))] :

Summing up the essential part of the above argument, we can propose the following
axiom, which corresponds to “the rule of the relation among systems” in MT.
AXIOM 2. (The Markov relation among systems, the Heisenberg picture). The relation
among systems is represented by a Markov relation {®, 4, @ Ay, — Au b, py)erz- Let
O; (= (X;,2%,F)) be an observable in A; for each t (€ T). If the procedure (2.23) is
possible, a sequential observable [Or] = [{O}ier; {Pr 4, + Aty — At Fay10)er2] can be
realized as the observable Og = ([],cp Xy, 27 Fy) in Ay.

Also, we must add the following statement, which explains the relation between Axiom
1 [resp. Proclaim 1] and Axiom 2:

Dr(t),t Do)t

o Let S = [S[pg]; {A: =" Az ber\goy] [resp. Sipy) = S {A — A
=t ftemfo3]] be a general system with an initial state pf (€ &P(A*)) [resp. with
an initial statistical state p' (€ 6™(A*))]. And, a measurement represented by the
symbol M({Oy }ier, Syr) [resp. M({Oy }ier, S(p))] can be realized by M 4, (Op =
(Ter X 2<%t Fy), Sp)) [resp. Mg, (0o = ([T, Xe, 25e7Xe, Fy), S(p81)], if Og

exists.

13
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o
In physics, T' always represents the time axis, and therefore, {A,, o Atl}(tht?)eTg
represents the time revolution of the mechanical system.

Now we have two measurement theories (i.e., PMT and SMT) as follows.

PMT = measurement + the relation among systems,
(Axiom 1) (Axiom 2)

SMT = statistical measurement + the relation among systems
(Proclaim 1) (Axiom 2)

Here, it should be noted that Axiom 2 is common to PMT(2.1) and SMT(2.6).
Summing up the above argument in Example 2.8, we can mention the following theo-

rem.

THEOREM 2.9. (The measurability of a general system). Let (T = {0,1,..., N}, 7 :

(I)7r t),t
T\ {0} — T) be a tree with root 0 and let Syp = [S),r; {As el Az her\ (o}

q>7rt t . o e,
[resp. S(pg") = [S(p); { A @ Ar@ heergoy]] be a general system with the initial
system Sip) [resp. S(pg")]. And, let an observable O, = (X,,2%, F}) in a C*-algebra A,
be given for each t € T. Then, if an observable Oy = ([],cp X1, 27X, Fy) in Ay exists

(cf. the formulation (2.23)), we have the measurement
M.4, (00, Spr))  [resp. Mg, (O, S(p7))]. (2.25)

If the system is classical, i.e., Ay = C(€y) (Vt € T'), then the measurement (2.25) always
exists, while the uniqueness is not always guaranteed. Also, it should be noted, by (2.23),
that, for each s (€ T'\ {0}), it holds that ®r (s Fs([[,cr, Zt) = Fﬁ(s)((HteTw(s)\TS Xy) x
(ITer, 1)) (VE, € 2% (VE € TY)).

Proor. It suffices to prove it in classical measurements. However, it is clear since, in
classical measurements, the product observable of any observables always exists (cf. the
formula (2.10)). Therefore the construction mentioned in Example 2.8 is always possible

in classical systems. O

3 Regression analysis in PMT (2.1)

In this section, we study regression analysis in PMT, i.e., Axioms 1 and 2.

14
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3.1 Our motivation

In order to explain our main assertion, let us begin with the following example (the
conventional argument of regression analysis in Fisher’s maximum likelihood method),

which is not only well known but also located in the central point of statistics.

EXAMPLE 3.1. (The conventional argument of regression analysis in Fisher’s method).
We have a water tank of rectangular shape filled with some water. Assume that the height

of water at time t is given by the following function h(t):
h(t) = ag + Bot, (3.1)

where o and 3y are unknown fixed parameters such that oy is the height of water filling
the tank at the beginning and [, is the increasing height of water per a unit time. The

measured height h,,(t) of water at time ¢ is assumed to be represented by
hm(t) = ag + Bot + e(t), (3.2)

where e(t) represents a noise (or more precisely, a measurement error) with some suitable
conditions. And assume that we obtained the measured data of the heights of water at

t=1,2,3 as follows:
hm(1) =19, h,(2) =3.0, h,(3)=4.7. (3.3)
Under this setting, we consider the following problem.

(i) Infer the true value h(2) of the water height at ¢t = 2 from the measured data (3.3).

This problem (i) is usually solved as follows. From the theoretical point of view, we can

infer, by Fisher’s maximum likelihood method and regression analysis, that
(Oé(), ﬁo) = (04, 14) (34)

<For the derivation of (3.4) from (3.3), see Example 3.6 later.) And next, we can infer
that

h(2) = 3.2, (3.5)
by the calculation: h(2) = 0.4 + 1.4 x 2 = 3.2. This is the answer to the problem (i).
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The above argument in Example 3.1 is, of course, well known and adopted as the usual
regression analysis. Thus all statisticians may think that there is no serious problem in
regression analysis. However, it is not true. For example, we have the basic problem in

the argument of Example 3.1 as follows.

(ii) What kinds of axioms are hidden behind the argument in Example 3.17 And more-

over, justify the argument in Example 3.1 under the axioms.

It is important. If we have no answer to the question: “What kinds of rules are permitted
to be used in statistics?”, we can not prove (or, justify) that the argument in Example 3.1
is true (or not). That is because there is no justification without an axiomatic formulation.
In this sense, we believe that the above (ii) is the most important problem in theoretical
statistics. Also, if someone knows the great success of the axiomatic formulation in physics
(e.g., the three laws in Newtonian mechanics, or von Neumann’s formulation of quantum
mechanics, cf. von Neumann (1932)), it is a matter of course that he wants to understand
statistics axiomatically.

Trying to solve the problem (ii), some may consider as follows.

(iii) Firstly, Fisher’s maximum likelihood method should be declared as an axiom. Also,
the derivation of (3.5) from (3.4) should be justified under some axioms. That is, it

must not be accepted as a common sense.

This opinion (iii) may not be far from our assertion proposed in this paper. However, in
order to describe the above (iii) precisely, we must make vast preparations.

It should be noted that theoretical statistics already has the mathematical formula-
tion, called “Kolmogorov’s probability theoretical formulation” (cf. Kolmogorov (1950)).
Nevertheless, the problem (ii) has not be solved yet. This is, of course, due to the fact
that “the mathematical formulation” does not always mean “the axiomatic formulation”.
However, we may expect that the reverse is true, that is, “the axiomatic formulation”
always implies “the mathematical formulation”. That is because, in the great history of
physics, we always see that the true axiomatic formulation (of physics) is not only de-

scribed in terms of mathematics but also accepted as the true mathematical formulation.

3.2 Fisher’s maximum likelihood method

Consider a measurement M4(O = (X, 2%, F), Sy»)) formulated in a C*-algebra A.
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In most measurements, it is usual to consider that the state p? (€ GP(.A*)) is unknown.
That is because the measurement M 4(O, Sj,»)) may be taken in order to know the state
pP. Thus, under the condition that we do not know the state pP, the measurement
M 4(O, Sjpr) is often denoted by M4(O, S}y). By using this notation, we can say our

present problem as follows:

(I) Infer the unknown state [¥] (€ &P(A*)) from the measured data obtained by the
measurement M 4(O = (X,2%, F), Sp).

In order to answer this problem, in Ishikawa (2000) we introduced Fisher’s method (pre-
cisely, Fisher’s maximum likelihood method) as follows. <Strictly speaking, Theorem 3.2
should not be called “theorem” but “assertion”, since it is not a purely mathematical

result but a consequence of Axiom 1.)

THEOREM 3.2. (Fisher’s maximum likelihood method in classical and quantum mea-
surements). Consider a measurement M4(O = (X,2% F),Sy) in A. When we know
that the measured value obtained by the measurement M 4(O, Sp) belongs to 2 (€ 2X),
there is a reason to infer that the state [*] of the system S is equal to pf (€ GP(A*)) such
that

AP FE) = max L (0 FE),, (3.6)

Here, note, for completeness, that the state [x] (in M4(O, S}y)) is the state before the
measurement M4 (O, Spy). (C’f Corollary 3.4 later.)

PROOF. See Ishikawa (2000). To make it self-contained, we add the proof (presented
in Ishikawa (2000)) as follows. Let p} and pb be elements in &7(A*). Assume that
PI(F(Z)) < p5(F(Z)). Then, Axiom 1 says that the fact that the measured value obtained
by the M4(O, S},r) belongs to = happens more rarely than the fact that the measured
value obtained by the M4(O, Syz)) belongs to = happens. Since pP(F(Z)) < pj(F(Z))
(VpP € GP(A*)), there is a reason to regard the unknown state [*] as the state pf. Exam-
ining this proof, we can easily see that the state [x] (in M 4(O, S}y)) is the state before
the measurement M 4(O, Sp,)). This completes the proof. m

The following corollary is a direct consequence of Theorem 3.2.
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COROLLARY 3.3. (The conditional probability representation of Fisher’s method).
Let O = (X,2%,F) and O’ = (Y,2Y,G) be observables in A. Let O be a quasi-product
observable of O and O', that is, O = O X O = (X x Y, 25Y | X (). Assume that we
know that the measured value (z,y) (€ X x Y) obtained by a measurement M 4(O, S)
belongs to 2 x Y (€ 2%*Y). Then, there is a reason to infer that the unknown measured

value y (€ Y') is distributed under the conditional probability Pz(-):

qp ap

L FEXGm), [ AEE % em) ,
EO = men., \T AFEE) (rez). 6D
where pj (€ GP(A*)) is defined by
w00, F(E)) o= max . (pP, F(E)),. (3-8)

pPPEGP(A*)

PROOF. Since we know that the measured value (z,y) (€ X x Y) obtained by a
measurement M 4(O, Sp,;) belongs to = x Y (€ 2¥%Y)
(Fisher’s method) and the equality F(Z) = F(2) X G(Y), that the unknown state [*] (in
M_4(O, Si)) is equal to pf (€ G&P(A*)). Thus, the conditional probability P=(-) under

the condition that we know that (z,y) € Z x Y is given by

, we can infer, by Theorem 3.2

AFE) X GI) _ ph(FE) X G(I))

P=(T) = P
" A(F(E)X G(Y)) P(F(2)

(VI € 2Y). (3.10)

This completes the proof. O

The following corollary is essential in classical measurements. That is because what
we want to infer is usually “the state after the measurement” (or precisely, “the S-state

after the measurement”, cf. Definition 3.9) and not “the state before the measurement”.

COROLLARY 3.4. (Fisher’'s maximum likelihood method in classical measurements).
Let Mc(o)(O = (X,2%,F), Su) be a measurement formulated in a commutative C*-
algebra C(Q2). Assume that we know that the measured value obtained by the measure-

ment Me(q) (O, Sp) belongs to = (€ 2). Then, we see that

(1) there is a reason to infer that the state [*] of the system S (i.e., “the state before

the measurement M¢(q)(O, S[*])”> is equal to 0., (€ M"(Q)), where

[F'(Z)](wo) = max[F(Z)](w), (3.10)

we
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and,

(ii) there is a reason to infer that the state after the measurement M¢(q) (O, S}y) is also

regarded as the same ¢, (€ M4 ,(Q)).
Summing up the above (i) and (ii), we see that

(iii) there is a reason to infer that

[¥] = “the state after the measurement M¢ o) (O, Si)” = duy- (3.11)

PROOF. (i) is the special case of Theorem 3.2 (Fisher’s method), i.e., A = C(Q).
Thus it suffices to prove (ii) as follows. (This (i) will be again proved in Remark 3.14 as
a special case of Lemma 3.13 later. Thus, the proof presented below may be somewhat
temporary.) Let O' = (Y,2Y,@G) be any observable in C(£2). Let O be the product
observable of O and O/, that is, O = O x O’ = (X x Y,2X*Y F x G). Consider a
measurement Mg ) (0 = (X x V,25Y F x @), Sp,;). And assume

(A) we know that the measured value (z,y) (€ X x Y') obtained by the measurement
MC(Q)(G = (X x Y,2Y F x G), S}) belongs to Z x Y.

Then, Corollary 3.3 says that there is a reason to infer that the unknown measured value

y (€Y) is distributed under the conditional probability P=(-), where
2) x G(0)](wo)
[F'(Z)](wo)
where wy (€ ) is defined in (3.10). Also note that the above (A) can be represented by
the following two steps (A;) and (Aj) (i.e., (A) = (Ay) + (A2)>2

po(r) = £ —[GM)wy) (T e2Y), (3.12)

(A1) we know that the measured value by a measurement Mco)(O = (X,2%, F), Sp)
belongs to = (€ 2%),

and

(A3) And successively, we take a measurement of the observable O’ = (Y, 2Y, G), and get

a measured value y (€ Y).
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<T he above (i.e., (A) = (A1) + (As)) is somewhat metaphorical since “two measurements”

seem to appear in (A;) and (Az). (Cf. Remarks 2.4 and 3.14.)) Comparing (A) and “(A;)
+ (A2)”, we see, by (3.12), that

“the probability that the measured value y belongs to I' (€ 2¥) in (Ay)” = [G(T)](wo)
(3.13)

That is, we get the sample space (Y,2Y,[G(-)](wp)) in (Ag). Since O’ = (Y,2Y,G) is

arbitrary, we say that

B) the state after (A;) (i.e., the state after the measurement M) (O, Si,) ) is equal to
(@) [+]

o (since the measurement Meq)(O’, Sjs,,]) induces the sample space (,2", [G(-)]

(@0))).

This completes the proof. <This corollary does not hold in quantum measurements, since
the product observable O = O x O’ = (X x Y, 2X*Y F x @) does not always exist. That
is, the concept of “the state after a measurement” is not always meaningful in quantum

theory.> O]

The “Bayes operator (in the following remark)” is hidden in the above proof. This will
be more completely clarified in Remark 3.14 later. Although Corollary 3.4 and Remark
3.5 may be temporary, we believe that they promote a better understanding of Remark

3.14.

REMARK 3.5. (1. Bayes operator). Let O = (X,2%, F) be an observable in C(f).
For each = (€ 2¥), define the continuous linear operator Béo’o) : C(2) — C(Q2) such that

B9y =F(E)-g (Vg€ @), (3.14)

which is called the Bayes operator (or, simplest Bayes operator). Note that it clearly holds
that

(i) for any observable O’ = (Y, 2", G), there exists an observable O = (X x Y, 2X*Y F)
in C(2) such that

F(ExT)=BM@GT) (vZe2¥vIre2’). (3.15)
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That is because it suffices to define the O by the product observable O x O’ in C (Q).
Define the map R(O 0 () = M7, () (which may be called “normalized dual Bayes
operator”) such that

(0,0)y«
ROV ) = L= W) e ), (3.16)
IBE™)* (1)l mee
where (Béo’o))* : M(Q) ( ) = C(Q)*) is the adjoint operator of
0)

B that is, it holds that . <(Bé ) (v ) g>c(m = e (1 BEY(9)) oy (Vv € C(Q)" =
M(Q),Vg € C(Q)). Using it, we can describe the well known Bayes theorem (cf. Ishikawa
(2000)) such as

() > v (= a priori state) — (posterior state =) R(EO’O)(V) e M7 (Q). (3.17)

Note that (3.17) says that (i)=-(ii) in Corollary 3.4, since a simple calculation shows that
R(EO’O)((Swo) = 0., in the case of Corollary 3.4. In Section 3.4, readers will again study the
Bayes operator in more general situations.

(2. “Before” and “after”). The term “before” [or, “after”] in “the state before the
measurement” [or, “the state after the measurement”] is somewhat metaphorical. Note
that the concept of “time” is not included in Axioms 1 and 2. The tree T does not always

represent “time” in MT.

3.3 Regression analysis I (the conventional form)

From here onward, we always devote ourselves to the classical cases, that is, A = C(Q2).

Under the preparations in the previous sections, we can propose that

“Regression Analysis [ (the conventional regression analysis)”

= “Theorem 2.9 (measurability)” + “Corollary 3.4 (classical Fisher’s method)”
(in the case: A= C(Q))
(3.18)

That is, we can assert:
REGRESSION ANALYSIS I. (The conventional form). Let (T = {0,1,...., N}, 7 :
T\{0} — T) be a tree with root 0, and let S,j = [Si1; {Pr()t : C(§%) = C(Qr()) brer\{0}]
be a general system with the initial system Sp,). And, let an observable O, = (X;, 2%, F})
in C(Q;) be given for each t € T. Then, we have a measurement

Mo, (00 = (] Xi, 2ller Xt Ky), Sy). (Cf. Theorem 2.9). (3.19)

teT
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Assume that the measured value by the measurement Me(q,) (O, Si) belongs to [, i

(€ 2llierXt) Then, there is a reason to infer that the state [] of the system S (i.e.,

the state before the measurement MC(QO)(éo,S[*]>>, the state after the measurement
MC(QO)(éo, Sp) and the 6., (€ M%(Q)) (defined by (3.21)) are equal. That is, Corollary

3.4 says that there is a reason to infer that
[x| = “the state after the measurement MC(QO)(60, Sky)” = O (3.20)

Here the 0, (€ M (Qo)) is defined by

[Fo([[E0)(wo) = max[Fy (] [ Z0)](w). (3.21)

wEN
teT teT

Now we shall review Example 3.1 in the light of Regression Analysis 1.

ExAMPLE 3.6. (Continued from Example 3.1, the conventional argument of regres-
sion analysis in Fisher’s method). Put Qg = [0,1.0] x [0,2.0], and put €, = Qy = Q3 =
[0,10.0]. For each ¢ (€ {1,2,3}), define a continuous map ¢g, : 2o — §2; such that

Qo(= [0,1.0] % [0,2.0]) 3 w = (a, B) 2 o + Bt € Qu(= [0, 10.0)). (3.22)

Thus, for each t (€ {1,2,3}), we have a homomorphism ®¢, : C(€;) — C(£2) such that

(Do fi](w) = fi(Por(w)) (Vw € Qo,Vfi € C()). (3.23)

It is usual to assume that regression analysis is applied to the system with a parallel

structure such as in the figure (3.24). (From the peculiarity of this problem, we can also

assume that this system has a series structure. However, we are not concerned with it.)

Doy CO(Sh)
/

C(0) E Clih)

PN

03" C(9s)

(3.24)

For each t € {1,2,3}, consider the discrete Gaussian observable O, y = (Xy, 2%~ F, y)
in C(€), cf. Example 2.2. Here, we define the observable Og = (X3, 2%V, Fy) in C(Qy)
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such that

[Fo(Z1 % Zp x Z3)](w) = [@o1 Fpn(E0)](w) -+ [Ro2Fon (E2)](w) - [Po,3Fon(Z3)] (w)
=[F,n(21)](¢01(w)) - [Fon(Z2)](G02(w)) - [Fo.n(Z3)](P0,3(w))
(VE1,55, 55 € 2%, Vw = (a, B) € Qo = [0, 1.0] x [0, 2.0]). (3.25)

Then, we have the measurement MC(QO)(ao, Spp). The data (3.3) says that the measured

value obtained by the measurement MC(QO)(é[), Sp) is equal to
(1.9, 3.0, 4.7) (€ X3). (3.26)

Here, Fisher’s method (Corollary 3.4) says that it suffices to solve the problem

“Find (g, Bp) such as max(, gyeq, [Fo({1.9} x {3.0} x {4.7)](a, B)". (3.27)
Putting
1 1 1 1 1 1
Z1=19—-—7—,194+ —], 2 =30——,30+ —], S35 =4.7T— —,4.7+ —

we see, under the assumption that N is sufficiently large, that

1 (#1—(a+8)2+(zg— <a+zm) +(zg—(a+38))?
(3.27) = max /// = 207 Jday deod,

(a,3)EQ0 '/27'('0'2 L
= max exp [ (19— (a4 B)2 + (3.0 — (a+2B))% + (4.7 — (a + 38))2]/(202)
= min (19— (o + B)2+ (3.0 — (o +28))2 + (4.7 — (a+ 35))2]

(by the least squares method)

j{ (1.9—(a+ﬁ))+(3.0—(a+25))+(4.7—(a+35)):o
(1.9 — (a+ B)) +2(3.0 — (. +283)) +3(4.7 — (o + 38)) =

= (ag, ) = (0.4,1.4). (3.28)

This is the conclusion of Regression Analysis I. Also, using the notations in Regression

Analysis I, we remark that

(R) the measurement MC(QO)(60 = ([Ley Xi, 2Meer Xt ﬁo),S[*]) is hidden behind the
inference (3.28) (: (3.4) in Example 3.1).

This fact will be important in Section 3.5.
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The above may be the standard argument of the conventional regression analysis in
measurement theory. However, our problem (i) in Example 3.1 is not to infer the («y, 5o)
but A(2). In this sense the above regression analysis I is not sufficient. As the answer
of the problem (i) in Example 3.1, we usually consider that it suffices to calculate h(2)

< = ¢p.2(0.4, 1.4)) in the following:
h(2) =04+ 14 x 2 =3.2. (3.29)

However, this is doubtful. <In fact, this (3.29) is not always true in general situations.

(Cf. Regression analysis I1 (3.59) and (3.60) later).> Recall that our purpose of this paper

is to propose “an axiomatic understanding of statistics”. Thus we should not rely on “a

common sense” but Axioms 1 and 2. That is, we must solve the problem:

e How can the above (3.29) <: (3.5) in Example 3.1) be deduced from Axioms 1 and
27

In order to do this, we will make some preparations in the next section.

3.4 Bayes operator, Schrodinger picture and S-states

In order to improve Regression Analysis I (introduced in Section 3.3), in this section
we make some preparations (i.e., Bayes operator, Schrodinger picture, S-state, etc.). Our
main assertion (Regression Analysis IT) will be proposed in Section 3.5. We begin with
the following definition, which is a general form of “Bayes operator” in Remark 3.5.

DEFINITION 3.7. (Bayes operator). Let (" = {0,1,...,N}, 7 : T\ {0} — T) be a
tree with root 0 and let Sy = [Spg; {C() Fals C(Qz@w) brer\{oy] be a general system
with the initial system Spj. And, let an observable O; = (X;, 2%, F}) in C(£;) be given
for each t € T. Let 60 = ([Ler Xt,ZHtETXt,ﬁO) be as in Theorem 2.9 in the case
A, = C(Q) (Vt € T). That is, Oy is the Heisenberg picture representation of the
sequential observable [{Oy}ier; {C(2) Pat C(Q@w) ber\foy]- Let 7 be any element in
T. If a positive bounded linear operator BY™)_ : C (Q,) — C(£p) satisfies the following

Mier=t

condition (BO), we call {Bﬁl’gat | 5, € 2% (vt € T)} [resp. BY7_ | a family of Bayes

MierEe

operators [resp. a Bayes operator]:

(BO) for any observable O = (Y,,2Y G,) in C(f,), there exists an observable 0, =
([l X0) x Vi 2er X0 ) i €/() such that
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Doty
—

(i) O, is the Heisenberg picture representation (cf. Theorem 2.9) of [{O; }er; {C(%)
C(ew)} ter(oy], where Oy = Oy (if t #£7), =0, x O. (if t = 7),

(i) Fo(([T,er E0) x Ty) = Bl({)t’gat(GT(PT)) (VE, € 2%t (Vt € T), VI, € 2Y7),

(iil) Fo((TT,er Z0) % ¥2) = Fo([Ter _t)< BYD. (1 T)), (VE, € 2% (¥t € T)), where 1,
is the identity in C'(£2;).

Also, define the map Rl(%’?ﬁt : M (o) — M () such that

(077_) *
(O,T) (]/) . <BHt€TEt) (V)
Mier=t - 0,7 N
I(BE) =) )

(Y € M™ () (3.30)

where (B _)* 1 C(Q)* — C(£2,)* is the adjoint operator of B 1 C(Q,) — C(Q).

MierEe

The map Rl(%?ﬁt may be called a “normalized dual Bayes operator”.

HtTt

It holds that

B (9-) < Dor9- (Vg, € C(€2,) such that g, > 0), (3.31)

MierEr

because it holds, for any observable O’ = (Y;,2Y",G,) in C(Q,),

BYT 2 (GA(T)) = By([[20) x ) < (] X) x T)

HierEy
teT teT

= 00,G(T) (= BED 4 (Go(1)) (VT €2%). (3.32)
The following theorem is essential to Regression Analysis II later.

THEOREM 3.8. (The existence theorem of the Bayes operator (cf. Ishikawa (2001))).
Let O = (TTer Xe, 2Meer Xt Fy) be as in Theorem 2.9 in the case A, = C() (Vt € T).
And, forany s (€ T), put Ts = {t € T' | s < t}. Assume that, for each s (€ T) there exists
an observable O, = (ILer, Xy, 2ller. X FY in C(Q,) such that Drs),s (HteT =) =
~,T(S <(HteT7r T Xo) x (I Ler, Et)> (V=; € 2% (Vt € T))), (cf. Theorem 2.9). Let T be any
element in T'. Then, there exists a family of Bayes operators {BH = | S E 2%t (vt e T)}.

PROOF. See Theorem 3.4 in Ishikawa (2001). The proof in Ishikawa (2001) is essen-
tially true, but it is not complete. That is because the definition of “Bayes operator” (i.e.,
Definition 3.7) was not mentioned in Ishikawa (2001). Thus, we add the complete proof
in Section 6 (Appendix). O
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Let Op = ([,ep Xi 2Mher X ), OL = (V,,2"7,G,), {BY7) 2, | S € 2% (vt € T)},
0, = ((TT,eq Xe) x Yy, 2ULeer X037 ,Fy) and {RH T | e 2% (Yt € T)} be as in
Definition 3.7. Assume that

(C1) we know that the measured value (2;)ier (€ ([ [,er X¢)) obtained by Mc(qy) (O, Si5u,])
belongs to [],.r Z:.

Note that this (C;) is the same as the following (Cs).

(Cz) we know that the measured value ((2¢)ter,y) (€ ([[,er X¢) xY7) obtained by M (q)
(60, Sis,,1) belongs to ([T,ep Zi) X Y7

Thus we see that

(C3) the probability distribution of unknown y (under the assumption (Cs) (:(Cl))>,
i.e., the probability that y (€ Y;) belongs to I';, is represented by

(0,7
ey ons Fo((TLier Z0) X T))oiayy (_ cing (G Bitgz, (Gr(T0)) iy
- (0,7
c(Q0)* < wo ((HteT “t) X Y >>c(n ) c(©Q)* <6w07 BHte;_t <1T)>C(QO)

(3.33)

A simple calculation shows:

(BYT) 2)* (6u)

< Myer=t
Cc(Qr)* 0,7 « !
(BT =) (8o Lt

Therefore, we say that

(3.33) =

Cr(Tr)) ey = ciaye (B 2, (0 G (T0)) e -

(C4) the probability distribution of unknown y (under (Cy) (:(Cl))) is represented by
o (B2, (00), G (1) oo (3.34)
Let this (C4) be, as an abbreviation, denoted by

ETt

(Cs) the S-state (after the measurement MC(QO)(6O, S[(gwo})> at 7in T is equal to R
(G )-

For completeness, again note that (C4) = (Cs), i.e., (Cs) is an abbreviation for (C,). Note
that the concept of “S-state” and that of “state” are completely different. In measurement
theory, as seen in Axiom 1, the state always appears as the p? in M 4(O, S}.»1). That is,
the state is always fixed and never moves. In this sense it may be called a “real state”.
On the other hand, the “S-state” is used in the abbreviation (Cj) of (Cy).

Summing up the above argument, we have the following definition.
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DEFINITION 3.9. (S-state, Schrodinger picture). Assume the above situation. If the

above statement (Cy4) holds, then we say “(Cs) holds”, i.e., “the S-state (after the mea-
surement MC(QO)(GO,S[&JO})> at T (€ T) is equal to RO (0wy)”. The representation

MierEt
using “S-state” is called the Schraodinger picture representation. The S-state is also called

a Schrodinger state or imaginary state.

As seen in the above argument, we must note that the Bayes operator is always hidden
behind the Scrédinger picture representation.

We sum up the above argument (i.e., (C;)=(C;5)) as the following lemma.

LEMMA 3.10. (S-state). Let Op = ([T,ep Xo, 2eer X0 Fp), {BYT) . | 5, € 2% (Vt €

IierEr
T)} and {Rl(%?ﬁt | 2 € 2%t (Vt € T))} be as in Definition 3.7. Assume that

(1) we know that the measured value (x;)ier (€ [[,or X¢) obtained by MC(QO)<60, Si50,1)
belongs to [ [,cr Zt-

Then, we can say

(0,7)
MierEe

(b) the S-state (after the measurement MC(QO)(ao, S[(gwo})) at 7 in T is equal to R
(0o )-

The following lemma will be used in Section 3.5 (Theorem 3.15).

LEMMA 3.11. (Inference and S-state). Let Op = (ILer X, 2Mer Xe ), {Bl('IOtZ;Et |

2, € 2% (Vt € T)} and {RY7) _ | 2, € 2% (Vt € T)} be as in Definition 3.7. Assume

TieTEe
that

(1) we know that the measured value (x;)ier (€ [[,c1 Xi) obtained by MC(QO)(60, Si)
belongs to [ [,cr Zs.

Then, there is a reason to infer that

(b) the S-state (after the measurement M (qy) (O, Siy)) at 7 in T is equal to Rl(%?ﬁt (Oug )-

Here the 0, (€ M (Qo)) is defined by

[Fo([[E0)(wo) = max[Fy ([ Z0)](w). (3.35)

w€EN
teT teT

PROOF. The proof is similar to that of Corollary 3.3. Let (Y;, 2", G,) be any observ-
able in C'(€2;). Note that the above () is the same as the following statement:
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()" we know the measured value ((z¢)er, y) (€ ([ [;er Xi) xY>) obtained by Me ) (O, S)
belongs to ([ [,cr Z¢) x Y; (where Oy is as in Definition 3.7).

Thus we can infer, by Theorem 3.2 (Fisher’s method) and the equality ﬁO(Ht er =) =
ﬁo((HteT =:)xY;), that the unknown state [*] <in Me o) (6, S )) is equal to 4, (deﬁned
by (3.35)). Thus the conditional probability P, ,=,(-) under the condition that we know
(ze)ter, y) € ([Lier Z¢) x Yz is given by

(9 )*< wo ) ((HteTE ) )>c<90) _ ceo)r <5W0’ BHtG;Ht(GT(FT))>C(QO)
C(Qp)* < wo s ((HteT E ) )>c(90) C(Q)* <5w07 BHteT_t (1T>>C(Qo)
Ry 2 (00y), Gr (D)) o, (VD €2Y7)  (cf. (3.30)).

c(Qr)* < MieTEt

PHteTEt (FT) =

From the equivalence of (C4) and (Cj;), we can conclude (b). O

Now we consider the simplest case such that T'= {0, 7} and S5, ) = [S}s,,,1; C(£2) Tog

C(Q)]. For each k = 0,7, consider the null observable O™ = ({0, 1}, 20013 F™) in
C () (cf. Example 2.3 (ii)). Then, we have the measurement

Megan) (G0 = ({0,112, 2000, ™ x @, F™), S5, ). (3.36)
Note that

i) the probability that the measured value (by M¢gq 60, Sis is equal to (1,1) is
(Q0) [

wo]

given by 1. That is, the measured value is always (or surely) equal to (1,1).
Thus,

(ii) the measured value obtained by MC(QO)(GO, Sis.,,)) has always the form ((1,1),y) (€
{0,1}2 x Y;). Here Oy is defined by

({0,1}2 x Y;, 20012 gD o g FOD 5 @ G, ) (3.37)
for any any observable (Y, 2", G,) in C(£2,).

Note that M¢(q,) (60, Sis., ]) and Me ) ((Y7, 27 @0, G,), S[(;wo]) are essentially the same.
That is because “to take M¢ QO)(OO, Sis.0))" is essentially the same as “to take no mea-

surement” (cf. Example 2.3 (ii)). Thus, the above (ii) implies that

28



KSTS/RR-06/005
April 19, 2006

(iii) the probability distribution of unknown y (under (i) (= (1))), i.e., the probability
that y (€ Y;) belongs to I',, is represented by
C(Qr)* <q)8,7(6w0)7 GT(FT»c(QT)
for any observable (Y;,2'" G,) in C(Q,) and any T, (€ 2'7).

That is because it holds that

nl nl
i (Fons (F3™ X @0, F™ X @0,G)({(1,1)} x T))
nl nl
ctonyt (G (F{™ x @0, F™ x ©0.G-)({(1,1)} x V3))
:C(QT)* <CI)(>§,T(5WO>’ GT(FT)>C(QT) .

C(Qq)

C(Qp)

Thus,we get the following (iv), which is short for (iii).
(iv) the S-state at 7 (€ T'= {0, 7}) is equal to @ (du,)-

Thus we conclude that (i) = (iv). However, note that (i) always holds. Therefore, we
consider that (iv) always holds.

From the above argument, we have the following lemma. This will be used in the
statement (3.41) later.

LEMMA 3.12. (The Schrodinger picture representation). Put T' = {0,7}. Let S5, | =
[Sia.,1; 1C(82r) Y C(Q0)}] be a general system with an initial state Sis, ). Then we see
that

(f) the S-state at 7 (€ T'={0,7} ) is ®f ,(du,)-

Here it should be noted that the measurement M¢ o) (Y, 27 @y G,), S[(;WO]) <or, Me )
(60,8[5%]), cf. (3.37)) is hidden behind the assertion (f).

Also, the following lemma is the formal representation of Corollary 3.4 (ii). (Cf Re-
mark 3.14.)

LEMMA 3.13. (Inference and the Schrodinger picture representation). PutT = {0, 7}.
Let Sy = [Spyi { o, : C(2;) — C(Q0)}] be a general system with an initial state Sp,). Let
Oy = (Xo,2%0, Fy) be an observable in C(Qp). And, let O™ = ({0,1},2013 F™) pe
the null observable in C(f2;) (cf. Example 2.3). Consider a measurement MC(QO)<60(E
Oy X @0,7090), Sp), which is essentially the same as Mc(q,)(Oo, Spy). Assume that
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(1) we know that the measured value obtained by MC(QO)(60 = Q) X (IDOJO(THD, Si)
belongs to =g x {1} (€ 2X0x{0:1}),

Then we see that

(b) there is a reason to infer that the S-state (after the measurement MC(QO)(ao, Si))
at 7 (€ T ={0,7}) is 5, (duy),

where 6., (€ M",(Qy)) is defined by

[Fo(Z0)](wo) = max[Fo(Zg)](w). (3.38)

w€eN

PROOF. Let BT+ C(Q,) — C(Q) and RO+ M7y (Q) — M™(,) be as
in Definition 3.7. Here, note that, from the property of null observable, it holds that
Fy(Zp) x CI)O,TFT(HI)({l}) = [y(Zp). Thus we see that Bgl’;){l}(gf) = Fy(Z0) X ®g g, for any
gr (€ C(Q,)). By Lemma 3.11, it suffices to prove R(E()O’T)(éwo) = ®f (du,). This is shown

as follows.

. (B )" (0un)
C(Qr)* <R(EO()7X){1} (o) gT>C(Q7—) = o) ( (077-)0X{*} ’gT>C(Q7—)
1(Bzg513) " (9wo) [l mc2r)
_ 1 (6 RO (g)) _ [F0(Z0)](wo) X [Po,rg7](wo)
H(Bg;:;){l})*((gwo)“M(QT)C<Qo) 07 T Eox {1} C(99) [Fo(Z0)](wo)
=c@n (20,0u) Ir) o,y (V9 € C(2r)). (3.39)
Then, we see that R(E%;){l}(éwo) = ®§ (du,). This completes the proof. O

The following remark shows that Corollary 3.4 (ii) is a direct consequence of Lemma

3.13.

REMARK 3.14. (Continued from Corollary 3.4). As mentioned before, the proof of
Corollary 3.4 is temporary. Corollary 3.4 should be understood as a corollary of Lemma
3.13 as follows. In Lemma 3.13, put Qp = Q,; = Q9. And let &y, : C(Q40) — C(Qp)
be the identity map. Since “the S-state (after the measurement Me(q,) (O, Sy)) at
7(= 40)" = @ +(du,) = 0wy, We easily see that Corollary 3.4 is a consequence of Lemma

3.13. This should be regarded as the formal proof of Corollary 3.4.
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3.5 Regression analysis in measurements

Now let us explain the reason why we consider:

(#) it is worth while to doubting the derivation of (3.5) (= (3.29)) from (3.4) (= (3.28)),
i.e., the formula h(2) = 0.4+ 1.4 x 2 =3.2.

Using the notations in Regression Analysis I, as the statement (R) of Example 3.6, we

say that

e the measurement MC(QO)(60 = ([Lep Xi, 2Meer Xt ﬁo),S[*]) is hidden behind the
inference (3.4) (=(3.28)).

And we conclude, by Corollary 3.4 (or Remark 3.14), that

[x] = “the S-state after the measurement MC(QO)(éo, Sip)”
= Ouwp- (3.40)
Here the d,, (€ M%,()) is defined by [Fo([T,eq Ze))(wo) = maxuen,[Fo([Tier Z0))(w)-
On the other hand,
e the map “6u, — P@f (du,)” <i.e., the derivation of (3.5) (= (3.29)) from (3.4)
(: (3.28))> is due to the Schrodinger picture, behind which the measurement

Mc (o) (P00, = (Y7, 27, D0 .G,), S[(;WO]) is hidden. Cf. Lemma 3.12. (3.41)

Thus, in order to conclude the assertion (3.5) (= (3.29)), we need the above “two mea-

surements”, that is,
“Mc(go) (60, SM)” and “Mc(go) ((I)o,.,-Ofr, S[(gwo})” . (342)

However, note that it is forbidden to conduct “two measurements” (cf. Remark 2.4). This
is the reason that we consider that it is worth while to doubting (3.5) (= (3.29)). In order

to avoid this confusion, it suffices to consider the “simultaneous” measurement:

M0 (00 = (] 1) x 7, 2@Ler X3 [Foy 1), (where Oy is as in Definition 3.7),
teT

(3.43)

instead of (3.42).

Then, we rewrite Lemma 3.11 as our main theorem as follows.
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THEOREM 3.15. (= Lemma 3.11, Inference in Markov relation). Let Oy = (ILer Xe
oMlier Xt E) be as in Theorem 2.9 in the case A, = C() (Vt € T). And consider a
measurement Mcag) (O, ). Let 7 be any element in T. Let {Rl(%;)ﬁt | =, € 2% (Ve e

T)} be as in Definition 3.7. Assume that we know that the measured value (obtained by
MC(QO)(éo, Si)) belongs to [[,cr Z¢. Then, there is a reason to infer that

(#)  “the S-state at 7 (€ T') after MC(QO)(éo, Sw)” = RO (Oug )- (3.44)

T T MerEr

Here 6., (€ M% () is defined by

[Fo([[E0)(wo) = wme%f[fo(ﬂ E0)l(w). (3.45)

Lastly, we prove the following lemma, which justify the inference (3.5).

LEMMA 3.16. (Some property of homomorphic relation). Let Oy = (ITier Xe olrer Xt

Fy) be as in Theorem 2.9 in the case A, = C(Q) (Vt € T). Consider the family of Bayes

(0,7)
MierE:

T. Assume that @), : C() — C(Qr) (Vt € T such that 0 < t < 7) is homomorphic.
Then, it holds that:

operators { B | Z; € 2%t (t € T)} such as in Definition 3.7. Let T be any element in

BYT S (GH(T,) = Fo(J [ 20) % @0,G-(T,) (¥, € 2% (vt € T), VT, € 277), (3.46)

teT

for any observable (Y;,2Y7, G) in C(€),). Thus we see that the Bayes operator BY™)

Mier=: -

C(2;) — C(Qy) is determined uniquely under the homomorphic condition.

PRrROOF. The proof is shown in the following three steps.
[Step 1]. Let wy be any element in . And let g, and h, be in C(€2,) such that

0<gr <1, gr(¢0+(wo)) = 0,0 < hy <1, and hy(¢or(wo)) = 1. (3.47)
where ¢g , : 9 — §2; is defined by (2.18). Then we see, by (3.32), that

0< Bz (9:))@) < (Porgr)(@) = gr(d0-(w))  (Vw€Qo).  (348)
Putting w = wy in (3.48), we get, by (3.47), that

[BYT 2, (9:)](wo) = 0. (3.49)
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Also, from the linearity of Bayes operator and the condition (iii) of Definition 3.7, we get

BYT) - (1, — ho)l(w) = [BYT) 2, (1))(w) — [BYT) 2, (h)](w)

= [F([[E0)w) — B2, (h)lw)  (Vwe Q). (3.50)

Thus, putting w = wyp in (3.50), we get, by (3.47), that

0 < [BY7) <, (1, — ) (wo)

HtET t

< [((PO,T(]'T - hT))](WO) - 1T(¢0,T(w0)) - h7(¢0,7<w0)) =1-1=0. (351>

Then, we obtain
[BET 2, (ho))(wo) = [Fo(] ] Z0)] (wo)- (3.52)

[Step 2]. Let wy be any element in €. Fix any f (€ C(£2;)) such that 0 < f < 1. Define
gr, hr (€ C(€;)) such that

gr(wr) = max{0, f(wr) = f(dor(w0))}  (Vwr €€,

= min —f(wT) w
he(r) = min{ £ ZEELS 1) (Y € 0. (3.53)

The g, and the h, clearly satisfy (3.47). And moreover, we see, for any w, € ., that

gr(wr) + f(Por(wo)) hr(w7)
= max{0, f(wr) = f(¢o,r(wo))} + min{f(w-), f(do,r(wo)

~—
——

_ { (f(wr) = f(¢or(wo))) + f(Dor(wo)), 1 flwr) = f(dor(wo))
0+ f(wr), if f(wr) < f(dor(wo))
= f(w,). (3.54)

[Step 3]. Let wy be any element in €. Let I'; be any element in 2¥~. From the [Step
2], we see that there exist g, (€ C(Q2,)) and h, (e C(£2;)) such that G.(I';) = g+
(G (C)](b0.+(wo))hr, Gr(do.r(wo)) = 0, he(¢por(wp)) = 1. Then we see

[BYT -, (Go(T)](w) = [Bf{’;;;& <§T+ [GT(FT)](qSO’T(wO))/}ZT)}(w)
=B 2, (3)](@) + [G-(T))(Gor (wo)) %[BTz, (h))(w)  (Vw € Qo). (3.55)
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Putting w = wy, we see, by (3.49) and (3.42), that [B(O’T) (9r)](wo) = 0 and [B(O’T) (ET)](wO)

IierEe MieTZ

= [ﬁO(HteT E¢)](wo). Thus, we see, by (3.55), that

BT 2, (G-(T))(wo) = [Gr (T (o.r(wo)) x [Fo(] [ Zo)](wo)

teT
= [®0,G(T))(wo) x [Fo(] [ E0))(wo)- (3.56)

teT
Since wy (€ §2g) is arbitrary, we obtain (3.46). This completes the proof. O]

Now we can propose our main assertion as follows.

REGRESSION ANALYSIS II. (The new proposal). Let (T = {0,1,...., N}, 7 : T\
(I>7r t),t

{0} — T) be a tree with root 0, and let S,; = [Sp; {C(§%) % C(Qrwy) beer\joy] be a

general system with the initial system Sp,). And, let an observable Oy = (X, 2Xt F}) in a

C*-algebra C(€);) be given for each t € T. Then, we have a measurement

MC(QO)(60 = (H X, 2Mler Xe By, Sis) (cf. Theorem 2.9). (3.57)

teT

Assume that the measured value by the measurement M¢(q) (O, Si) belongs to [[,. E: (€
2llier Xt) - Also define 6., (€ M%(€)) such that

Fo([ ] 201(wo) = max{Fu([ ] 20)](w). (3.58)

Let T be any element in T. Let {RY7) _ | =, € 2%t (vt € T)} be as in Definition 3.7.

MieTEr

(The existence of {RV7) _ | E, € 2%t (Vt € T} is assumed by Theorem 3.8.) Then, we

MieTEr

see:

(). [The S-state at T (€ T')]. There is a reason to infer that

(#)  “The S-state at 7 (€ T') after MC(QO)(éo, Sw)” = RO (8,0). (3.59)

MierTEr

Also
(ii). [The S-state at T (€ T') for the homomorphism @ .]. Assume that ®q, : C(£,;) —
C(€) is homomorphic (i.e., Pripye : C() — C(Qrwy) (Vt € T such that 0 <t < 7) is

homomorphjc). Then there is a reason to infer that
“the S-state at T (€ T) after Mc oy (00, Sp)” = @5 (0., )- (3.60)
Here note that ®f _(du,) = 04, (ws) Where ¢o : Qo — Q, is defined by (2.18).
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PROOF. (i). See Theorem 3.15 (= Lemma 3.11).
(ii). We see, by Lemma 3.16, that

077— *
< (077—) (5 ) g > . < (Bl(_[tej)”Et) (5‘4}0)
c(Qr)* \T LB \YW0 /0 IT/C(Qr) T C(Qr)* 0.7 ;
(Binhz,)" (0u)

1 0,7)
- *( wo> (,: Et<g7')>
L
! (0us Fo([ [ Z0) % ®o,-9-) (by L 3.10)
= — «\Owgr L0 =t 0,797 v Lemma 3.
[FO(HteT :t>] (WO) C(Q0) 0 ot C(Qp)

Zctan (L0, 0u0): 9r) e,y (V97 € C(Qr)).

Then, we see that RV7) _ (8,,) = D - (0ug)- O

Mier=e

 9r) )

REMARK 3.17. (1. Continued from Examples 3.1 and 3.6). Note that our problem
(i) in Example 3.1 was to infer the h(2) and not («g, 5y). Regression analysis 1T (3.60) is
applicable to our problem, that is, the above (3.60) says that there is a reason to calculate

h(2) in the following:
h(2) = do2(0.4,1.4) = 0.4+ 1.4 x 2 = 3.2, (3.61)

(2. Interesting logic). It should be noted that, when 7 = 0, the Regression Analysis II
is the same as the Regression Analysis I. Thus, we also conclude (3.4), i.e., (ag,By) =

(0.4,1.4). After all, the Regression Analysis II says that

(M;) as the result in the case that 7 = 0, the conclusion (3.4) in Example 3.1 is reasonable,
or

(Ms) as the result in the case that 7 # 0, the conclusion (3.5) in Example 3.1 is reasonable,
However, it should be noted that the Regression Analysis II does not guarantee that
(M3) both (3.4) and (3.5) in Example 3.1 are (simultaneously) reasonable.

That is because two measurements (i.e., the measurement M; behind (M;) and the mea-
surement My behind (M,)) are included in (M;) and (M). If we want to conclude
this (M3), we must consider the simultaneous measurement of “measurement M;” and

“measurement M,”, that is, we must generalize Definition 3.7 (Bayes operator) such as
B(Ov(oﬂ—))

mers - C(8) x C(r) — C(Qp) satisfying similar conditions since only one mea-

surement is permitted (cf. Remark 2.4). This is, of course, interesting, though it is not

discussed in this paper.
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3.6 Conclusion

It is too optimistic to claim that an axiomatic approach is always possible and powerful
to every field in science. We can easily check it if we, for example, examine the standard
description of chemistry, psycohlogy or botany, etc.. That is, we consider that the success
of the axiomatic approach to physics (e.g., “Newtonian mechanics is based on the three
laws” etc.) is a quite rare case in the history of science. And further, we believe that
only the most fundamental theories can be completely formulated under some axioms.
Here, we have the important question “Which category does statistics belong to?”. This is
precisely our motivation of this paper. For the axiomatic approach to statistics, we start
from the two axioms in measurement theory:

MT = measurement + the relation among systems (3.62)
(measurement theory) (Axiom 1) (Axiom 2)

which includes classical and quantum measurements.
In this paper we show that regression analysis can be completely understood in MT

as follows.

measurement theory

( { Corollary 3.3 (conditional probability)

Axiom 1 = (F;l;ﬁgg’gege?‘;ﬁod) Corollary 3.4 (classical Fisher’s method)

Theorem 2.9 (measurability)
Axiom 2 = < Theorem 3.8 (the existence of Bayes operator)
L Lemma 3.10 (some property of homomorphic relation).

And, using these results, we derive “regression analysis” as follows.

(i) “Theorem 2.9” 4+ “Corollary 3.4” = “Regression Analysis I 7,

“Theorem 2.9”

(ii) - “Corollary 3.3” + “Theorem 3.8” = “Theorem 3.15”

(Markov inference) = “Regression Analysis I1”.

“Lemma 3.10” )

We believe that Regression Analysis II is the best (i.e., precise, wide, deep etc.) in all
conventional proposals of regression analysis (though it should be generalized as mentioned
in Remark 3,17.). It is surprising that both statistics and quantum mechanics can be

understood in the same theory, i.e., measurement theory (3.62).
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We believe that every statistician wants to know the complete justification of (3.4)
and (3.5) in Example 3.1. Thus we expect that many statisticians will be interested in
our axiomatic approach. That is because there is no justification without axioms.

We hope that our theory will be generally accepted as a standard theory of an ax-

iomatic formulation of statistics.

4 Kalman filter in Noise

In this section we formulate “Kalman filter” ( c¢f. Kalman (1960)) in SMT. Consider

the following conventional “Kalman” filter as follows.

0:(n) _s(n+1) s(n) TG0 x(n)
U(n+1,n) 0>(n) (4.1)

where s(n) : L-dimensional state vector at time n, (n) : M-dimensional measured data

vector. And s(n) and x(n) are described by the following equations:

s(n+1)=®¥(n+1,n)s(n) + 01(n) :stochastic difference state equation
(n=0,1,---,N—1)  (42)
x(n) = C(n)s(n) + 02(n) : measurement equation
Here, it is assumed that @ (n+1,n), C(n), 6(n) (and its initial distribution) and 85(n) are
known, where W(n+1,7n) : K x K-dimensional transition matrix, ;(n) : L-dimensional
input vector which represents a white noise, C(n) : L x K-dimensional measurement
matrix, @3(n) : L-dimensional vector which represents a measurement error. Here, our

problem is as follows.
(b) Infer the state vector s(7) (0 < 7 < N) from the measured data (1), z(2),--- ,z(N)

Also, note the original equation of the stochastic difference equation (4.2) is the following

equation:

s(n+1)=¥(n+1,n)s(n) (n=0,1,---,N—1). (4.3)

In this section, we consider this problem (b) in SMT.
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The following theorem is an analogy of Theorem 3.15. This theorem ( = Theorem 4.1

) is also called “Bayes’ method .

THEOREM 4.1. (Generalized Bayes theorem, Bayes’ method or Bayes-Kalman filter).
Let (T = {0,1,..., N}, @ : T\ {0} — T) be a tree with the root 0 and let S(vy) =
[S(v0), C(£2) Fe C(Qz) (t € T\ {0})] be a general system with the initial system
S(vg). And, let an observable O; = (X, Fi, Fy) in a C*-algebra C(§;) be given for each

t € T. Then, we have a statistical measurement

MC(QO)<6O = (H X, ®]:t, £), S(v)). (cf. Theorem 3.15 )
teT el
Assume that the measured value by the statistical measurement Mc(Q)(é(), S(v)) belongs

to [Lier Z¢ (€ Qer Fi). Let 7 be any element in T. Then, we see

(a)  “the ( statistical ) S-state at 7(€ T') after MC(QO)(60, S(v))” = RO (v).

ierEr

(I>7r t),t
Proof. Since the sequential observable [{O;}er, {C(,) =% C(Qz@)) brer\{oy] 1s com-

mon to PMT and SMT, Theorem 3.15 is applicable. ]

4.1 The measurement theoretical formulation of the (4.2)

Firstly, we formulate the (4.2) in SMT. Assume, for simplicity, that T'(= {0, 1, ..., N})
is a tree with a series structure (though this assumption is not needed). For each t (€ T)),
consider compact Hausdorff spaces S; and ©;. Note that the S; [resp. 6] (t (€ T)) is
the state space [resp. “the set of the white noise”]. Although, it is natural to assume
that S = &1 = - = Sy and ©yg = ©; = --- = Op. In this papaer, we can do
well without this assumption. Now, consider the following two Markov relations among
systems: [{W¢, 4, : C(Sy) — O(Sh)}(tl,tg)eT%] and [{Yy, 1, : C(Or,) — C(@tl)}(tl,tg)qu]

such as

Yo,1

[C(S0)] —— [C(S1)]

W9

T 10(She)] [0S )] (44)

where the initial state dy, (€ M’ (Sy)) is assumed to be unknown, and

(C(B0)] = [0(0)] o P [C(O)] S [0(6)
(with the initial state v§ (€ M, (6y))). (4.5)
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Here, it should be noted that the above (4.4) [resp. (4.5)] is the measurement theoretical
formulation of (4.3) [resp. the 6 in (4.1)]. Also, note that the above (4.4) is equivalent

to

* * * *
0,1 ‘1’1,2 ‘I’N—Q,N—1 VNN

[(MF1(So)] R ME(S)] —= -+ ——— M(Sn-1)] —— [MT(Sn)]

where WY . 0 MT(S,) — M7 (Sny1)] is the dual operator of W, 41 : C(Sny1) —
C(S,). Since the (4.4) corresponds to the conventional (4.3), it is natural to assume that
the (4.4) is deterministic, i.e., ¥,, ;41 is homomorphic. Thus, for each n =0,1,2,--- | N —

1, there exists a continuous map ¥y, 41 : Sp — Spy1, i€,

[SO] bo,1 [81] V1,2 o YN_2,N—1 [SNfl] YN_1,N [SN]

where

fn+1(¢n,n+1(sn>> - [\Iln,n-i—l(fn—i-l)](sn) (vfn—i-l € C(Sn—i-l)avsn € Sn)

Next, consider a continuous map A, : S, x ©,, — S, that is,
Sy X 0, 3 (sp,0,) — A(Sn,0,) €S, (n=0,1,--- | N) (4.6)

which corresponds to the left @ in (4.1). The continuous map A, : S, X ©,, — §,, induces

the continuous map A, : M7 (S, x ©,) — M7, (S,) such that

Aa(vy @v))(By) = (v @ 1) (A, (By))
(Vv @ vy € MT(S, x ©,),VB, C S, : open). (4.7)

Further, define the continuous map (TJ;';WH s MT(Sn X Oy) = M (Spq1 X Opga),
such that

T1(Sn X ©y) 2 Vg ® Vr? H‘I’Z,nﬂ('/f ® VS)

_ * S * (S} * ©
:[An-f-l(\lln,nJern ® Tn,n+1yn )] ® Tn,n+1Vn € MTl (SN-H X 9714—1)

where Y7, 1 M4 (0,) — M7, (©,41) is a dual operator of Ty, ;11 1 C(Qp11) — C(82,).
That is,

Vrirl ® V7?+1< = (I)q*z,nﬂ (VS ® V’r(?))
:[Anﬂ(‘l’z,nﬂ”g ® T;kz,nHVr(?)] ® T:L,n+1]/7? (n=0,1,---,N—=1) (4.8)
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which (or, the following (4.9)) corresponds to the state equation (4.2). Thus, we have the
following Markov relation [{@n’n+1  O(Spa1 X Opp1) — CO(S, x ©,)

P01 P12 DN _o,N_1
[C(Sp x ©p)] —=— [C(S1 x ©1)] A ik

Py_1,N

[C(SN,1 X @Nfl)} [C(SN X 9]\{)]

(4.9)
where @n,nﬂ is the pre-dual operator of @):L’nﬂ (i.e., @nmﬂ)* = @Zerl).
Next, we consider the measurement theoretical characterization of the measurement

equation (4.2). That is, consider the following Markov relation:

! /

1o , 11,2 T/N—Q,N—1 , T§V—1,N /
[C(6p)] —— [C(O)] —— -+ ——— [C(Oy )] — [C(Oy)]
(with the initial state v5" (€ M, (65)))

which corresponds to the 03 in (4.2). Also, for each n (€ T'), consider an observable
0, = (X,,,2% F,) in C(S, x ©,, x ©), which corresponds to the measurement equation

(4.2). Thus, we see that the (4.2) corresponds to the following (4.10):

[C(So X O x Of)] 21 [O(S) x O1 x ©})] 22 ... ZXMY [0(8y x O x )]

(4.10)
(Xo,2%0 Iy) (X1,2%0 ) (X, 2%~ Fy)

with the initial state &5, ® v§ ® 1§, where 1§ (€ MT,(6y)) and v§" (€ MT,(0})) are

known, but ds, (€ M¥%(Sp)) is unknown.

Now, we can skip to the next section. However, in what follows we mention the con-
crete form of the family {O,, = (X,,, 2% F},) nN:m which corresponds to the measurement
equation (4.2).

For each n(= 0,1, ..., N), consider an observable O/, = (X,,,2%" F’) in C(S!), where
S) is a compact space. And consider a continuous map A, : S, x ©/ — S/ which induces

the continuous map A}, : M7 (S, x ©, x ;) — M7, (S,) such that

[, (v @ vy @ v (Ba) = (v @ vy )(X,) 71 (B))
Vi @vd @ € MT(S, x 0, x 6,),VB), C S, : open).

n

Thus, for each n (€ T), we can define the observable O,, = (X,,,2%", F,) (in (4.10)) in
C(S, x ©,, x ©) such that

<VSR®VS®V7?/7Fn(En)> = *<A%(VSH®VS®VS/)>F7/L(E7L)>

C(SpxOnx0h)  C(Sh)

Vi @ @v? € MT (S, x 6, x6.)).

n

C(SnxOnx0L)* C(8h)
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4.2 Kalman filter in Noise

For simplicity, put (:)n =0, x0' and VO =18 1. Then, we can rewrite the (4.10
y n 0 0 0

as follows.

~ a 1 N $1 2 $N72,N71 X 61\771,]\] ~
[C(So x Bg)] «—=— [C(S) x ©1)] — [C(Sn-1 xOn-1)] «———— [C(Sn x ON)]
(Xo,2%0, Fy) (X1,2%, Fy) (Xn_1,2XN=1 Fy_q) (Xn,2%~, Fy)

with the initial state ds, ®V0é7 where 1/0@ (e ./\/l’fl(@o)) is known (that is, v§ (€ MT,(6y))
and v§" (€ M7, (0})) are known), but d5, (€ M~ (Sp)) is unknown.

Now, we get the sequential observable [Or] = [{Ot}teT,{EI\Dtl,tz L O(S,, x ©,) —
C(8;, x @tl)}(tmz)eTi]- Then, we can construct the observable Oy = (IT,eq Xy, 2MeerXe, )

in C(Sy x C:)O), which is the realization of the sequential observable [Or], such as

~ P01 ~ P12 DN _o,N_1 ~ ) 1, ~
[C(So x )] «—=— [C(S1 x ©1)] s 2L (O(Sno1 X O )] 2 [O(Sh x Op)]
Fy I3 Fn_y Fn
(Fot;é)ii;ﬁl) <150,1 (Fl(;é)if‘ﬁz) ‘51,2 L a\>N—2,N—1 (FN,l:;(pEI\)iN) <§‘N—1,N (FLN)
=F = =Fn_1 =Fy.
(4.11)

(The existence of the Og = ([T,ep Xy, 2€7X¢, ;) is assured by Theorem 2.9.)

Now, we can represent the “measurement” 9M({Oy}ier, S(ds, ® V((]:) )) such as
M{Oc}ier, S(bs, @ 15)) = Me(s,xa,) (00, S (05, @ 1))

Assume we know that the measured value (2;)ier (€ [[,or X¢), obtained by the mea-
surement MC(SOX(:)O)(607 S(0sy @ Vé:))), belongs to [],., Z¢. Thus, Fisher’s maximum like-
lihood method (cf. Theorem 3.8, Corollary 4.1) says that there is a reason to infer that
the unknown sy (€ Sp) is determined by

(:) T o _ (:) o =
C(SoxBg)* <550 ® Vo ’FO(H ut)>c($0xé0) o E%%Z{ C(SoxBg)* <5S ® vy ’FO(H “t»C(soxéO)'
teT teT

Let 7 € T, and let {BI(IOt’QEt | [LerZe € 2MerX} be a family of Bayes operators.
(The existence is assured by Theorem 3.2.) Then, we see, by Theorem 3.4, that the new
S-state 1576 (e M (S- X ©,)) is defined by

new

S:x0, _ pl0,7) 5]
Vhew =~ = RHtGTEt((Sso ® 1y ),

41



KSTS/RR-06/005

April 19, 2006
where RQ’T)T& : M (Sp (:)0) — M7 (S; x C:)T) is a normalized dual Bayes operator,
B (0,7) -
ie. RHOth_t(y) = % (Vv € M4 (Sy x ©p)). Thus there is a reason to consider
te

that the new S-state ( in M (S;)) is equal to v;7, such that

TL

vor (D,) = vor x6, (D, x ©,) (VD-(CS,): open set). (4.12)

new new

4.3 Conclusion

In this paper, we studied “Kalman filter” in SMT (= statistical measurement theory

s(n+1) = A¥(n+1,n)s(n),0:1(n)) : stochastic difference state equation
( where A is the additive operation)
(n=0,1,---,N —1)
x(n) = N (C(n)s(n),82(n)) : measurement equation
( where X is the additive operation)

(4.13)

Here, it is assumed that W(n+1,n), C(n), 8;(n) (and its initial distribution) and @, (n) are
known, where {Ivl(n +1,n) : K x K-dimensional transition matrix, 6;(n) : L-dimensional
input vector which represents a white noise, C(n) : L x K-dimensional measurement

matrix, @(n) : L-dimensional vector which represents a measurement error.

5 Measurement error model

Although we have several kinds of measurement error models in statistics (cf. Fuller), the

following may be the simplest one:

gn:00+01$n+6n7 5n:xn‘FUTL (n:]-azv“'aN)7

(€n, Un) ~ Nl[average(0, 0), variance(c?2,, o2,)]. (5.1)

ee)

The first equation is a classical regression specification, but the true explanatory variable
T, is not observed directly. The observed measure of x,,, denoted by ,,, may be obtained
by a certain measurement. Our present concern is how to infer the unknown parameters
0y and 6; from the measured data {(Z,,7,)}_,. Precisely speaking, our purpose of this
paper is to study this problem in general situations (i.e., without the assumption of normal
distributions). We show that the above problem is naturally formulated in measurement
theory, and assert that the method of measurement error model is valid for more general

situations (i.e., the abstract form of (5.1) without the assumption of normal distributions).
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5.1 Measuement error model in measurement theory

From here and onwards, we, for simplicity, devote ourselves to classical systems (i.e., the
case that A = C(f2)), and not quantum systems (cf. the last statement in this section).
Put 4y = C(Q) and A; = C(21). Let © be a compact space, which may be called a
parameter state space. Consider a parametrized continuous map ? : Qy — Q, 6 € O,

which induces the parametrized Markov operator W¢ : C(£;) — C(€) such that

(U f)(w) = AW (W) (Vfi € C(Q),Vw € Q). (5.2)

Consider observables Og = (X, F, F) in C(€) and Oy = (Y, G, G) in C(£2;). Recall that
U?0; can be identified with the observable in C'(€q) (cf. Axiom (ii)). Thus, we can con-
sider the product observable Of = (X xY, FxG, Fx ¥’G) in C(Q). And, we get the mea-

surement, MC(QO)(ég, Si.))  (w € Q). Consider the N times repeated measurement of

MC(QO)(ée, Sis.1), which is represented by Mc(Q(IJV)(®7]:[:1 0’ Sign_ s, 1) Here, @ 4,, =

n=1
-----

®7]:[:1 C(Q) = C(QF), that is,

N

(RF x UG))(E) x Ep x -+ x Ex x Ty x Ty x -+ x Ty)](wi, wa, o0 )
n=1
=[Fx VG(Z; xT))](w)) - [F x VG(Ey x T9)](ws) - [F x V'G(En x T'y)|(wn)
(VZ, € F, VT, € G, V(w1,wy, ...,wy) € QY V0 € O). (5.3)

Our present problem is as follows.

(#) Consider the measurement MC(Qév)(®f:]:1 o SieN_s,,)) Where it is assumed that
(@1,@9, ..., on) (€ QY) and 0 (€ ©) are unknown. Assume that we know that the
measured value (Z1,...,Zn, 1, ..., yn) (€ XV x Y) obtained by the measurement

Mc(QéV)(®7]j:1 o’ SieN_s,,)) belongs to 1Y ,(Z, x I,)). Then, infer the unknown

n=1

W1, W, ..., WN and 6.

This problem is solved as follows. Define the observable O = (XY x YV, FN x gV, H)
in C(Q2) x ©) such that [H(E; x -+ x Ey x [y x -+ x D) (w1, ..., ww, 0) = (5.4). Note
that we have the following identification:

N
Me oy x0)(O, Sien_ 5,.)28)) = MC(QQ’)(@ o’ SioN_bu,])- (5.4)

n=1
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Consider the measurement MC(Qévxg)((A), SieN_, 5%)@5@]) where it is assumed that we
do not know @y, @s,...,wn,H. Then, we can, by Fisher’s maximum likelihood method

(Corollary 3.4), infer the unknown state (®2_,d;, ) ® d; such that

[H(Z) x -+~ x By x Ty X - x T)](@1, ..., @, 0)

= max  [H(Z; x - x Ex x [y x -+ x Ty)](wr, ..., wn, ). (5.5)

This is the answer to the above problem (f). Note that g, €1, X and Y are not necessarily
the real lines R. Also, if readers are familiar with the theory of tensor product C*-algebras,
they can easily see that the assertion (5.5) is valid for even quantum systems under the
condition that Oy and ¥YO; commute. Therefore, the answer (5.5) is stated under the

very general situations.

5.2 A simple example with normal distributions

In this section, we apply our main result (5.5) to the simple measurement error model
(5.1) with normal distributions.

Let L be a sufficiently large number. Put Qg = [-L,L],Q, = [-L?* — L, L* + L],0 =
[—L, L]? and define the map (%% : Qg — Q; such that

PN (W) = 1w+ 0 (Yw € Do, V(6o,61) € O).

Also, put (X, F,F) = (R,Bgr,G?") in C(£p) and (Y,G,G) = (R, Br,G??) in C({)
(cf. Example 2.2). Thus, we define the product observable O0.b1) — (X XY, FxG,Fx
UQG) = (R?, Bre, H0) where H%%) = [ x WG, in C(£) such that
- 1 (r —w)®  (y— (6w +0))?
H®) (= x T :—2// - - dud
(HONEx D)) = (e [ [ expl - o dady
(V= € Bg, VI € Bgr, Vw € ).

Thus, we have the observable O = (R*N Braw, }AI) in C(Q2) x ©) such that

N
[H(Z1 x - x Exy x Ty x - X D)1, oo, 00, 61) = [ [IHO (0 x T)](wn)
n=1
2N @n—en)? SN (yn—(010n+60))?

2 2
20‘1 20’2

dz,dy; - - - deydyn

:(—1 )2N // e
V2mo109 TN (0 xT0)
(VEn € BRvan € Bva(wlaw27 ""wN) € Qév’v(eo’el) € 9)
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Assume the conditions in the problem (f) in Section 5.1, and further add that

= =T —¢e,2,+¢|, TS =[Un—c¢cyn+e] (forsufficiently small positive ).

Then, our main result (5.5) says that

max [HOO)(Z5 x - x B5 x TS x - x T9)](wi, ..oy wiy, o, 01)
(w1,,..,wN,90,91)€QéV><@
NI w Al bhoyw, 6
= min [Z(—" — )P+ Z(& — (= 202 (since ¢ is small)
(wl,...,wN,90791)EQONX@ —1 (o] (5] n—1 02 02 01 )

(Here, note that the distance between a point (f—’f, g—’;) and a line y = %x + 3—(2’ is equal

tO \ﬂn—elfn—%\

. Then, we See)
o3+

SN (G — 0170 — 0p)?

= e 5.6

(Go.01)c0 02 + 026° (5.6)
— ZnN:1<gn — 61T, — 6o) :_0_ ) ) («— %(5.6) =0),
> ont (017007 + #003 = 000107) (Fn = OiT0 — 60) =0 (— 55-(5.6) = 0).

(5.7)

Thus, the unknown parameters 6, and 6; are inferred by the solution of this equation
(5.7). Note that this is a direct consequence of our main result (5.5), which is the general
assertion applicable to both classical and quantum systems (cf. the last statement in
Section 5.1). Also as mentioned in Section 1, we can see that, if o3 = 0, the (5.6) (or the

(5.7)) is the same as the result of ordinary regression analysis.
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6 Appendix (The proof of Theorem 3.8)

PROOF. It will be proved by induction. Let O’ = (Y;, 2", G,) be any observable in
().
[Step 1]. First, define the positive bounded linear operator Egt ’th : C(Q2) — C(Q)
such that

El(_[:ZZ)}Et (97') - ﬁT(H Et) X gr (ng € C(QT))7 (61)

teT:

and define the observable 67( = ((ITer, Xo) x Y7, 2ier, Xe)x¥r ﬁT)) in C'(£2;) such that

F(]] 2 xT.) =B o (G.(T;) (Y, €27), (6.2)

T et B

which is clearly the Heisenberg picture representation of the sequential observable [{O;} et ;
Do (1)t

{C(Qt) — (Qﬂ—(t))}teTf\{T}], where 6t = Ot <1ft 7é 7'), = OT X Og_ (lft = T). ThliS,

the operator B\l({;gjt : C(Q;) — C(Q,) is the Bayes operator induced from the O,
< = (HteTT X, 2Alier, Xe ﬁT))

[Step 2 (Assumption)]. Let s be any element in 7\ {0} such that s < 7. Here,
assume that El(-f:TEt . C(Q,;) — C(9,) is the Bayes operator induced from the O,

( = ([Lern, X, 20er, Xt,fs)). That is, there exists an observable 65( = ((TTier, Xi) x
v, 9TLer, X0x¥s 135)) in C(€,) such that
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(i) O, is the Heisenberg picture representation (cf. Theorem 2.9) of the sequential
oy cI)Tr t),t ~ .
observable [{O}ier,; {C(Q) = C(Qrw)) brer\ (s3], Where Oy = Oy (if t # 7),
=0,x O, (ift=r1).

(i) F(([Ler, Z0) x Iy) = Eﬁje >T o (G-(T.)  (VE, € 2% (Vt € T,), VI, € 2'7),

(iii) FS((HtETS Et) X Y:r) = ﬁS(HteTS Et) (VEt € 2% (Vt € TS))-
[Step 3]. Let (z1)¢er,,, be any element in HteT,r<s> Xi. Note that {(z¢)ser,, } = HteTﬁ(S){xt}.

Define the positive bounded linear operator EI(IW(E?’T) gy - C(Qr) = C(Qa(s)) by
t 7(s) Tt

a n(s:7)
[B\(W(S)J) [FW(8)<HteT,r(s>{xt})](wﬂ(S)) X [(I)W(S),SBHtETS{xt}(gT)](WW(S))

ot (QT)](WW(S)) = =
ety o} (o) (Mier, o\ Xe) X Tlier, {2 )] (wn(s)

(6.3)
(‘v’gT € C(QT),VWW(S) S QW(S)).

Here, the above is assumed to be equal to 0 if the denominator of (6.3) is equal to 0 (i.e.7
Frto) ((Mery 2. X0) X [er g2 })] (@) = o). And thus, we can define the positive
bounded linear operator E(ﬂ;(s)ﬁ) = 1 C(Q;) = C(Qns) by

et ()=t

p(r(s)) »(7(s),7)
BHteTﬂS)Et - Z B{(xt)teTw(S)}'

(It)tETﬂ(s) GHtGTﬂ'(S) =t

Define the observable E\)W(s) = ((HtETﬂ.(S) X)) x Y, ollrer, Xt)XYT, ﬁﬁ(s)) in C(Qr(s)) such
that
Fro(( I 20 xT0) = BEY7 (GA(Ty)  (VEp € 2% (Vt € Ty(y), VT, € 2V7),

T ket B
tETﬂ-(s)

which is clearly the Heisenberg picture representation of the sequential observable [{Oy }ier. o

Dty

{C(Qt) — C(Qﬂ(t))}teTﬂ(s)\{W(s)}], where 615 = Ot (lf (4 7é 7'), = OTX Ofr (lf t= 7'). AlSO7
we see that (cf. Theorem 2.9) of

Fao(( [T 20 x ¥ =F( [ 20 (vE 2% (Vi e Tny)).

€T (s €T ()
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That is because we see

=~ - _ B(r(s),r) _ R(m(s),7)
Fw(s)(( H “t> X Y:F) - BHteTﬂ,(s)Et(lT> o Z BHtETw(S) {mt}(l'r)

1€ (s) (mt)teT7r GHtET (s
= »(s,7)
FT('(S) (HtETﬂ.(s) {xt}) X ®71' 5) SBHteT {Q?t}(l )
(xt)teTﬂ(s) GHtETﬂ'( ) F (S)((HtET (S)\TS ) X HtET {wt})

_ Z W(S)(HteTw(s) {w:}) X Frgo((Ier o Xt) X I ier {2})
(@0 )iery () Ellrer, ) Bt Fﬂ(s)((HtETw(s)\Ts Xo) x [lier, {21})

- > Feo( [T {=d) = Feo( I] =0 (6.4)

(xt)teT GerTﬂ_(s) =t tETﬂ. tETﬂ.(5>

[1]

t

- ¥

Therefore, we see that BT _ C(2;) — C(Qy(s)) is the Bayes operator induced from

Meer, =t
the O ( (ILer o) X,,2 HtGTﬂ-(S) Xi ﬁr(s))) Thus, we can, by induction, finish the proof

since it suffices to put Bnot 2 =, = B ETT - O
=
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