Research Report

KSTS/RR-05/006
Nov. 28, 2005

Dimensional reduction of Seiberg-Witten monopole
equations, N=2noncommutative supersymmetric
field theories and Young diagrams

by

Akifumi Sako
Toshiya Suzuki

Akifumi Sako
Keio University
Toshiya Suzuki

Ochanomizu University

Department of Mathematics
Faculty of Science and Technology

Keio University

©2005 KSTS
3-14-1 Hiyoshi, Kohoku-ku, Yokohama, 223-8522 Japan



arXiv:hep-th/0511085 v2 28 Nov 2005

KSTS/RR-05/006
Nov. 28, 2005

November 2005

OCHA-PP-256
hep-th/0511085

Dimensional Reduction of Seiberg-Witten Monopole
Equations, N = 2 Noncommutative Supersymmetric
Field Theories and Young Diagrams

Akifumi Sako' , Toshiya Suzuki®*

I Department of Mathematics, Faculty of Science and Technology, Keio University
3-14-1 Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan

§ Department of Physics, Faculty of Engineering, Musashi Institute of Technology
1-28-1 Tamazutsumi, Setagaya-ku, Tokyo 158-8557, Japan
* Department of Physics, Faculty of Science, Ochanomizu University
2-1-1 Otsuka, Bunkyo-ku, Tokyo 112-8610, Japan

E-mail: T sako@math.keio.ac.jp
* tsuzuki@phys.ocha.ac.jp

Abstract

We investigate the Seiberg-Witten monopole equations on noncommutative (N.C.)

R* at the large N.C. parameter limit, in terms of the equivariant cohomology. In
other words, N/ = 2 supersymmetric U(1) gauge theories with hypermultiplet on
N.C.R* are studied. It is known that after topological twisting partition functions
of N > 1 supersymmetric theories on N.C. R?? are invariant under N.C.parameter
shift, then the partition functions can be calculated by its dimensional reduction. At
the large N.C. parameter limit, the Seiberg-Witten monopole equations are reduced
to ADHM equations with the Dirac equation reduced to 0 dimension. The equations
are equivalent to the dimensional reduction of non-Abelian U(N) Seiberg-Witten
monopole equations in N — oco. The solutions of the equations are also interpreted
as a configuration of brane anti-brane system. The theory has global symmetries
under torus actions originated in space rotations and gauge symmetries. We inves-
tigate the Seiberg-Witten monopole equations reduced to 0 dimension and the fixed
point equations of the torus actions. We show that the Dirac equation reduced to
0 dimension is trivial when the fixed point equations and the ADHM equations are
satisfied. It is known that the fixed points of the ADHM data are isolated and are
classified by the Young diagrams. We give a new proof of this statement by solv-
ing the ADHM equations and the fixed point equations concretely and by giving
graphical interpretations of the field components and these equations.
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1 Introduction

The Seiberg-Witten theory causes a revolution of nonperturbative analysis for N = 2
supersymmetric Yang-Mills theories [1, 2]. In the Seiberg-Witten theory, the instanton
effects of N' = 2 supersymmetric Yang-Mills theories are encoded in the pre-potential,
which is defined by using the Seiberg-Witten curve. (See, for example, [3] and references
there in.) The Seiberg-Witten theory also provides a powerful tool, the monopole equa-
tion, to investigate the topology of 4 dimensional manifolds [4, 5]. The monopole equations
are more tractable than the instanton equation, and yield many results in mathematics
as well as physics.

Meanwhile, instanton calculus has developed by using ADHM data or D-instanton.
(See, for example, [6].) Particularly, an important calculation technology for N' = 2
supersymmetric Yang-Mills theories is brought by Nekrasov [7]. After [7], many related
works have been made [8]-[38]. In [7] and so on, the localization theorem plays an essential
role [39]-[42]. (See also [43, 44].) The localization theorem is valid when the theory has
symmetries which correspond to some group action and the group action has isolated
fixed points. It is expected that many kinds of calculations of A/ > 1 supersymmetric
gauge theory are carried out by using this theorem.

It is shown that partition functions of N' > 1 supersymmetric gauge theories on non-
commutative (N.C.) R*” are invariant under the N.C. parameter change [45]. Therefore
we can perform the calculation at the large N.C. parameter limit. As discussed in [45]-
[48], taking this limit causes dimensional reduction, and we can calculate the partition
functions by using the theory after dimensional reduction. For this reason, it is important
to investigate the dimensional reduction.

In this article, we will study a 0 dimensional model given by dimensional reduction of
Seiberg-Witten monopole equations derived from N = 2 supersymmetric U(1) theory on
N.C. R*. The equations are equivalent to the ADHM equations and the Dirac equation
reduced to 0 dimension. The equations are also equivalent to the dimensional reduction
of non-Abelian U(N) Seiberg-Witten monopole equations on commutative R* at the large
N limit. We will find that the solutions of the equations are also interpreted as a configu-
ration of brane anti-brane system. The theory has global symmetries under torus actions
originated in space rotations and gauge symmetries. The torus actions define their fixed
point equations. We will investigate the fixed point equations and the dimensional reduc-
tion of the Seiberg-Witten monopole equations. We will show that the Dirac equation is
trivial when the fixed point equations and the ADHM equations are satisfied. It is known
that solutions satisfying the fixed point equations and the ADHM equations are isolated
and classified by the Young diagrams [49]. We will give a new proof of this statement
by solving the ADHM equations and the fixed point equations concretely and by giving
graphical interpretation of the field components and these equations.

Here is the organization of this article. In section 2, we review the N’ = 2 supersym-
metric gauge theory on R* and N.C. R* with a hypermultiplet. In section 3, a D-brane
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interpretation is discussed. In section4, we deform the BRS transformation by using the
global symmetries of the theory. In section 5, we solve the Seiberg-Witten monopole equa-
tions reduced to 0 dimension and the fixed point equations, and show our main claims.
In section 6, we briefly comment on the localization theorem. Section 7 is summary of
this article.

2 N =2 Supersymmetric U(1) Theory on N.C. R*

In this section we review A/ = 2 supersymmetric theory and its topological twist on R*
and N.C. R*. We consider the case with hypermultiplet [50]-[54]. For conventions in this
article, see appendix A.

At first, we set up the model of the N/ = 2 supersymmetric theory on R* SO(4)
spacetime rotation of 4 dimensional Euclidean space is locally equivalent to SU(2); ®
SU(2)g. N = 2 supersymmetric theories have SU(2); R-Symmetry. The supersymmetry
generators Qu;, Qg have indices i = 1,2 for the R-symmetry. A/ = 2 supersymmetric
theories on R* have following symmetry;

The supersymmetric gauge multiplet is given by

s UL (2)
¢

Here ' 4p? and ¢! 1)? are Weyl spinors and their CPT conjugate. ¢ and ¢ are scalar
fields. Their quantum number of H are assigned as

P =(1/2,0,1/2), ¥?=(1/2,0,1/2), ¢ =(0,0,0), ;
Ol =(0,1/2,1/2), ¥?=(0,1/2,1/2), &= (0,0,0). (3)

The action functional is given by

L= —{F&FM —itp8,6"Dythaa’ — D" DFe, (4)
_%wam[éa wai]a - %d—}dia[(b, @di]a - %[(lg, (25]2, . (5)

The supersymmetric transformation with parameter ¢ and ¢ are written as

5Au = igaiauadd—}di _iwaiauadgdia
0o’ = 0l €5 Fy + V20005 D06 + [0, )6,

5&@@' - —ggﬁwiFer\/iifaiUZQDuég—[Qb,ég]gaz‘,
5¢ = V26",
56 = V2. (6)
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To classify the solutions of BPS equations by equivariant cohomology, let us introduce
topological twist here [55, 56]. We use a diagonal subgroup SU(2)g in SU(2)r ® SU(2);
of H. We redefine the spacetime rotation group by

K' = SU©2). ® SU©2) . (7)

Then combinations of spinors whose quantum number of H are (1/2,0,1/2)&(0,1/2,1/2)
have quantum number (1/2,1/2) & (0,1) & (0,0) of K'. Particularly (0,0) is scalar and
Q = €%Qg4 is a BRS operator. Fermionic fields are similarly topological twisted as
¢ (2,0,3) >, (3,1) and ¢ (0,1,1) — xu (0,1) @ 75 (0,0). BRS transformations

272 1212
are given as

0A, =ith,, 0P, =-D,p, dp=0,
5Xw/ = H,uua 5¢ =1,
5H,UJ/ = Z[(bu X,ul/]u 577 = [(bv (b] . (8)

Next step, let us introduce hypermultiplets. A = 2 hypermultiplet consists from two
Weyl fermions 1/, and wg and two complex scalar boson ; ¢ and ¢

Vg
q q .
v
Their supersymmetric transformations are given by
8¢ = —V2%ge + V26,
5wqa - _ﬁiUZdDuqiEdi - 2Taqi$a£ai7
e = —V2i6"D,q'Ca; + 2T.q' €%, (9)

where T, is a generator of gauge group. In the following, we consider the case that
representation of the gauge group of the hypermultiplet is fundamental representation.
After topological twisting, BRS transformations are given by

5qd = __q{j{a 5q£:_’l/_}qdn
e = =i Tug®, e = iqi¢" T, (10)

where fields are rescaled !.

»— QL\/E(b’ \/51/;(? - 7(?’ \/i’lﬁqd _)’&qéw
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Using these field contents, let us construct the action of Seiberg-Witten theory. The
action with fundamental hypermultiplet terms are defined by

S=k—00 (11)
where k is instanton number
1
k= @ TI'(FA/\FA), (12)
and W is a gauge fermion;
U= —WH, = st — X Hee — sa} — {HI* = 5} Xqa
+ilg, Gn" + Dyud ' — (—igh @)y — vhalidg®) (13)

Here

st (A, q, qT) = E 4 ¢ Tyyq.
s*(A,q) = o"Dug=Dq . (14)

After integration of the auxiliary fields H,, and H,, the bosonic action are given as

1 1
Sp = /d4x\/§{i|s“”|2+§|50‘|2}+---. (15)

Notice that when the gauge group is U(1) and the theory is defined on simple type
commutative manifolds we get the Seiberg-Witten invariants as the partition function of
this model [4, 5, 50, 51]. From (15) we get the BPS equations,

SW(A,q,qT) =0, s*(A,q) =0, (16)

which is known as the non-Abelian Seiberg-Witten monopole equations.
In the following, we investigate some properties of N = 2 supersymmetric gauge theory
on N.C. R* whose noncommutativity is defined as

[z, "] =" | (17)

where the 6 is an element of an antisymmetric matrix and called N.C. parameter. For
simplicity, we take

0o o' 0 0

0t 0] 0 0
[ -

0 0|—-6% 0
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In the following, we only use operator formalisms to describe the N.C. field theory,
therefore the fields are operators acting on the Hilbert space H. Then differential oper-
] and [ d*Px

ators 0, are expressed by using commutation brackets —if }[z”, *] = [0,,
is replaced with det(0)"/?Try.

When we consider only the case of N.C. R*, field theories are expressed by the Fock
space formalism. (See appendix in [45].) In the Fock space representation, fields are

expressed as A, = Y A" |ng,ng)(ma, ma| , Yy = YU [na,ng)(my, ma| |, ete.
Therefore, the above BRS transformations are expressed as

5AM:Ln11T1LfL2 - wﬂ::@lﬁfu ’ 5wﬂrr:17;22 - (Dﬂqs)?ﬂllnim T (19)
where the covariant derivative is defined by D, * := [éu + 1A, , * | with @ = —i@;l}x”.

The action functional is given by

S = TTH L(AM,7aAzl,égl)

= Trutro® . (20)
Let us change the dynamical variables as
1 - 1 - - 1= 1 1 1
A, —-—A, — —=1,, — —0, — =1, — —, P~ gt
e (o \/5% ¢ = gd =g, g N1
1 1~ ~ 1 - 1 -
+ ~+ + + ) t
X/,u/ - EX/,un Hpu - E‘Hpuv ¢ - gb ¢q - %¢qa ¢q - %wq7
1. 1. 1~ 1~
Xa = 5 Xa: xh— EXqT’ H, — EHq, Hi — EH;. (21)

Note that this changing does not cause nontrivial Jacobian from the path integral measure
because of the BRS symmetry. Then, the action is rewritten as

A oA 1 ~ t

1 ~
S — @S . L(A,,...;0,,05) — ﬁL(A“,...;—ai,ai) . (22)
Here the action in LHS depends on 6 because the derivative is given by 9., = —v0~[a], ]

and so on. In contrast, the action S in RHS does not depend on 6 because all @ parameters
are factorized out. Using the BRS symmetry, it is proved that the partition function is
invariant under the deformation of 8, because 6,2 = —2(60)0~3(S) = 0. As discussed in
[45], the partition function of this theory is possible to be determined by using a lower
dimension theory that is given by dimensional reduction. Therefore, the investigation of
the dimensional reduction of the theories is important.

The dimensional reduction of Seiberg-Witten monopole equations (14) are expressed
as

PYPTIA,, Al + qa* g =0, (23)
0" Auq =0, (24)

5
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where P{**" is a selfdual projection operator. These expressions are valid for the dimen-

sional reduction of the non-Abelian theory on commutative R?. Using ¢, := (g; +q3)/V2
and ¢_ := (g; — q3)/V2, if we start from the U(1) theory on N.C.R*  the equation (23) is
rewritten as ADHM equations :

[AZI7A ] [AzzquQ] +q- Q— quqj:-t = 0 )
(A, A.,] + q_qf = 0. (25)

Note that these operators in (25) are expressed by infinite dimensional matrices and
the ADHM equations correspond to the instanton of U(N) gauge group with instanton
number N at the large N limit. We consider the finite N situation in the next section.

3 D-brane Interpretation

In this article, we study detail of the solution of (23 ) and (24). On the N.C. R* the fields
appearing in (23 ) and (24) is infinite dimensional matrix acting on Hilbert space. But
the equations are important even if the dimension of the matrix is finite, because there is
a corresponding physical model. In this section, we consider the correspondence between
Seiberg-Witten monopole equations, D-brane picture and (23 ) (24) [57].

At first, we construct the physical model by using the similar manner of the article
[57]. (See also [58]-[65].)

The generalized second order effective action of NV brane N anti-brane system without
topological terms are given by

1 1 1
/ tr{ FER R SEGUEO DR 4 (70— ) } (26)

Here the F, ;E,j,v) and F, ﬁ,v) are the curvature of the A™ and AW )_, respectively, where A(NV)
and AN correspond to open strings attached on D-brane and D-brane. Up to topological
terms, we can rewrite this action as

1
/ tr{4F<N>F<NW SIESD + F) + (06 — 2>|2+8|F21Z2|2+2|Dzi¢|2+2|Dzi¢|2} (27)

From this action, considering the case of ALN) = 0, stationary points are given by

FOO+FS) +q.qt = ¢, (28)
FY, =0, (29)
D21CJ— = 0 5 (30)
Dag. = 0, (31)
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where we replace ¢ by ¢_ and 72 by (. Then, this is the Seiberg-Witten monopole
equations with ¢, = 0 condition and back ground constant field {. (See also the next
section.) This case corresponds to the ¢ > 0 as we will see in section 5. Note that ¢_ can
be regarded as a complex scalar field when we consider R* case.

The solution of (23),(24) of finite matrix model is realized as the D(-1)- D(-1) config-
uration.

4 Deformed BRS Transformation

In this section, we will investigate the symmetry of the dimension reduction of (20) to
0 dimension, and deform the BRS symmetry as G ® TV*2 equivariant derivative, where
G is the gauge transformation group of U(N) and T™*+2 is the torus action, in order to
derive the fixed point equations. Note that the U(N) symmetry is caused from the U(1)
symmetry if we consider the N.C. theory. As explained in section 2, the action functional is
defined by infinite dimensional matrices when we start from N.C. theories, then N.C.U(1)
gauge symmetry is expressed by U(co) symmetry. For simplicity, in the following of this
paper, we restrict our analysis to the finite dimensional, N x N, matrix case. All of the
fields contents , A,,q, etc, are given by N x N matrices. Then the U(oco) symmetry is
also truncated to U(N). From the viewpoint of N.C.field theory, there might be another
type of solutions which is not studied in this article, and the following analysis might not
be completed. On the other hand, as discussed in the previous section, the finite N x N
theory has a D(—1) — D(—1) brane interpretation, then it has physical applications.

The path integral for cohomological field theories reduced to the integral over the
moduli space of vacuum. In our case, the moduli space is defined by solutions of (23),(24).
As demonstrated in [7], the localization theorem is a powerful tool for path integrals
of cohomological field theories. The localization theorem is valid when a theory under
consideration has symmetries under some group actions, and the group actions have
isolated fixed points. (For the localization theorem, see also section 6.) Therefore, to
investigate solutions of the fixed point equation is important. This is the main subject of
this paper.

Adding to the U(N) gauge symmetry and the Lorentz symmetry SO(4) = SU(2);, ®
SU(2)g, the action reduced to 0 dimension has the next extra unitary symmetry, denoted

by U(N), )

VM gy = igab, (32)
where b is a generator of U (N).2 Recall that ¢ and ¢' are fundamental representation of
the gauge group. The gauge transformation of ¢ is defined by left action of the U(N).

2When we consider the case that qg is a IN x k matrix in the next section, then the symmetry becomes
U(k); ~
UM s =igab , b€ a(k). (33)
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Notice that if we define the gauge transformation by using right action, we can define
another gauge symmetry with the corresponding gauge field. We do not introduce this
gauge field, then the symmetry appears only after the dimensional reduction. This is the
origin of U(N).

Now we use the Abelian subgroup U(1)? ® U(1)N of SO(4) ® U(N). That is, we
consider the following symmetry of the action.

IO A = g AL, (34
5U(1)2®U(1)qu — +ZMRaﬁq§+anb7 (35>

where b = diag.(by,--- ,by) is a generator of an Abelian subgroup U(1)N of U(N), and
¢ (1 = 1,2) is a generator of an Abelian subgroup U(1)? of SO(4), defined by

0 —€1

v 1 +€1 O
§A,=MyA, | M= 0 o | (36)

—€9 0
Also Mpa” is the generator of U(1) C SU(2)g,
; 0 € €1+ €2

P + =

M= (0 G) L e=t 7

By using above U(1)?2 @ U(1)Y, let us deform the BRS symmetry from 4 to 4. We

define the deformation by replacing 62 = 5?7(]\[)9‘”96 to

R GRS (38)

(e1, 62)

Here 6¢ is a gauge transformation operator with the group G. Then, for 1., and 1,4, the
BRS transformation rules are given by,

A, = 0., =ilA.,, ¢ —ieA,, (39)
3%qa = Ogq = —idas + Mpa’qs + igab, (40)
g = 0" = q"%ip — Mg®5q" — ibg™. (41)

Now we list the equations, solutions of which we will investigate. Some of them are the
equations of motion, often called BPS equations. They are the same as (23) or (25),(24).
However we take some deformation of them, to remove singular solutions. We introduce
a nonzero number ¢, and take

.([A?H? A21] + [AZ27 AE2]) + Q(5Z151 + 5_2222)qf = 'Lf, (42)
[AZI7 AZQ] + qa’zlqu = 07 (43)
(A, 0™ + Az 0™ + A,,0” + A,,07)q = 0. (44)

8
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(42),(43) are realized by the redefinition of s*(A, g, q")

SHV(Aa q, qT) - FJDLW + qa_,ul/ F— ;rzn

Czlil + C2222 = ZC ) CZIZQ = 0. (45>

This constant ¢ is considered as a back ground field and we define its BRS transformation
by ¢ = 0. Then, we find that all of the above discussions in previous sections are valid
although we add this back ground field. For later use, we rewrite them into

[AZNAEl] + [AZ27 AEQ] - (QZQTT + Q1q>2kT) = C7

1 * * 1 * *
[A.,, ALl + §(€qu1T —gq3") + 5(611qu —gq") =0,
(A»?l - AZQ)QQ - (A»?l + AZ2)Q1 = 07

<A52 + Azl)qé - <A52 - AZl)Qi = 0.

46

47

48

)
)
)
19)

(
(
(
(

The rest of the equations to be investigated are the fixed point equations of the deformed
BRS transformation (39) - (41). They are given by
i[A,,, ] —i6A,, =0, (50)

—i¢ga + Mraqy + igeb = 0. (51)

In the next section, we will investigate solutions of (42),(43),(44),(50),(51), and will
show that they have isolated solutions. This fact guarantees that the localization theorem
is valid to our case.

5 Solutions of (42),(43),(44),(50),(51)

In this section, we solve (42),(43)(44),(50),(51), and show that these equations have only
isolated solutions and the solutions are expressed by the Young diagrams. Notice that
our analysis is also valid to a case where ¢,’s are N X k, (k # N) matrices, though we will
treat g, as N x N matrices in this section. If we take g4 to be N x k, ¢i' to be k x N
and b € u(k), our proof in this section includes a new proof for Prop.5.6. in [49].

First of all, we diagonalize ¢ by using the U(N) gauge symmetry,

¢ = diag.(¢1, b2, , dN). (52)
Next we tackle (50) and (51). From (50) we see immediately that if and only if,
¢y — o1 = €, (53)
A, 1; could be non-zero,
Az s #0. (54)

9
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 J

Figure 1: Py,

Also from (51) we see that if and only if,
¢r="0by £ ey, (55)
¢i r; and g5 ;; could be non-zero,
4 17 = %4 15 # 0. (56)

Notice ¢j ;; and ¢; ;; are not independent from one another.
These observations lead us to the following proposition.

Lemma 1 If (42),(50),(51) have a solution, then ¢ takes any of cpfgf]’m), given by
I

(n17n2)

Pl = Tptme +ng6 o mymy € Z (57)
where
zpe{b) eRI=1,--- N :=b —e.}, (58)
or ) )
.’L‘f € {yj € R,[ = 1, s ,N|V[,n1,n2, Yyr 7é bgi) —+ ni€eq + n2€2}. (59)
(proof)

7n2)

Suppose that ¢; does not take any of @Eg;] given above. This implies that 31,VJ, q4 17 =

0,A,, 17 =A,, y1 =0. Consider (42). It is easy to see that the (I, /) component of LHS
of (42) is 0, whereas the (1, I) component of RHS of (42) is i¢ # 0. Therefore no solution
to (42),(50),(51) is allowed. W

For a set of all {cpf;lfl]’m)mf is given}, assign a graph P ). See Fig.1. In Fig.1, the

(0,0)

origin, denoted by the black square, corresponds to the eigenvalue ‘P[l«}}

= x;, and other

10
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(n1,n2)

lattice points (nq,n2), denoted by black dots, correspond to eigenvalues Pla,]
a set of P, ), ¢ is written as
(n1,m2)
()0 (=) 1N("17”2)
br] by ] (!, nb)
SO[b(l—,)]2 ("1 ny)
® o
7 A W
by ]
[b( )
(n17n2)1
Pl TNpam -
Py Lynin)
@ [yf] ( " //)
I [y[l]’ ’ 1N(”l1l’”l2l
vyl
In each I-th or I-th block, we suppose that eigenvalues cpE( )]2) or gof;;]’m) are
by order,
(n1,n2) (nh.m5) ({ny) _ .
Py S Sy ST
(n1,m2) (n,m3) (n7,n3)
Pl <Pl <Pl S
The index I is mapped to the triad of indices (I, (n1,ns)),
I— (I,(ny,ns)).
We denote the degeneracy of ¢, 1’"2) as N[(mm}’m),
# nl,ng (n1,m2)
{¢I|¢I } - N[xl] > 07
5 3 e
:1:[]
I (nin2)
A, takes a similar block structure,
A, = @ c AL (1 ne)) (T (ma ma))
I :
@ B (Do) (Timame)) T |
I :

11

. For given

(60)

(61)

arranged

(64)

(65)

(66)
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Figure 2: Gz
where
Azi (1, (n1,n2)),(I,(m1,m2)) is a N[(brfi’)?) N[(bT_l)’;”) complex matrix , and
I I
B, (1,(n1,n9)),(I,(m1,m2)) is a N[(;;’"Q) X N[(yrgl’mz) complex matrix.

A non-trivial component of A,, appears in {(I, (n1,n2)) , (I,(ny—1,n))}-th block and,
that of A,, appears in {(I, (ny,n2)) , (I,(ny,ny — 1))}-th block,

Az (L) (Lm—1m2) 70 5 oy (1. (n1na)) (T (ni—1.m2)) 7 0 (67)
Ay (L) (Lnma—1) 0 3 oy (L(nym0)),( (n1na—1)) 7 0 - (68)

By adding left-arrows connecting (ni,ns) and (n; — 1,n2) and down-arrows connecting
(n1,m9) and (ny,me — 1) to the graph P, ), we obtain a graph G, ). For example, see
Fig.2. The left-arrow corresponds to A.,’s non-trivial component, and the down-arrow
corresponds to A,,’s non-trivial component. Also the non-trivial components of g, are

qdi (1,(0,0)),J = —(@5 (1,(0,0)),7 7é 0 s for I, J, s.t. ¢] = bJ + €y, (69)
4 (1,00 = 1% a1y, 70, for I, J, st ¢ =by — €. (70)

From (66),(69),(70), we obtain the next proposition.

Lemma 2 If ¢; takes any of gofg;}’n?) = yr + nieg + naea, then (42),(50),(51) have no
solution.

(proof)
Suppose that some ¢; are given by

b1 = ). (71)

12
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Then, LHS of (46), equivalent to (42), is given by

LHS of (46) = > [A.,, Az] — (eq]” + qi3”)

i=1,2
_ (Bl AL - (e + aig”) 0 (72)
0 @f Zz 1,2 [El EI ] ’

because the non-trivial components of g are given by (69),(70). On the other hand, RHS
of (46) is proportional to a unit matrix,

RHS of (46) = ¢ ( @101171 69101“ ) . (73)

The (I, I) block of (72) is a traceless matrix, whereas the (I , I) block of (73) has a
non-zero trace. These are mutually exclusive. B

Corollary 1 (42),(50),(51) can have a solution, if and only if ¢ is given by

o=D D ‘pfz??lzv“;b@v (74)
I

I (nl,ng)eG[bg,)] by 1
E:(E)?Q) = bgi) + ni€1 + noea, (75)
I

and A,, is given by

=P AL (76)

From now on, we suppose that the parameter ( is a positive number,
¢ >0. (77)
Then we obtain the next theorem.

Theorem 1 Let G

let ¢ be positive. The following three conditions are necessary for a solution of (42),(50)
and (51) to exist.
(1) Gb( )y consists of one connected part.

(2) Gb( ] includes the origin (0,0).
(3) All pomts (ny,n9) in Gb( 3 must be inny <0, ny <0.

) be a graph defined from the eigenvalues cpgb(l_’;?) given by (74). Also
I
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— |
o= |
Figure 3: G ) consists of connected graphs GE:()_)]
I
(proof)

First of all, notice that Al is a direct sum of upper triangle (block) matrices and AL is
of lower triangle (block) matrices, (remember (62),)

0 = *
00 -+ % x
Al=PpAal“=p|:: | (78)
a a oo - 0 «
0 0 0 0
00 0 0
x 0 0 0

a

AL=Ppa=p| : : - . (79)
a ke

*
)
)

where the index a labels connected diagrams GEZ()_)] in G See Fig.3. From (78) and
I

(79), we obtain

bs)

[AI (a) Az, (a)] _ % M, % 7 (80)
0 * Mo
where
I (a) I (a)
mln _'_ Z Zi n'{nzn mzn) (m17m2)A2i (m17m2) (n'inzn n;nln)? (81>
(m1,m2)
_ I (a) I (a)
Mo = — Z Aii (n{”“w,ngnaw),(mhmz)Azi (m1,mz2),(n** niree)> (82>
(ma,ma2)
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Ml(:thn” * *
(nf,n5)
M. — int n !
int " « ‘]\4Z(m£17 5 ) (83)
(n1,m2) I (a)
Mmt = + Z 2 (m,m M17m2)A2i (m1,m2),(n1,n2)
(m1,m2)
I (a) I (a)
N Z 4 (nl,nz),(ml,mﬂAzi (m1,ma),(n1,n2)’
(m1,m2)
(84)
(nvm pi) in (81) denotes the point corresponding to the lowest eigenvalue in GE x and
(n}"** n5**) in (82) denotes the point corresponding to the highest eigenvalue in e e
Also (n1,n2),- -+ in (83) denote other points corresponding to intermediate elgenvalues in
GE () X Let us consider a {(I (a)) , ({ (a))} block of (46),
a I (a * *
AL ALY — (0" + 4w @) 0@ =C Hu @) @@y (89)
i=1,2

If a connected part GE:(),)] does not include (0,0) or (1.1), the second term in LHS of (85)
I

vanishes, since the non-trivial components of ¢, are given by (69),(70). We have supposed
¢ >0, so (80)-(84) tell us that such G(a(),)} does not exist.

Next, consider the {(I, (n7***,n3**)) , (I, (n7"**,n3**))} block of (46),

I I
(m17m2)
*T *T
—(@4” + 043 ){(I( po ) | (1, (e o))
[b( )

If

maz maz

>1 or > 1, (87)
the second term in LHS of (86) vanishes, since the non-trivial components of ¢, are given

by (69),(70), then

LHS of (86) = = > AL (ymas ymas) (my ) AL pas ey < 0. (88)

zZ; (n*n} J(m1,m2)*z; (m1,ma),(n]

(m1,m2)
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Figure 4: Czq)

On the other hand,
RHS of (86) = ¢ > 0. (89)

These are inconsistent from each other. Then, we conclude
n" <1 and nd* <1. (90)

Consider the maximal case, the {(I,(1,1)), (/,(1,1))} component of (46). The first
term in LHS is

I I
- Z Az 0 mama) Az (mama)a) <0, (91)
(m17m2)
and the second term is
—(q;" + a@s") = —2qiq" <0. (92)

Again, RHS is ( > 0. Then we see that the {/(1,1)} component does not exist. Repeating
similar arguments, we conclude that

(n1"*, n5**) = (0,0). (93)

We have finished the proof of Theorem1. B
Let us introduce such a map Z, that

T:{l|l=1,-MY={I|I=1,---,N}, M<N, (94)
(0,0)
N 0. (95)

For each [, assign a connected graph Czg). For example, see Fig.4. For given Cz(),
non-trivial components of A,, are

Az Lm-1m2) Lo} 705 (1 — 1,n2), (n1,n2) € Crq, (96)

and
AZQ {l,(nl,ng—l)}{l,(nl,nz)} % O ) <n17n2 - 1)7 (n17 n?) S CI(l)- (97>

Also non-trivial components of g4 are
Qi 1=01,00,0)},7=1() = — D 1={1,(0,0)},J=2(1) 7 0- (98)
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For the non-trivial components (96) - (98), (42) and (43) are reduced to

Az {l,(nl7n2)}7{17(n1+1,n2)}A51 {t,(n1+1,n2)},{l,(n1,n2)}
— Az {1,01.m2) (1 (1~ L)} Az {1 (1 = 1m2)} {1 (01 m2))
Az {1, (m m2)} 1 (1 o+ D)} AZ 1 (1 ma+ 1) {1 (1 m2) )
— Az, {17(n17712)}7{17(”17”2—1)}AZ2 {t,(n1,n2=1)},{l,(n1,n2)}
F241 1 ()b d G {1 (1m0}
= ¢, (99)

and

AZ1 {l,(nl,ng)},{l7(n1+1,n2)}A22 {l,(nl+1,n2)},{l,(n1+17n2+1)}

— Ao {1, (1 m2) Y {1 (n1 241} A2 {1 (n1 e+ 1) 1AL (n141,n241)
—0. (100)

On the other hand, the Dirac equation reduced to 0 dimension (44) gives no constraint.
The reason is as follows. From (98), (44) is reduced to

A21Qi =0 5 Aéz(h = 0. (101)

Since we have taken the ordering (62), Az (1,(n1,n2)),(.(m1.m2)) A0 i (1, (ny no)),J=z() DAVE
the next structures,

00 -~ 00 0
* 0 00 ‘
Az (e Wmima)) = | 5 0 L @ () J=T() = o | (102)
* % -+ 0 0 .
* ok .- % 0

So, (101) always holds. This fact means that the solutions of the dimensional reduction
of the Seiberg-Witten monopole equations with the constant back ground under the fixed
point conditions of the torus actions are equivalent to the solutions of the N.C.ADHM
equations with the same fixed point conditions.

From now on, we suppose that ¢; does not degenerate,

(ma.m2)
Ny <1 (103)

The reason is as follows.3
(i) The solution of (42),(43)(44),(50),(51) is clearly included in solutions of (42),(43),(50),(51).

3We tried to prove the non-degeneracy of ¢r’s by using a graphical consideration similar to one in the
proof of Theorem2. Although for several simple cases we succeeded in proving that the non-degeneracy is
necessary for (42)-(44),(50),(51) to have a solution, we does not have a complete proof for general cases
yet.
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I — T.
Figure 5: A, Figure 6: A,, Figure 7: ¢

The non-degeneracy of the solutions of (42),(43),(50),(51) is the very same one considered
in [49]. See the argument at the end of section 2 and above discussions. In this case, the
non-degeneracy is certified.

(ii) It is clear that the non-degenerate solutions do not contribute to the path integral for
the partition function, because the factor [];,;(¢r — ¢s) in (113) becomes zero if there
are degenerate solutions of ¢y [7].

Let us give graphical interpretations of (96),(97),(98).

® ALl {1,(n1.m2)}L,(m1+1,n9)} COTTEsponds to a left-arrow connecting (ny,ny) and
(n141,n2) in Cz(y. See Fig.5. The number of non-trivial real components, #{A,},
is given by two times of the number of the left-arrows.

® AL, {L(n1n2)} i, (n1,ma+1)} COrresponds to a down-arrow connecting (ny,7n2) and
(n1,n2 + 1) in Czy. See Fig.6. The number of nontrivial components, #{A.,,}, is
given by two times of the number of the down-arrows.

® i 1={1,0,0)}s=2() corresponds to the origin (0,0) in C7(). See Fig.7. The number of
non-trivial components, #{q}, is given by 2.

The total number of undetermined real variables is #{A.,} + #{A.,} + #{q}.

Also graphical meanings of equations (99),(100) and the residual gauge symmetry
U(1)Y are given as follows.

e Each equation of (99) corresponds to ending points of left-arrow or down-arrow or
the origin in C7(;. In other words, each point Cz() corresponds to each equation of
(99). See Fig.8. The number of nontrivial constraints, #{Eq.(99)} is given by the
number of points.

e Each equation of (100) corresponds to a hook connecting (ny,ng) and
(ny + 1,n9 + 1), which includes a intermediating point (n; + 1,n2) or (nq,ny + 1),
in Cz(). See Fig.9. The number of nontrivial constraints, #{Eq.(100)}, is given by
two times of the number of hooks.

e Each U(1) factor of the residual gauge symmetry U(1)Y corresponds to each point
(n1,m2) in Czq). See Fig.10. The number of the degrees of the residual gauge
symmetry U(1)", denoted by #{U(1)}, is given by the number of points.
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-t A

Figure 8: Eq.(99) Figure 9: Eq.(100)

Figure 10: U(1) gauge sym-
metry

N
h

\
LR

Figure 11: A quadrangulation may include some segments which do not make faces.

The total number of real constraints is #{Eq.(99)} + #{Eq.(100)} + #{U(1)}.

Now let us prove the next theorem.

Theorem 2 If and only if Crqy is a Young diagram, (99),(100) has a solution, and the
solution s a isolated one.

(proof)

Consider a graph Cz(; as a quadrangulation of a 2 dimensional surface. Here we admit
quadrangulations to include some segments which do not make faces, like the graph in
Fig. 11.* We start with cases, where 2 dimensional surfaces have no hole. Recall the
well-known formula for the Euler number x of graphs,

X =2 —2h — b= #{points} — #{segments} + #{faces}, (104)

where h denotes the number of handles of graphs, and b denotes the number of boundaries
of graphs.
In our case, h =0 and b = 1. Then we obtain,

x = 1 = #{points} — #{segments} + #{faces}. (105)

Notice that
#{points} = #{Eq.(99)} = #{U(1)}, (106)

4If one considers a dual graph, then one finds that the dual graph gives a quadrangulation of a
2 dimensional surface in the usual meaning. The dual graph is obtained from the original graph by
replacing original points by dual faces and original segments connecting original points by dual segments
gluing dual faces.
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Figure 12: Young diagram and Figure 13: Graph without a hole and
variant diagram graph with a hole
and
#{A #{A

#{segments} = { Zl}; { Zz}. (107)

Also one sees that #E
(100
#{faces} < W, (108)

and that, in (108), the equation holds when the graph Cz is a Young diagram. See
Fig.12. Then we obtain

(F{A 3 + {4} + {g}) = (F{Ea.(99)} + {Eq.(100)} + #{U(1)})

2# {segments} + 2 — 2#{points} — #{Eq.(100)}

—2 (#*{points} — #{segments} + #{faces}) + 2

— 242

— 0. (109)

IA

From this, we find that if and only if C'7(;) is a Young diagram, we can have a solution to
(99),(100), and that the solution is an isolated one.

Now let us turn to a case, where Cz() has some holes. A diagrams with holes is
constructed from one without holes by adding pieces of diagrams. For example, see
Fig.13. In Fig.13, some white dots are added to make a hole. Under this operation, the
number of undetermined variables increases by

A #{undetermined variables} = A #{A, } + A #{A,,} =2x4+2x2=12. (110)
On the other hand, the number of constraints increases by

A #{constraints} = A #{Eq.(99)} + A #{Eq.(100)} + A #{U(1)} =5+2 x 2+ 5 = 14.
(111)
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As implied by the above example, one can show that “puncture” operations make the
number of constraints greater than that of undetermined variables in general. We conclude
that if Cz¢) has some holes, then (99),(100) have no solution.

We have finished the proof for Theorem?2. B

As mentioned in the top of this section, we have shown that (42),(43),(44),(50),(51)
have only isolated solutions, and the solutions are expressed by the Young diagrams.

At the end of this section, we comment on the case that the ¢ are not square matrices.
Let us compare above cases with the case of CI" and the ADHM data for usual U(N)
instanton. We have investigated the case that ¢; and qg are N X N square matrices.
It is clear that the above theorem is valid even if ¢; and q(le are N x k and k x N for
arbitrary k € Z, respectively. In this case, our equations (42) - (43) are ADHM equations
corresponding to U(N) instanton of & instanton number with Dirac equation reduced to
0 dimension. The Dirac equation (44) makes no nontrivial equations when we introduce
(. Then, our models are completely equivalent to the case of ADHM equations with
fixed point equations of torus action, that is discussed in Nakajima'’s lecture note [49] and
others [7, 13, 15]. The proof for the correspondence with ADHM data and the Young
diagrams is given by [49]. In this light, our proof in this section is a new version for the
Nakajima’s theorem. We solved the fixed point equation of the torus action directly. By
virtue of the concrete solution, the correspondence between fields components, ADHM
equations and Young diagrams are clarified.

6 Localization Theorem

Though, in this paper, we does not perform the summation of the solutions nor obtain the
partition function of our model, we make comment on the localization theorem [39]-[44],
which is a powerful tool for the calculation of path integral of cohomological field theories,
in order to explain our motivation.

For our purpose, one of the most suitable expression of the localization theorem is one
given in [9, 16]. This is expressed as follows.

Let 6 be the deformed BRS transformation defined in section 4. As explained in
section 2, the action S is given by a BRS exact function. Now we redefine the action as

S =6 (¢, B, F). (112)

The difference between 60 and d¥ causes no effect to the path integral, because the
integral of equivariant cohomology is equal to that of original cohomology. Here we have
used the notation B, F to denote the BRS doublet fields collectively. Then the localization
theorem tells us that

- ng v HI;,AJ ¢I ¢J)
Z_/WDBD}"(; W_/H dpr=—=F . (113)
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¢r are the eigenvalues of ¢, and the superdeterminant SdetL is defined by

Qs  9(Q)s
OF oB

where (Q)s and (Q)# are defined by the representation of the deformed BRS transforma-
tion 0 on the fields B, F,

0 0
Q= (Q)B% + (Q)fﬁ- (115)
Note that this expression is analogue of
d=d+iyx, (116)

where X is a vector defining the Lie derivative £x associated with G ® TV*2 action. See
(39),(40),(41). In our case, we obtain

N

. (€1 +e){ ¢I—bl) +€2,}
/Il_IldgbI[#J b1 — ¢s) 11_[1 P S Py CE
{(¢r — ‘bJ) 4€+}{_(¢I - bJ) + €2 }2
1171{ (pr —bs)2 4+ E32{(d1 — 04)? — €1 }{(d1r — bs)? — €3} (117)

where e = (€1 + €3)/2.

Some comments might be necessary. This formula is derived by using a some version
of localization theorem, which reduces the integral [ DBDF, and this is valid only if the
BPS equations of the action (42),(43),(44) and the fixed point equations of the deformed
BRS symmetry (50),(51) have isolated solutions for a given value of ¢;’s. []; ¢, integral
is remained, and this should be understood as the contour integral. The poles correspond
to the isolated solutions [39]-[42].

7 Conclusion

The solutions of the Seiberg-Witten monopole equations reduced to 0 dimension which
satisfy also the fixed point equations of torus actions were classified, where the torus action
is induced from the global symmetries. More concretely speaking, we deformed the BRS
transformation of the topological twisted N' = 2 gauge theory on R* with a hypermultiplet
to the T-equivariant derivative by using the global symmetries. The global symmetries
contain torus actions. Using these symmetries, the deformed BRS transformation was
defined to satisfy the nilpotency up to the Lie derivative of the group actions. Then we
classified the solutions of the fixed point equations of these deformed BRS transformations.

We showed that the Seiberg-Witten monopole equations are reduced to the ADHM
equations with the Dirac equation reduced to 0 dimension at the large N.C. parameter
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limit. We showed that the Dirac equation reduced to 0 dimension is trivial when the
ADHM equations and the fixed point equations are satisfied.It is known that the solutions
of the ADHM equations with the fixed point equations are isolated ones, and are classified
by the Young diagrams. We gave a new proof of this statement, too. Then, we found
that we can perform the path integral by using the localization formula, in order to
get the partition functions of the reduced theory to 0 dimension from the topological
twisted NV = 2 non-Abelian gauge theory on R* with a hypermultiplet, or the N = 2
U(1) gauge theory on N.C. R* with a hypermultiplet. The complete calculation of the
partition function is remained. This calculation might reveal the relation between the
Seiberg-Witten monopole and the instanton. We hope to report on this task elsewhere.

A Convention

A.1 Complex coordinate

We define the complex coordinate z°, z* (i = 1,2) as

1 1
2= ﬁ(xleixQ) , 2t = ﬁ@j — i)
22 = %(x?’ +ixt) , 2% = %(x?’ —izt) . (118)
Also, 0,:, 05 are given by
831 = (81 — 282) s 85 (81 + 282) s

622 = (83 — Z84) s 822 (83 -+ Z84) . (119)

S8l

Then, we obtain . . . '
0,z = 55 , 077 = 51] . (120)

A.2 Spinor index

€8 ,e‘iB and €,4,€,5 are defined by

s O 1 O 1
af _ Gaf . _
€ € < 1 ) , 605—6-3—( 10 ) . (121)

In other words, €.g,€,4 are defined to be the inverses of eo‘ﬁ,eé“[”,
€Pegy =0 % =05 . (122)
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Then a spinor with upper indices and a spinor with lower indices are related as,

?/)a = Eaﬁ.’ll)ﬁ ) ,lvz)oz = eaﬁ,@bﬁ. 5
P =€y g = g5 (123)

We use the following definition for the 4 dimensional Pauli matrix o (u = 1,2, 3,4),

(Uﬂ>ad = (01702703704) = (Z]- ) _7?> )

(5M>da — (51’52753’54) = (il 7 _|_7‘-’) , (124)

N (R TR I B

We define o#¥. " as
b

where

()" = ("0 — o"a"), "

(7)) = i(&“a” — "M% (126)

From this definition, o** and ¢"” satisfy the anti selfdual relation and the selfdual relation
respectively,
oM = —x o | G =4 %" | (127)

A.3 { symbol

For a scalar matrix M and a vector matrix M, the symbol { denotes the usual hermite
conjugation for them,
MY =MT M =M (128)

where the symbol * denotes the complex conjugation and the symbol 7" denotes the
transposition. On the other hand, for an undotted spinor matrix M, and a dotted spinor
matrix My, M," and M, are defined by,

M, = e Mg | Myt =My T (129)
This definition makes M," and M, to transform in the same rules as M, and M, under
SU(2);, and SU(2)ger) respectively.
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