Research Report
KSTS/RR-06/002
March 15, 2006

Geometric objects in an approach to quantum
geometry

by

Hideki Omori, Yoshiaki Maeda,
Naoya Miyazaki, Akira Yoshioka

Hideki Omori Yoshiaki Maeda

Tokyo University of Science  Keio University

Naoya Miyazaki Akira Yoshioka

Keio University Tokyo University of Science

Department of Mathematics
Faculty of Science and Technology

Keio University

©2006 KSTS
3-14-1 Hiyoshi, Kohoku-ku, Yokohama, 223-8522 Japan



KSTS/RR-06/002
March 15, 2006

Geometric objects in an approach to quantum
geometry

Hideki Omori
Department of Mathematics, Tokyo University of Science,
Noda, Chiba, 278-8510, Japan,
omori@ma.noda.tus.ac. jp

Yoshiaki Maeda *
Department of Mathematics, Faculty of Science and Technology,
Keio University, Hiyoshi, Yokohama, 223-8825, Japan,
maeda@math.keio.ac. jp;

Naoya Miyazaki '
Department of Mathematics, Faculty of Economics,
Keio University, Hiyoshi, Yokohama, 223-8521, Japan,
miyazaki@math.hc.keio.ac. jp;

Akira Yoshioka ¥
Department of Mathematics, Tokyo University of Science,
Kagurazaka, Tokyo, 102-8601, Japan,
yoshioka@rs.kagu.tus.ac. jp;

March 15, 2006

Abstract Ideas from deformation quantization applied to alge-
bra with one generator lead to the construction of non-linear flat
connection, whose parallel sections have algebraic significance.
The moduli space of parallel sections is studied as an example of
bundle-like objects with discordant (sogo) transition functions,
which suggests a method to treat families of meromorphic func-
tions with smoothly varying branch points.

A.M.S Classification (2000): Primary 53D55, 53D10; Secondary 46L65

*Partially supported by Grant-in-Aid for Scientific Research (#15204005.), Ministry of
Education , Science and Culture, Japan.

TPartially supported by Grant-in-Aid for Scientific Research (#15740045.), Ministry of
Education , Science and Culture, Japan.

tPartially supported by Grant-in-Aid for Scientific Research (#17540096.), Ministry of
Education , Science and Culture, Japan.




KSTS/RR-06/002
March 15, 2006

1 Introduction

The aim of this paper is to show that deformation quantization provides us with
a new geometric idea going beyond classical geometry. In fact, there have been
several attempts to describe “quantum objects” in a geometric way (cf. [3], [5],
[6]), although no treatment has been accepted as definitive. Motivated by these
attempts, we produce a description of objects which arise from the deformation
of algebras, as one approach to describing quantum mechanics mathematically
is via deformation quantization, which is a deformation of Poisson algebras.
Through the construction of the star exponential functions of the quadratic
forms in the complex Weyl algebra, we found several strange phenomena which
cannot be treated as classical geometric objects (cf.[9], [11], [12], [13]). Our
main concern is to understand how to handle these objects geometrically, and
we consider our results are a step toward quantum geometry. However, sim-
ilar questions arise even for deformations of commutative algebras, as in the
case of deformation quantizations. For this reason, in this paper we deal with
the simplest case of the deformation of the associative commutative algebra of
polynomials of one variable.

In §2.1, we construct an algebra C,[(] whose elements are elements of C[(]
parametrized by the indeterminate k. Motivated by deformation quantization,
we introduce associative commutative products on C[¢] parametrized by a com-
plex number & (cf. Definition 2.1), which gives both a deformation of the canon-
ical product and a representation parameterized by x of C.

Our standpoint formulated in § 2.1 is to view elements in the abstract algebra
C«[¢] as a family of elements. The deformation parameter x is viewed as an
indeterminate.

One method of treating this family of elements as geometric objects is to
introduce the notion of infinitesimal intertwiners, which play the role of a con-
nection. In fact, elements of C,[(] can be viewed as parallel sections with respect
to this connection. These elements are called g-number polynomials.

In §2.2 and § 2.3, we extend this setting to a class of transcendental elements
such as exponential functions. In this setting, the notion of densely defined
multi-valued parallel sections appears crucially. We also call these g-number
functions in analogy with [1]. However, the only geometrical setting possible is
to extend the infinitesimal intertwiners to a linear connection on a trivial bundle
over C with a certain Fréchet space of entire functions.

In §3 we investigate the moduli space of densely defined parallel sections
consisting of exponential functions of quadratic forms. We show that the moduli
space is not an ordinary bundle, as it contains fuzzy transition functions. This
has similarities to the theory of gerbes (cf. [2], [8]).

However, our construction has a different flavor from the differential geomet-
ric point of view, since gerbes are classified by the Dixmier-Douady classes in
the third cohomology over Z, while our example is constructed on the 2-sphere
or the complex plane. We prefer call this fuzzy object a pile, although Zs-gerbes
have been proposed as similar notions (cf.[14]).
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We run into a similar situation in quantizing non-integral closed 2-forms on
manifolds. As for integral symplectic forms on symplectic manifolds, we can
construct a prequantum bundle, which is a line bundle with connection whose
curvature is given by the symplectic form. We attempt the prequantization of
a non-integral closed 2-form by mimicing our examples describing the moduli
space of densely defined multi-valued parallel sections. We note that Melrose
[7] proposed a method handling a type of prequantization of non-integral closed
2-forms, which seems closely related to our approach.

In § 5, we give an simple example for treating solution spaces of ordinary
differential equation with movable branch singularities. We introduce an as-
sociative product on the space of parallel sections of exponential functions of
quadratic forms, but this product is “broken” in the sense that for every x,
there is a singular set on which the product diverges. Thanks to the movable
singularities, this broken product defines an associative product by treating s
as an indeterminate. This computation provides a novel aspect of the noncom-
mutative calculus. We also hope that our attempt will help with the study for
solutions of ordinary differential equations with movable branch singularities.

In the end, our work seems to extend the notion of points as established
elements of a fixed set to a more flexible notion of elements.

2 Deformation of a commutative product

We construct an algebra C,[(] whose elements are elements of C[(] parametrized
by the indeterminate x. For convenience, we denote by * the product on the
algebra C,[(]. The algebra C.[(] is isomorphic to the algebra C[¢] of polynomials
in ¢ over C, but we will view C,[(] as a family of algebras which are mutually
isomorphic.

2.1 A deformation of commutative product on C[(]

We denote the set of polynomials of ¢ viewed as a linear space by P(C). We
introduce a family of product *,, on P(C) parametrized by « € C as follows.

Definition 2.1. For every f,g € P(C), we set

1 ke
Fang =) 7(5) 0F(0) 0a(0).
=0
Then (P(C), %, ) is an associative commutative algebra for every x € C. Since
putting k = 0 gives the algebra C[¢], the family of algebras {(P(C),*,)}xec
gives a deformation of C[¢] within associative commutative algebras. We note
the following.

Lemma 2.2. For every k,k’ € C, the algebras (P(C),*,) and (P(C),*,/) are
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’

mutually isomorphic. Namely, the mapping T : P(C) — P(C) given by

’

0 T = (e (W -02) Q=3 5 (G5 —R) @27

satisfies T (f % g) = T (f) %w T (g).

Definition 2.3. The isomorphism T given by (1) is called the intertwiner
between the algebras (P(C),*,) and (P(C), *,).

Taking the derivative in &’ for T,if/ defines an infinitesimal intertwiner. Namely,
for k € C we set

d 1
(2) te(u)(f) = s S:OT,ersu(f) = Zuagf.

The infinitesimal intertwiner gives a realization of C.[(] as follows. Let 7 :
CxP(C) — C be the trivial bundle over C, and I'(Cx P(C)) the set of sections
of this bundle. Using the infinitesimal intertwiner defined by (2), we introduce a
connection V on I'(CxP(C)): For a smooth curve ¢(s) in C and v € T(CxP(C)),
we set

3)  Verlsh=g W) ~tuio ) lels). where is)=oc(s).

Definition 2.4. A section yeI'(CxP(C)) is parallel if Vy=0. We denote by
S(CxP(C)) the set of all parallel sections yeI'(CxP(C)).

Let us consider an element f,€C,[(]. Corresponding to the unique expression
of an element f, € C,[(] as
fe= a; Cx---*xC (finite sum), a,€C,
=0 ( ). a

j-times

we set the element f, € P(C) for k € C by

fo= Z a; C # -+ %, ¢ (finite sum), a;€C.
j-times

The section vy, (k)=f. gives a parallel section of the bundle 7 : CxP(C)—C.
Using the product formula #,, we define a product * on S(CxP(C)) by

(4) (1x72) (K)=m1(K) *x 12(K), 711, 72 € S(CXxP(C)).
Lemma 2.5. (S§(CxP(C)),x*) is an associative commutative algebra.

This procedure gives an identification of the algebra (S(CxP(C)),*) with
C.[¢]. Elements of (§(CxP(C)),*) will be called g-number polynomials. Al-
though the space of parallel sections could also be defined as space of leaves of a
foliation, we attempt to give examples via deformations as alternative geometric
objects.
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2.2 Strange exponential functions

We now extend this procedure to exponential functions. For f. € C,[(], we
want to describe the star exponential functions exp, f. (singular), which may
be highly transcendental elements.

Let £(C) be the set of all entire functions on C. For p > 0, we set

G) &) = {f€&O)[fllps = 2256‘5‘<'p|f(C)| < 00,V6 > 0},

and also set €, (C)= Ng>p E(C). Then (£,(C), *,) is a Fréchet commutative
associative algebra for p < 2 (cf. [11]). Recalling the intertwiner 7% given by
(1), we have the following [12]:

Lemma 2.6. Let p < 2. The intertwiner T,’;”l in (1) canonically extends to a
map T} : E,(C) — &£,(C) satisfying

(6) T,’;”/(f %, g):T,f/(f) s T,fl (9) for every f, g € £,(C).

We note that while the product %, does not give an associative commutative
product and the intertwiner 7, ,if/ does not extend to &£,(C) for p > 2, the notion
of the connection V is still defined.

Namely, we consider the trivial bundle 7 : Cx&(C) — C over C with the
fiber £(C), and the set of sections I'(Cx&(C)). For veI'(CxE(C)), we define a
covariant derivative Vv as the natural extension of (3). It is easily seen that
V is well defined for I'(Cx&,(C)) and I'(Cx&,4(C)) for every p>0. As before,
we denote by S(Cx&,(C)), S(Cx&,4(C)) the sets of parallel sections.

We wish to treat the star exponential function exp, f. for f. € C.[¢]. Asin
§2.1, we have the realization {f,}.cc of f«€C,[(], where f,€P(C). Fixing the
*,, product gives the star exponential functions of f, € P(C) with respect to
*,as follows. We consider the following evolution equation

atFH(t) = fﬁ(C) *r Fﬁ(t)7
(7) { Fi.(0) = g

If (7) has a real analytic solution in ¢, then this solution is unique. Thus, we
may set exp, f. = Fx(1) when (7) has an analytic solution with Fy(0) = 1.

By letting k€ vary in C, the totality of the star exponential functions
{exp, . fx}rec may be viewed as a natural representation of the star exponential
function exp, f«.

As an example, we consider the linear function f(¢) = al, where a € C.
Then the evolution equation (7) is expressed as

(8) { atFK(t) = aCFK + %aagFliv

F.(0) = 1.

By a direct computation, we have
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Lemma 2.7. The equation (8) has the solution F(t)=exp(at{+%5a®t*). Thus,
we may set

0 exp., 1€ = exp(iC + 512)

which is contained in E14(C) for every k € C.

Since the intertwiner T is defined on &; 1 (C), and T,’j,(exp*ﬁ al) = exp, , a(,
we see that {exp, a(}rec is an element of S(Cx&14(C)). Asin §2.1, it is natu-
ral to regard {exp, a(}.ec as the star exponential function exp, a¢, which may
be called a g-number exponential function.

From the star exponential functions exp,  a(, we construct a type of delta
function via the star Fourier transform: Namely, we call

oo

(10) 5., (0) = [ exp., it
—o0

the *,-delta function. Using (9), we have

Lemma 2.8. The *,-delta function d.,(C) is well defined as an element of
E21(C) for every keC such that Re(k) > 0.

Using integration by parts, we easily see that
e’ / exp, . it dt, Ree* k>0
—oo

does not depend on @ whenever Re(e?®x) > 0. This allows us to define
s, (€)€E24+(C) for keC—{0}.

Lemma 2.9. The mapping 6, : C—{0} — &34 (C) defined by k—0.,, is double-
valued.

Proof. We set

oo
(11) 6(¢; e k) = ew/ exp(ie?t¢ — %e2i9t2)dt.
—00
Setting k=e’" gives that §((;e, ') is
0 well defined on the strip bounded by
0§ = —5 £ 7§ given in Fig.l. Note

that §(¢; ¢? k) depends only on 7 in this
strip —7/2<7+20<m/2 and §((; €, k) is
T a parallel section with respect to k. By
varying 6, we may move t from 0 to 2w
such that (¢,0) is contained in the strip
as indicated in the figure. Moving along
such a path from ¢ = 0 to t = 27 gives

0(¢; l,c):/OO exp(itC—ictQ)dt: —/

— 00 — 00

Fig.1

o0

exp(—it(—icﬁ)dt:f(?(g; 1,¢).



KSTS/RR-06/002
March 15, 2006

Let us consider the trivial vector bundle over C—{0}. Lemma 2.9 tells us that

0.(¢) can be viewed as a double-valued holomorphic parallel section over C—{0}.
Note that §({; 1, c):%e_%cz, and lim. o 6(¢; 1,¢) gives us the ordinary delta
function.

As seen in the construction of the star delta functions, the notion of densely
defined multi-valued parallel sections arises naturally, which could be handled
as leaves of a foliation. However, as mentioned in §2.1, we prefer to interpret
this object as an alternative geometric notion.

2.3 Star exponential functions of quadratic functions
We set

PP(C)={f(¢)=aC*+b|a,beC}, CP[Cl={f.(¢)=alx¢ € C.[¢]|acC}

Thus, we view a(*( as the section (k) = a(®*+4%k€l(Cx P2 (C)), where  :
Cx P?)(C)—C is the trivial bundle over C with fiber P(?)(C). We now attempt
to give a meaning to the star exponential function exp, a(x(, a€C along the
argument in §2.1.

We consider a quadratic element f, € C!? [€]. Then the corresponding
polynomial f, is given by

(12) fﬁ = C*KC = C2+g

As in §2.1, we view {f.}xec as a parallel section of Cx P (C). We consider
the following evolution equation.

(13) atFn(t) :fH(C) *i Fn(t)a FK(O) = Gk,

where f,; can be given by (12). (13) is rewritten as
2 K K% o

We assume that the initial condition g, is given by the form g, = p, 0 exp a,,0(?,
where py.0 € Cx=C—{0} and a, ¢ € C. Putting g,=1 gives the star exponential
function exp, f.(¢). To solve (14) explicitly, we assume that F, is of the
following form:

(15) Fa(t) = pr(t) exp an (1),
Plugging (15) into (14), we have

5‘taK:1+2aKﬁ+aiﬁ2,
(16) Oipr=7% (1—|—f-m,.€)p7
Ay (O):an,Oa Pr (O)ZPH,O-
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Proposition 2.10. The solution of (16) is given by

an70+t(1+"$an,0) ( ) _ Pk,0

1—rt(1+Ka) ’ 1—rt(1+kano)

where we note the ambiguity in choosing the sign of the square root in (17). We
define a subset £ (C) of £(C) by

(17) ax(t) =

ED(C)={f =pexpac?|peCyx, acC}.

Identifying f=pexpa¢? € £3)(C) with (p, a) gives £3)(C) = C, xC. Note that
E£?)(C) is not contained in E(C) but in 51 (C), on which the product *, may
give rise to strange phenomena (cf. [12]).

Consider the trivial bundle 7 : Cx&®)(C) over C with fiber £3)(C). In
particular, putting a, =0, p.,0=1 and t=a in Proposition 2.10, we see that

1 a

].8 *I{ =
(18) XD, 0CnC = < eXp

4-2

where the right hand side of (18) still has an ambiguous choice for the the sign
of the square root.

Keeping this ambiguity in mind, we have a kind of fuzzy one parameter group
property for the exponential function of (18). Namely, for g, = exp, b(*.(,
where b € C, the solutions of (14) yield the exponential law:

(19)
1 ath -2
exp,, aCx.( *y exp,, b(#.( = ———==eT"F0"> =exp, (a+b)Cx,(,
" " 1-(a+b)k "

where (19) still contains an ambiguity in the sign of the square root.

Recall the connection V on the trivial bundle 7 : CxE(C)—C. It is eas-
ily seen that the connection V gives a specific trivialization of the bundle
7 : CxEP@(C)—C. According to the identification £3)(C) = Cy xC, we write
(k) = p(k) expa(r)C? as (p(k),a(k)). Then the equation Vv = 0 gives

dra(t) = a(t)?,
(20) { duplt) = Lp(t)al).

We easily see that (18) gives a densely defined parallel section. As seen in [12],
it should also be considered as a densely defined multi-valued section of this
bundle. Thus, we may view the star exponential function exp, a(*( as a family

1
{F0) = exp (%}, o

This realization of exp, a(*( is a densely defined and multi-valued parallel
section y(k) = p(k)expa(k)¢? of the bundle 7 : CxEP(C)—C. In the next
section, we investigate the solution of (20) more closely.
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3 Bundle gerbes as a non-cohomological notion

The bundle 7 : Cx&(C)—C with the flat connection V gave us the notion
of parallel sections, where we extended this notion to be densely defined and
multi-valued sections. This is in fact the notion of leaves of the foliation given
by the flat connection V. We now analyze the moduli space of densely defined
multi-valued parallel sections of the bundle 7 : Cx&®)(C)—C with respect to
the connection V. The moduli space has an unusual bundle structure, which we
would call a pile. We analyse the evolution equation (20) for parallel sections
as a toy model of the phenomena of movable branch singularities.

3.1 Non-linear connections

First, consider a non-linear connection on the trivial bundle [], .- C = CxC
over C given by a holomorphic horizontal distribution

(21) H(x;y) = {(t;4*t);t € C} (independent of &.)

The first equation of parallel translation (20) is given by fl% = 92,

parallel sections are given in general by

Hence,

1 ¢!

(22) (k5 y(r))=(r; —)=(

s
c—K "1—c 1k

).

There is also the singular solution (k;0), corresponding to ¢! = 0. Note that
(K, f%) is not a singular solution. For consistency, we think that the singular
point of the (x,0) section as at co.

Let A be the set of parallel sections including the singular solution (k, 0).
Every f€.A has one singular point at a point ¢ € S2=C U {oo}. The assignment
of f € A to its singular point o(f) = ¢ gives a bijection o : A—S5%=C U {c0}.
Namely, A is parameterized by S? by

(23) o(f)=cef=(n——) o(f)=cos f=(x0)EA

c—K
In this way, we give a topology on A.

Let T:/ (y) be the parallel translation of (/{;y) along a curve from k to x'.
Since (21) is independent of the base point k, T¥ (y) is given by

/ 1

K—K'

We easily see that T,’:” = T:,”T,if/, TF = 1. Every fe€A satisfies Tslf(lf) = f(x)
where they are defined.
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3.1.1 Extension of the non-linear connection

We now extend the non-linear connection H defined by (21) to the space CxC?
by giving the holomorphic horizontal distributions

(24) H(r;y,2z) = {(t;y*t, —yt);t € C} (independent of , z).
Parallel translation with respect to (24) is given by the following equations:

d7y72 dz

dliiy’ =Y.

(25) Z -

For the equation (25), multi-valued parallel sections are given by both ways

a 1
2 — log(1— — 1 —
(26) (s, 1_(m,z—|— og(l—ak)), (k, b_ﬁ,w—i— og(k—="b)), (a,beC)
although they are infinitely valued. The singular solution (x;0, z) occurs in the
first expression. The set-to-set correspondence

(27) (a, 24+2miZ) <= (b, w+2miZ)=(a"", z+log a+mi+2miZ)

identifies these two sets of parallel sections, which gives multi-valued parallel
sections. However, because of the ambiguity of loga, we can not make this
correspondence a univalent correspondence (cf. Proposition3.1).

Denote byfi the set of all parallel sections written in the form (26). De-
note by w3 : A—.A be the mapping which forgets the last component. This is
surjective. For every v€A such that o(v)=b=a"1€S5% we see

73 () ={(k, é,w—&—log(m—b));wG(C}:{(K;7 1_a z+log(l—ak)); zeC}.

ar’
Since there is one dimensional freedom of moving, 73 !(v) should be parameter-
ized by C. However, there is no natural parameterization and there are many
technical choices.

3.1.2 Tangent spaces of A
For an element f=(k, 7%, z+ log(1—ak))=(k, 37—, w+log(k—b)), the tangent

’1—akK’

space Ty A of A at f is

a(s)

d
s=0( 1—a(s)k

,2(s)+log(1—a(s)x)); (a(0), 2(0))=(a, 2) }

a . ak . . | b b
= {((1_aﬁ)2,z—1_aﬂ);a,z€C} = {((b—n)Q’w_n—b);b’wEC}'
Hence

H - [_a“_f ﬂ m —(dt) a2y m and TypA=C2

10
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Consider now a subspace Hy of Tf/i obtained by setting Z = 0 in the definition
of Tffi. Then, {Hy; f € A} is defined without ambiguity 27iZ, and obviously
Hy = C. We regard {H;; f € A} an unambiguously defined horizontal distri-
bution on 73 : A — A.

The invariance in the vertical direction gives that {H;f € A} may be
viewed as an infinitesimal trivialization of w3 : A — A.

Parallel translation 1% for (25) is given by

& Y
In (y7z):(1—y(l<6/—/€)7z+ IOg(l_y(’%/_’%)))v
(28)
— -1 /
_(y71,,€/+ﬁ’z+10gy+10g(y —K'+K)),

which is obtained by solving for (25) under the initial data (k,y, 2).
By definition we see I = I, and I} = I% I, as a set-to-set mapping

K TR

Every f € A satisfies I f(k) = f(x') where they are defined.

Proposition 3.1. Parallel translation via the horizontal distribution {Hy : f €
A} does not give a local trivialization of 5 : A — A.

Proof. For a point g = (k, %) of A, and a small neighborhood V, of a,

Vo, = {ﬁ, a' € V,} is a neighborhood of f in A. Consider the set

/

75 (Vo) = {(k, ﬁ,z—l—log(l—a’ﬁ));a’ € V,, 2€C}.

The horizontal lift of the curve l_at;f(ss))n, a'(s) = a+s(a’—a) along the infinites-

imal trivialization is given by solving the equation

d a'—a)k
)

o
A8 =—1 , 2(0) € log(1—ak).

a'(s)k
Hence z(s) = log(1—(a+s(a’—a))k), and z(1) = log(1—a’k). Thus it is impos-
sible to eliminate the ambiguity of log(1—a’k) on V,, no matter how small the
neighborhood V, is. 0

Proposition3.1 shows that mg : A — Ais not an affine bundle. In spite of
this, one may say that the curvature of its connection vanishes.

3.1.3 Affine bundle gerbes

Although 73 : A—A does not have a bundle structure, we can consider local
trivializations by restricting the domain of k.

(a) Let Voo ={b;|b|>3} C 52 be a neighborhood of cc. First, we define a fiber pre-
serving mapping p__ ,, from the trivial bundle 7 : Voo XC — V¢ into 73 : A— A
such that m3p_ , =0~ 'm by restricting the domain of  in a unit disk D: Con-
sider (k, —%—, 2+log(1—ar)) for (k,a"t)EDx V. Since |ar|<1/3, log(1—ak)

’1—akr?

11
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is defined as a univalent function log(1—ar)=log |1—ax|+if, —T<O<7 on this
domain by setting 1—ax=|1—ax|e?, which will be denoted by log(1—ax)pxv.. -
We define

(29) P (b, 2)=(k, ﬁw—i—log(l—aﬁ)), a t=beV,, 2€C
where log(1—ak) in the right hand side is the analytic continuation of log(1—ak)
= log(l—an)Dme.

(b) We take a simple covering of
the domain |z| < 3 by unit disks
Vo s s Vo is Voo, Voo ooy Vi, @s in
Fig.2, and fix a unit disk D’ apart from
all V4,. We define a fiber preserving
mapping Py, from the trivial bun-
dle 7 : Vy, xC — Vj, to the bundle

73+ A — A such that 3D, L=0'm

by restricting the domain of % in a unit
disk D’.
We see that setting k—b=|k—ble??, log(k—b) is defined as a univalent func-
tion on the domain D'xVj, as log|x—b|+if, —m<f<m, which is denoted by
log(k—b)pr XVp, -

Consider (k, 72—, w+log(k—b)) for (x,b)€D'xV;,. We define

S b—k?

Fig.2

1
(30) Py, o (', w)=(x, Tt w+log(k—0b")), (b',w)eVyxC

where log(k—b) on the r.h.s. is the analytic continuation of log(k—b)v; x -

(c) Suppose c€V,,,NVy,; and py, . p(c, U/):P\/bj p(c,w"). Then we see that there
exists a unique n(i, j)€Z such that w'=w+2win(i,j). For the above covering,
we see n(i, j)=0 for every pair (i, 7).

Let c€Vj,,NV and py, . pr(c, w)=peo,p(c, 2). To fix the coordinate transfor-
mation, we have to choose the identification of two sets of values log(k—b)prx v,
and log(l—ak)pxv,, . For b;, except by, we identify these through the analytic
continuation along the (lower) curve ¢ joining D and D', but for by, we identify
log(k—b)prxv;, and log(1—ar)pxv,, through the analytic continuation along
the (upper) curve ¢, joining D and D’.

Therefore there is a positive integer n(i,00) such that w'=z+2mwin(i, c0) by
the same argument. For the above covering we see in fact that if n(1, c0)=m
for i=1, then n(i, co)=m+1 for every i#l.

These give coordinate transformations. However, the collection of these local
trivializations do not glue together, for these do not satisfy the cocycle condition
on the triple intersection marked with the triangle in Fig. 2.
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We denote by [],cg2 Cp the collection of these local trivializations. Thus we
have a commutative diagram
Hbes2 Gy o
(31) Tl m3 |
52 — A

One can consider various local trivializations of the bundle-like object of the left
hand side. [, 4> Cp is not an affine bundle, but an “affine bundle gerbe” with
a holomorphic flat connection (cf.[8]). However, the geometric realization of a
holomorphic parallel section is nothing but an element of A given by (26).

3.2 Geometric notions on A

Recall that the discordance (the Japanese word sogo in the term used in [10])
of patching of three local coordinate neighbourhood occurs only on the small
dotted triangle in Fig.2.

In this section, we construct two examples which give almost the same phe-
nomena as in the previous section for gluing local bundles.

3.2.1 Geometric quantization for a non-integral 2-form

Consider the standard volume form dV on S? with total volume 47. Let 2 be a
non-integral, closed smooth 2-form (current) on S? such that |, g2 Q2 =4dm), and
with the support of  concentrated on a small disk neighborhood of the north
pole N. For {U,}ie; a simple cover of S%, on each U;, Q is of the form Q = dw;,
and hence w;; = w;—w; on U;; = U; NUj is a closed 1-form (current), and is
written by w;; = df;; on U;; for a smooth 0-form (current) f;;.

Now we want to make a U(1)-vector bundle using eV=1fij as transition
functions. However, since on Uy, = U; N U; N Uy, we only have

e\/jlfije\/jlfjkex/jlfm — e\/jl(fij+fjk+fki)
bl

eV=1fij cannot be used as patching diffeomorphisms. In spite of these difficul-
ties, we see that the horizontal distributions defined by w; glue together.

Thus, we can define a linear connection on such broken vector bundle, which
is precisely the notion of bundle gerbes. Since Q2 = dw;, the curvature form of
this connection is given by ). Note that we can make a parallel translation
along any smooth curve c(t) in S2.

Since the support of 2 is concentrated in a small neighborhood Vy of the
north pole N. Therefore any closed curve in S?2—Vy can be shrunk to a point
in S?2—Vy. In spite of this, the homotopy lifting of parallel translation does not
succeed, because of the discordance (sogo) of the patching diffeomorphisms.

If U; does not intersect Vi, then we have a product bundle U; x C with
the trivial flat connection. Since w; = dloge”, the integral submanifold of the
horizontal distribution of w; is given by loge”i. This looks like a pile. Thus,
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even if the object is restricted to S?—Vy, we have a non-trivial bundle gerbe
which is apparently not classified by a cohomology class.

We note that this gives also a concrete example of the local line bundles over
a manifold treated by [7].

3.2.2 A simple example
The simplest example of objects we propose in this paper is given by the Hopf-

1
fibering S% % $2. Viewing S%=1l,es2 Sy (disjoint union), we consider the /-
covering 5’; of each fiber S;, and denote by 53 the disjoint union ]_[q652 5’;

We are able to define local trivializations of S3 U, = U; xS naturally through
the trivializations S3|y, given on a simple open covering {U; };er of S?. This
structure permits us to treat S as a local Lie group, and hence it looks like a
topological space. On the other hand, we have a projection

o SS:H 5';—>S3:H S;

qeS? ges?

as the union of fiberwise projections, as if it were a non-trivial /- covering.
However S cannot be a manifold, since S is simply connected. In particular,
the points of S should be regarded as {-valued elements.

We now consider a 1-parameter subgroup S 1 of S and the inverse image
7~1(S1). Since all points of S3 are “l-valued”, this simply looks like a combined
object of S' x Z, and the ¢ covering group, i.e. in some restricted region, this
object can be regarded as a point set by several ways. In such a region, the
ambiguity is caused simply by the reason that two pictures of point sets are
mixed up.

3.2.3 Conceptual difficulties beyond ordinary mathematics

Let P. be the parallel translation along a closed curve. Let c,(t) be a family
of closed curves. Suppose cs(0) = ¢s(1) = p and ¢1(t) = p. We see that
there is (p;v) such that P, (p;v) # v. Therefore there must be somewhere a
singular point for the homotopy chasing, caused by the discordance. However
the position of singular point can not be specified.

Even though the parallel translation is defined for every fixed curve, these
parallel translations are in general set-to-set mappings when one parameter
family of closed curves are considered.

Thus, we have some conceptual difficulty that may be explained as follows: a
parallel translation along a curve has a definite meaning, but when we think this
in a family of curves, then we have to think suddenly this a set-to-set mapping.
Recall here the “Schrodinger’s cat”.

Such a strange phenomena caused in A by movable branch singularities. In
§3.1, we considered a non-linear connection on the trivial bundle S?xC, and an
extended connection to treat the amplitude of the star exponential functions of
the quadratic form.

14
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4 Broken associative products and extensions

In this section we give an example where such fuzzy phenomena play a crucial
role in defining a concrete algebraic structure. We consider the product bundle
[1,.cc C, and we define in each fiber an associative product which is broken in
the sense that each product is not necessarily defined for all pairs (a, b).

4.1 Associative products combined with the Cayley trans-
form

First of all, we give such a product on the fiber at k=0. Let S? be the 2-
sphere identified with C U {oo}. Consider the Cayley transform Cy : S?>—S2,
Co(X) = %, and define the product by

(32) asgb = % ~ 51 (Co(a)Cy (b))

Here ~ means algebraic equality where defined: an algebraic procedure through
the calculations such as follows:

1- 5815 (L+a)(1+b) — (1-a)(1-b)  a+b

~ =

141422220 (1+a)(14) + (1-a)(1-b) ~ 1+ab’

The product is defined for every pair (a,b) such that ab # —1, and is commu-
tative and associative whenever they are defined. Note also that

a+b a1 +b71

—1g -1
= ~Y = b .
1+ab  14(ab)~! @ %0

(33) aegb

Hence we set coegh = b~!, coeyoo=0, in particular.
One can extend this broken product to pairs (a : g)€CxC as follows:

(a:g)eg(b:g') = (aegb: gg'(1+ab)).
This is an associative product, which follows from ( 32).

b+c a+b

(Lbe)(Iag o) = (L

¢)(1-+ab).

It is worthwhile to write this identity in the logarithmic form

a+b

b+e
4)  log(14-be)+ log(1
(34)  log(1+bc)+log(1+a Trab

1+be

) = log(1+

¢)+log(14ab), mod2miZ

although the logarithmic form uses infinitely valued functions. If one sets
C(a,b) =log(1+ab), then (34) is a the Hochschild 2-cocycle condition:

C(b,c)—C(aegb, c)+C(a,begc)—C(a,b) = 0, mod 27wiZ.
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We extend the product as follows:
(35) (a: g)oin(b: ') = (asob: g-+g'+ log(1+ab)).
This is associative as a set-to-set mapping. By using (27), (35) is rewritten as
(@ g)om(b' 1 g') = (a egb™" : g+g'+log(1+a™b71)).

Next we define a family of products defined on each fiber at k. To define
such a product, we use the twisted Cayley transform defined by C, ~ CoT?,
where TV is given in the equality (1). The result is

_ 1-y(1-k)

(36) Culy) = T

and we define

a+b+2abk C 1 (Cu(a)Cyk(b)).

(37) aonb = Ty ~

The point is that the singular set of the product depends on k. ae.b is defined

for every pair (a, b) such that ab(1—x?)#—1. In other word, for an arbitrary pair

(a,b) € C2, the product ae,b is defined for some « in an open dense domain.
For the parallel sections given in (22), we see that

a b a+b

(38) T—ar “1—br 1—(a+b)k+ab’

In particular,

1 1
_:‘iil.,{_lﬁlil = 0, _Hil.,{m = ﬁ

For simplicity, we denote by f(x) the section f of the bundle 7 : S? x C — S2.

Proposition 4.1. For parallel sections f(k),g(k) defined on open subsets, the
product f(k)e.g(k) is also a parallel section where defined.

4.1.1 Extension of the product
Using (35), one can extend the product ae,b by the formula

(a;9)e(big") ~ I§ ((12(a: 9))ein (L (a: 9)))-
Indeed, we see how the algebraic trick works:

(a:g)en(b:g) =(assb: g+g'+log(1+ab(1—k?))
(39) :( a+b+2abk

—_—r '+log(1 1-x%))).
rab(i o) | 9T+ log(1+ab(1—r ))
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Proposition 4.2. The extended product (a : g)e.(b: g') is defined with a 2miZ
ambiguity. However, the o, product is associative where defined.

The point of such a fiberwise product is the following:

Proposition 4.3. For parallel sections f(k),g(k) defined on open subsets, the
product f(k)e.g(k) is also a parallel section where defined.

Proof. We have only to prove I7 (fe,.h) =I5 (f)e 1% (h).
For f = (—2—-,log(1—ak)), h = (—%—,log(1—bk)), we see that

l—akr’ 1-bk?

B a+b b 9
Jorh _(1—(a—|—b)m+ab’ log ((1 ar)(1 bﬂ)(prl—cm l—bFL(l " ))))
a+b
=———— log(l— .
(1—(a+b)n+ab’ og( (a-i—b)fi—&-ab))
It is easily seen that I,':/(fo,ih) = <717(ai§)l;,+ab, log(l—(a—i—b)ﬁ’—i—ab)). O

5 The notion of ¢-number functions

Using Propositions4.1, 4.3, we define a multiplicative structure on the sets A4
and A of parallel sections. A mnotion of g-number functions which describe
quantum observables was introduced in [1], and our notion of parallel sections
is stimulated by this idea. From this point of view, we may employ the notation
: f i for a section f of the bundle 7 : [[,. .. C — C.

For feA, we view k as an indeterminate. For every f, g€A, excluding the

pair (f,g) = (ﬁ, 1:_—1}{), we define an element fege.A by

(40) ifogin = f(k)eng(k).
Some product formulas on A are given as follows:
-1 -1 1 1 -1 -1
Oof =1, PR 0 1—I€.f 1K’ 1+m.f I

where 0 stands for the singular solution (%, 0). These formulas say that ﬁ—lﬁ acts
like 0 or co. Hence A is viewed naturally as the Riemann sphere with standard
multiplicative structure such that a0 = 0, aco = oo, but Oco is not defined. By
the definition of e,;, we have Cy;(fe.9) = Cr(f)Ck(9g)-

Here the correspondence is given by the family of twisted Cayley transforms
[,.cc Cx : A=CU{oo}. We view A as a topological space through the identifi-
cation [], ¢ Cx-

The table of correspondence is as follows:

—1 1 —1 1—
A | 0 % T T T | Tt { ()”Z) )
1— 1—f(k)(1—k
Image C,, 1 -1 0 oo 12 a TFF(R) (14 R)
singular point | co 0 1 -1 % }ffg -
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Note that

l1—a
1-a
Cil(a) = ~ e~ TG
s (@) 1—k+a(1+k) 1—%_7_—35 0Co (@)

1—f(r)(1—r)

TH () () is independent of k for every parallel section

is a parallel section, and

f.

5.1 A product on A

Let A be the space of all parallel sections given in (26), and consider the product
e on A is given by the product formula (39). For f,f € A, we set f =
(k,y(k),2(r)), f' = (k,y (K),2' (k). fegis defined as a parallel section defined
on the open dense domain where y(k),y'(k) # oc.

Note that

a -1 —1
T log(1- —— log(1+k)) = (k, ——, log(1—a)+ log(1
(1, 1 Jog(L—ak))o(, 1. log (1)) = (i, 1. log(1-a) - log(1+))
(s —— log(1—ar)) (1, ——, log(1—r)) = (r, ——, log(1+a)-+ log(1—r))
"1—ak’ g 11—k’ g — e T g g .

Although % plays the role of 0 or oo, the third component depends on a.
For simplicity, we denote in particular

1 1 -1 1
(41) we = (K; EJJF log 5(1*’1))7 @e = (K; Tin c+log 5(1+’4))-
It is easy to see that

WOWe = Wetc! W OWer = @c+c/7

but w.ew. diverges. ~
Let A be the subset of A excluding the parallel sections (k; %, c+log(1Fk)).
We also set

VZlO = AX ) {wc}7 v[loo = Vzl>< ) {@c}

Proposition 5.1. ,{Iis closed under the extended product e, where defined. In
particular, Ay, Ay A are each closed respectively under the e-product.

5.2 The infinitesimal left action

Note that the singular solution 1=(k,0,0) € A is the multiplicative identity.
A neighborhood of 1 is given by (k, %—, g+ log(1—ax)) by taking (a,g) in a
small neighborhood of 0. For g = 0, we set f, = (k, %, log(1—ax)). For a
parallel section h = (k, y(k), 2(k)) € A, the product f,eh is given by

_(_atylr) +ay(x)s
Jash = (1 —ak + ay(k)(1 — k2)

, 2+ log(l—ak+ay(k)(1 — m2))) ,
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Consider the infinitesimal action

d

To|_ Jasen(.2) = (aQl+2yr—y* (1K), al =k + y(1-K2)).

Define for every fixed x the invariant distribution
Li(y, z) = {(a((1+yx)*—?), a(—x + y(1-+)));a € C}.

By Proposition5.1, we have dlgiolg(y, z) = L.

5.3 The exponential mapping

The equation for the integral curves of the invariant distribution L, through
the identity (0,0) is

%(y(t)vz(t)) = (a((1+y(t)r)*~y(1)*), ay(t)(1=+2)),  (y(0),2(0)) = (0,0).

For the case k =0, a = 1, we have (y(t), 2(t)) = (tanht,logcosht).
We define Exp, : C — Ay by the family of Exp,.:

sinh ¢

Exp, t =T (tanht) = cosht—(sinh )’

sinh t
42 Exp,t = (r; Tg (tanh ) = (#; —————— ).
( ) XPg ("{’ 0 ( an )) (K’ cosh t—(sinh t)ﬂ)

For a fixed t, Exp,t is a parallel section with the exponential law

Exp,seExp,t = Exp,(s+t), and Exp,(s+27mi) = Exp,s.

For the extended product, let E;:Jpo t = (tanht;log cosht), and let

sinh ¢

Exp,. t = I§Expyt = (—
P 0 =XPo cosht—(sinh )k

,log(cosh t—(sinh t)ﬁ) ).

Although E\x/pn is not defined for all ¢ € C, viewing x as an indeterminate
permits us to define the exponential mapping Exp, : C — A, by

sinh ¢

4 Exp,t = (#; ———————
(43) Xpot = ( cosht—(sinht)x

,log(cosht—(sinh t)k)).
This is a parallel section with the exponential law
EXp,seExp, ¢ = Exp, (s+).

We remark here that E;i).S is infinitely many valued. We have E;E),(erQm') =
Exp,s, but these equalities hold as a set-to-set correspondence.
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Consider the formula

) * sinh s—(cosh s)x
(44) log(cosh t—(sinh ¢)k) _/o cosh s—(smh s)
The multi-valuedness of the left hand side is caused by dependence of the integral
on the homology class of the route of integration. Thus, for a fixed k, the
left hand side must be considered as a univalent function on the homological
universal covering space of C—{cosh s—(sinh s)x = 0} (the path space factored
by the group of all homologically trivial loops).
Keeping this in mind, we see the following:

Proposition 5.2. If k is treated as an indeterminate, then 27i periodicity does
not appear in the integral

/t sinh s—(cosh $)k <
0

cosh s—(sinh s)x

a+27i sinh s—(cosh )k

Proof If the periodicity appears, then fa mds must be of the
form 27n. Hence the derivative by x must vanish. Consider now the following

quantity:
d [*T?™ sinh s—(cosh s)nd /“Hm 1 d
el 2 AP s = — s.
dk J, cosh s—(sinh s)k a (cosh s—(sinh s)k)?
This does not vanish if we regard s as an indeterminate. O

We see also that for every a € C

E/);i)ia)s_ ( _ sinh s

7—’1 as h (e h )
" cosht—(sinh )k og ¢**(cosh s—(sinh s)k)

satisfies the exponential law. Using this formula, it is easily seen that for ¢ € R,

. sinh ¢ —t .
ot = tli)rglo (mJoge (cosht—(smht)n))7

e = lim

( sinh ¢

———— loge! ht—(sinht .
cosh t—(sinh )’ og e (cosh t—(sin )K))

We end by noting that Ay is a strange object, which one cannot treat as
an usual manifold. A is a group-like object and the mapping which forget the
last component for the map flx — A is a homomorphism onto Ay = Cy. The
mapping E/b\;p, : C — A, may be viewed as an injective homomorphism.
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