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Abstract

This paper proposes a new method to reconstruct the reflection coefficient of the ground surface from
synthetic aperture radar signal. The received signal is modeled in more general and natural form than the
point targets model. By introducing a polar coordinate system and analyzing the model rigorously, two
kinds of operators are derived. The reconstruction method consists of applying these operators to received
signal in order. The new method is superior to the conventional pulse compression technique in three points:
the simplicity of the calculation for reconstruction itself, built-in correction function without post process,
and shape recovery with high resolution. The theoretical background of the method is proved rigorously and
numerical examples are presented to show the advantages of the method. The sensitivity to noise 1s also

investigated through obtaining the upper bound of the noise level theoretically and a numerical work.
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1 Introduction

Synthetic aperture radar (SAR) has been used in various fields such as geology, oceanography, botany,
agriculture, meteorology, disaster prediction, and so forth, and now we can make use of information about
them easily. Since SAR system was developed by C. Wiley in 1952 ([14]), so many new technologies and
countless research papers have been presented. Inverse SAR, Interferometric SAR and Polarimetric SAR are
examples of the former ([3], [9]), and the theory of the pulse compression technique for higher resolution is
one of the most important results of the latter ([2], [3], [6], [9]). Research works are still going on accompanied
by the rapid progress of computer technologies and electronic devices. For example, a method of detecting
a ground moving target by using an eigendecomposition of the multi-channel covariance matrix is presented
in [12], new techniques to improve the geometric resolution for polarimetric SAR images are proposed in [11]
as an application of parametric spectral estimates, and so on.

As seen in [7], [8], [13] and some papers above, various methods have been developed in the framework
of the pulse compression technique. The fundamental assumption in the technique is the point targets
model. This model expresses received signal as a sum of returned signals from each target point, so that
the manipulation of received signal for higher resolution, such as matched filtering and compression by using
Doppler frequency, becomes easy. In the recent usage of satellite SAR, system, however, targets on the ground
are usually objects having shapes and areas rather than points. In this case, the point targets model is not
necessarily appropriate because it discretizes the reflection coefficient of the ground surface by points and
therefore fails to preserve the information about shapes and areas. That kind of information is recovered
in post process such as distortion correction, location correction, and modification by prior information.
From a different point of view, this fact suggests that shapes and areas can be recovered to some extent
without post process if the reflection coefficient is modeled so as to preserve the information of those and
the reconstruction method is derived based on such a model.

Then we begin our argument with modeling of the reflection coefficient in more appropriate form than
point targets model. Our modeling preserves the information dropped in the point target model, since we do
not discretize the reflection coefficient. Analyzing the model rigorously on the polar coordinate system, we
derive two kinds of difference-based operators. The reconstruction method consisting of these operators has
advantages over the conventional pulse compression technique in the following points: the simplicity of the
calculation for reconstruction itself, built-in correction function without post process, and shape recovery
with high resolution. The method i1s quite simple. Essentially we have only to make difference calculations
of received signal.

The rest of this paper is organized as follows. In Section 2, formulation of the problem including the
modeling of SAR signal is described. In Section 3, we state main theoretical results in the form of two
theorems and propose a method to reconstruct the reflection coefficient based on these theorems. Section
4 gives numerical examples by using the parameters of a SAR system satellite operated practically. In this
section, the comparison with the conventional range and azimuth compression technique is made and the
sensitivity to noise is also investigated. Then we close the argument by concluding remarks in Section 5.

The proofs of the theorems and a preliminary result are given in Appendices separately.
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2 Formulation of the problem
2.1 Basic Geometry

Let us introduce an orthogonal three dimensional coordinate system (z,y, z). We suppose that the location
of the satellite is denoted by (z,0, hg), where hg > 0 is the height of the satellite and we assume that # > 0

by letting the starting point of the satellite be @ = 0.
(Figure 1: Relationship between the satellite and a point on the ground )

For simplicity, let the ground surface be zy-plain. Then the reflection coefficient of the ground is described
as a function of two variables (z, y), therefore we denote the reflection coefficient at the point (#, y) by A(z, ).

We may assume y > 0 also from the property of sideway looking radar system.

2.2 Modeling of the Radar Signal

Let the signal transmitted at time ¢ be
s(t) = exp{i(wot + ﬁtz)}f(oyT](t), (1)

where wy/(27) > 0 is the carrier frequency, g is the modulation, T" is the pulse duration, and

{ 1 ifte(0,7T]

0 otherwise

Tom(t) =

We denote the wave speed by ¢, and define the round trip delay between (xg,0, ho) and (z,y,0) by

~ 2
T(%@/; $0) = E\/(l‘ — x0)2 +y? 4 hg (2)

Let Ey, be the irradiated area in xy-plain when the satellite is at the point (g, 0, hg). Then, since the wave
speed i1s much faster than the satellite’s, at time ¢, the satellite receives the returned signal from each point
(z,y) € Ey, in the form

Az, y)s(t — T(x, y; 20)).
The received signal at time ¢ is the mixture of the return from all (z,y) € Ey,, so that we have an expression

of the received signal at ¢:

H(xzg,t) = //E Az, y)s(t — T(x,y, x0)) dedy. (3)

Remark 1 Consider the case where A(z,y) has the form

m
Az, y) =D prd(e — v,y — ve) (4)
k=1
in particular, where pp > 0, £ =1,2,..., m, are constants and

1 if(x,y) =(0,0)
o(x,y) = { 0 otherwise ’
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If we assume that

/_O; /_O; 5(a,y) dedy = 1, (5)

H(zy,t) = Z pi st — T(xk, Yk 20)). (6)
(xkyyk)EEIU

then (3) becomes

This agrees with the conventional discrete point targets model (see [1], for example). Therefore the model

(3) is more general expression of the received signal.

The well-known pulse compression technique for higher resolution is based on the point targets model
(6). The model is natural when we review the development of radar system. In the early days of radar,
targets were in effect points such as aircraft and missiles. But the model is not necessarily appropriate if the
target objects have shapes and areas, which are common in SAR. Since objects on the ground are expressed
by a point or a set of points in the modeling, the information about shapes and areas is not sufficiently
preserved. Such information is recovered by the post process, distortion correction, location correction, and
so on. We note also that (5) holds in the sense of distribution rigorously, not in ordinal sense. Then what
if we impose a condition on (3) so as to preserve the information about shapes and areas and analyze such
(3) without (5)? We can expect that a method is derived in which recovering shapes and areas is possible
without the post process.

To accomplish the purpose, we introduce a local polar coordinate system

{ x=rsinf+ xg

y=rcosft
with the domain

E={(r0):r1 <r<ry, |0] <0}

The interval [rq, 73] denotes the scan range and 6y € (0, w/2) gives the scan angle. The angle of (z,y,0)
under the local coordinate system (7) is defined by # € (—n/2, 7/2) satisfying

Y
(x —z0)? +y?
together with > 0 if # > #¢ and 6 < 0 if © < 2y (see Figure 2).

cosf =

(Figure 2: Local polar coordinate system)

The coordinate system (7) makes it possible to rewrite 7 as a function of r only,
- 2
Tr,y20) = —\/(x—xo)2+y2+h%

C

2
= — 2 h2 = )
C\/r + hg T(r)

So hence

H(zo,l) = //EA(rsinﬁ—I—xo,rcosﬁ)s(t—T(r)) ‘g((x’y)‘dédr

/:2 (/90 A(rsin + xg,rcosf) db’) s(t—r(r)) rdr. (8)

—8,
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The argument below is based on this representation.

The coordinate system (7) is the key to derive our reconstruction method in the next section. Recon-
structing the reflection coefficient is nothing but extracting the integrand A(z, y) from the integral H (zq,1).
Then it is reasonable to calculate the difference of the integral, and the operators composing our method is
essentially defined by the differences in r-direction and @-direction. The coordinate system (7) simplifies the
calculation since it changes the irradiated area Ej, into the rectangle E of (r,#). Tt is intuitively natural as
well since the irradiated area can be well approximated by a sector.

We impose a condition about the reflection coefficient as Condition A:
Condition A The reflection coefficient A(x,y) has the form

Az, y) = pr Ip, (2, 9),
k=1

where

B;nB; =0 (i # j), U B, = R* = zy—plane,
k=1

and the boundary 0By of each By is parallel to z-axis or y-axis.

Remark 2 The mesh model used often satisfies Condition A. So does the reflection coefficient (4) in point

target model by regarding isolated points as parallel to both # and y axes.

3 Main Results

We now state the main theoretical results. For simple description, put

fo
A(zo,7) = / A(rsin @ + xg, rcos ) db,
—8,

then )
H(xo,t) = / A(zo,r)s(t — r(r)) rdr

by (8). We set 8 = 0 in the transmitted signal (1) since the modulation parameter 3 is controllable. The
modulation is originally introduced to improve the resolution in the range direction. But our approach is
different from the range compression so that modulating the transmitted signal is not needed. The following
theorems define two kinds of operators and describe their characteristics. Theorem 1 is to extract fl(xo, 7)

from H (xq,t), and Theorem 2 is to calculate A(z,y) approximately from A(zq, 7).

Theorem 1 Suppose that Condition A holds and the satellite is at (g, 0, hg). Put
4 : ,
DacH (z0,1) = — {e‘“‘)”At/zH(xo,t—i— At)2) — A2 (1,1 — At/?)}, teR, At>0,
¢

and for every 7* € (r1,72) define t* = 7(#*) and

1
t* At

S D H (o, £ — (m — K)T) b )
k=0

SH,at (0, t") =
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where m is an integral part of (t* — 7(r1))/T. Then

Alzo, r¥) if r* is a continuous point of A(zg, r)

{fl(xo, r* —0) + Az, 7 + 0)} otherwise.

N | —

Remark 3 This theorem requires the existence of the right-side and the left-side limits fl(a:o, ™ +0) =
lim A(zg, r). Tt is ensured by Lemma in Appendix 1.

r—r*+0

Before stating Theorem 2, we introduce some notations. Suppose that Condition A holds and a satellite

is at (2,0, hg). When r € [rq,rq] is fixed, a set of angles

Ox,r) :={0=0(x,r) : 0] < Oy, (rsinb + z, rcos ) € By, for some k}
is defined (see Figure 3),

(Figure 3 : Relation between 05 (x,r) and objects on the ground surface)
where each By is a set in Condition A and 9Bj denotes the boundary of Bi. Under Condition A, if the
number p of elements in O(z, r),

0<p=ple,r) =100z, 7),
is finite, then we may assume that
—b < Oi(z,7) < Oa(z,r) < - < Opoq(x,7) < Op(z,r) < by
for O(z,r) = {0k (x,7)}._, (see Figure 3 again for detail). We proceed to Theorem 2.
Theorem 2 Suppose that Condition A holds. For every @ € R and r € [rq, 2], define
Pi ap(e,7) = é{fl(m +Az,r)— Az, 1)}

with Az > 0 and

Pi(x,r) := Aii—r>n+0 Pg ag(z,7).

Let 2 € R and r € [rq, ra] be arbitrarily given, p = $©(xz, r) be finite, and
£0 if -6y <8< 91(1‘,7“)
A(rsinf + x, rcos®) = < pp if Op(x,7) <0 < Opyi(z,7), for k=1,2,...,p—1
pp I Bp(z,r) <8 < by

bl

where {pj}L_, are nonnegative constants and ©(z,7) = {6 (z,7)},_,. Then an approximation about a

difference of A(-,-):
A(rsinfy + x,rcosby) — A(—rsinfy + z,rcosy) = Pg(z,r) + n(x, r) (10)

holds together with the evaluation of the error term

[ —
(e ) < 5= D k1= il (11)
0 k=1
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The reconstruction method derived by Theorem 1 and Theorem 2 is theoretically as follows. Replace
—rsinfy + « and rcos 0y by « and y respectively in (10), and suppose that fg > 0 is so small that n(z, r) is
negligible in (10) by (11). Then we have

A(x +2ytanty, y) ~ A(z,y) + Px (x—l—ytanﬁo, L) (12)
cos 0y

for (#,y) € [0,00) x [r1cos flg, 79 cos Bp]. This can be regarded as an update formula of A(-,-) by P4(-,-). The
values {P4(+, )} are calculated from observations in the following manner. Suppose that continuous received
signal {H (x,t): x > 0, 7(r1) <t < 7(r2)} is observed.

The first thing, apply Da: to H(z,t) and calculate Sy a¢ (2, 1), then we have a set

{A(z,r) 12> 0,7 <r<r} = {Ax, T_l(t)) cx >0, 7(r) <t <71(ra)} (13)

by A(z,r) = A}i_lfio St at(z,t) as long as r = 7(t) is a continuous point of A(z,r). Assuming that the set

(13) is obtained correctly for all , we then obtain a set
{PA (l‘, Lg) cx >0, rcosy <y < ra cos@o} ={Pi(z,r) x>0, r <r<r} (14)
cos By

by applying the operator Pz o, to A and take the limit Pz(z,r) = Alim . Pioan(z,7).
, et ,

Suppose also that the initial value set Ry of A(x,y) is given by
Ro:={A(z,y) : 0 <z <2ytanfy, ricosly <y <rycosbyl, (15)

and let y € [rycosfy, racosfy] be fixed. Then it follows from (12) and (15) that a set of reconstruction
results ﬁ(x, y) of A(z,y),
R(y, 1) == {ﬁ(x, y) : 2ytanfy < x < dytanfy},

is obtained. Similarly, the iterative use of the update formula (12) yields that
R(y, k) := {ﬁ(x, y) : 2kytanfy <z < 2(k+ Dytanfy}, k=1,2,...,

subsequently. Considering this procedure for all y € [ry cosfy, recosfp], we finally have the whole recon-

struction result

(UUR(y, k)) URO = {g(l‘,y) cx >0, 7 cosby <y <rgcosbp}.
y k

In practice, however, the continuous observation cannot be obtained, neither can the limits A}i_r}r}l_o SH,at(t, z)
and Aii—r>n+0 Pz ap- Therefore the observations should be discrete, and the calculation of the limits has to
be replaced by approximations with At and Az fixed sufficiently small. Numerical examples using such
approximations are given in Section 4.

In the pulse compression technique, the reflection coefficient A(z,y) is discretized by point targets and
the information of each target is recovered by using sinc function. Point targets are isolated points and
they are regarded as singular points. Then we can say that the mathematical interpretation of the pulse

compression technique is gathering the information about A(z, y) in the singular point of A(z, y) by Dirichlet

kernel. On the other hand, our method focuses on extracting A(z,y) from H(x,t) in the continuous points
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(regular points) of A(z,y). Discontinuous points (singular points) of A(z,y) cause discontinuity of A(z,r)
with respect to r (see the proof of Lemma in Appendix 1), and as seen in Theorem 1, extracting A(z,r)

correctly in the discontinuous points is rather difficult.
4 Numerical Examples

4.1 Fixed Increments Approximation

As mentioned in the previous section, we fix the increment At and Az sufficiently small and substitute Sg a;
and Pj A, for these limits as A¢, Az — +0 when we apply our method in practice.

Based on Theorem 1, Theorem 2 and (12), choose At and Ax so small that the following approximations
hold:

A(x + 2ytan by, y)

Yy
~ A(z,y) + Piay (x + 2y tan 6o, cos 90)

= A(z,y)
1 Y - Y - Y
— A Azx+ 2ytand —A 2y tan 0 1
Az cos 90 { (l‘ + Az + 2y tan 6y, COS 90) <$ + 2y tan by, COS 90) } ’ ( 6)
Az, 7) ~ Sy ar(z,t), r=7171). (17)

Rigorously the last approximation holds if r = y/cosfp is a continuous point of A(z + Az + 2ytan g, 7)
and A(z + 2ytanfp, ) in the light of Theorem 1 . For fixed At and Az, where At is chosen so that 7'/ At

is an integer, suppose that sufficient amount of discrete observations
H (i, ti5) 120 > 0, 7(r1) <ty < 7(ro), ipr — @ = Az, Lijp — by = At}

are obtained to calculate Sg a¢(2;,1i;) in (17). Then {A(as, rij) : rij = 7 (t;;)} is derived and thus the
reconstruction results {ﬁ(xl, yi;)} as an approximation of {A(z;,yi;)} are subsequently obtained by (16).

We now show some numerical examples to observe the reconstruction results in our proposing method
and make comparison with the pulse compression technique. In this subsection, we deal with noiseless cases
to see the characteristic of the method itself.

The first thing we consider the case where the reflection coefficient A(xz,y) has the form

1 if 2 € (14999, 15001) and y € (399999, 400001)
Afw,y) =4 1 if € (14999,15001) and y € (400009, 400011) (18)

0 otherwise
in accordance with Condition A. This correspond with the situation that there are two 2[m] x 2[m] size
square objects on a range-direction line 10[m] distance apart with respect to their centers. In the application
of the pulse compression, A(z,y) has to be modeled in the form (4) as point targets. Since the objects are

small, we express each object as a point. Then

A(z, y) = §(15000, 400000) + §(15000, 400010) (19)
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is assumed for the pulse compression. The parameters of the radar are taken from the satellite JERS-1
operated practically from 1992 to 1998 (see Appendix 4 for detail). In this case, 6 ~ 1.707 x 1072 and the

upper bound of the error term #5(x,r) in (11) becomes 1.457 x 107* x Z |ps—1 — pi|- Hence the error term
k

is negligible if the variation of {pg} is not so large.
(Figure 4: Ground image reconstructed by the pulse compression) (Figure 5: Ground image

reconstructed by our method)

One pixel has 1{m] x 1[m]size in both figures. Figure 4 is the reconstruction result from the pulse compression
technique, which consists of the range compression, the azimuth compression and three-multilook processing.
Figure 5 is that from our method, where the increments are set At = 307 /wg[m] and Az = 3[m], and we
assume that A(z,y) = 0 on the initial value set Ry because of (18). There seems to be only one target object
in Figure 4 since the pulse compression cannot separate the echoes from the two target points. In fact, the
highest resolution of SAR system in JERS-1 was 18[m]. Therefore it is hard task to discriminate two objects
10[m] distance apart. In our method, At and Az set as above give 3[m] resolution at the highest. Then we
can see clearly in Figure 5 that there are two objects apart on the ground.

We show a little complicated example. Suppose that A(z,y) is given by

1 if 2 € (14999, 15001) and y € (399995, 400005)
A(,y) =4 1 ifx e (15008,15015) and y € (399999,400001) . (20)

0 otherwise

This means that there are two rectangular objects. One is long along z-axis and the other is along y-axis.
Similarly to (19), the reflection coefficient (20) must be reformulated in terms of point targets. Since the

objects are rectangles, we represent them by two points respectively. Hence we replace (20) by
Az, y) = {5(15000,399997) + §(15000, 400003) } + {§(15009,400000) + §(15014,400000) }

for the pulse compression.
(Figure 6: the pulse compression) (Figure 7: our method)

Figure 6 is obtained by the pulse compression and Figure 7 is obtained by our method with A(x,y) =0
on Ry. Figure 7 implies that a marked characteristic of our method is shape recovery as well as reflection
coefficient reconstruction. It is impossible to recognize the shape in Figure 6. We note that any corrections
as the post process, such as distortion correction and location correction, are not made to obtain Figure 7
(and Figure 5 also). This difference from the pulse compression technique comes from how to model the
reflection coefficient A(z, y) at the beginning. Once the point targets model is assumed to apply the pulse
compression, the reflection coefficient is discretized by a set of i1solated points. Then the model fails to
preserve the information about shapes and areas of objects in rigorous sense. Therefore correction works are
indispensable in the post process to recover the dropped information. By contrast, Condition A on which
our method is based does not require discretization of the reflection coefficient, so that the information about
shapes and areas are preserved in the model (8). Thus our method derived from (8) makes it possible to

recover the shapes and areas without correction works afterwards if At and Az are sufficiently small.

10
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4.2 Sensitivity to Noise

We consider the problem of the sensitivity to noise in this subsection. Suppose that the received signal

H(#q,t) is contaminated by random additive noise £(zg,1),
G(xo,t) := H(xo,t) + o (o, 1),

where ¢ > 0 is the noise level (standard deviation) and we suppose that E[e(xzg,t)] = 0 and Var[e(zg,?)] =
E[{e(z0,t)}?] = 1 for all (zq,1).
The pulse compression technique is robust against additive noise. In the case of the range compression,
for example, the received signal G(xg,t) is transformed by the matched filter h(t) = exp(—iﬁtz)f[oyT) (1) as
1

1 o
H(GHR)D) = ()0 + S b))

sin{BT(t — 7
~ expliwg(t — 7)} M lzq1 /2, 7437 /2)(1)

T
+5/ e(xo, u)h(t — u) du, (21)
T Jo
where 7 = 7(,y, ; o) is the round trip delay (2) and the symbol ” ” denotes convolution. The approximation

in (21) holds when |3|T? is sufficiently large. Then we have

o 1/2
o

E T/o g(xo, u)h(t — u) du

T T 1/2
< % (/0 /0 Elle(zo, u) e(xo, v)|] |h(t — u)h(t — v)| dudv) < % T=o, (22)

which means the noise level is less than or equal to the original one. The same holds true in the azimuth
compression. Then the upper bound can be reduced to o/+/n at the sacrifice of the resolution a little if the
SAR adopts n-multilook system.

On the other hand, our proposing method essentially consists of difference-based operators. Difference
calculations are deficient in the robustness against additive noise in general, and it holds true for our method
unfortunately. Suppose that each ¢(xg,?) is independently and identically distributed in accordance with

a probability distribution with mean zero and variance one, and calculate Sg a¢(zn,t*) of (9) replaced by

G(x0,1):

1 )
Swar(vo ") = o > Dar H(wo, t* — (m — k)T) ! n =)ol
k=0

o

+t*At

> Dare(xo, t* — (m — k)T) e'm=k)eoT’ (23)
k=0

Then the noise level of the second term in the right-hand side becomes
97N\ 1/2

o ZDN e(zo, t* — (m — k)T) elm=h)woT _ @.
k=0

t* At 2 i* At

11
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Therefore, when we apply (16), the upper bound of the noise level is finally given by

4/2([(r(rs) = 7(r))/T]+ 1) | (272
( 2 7(re) At ) (E) % (24)

where |« is an integral part of «. This bound diverges to infinity as At or Az tends to zero though the
resolution becomes higher in that case. We face the trade-off relation between the resolution and the noise
level analogously to the multilook noise reduction method.

In the practical use, however, the increments At and Az are chosen sufficiently small and fixed. Then
the bound (24) is useful to determine the appropriate resolution by taking the influence of the noise into

account. Using the JERS-1 parameters, for instance, we can further rewrite (24) into

3.444 x 10-8
At Az

(25)
Set At = 307w /wo[s] and Az = 3[m] in the same way as Subsection 4.1, then the resolution is 3[m] and the
upper bound (25) becomes 0.9758 x ¢. The three-multilook system adopted in JERS-1 can reduce the noise
level to smaller 0.5774 x o. But the resolution of JERS-1 is six times larger 18[m], and the upper bound of
the noise level in our method does not increase at least as long as we fix 3[m] resolution. The upper bound
(24) implies also that the flexible adjustment between the resolution and the noise level is possible since At
and Ax are both continuous variables, whereas the adjustment is made in the unit of look numbers only in
the n-multilook system.

We show a numerical example of randomly contaminated case and compare the result with that of pulse

compression. Suppose that the reflection coefficient A(z,y) has the form (18) and the corresponding point

target model is (19). The parameters and the increments are also the same as those in Subsection 4.1.
(Figure 8: the pulse compression) (Figure 9: our method)

Figure 8 and Figure 9 are the reconstruction results in the case of the noise level ¢ = 0.3. The former is
the result from the pulse compression and the latter is that from our method. One pixel has 1[m] x 1[m]
size in the both figures, and it is assumed that each e(xz¢,t) is independent and has the standard normal
distribution N (0, 1) for simplicity.

Observing Figure 9, we know that there are two objects apart and they have long shape furthermore.
The pulse compression technique can detect the two objects also according to Figure 8. The comparison of
Figure 8 with Figure 6 proves that the pulse compression technique is robust against additive random noise
since both figures are almost the same. The three-multilook system seems to work well to reduce the noise
level. But the shape of the objects is not clear. Thus, as long as the examples above, our method gives
better reconstruction results, shape recovery and clear image, than the pulse compression does in the case

contaminated by random additive noise, too.

5 Concluding Remarks

We proposed a new difference-based method to reconstruct the reflection coefficient of the ground surface.

The essential difference between our method and the conventional pulse compression technique is how to

12
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model the reflection coefficient A(x,y). We are interested in target objects having shapes and areas on the
ground. So that it is necessary to model the reflection coefficient so as to preserve that kind of information.
Then our method derived from such modeling makes it possible to recover shapes and areas without post-
correction works if the increment A¢ and Az are sufficiently small. The figures in Subsection 4.1 prove that.
Thus reconstruction process becomes simple since we have only to calculate the difference of the received
signal in essence.

Generally speaking, difference-based method is deficient in the robustness against additive noise. Sam-
pling in small interval and difference calculation cause the increase of the noise level. Unfortunately our
method is not free from the rule. But as shown in Subsection 4.2, the upper bound of the noise level can be
small by adjusting the resolution. The figures in Subsection 4.2 show in effect that our method still performs
shape recovery with higher resolution than the pulse compression technique even in the case contaminated
randomly by white noise. We note also that our method is not an edge detector though it consists of the
difference-based operators. Our difference calculation is not for edge detection but for extracting the in-
tegrand A(z,y) from the multiple integral H(x,t) with respect to the continuous points of A(z,y). That
seems to be one of the reasons why our method is not so influenced by additive noise.

In the analysis of SAR signal, eliminating the multiplicative speckle noise is an important problem ([4], [5],
[9], [10], for example). The papers discussing this problem are based on point targets model and probability
distributions of noise are assigned to each target point. But, as we stated repeatedly, the reflection coefficient
is not discretized in our model to preserve the information about shapes and areas, so that how to assign
the probability distribution of multiplicative noise is completely different and it must be deeply studied from

scratch. Then this problem in our method is left for further research.
Appendices
Appendix 1 : Preliminary Lemma

The following lemma ensures the statement of Theorem 1 holds.

Lemma Let 2y be arbitrarily fixed. Then for every r* € [rq, 73], both the right-side and the left-side limits

A(xo, 7" £0) = limiofl(xo, 7)

r—r*
exist and they are finite, provided that only the right-side or the left-side limit i1s considered when r* = r;

or r* = rsy.

Proof. For every 6 € [—0p, 6p], Condition A yields that the limits

T_{iﬁnioA(r sinfl 4+ wg, rcosfl) =: ai(ﬁ; )

exist for every r* € [ry, ro], Then it follows from bounded convergence theorem that
B 0o fo
0< lim A(zg,7)= lim A(rsind + xg, rcosfl) d9:/ ai(ﬁ;r*)d9<oo.

— ror 0 r—r*+0 0, 0,

13
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Appendix 2 : Proof of Theorem 1

The first thing we rewrite (3) for simple description. Let w = 7(r), ¢t = 7(rg), k = 1,2, and {(u) =
7= (u), then

H(zo,t) = /t214(1‘0,€(u))5(t—u)€(u)€'(u)du

2 [els]
%/ Az, &(u)) expliwo(t — )} Tu_1 (s, 12 (1) u du, (26)

where we have used in the second equality that &(u) &' (u) = c?u/4 derived from

1/2 g\ —1/2
e 4 4hd _ceu f 5 4hg
Wﬁ(“‘c—z and )= (-5 )

For every At > 0, the representation (26) yields that

4 .
= Tl (20t + At/2)

= FiwoAt/2 / fl(xo, E(u))exp liwg(t £ A/2 —u) b u TI—rtae)2, t£00/2)0 (01, t2)(u) du

— 00

- / Ao, €(u)) exp {iwolt — )} u Iiy—1eac/2, 12t/ o) (1) dt (27)

oQ

Letting At — 0 later, we may assume that 0 < At < 7. Then it follows from (27) that

4 . .
DapH(xo,t) = — {e_“‘)”At/zH(xo, t+ At/2) — A2 H (2, 1 — At/?)}

= / A(l‘of(u)) exp{iwo(t - U)} U I(t—At/Z,t-I—At/Z)ﬂ(tl,tg)(u) du

— 00

- / Ao, €(u)) exp Liwolt — u)} ulpmr—a/srrarmai, () du.  (28)

oQ

Let r* € (r1, r2) be given and m > 0 be the integer satisfying ¢; + mT < t* < t; + (m + 1)T. Then, for
t* = 7(r*) and every k= 0,1,...,m, the equation (28) gives that

DacH (£ — (m — k)T, x0)

= ¢ iwo(m—h)T {/ Ao, £ (u)) exp {iwo(t™ — )}t s — (moi)T— A2, ¢+ — (m—k)T+At/2)0(t, £2) (1) du

oQ

—/ Ao, £(u)) exp {iwo (1" — w)} u (s — (m— k4 1)T—At/2, ¢+ — (m—h+ 1)T+AL/2)A (1, t2) (1) du}~ (29)

— 00

Therefore, by choosing At € (0,7T) so small that (t* — At/2, t* + At/2) C (t1,12),

S DacH (1 — (m — k)T, ag) ¢ 0n k)T
k=0

14



KSTS/RR-05/005
October 12, 2005

— 00

—/ Ao, &(u)) exp {iwo (1 — )} u Lips _ (ma1)T— At/2, t— (mt1)T+ AL/ 2)0 (11, £2) (1) du

— 00

t"+AL/2
= / A(wg, €(u)) exp {iwy (17 — w)tudu
tr—At/2

/ A (l‘of(u)) exp {iwo (t* - U)} U I(t*—At/z,t*+At/2)n(t1,t2)(U) du

— [ A€ exp fiwo (= W) T s a-resizags, o (0) du

— 00

(30)

where A € [0,7) is the residual A = t* —¢; —mT. When we choose At to be less than or equal to 2(T — A)

in addition to At € (0,7, the second integral on the right hand side of (30) vanishes. Thus

1

SH at(2o, ") p

1 t"+AL/2

= /t A (g, &(u)) exp {iwo (t* — u)} udu.

At S i

If r* is a continuous point of A(xq, ), then (31) yields that

lim Sy at(xo, t™) = A(l‘o,g(t*)) = fl(xo,r*)

At—+40

* _ t(m—k)woT
At;DmH(t (k —m)T, xo) e

(31)

since &(u) is a continuous function and r* = 7=1(#*) = £(¢*). Suppose contrarily that r* is a discontinuous

point of A(xg,r). Then, writing the right-hand side of (31) as

*_At/2

*

and noting that £(u) is monotone increasing, we obtain

At—+40

This completes the proof of Theorem 1.

Appendix 3 : Proof of Theorem 2

. ) (. . ]
lim Sy ae(zo,t*) = 5{14(1‘0,5(15 —0)) + A(wo,

tFAL/2
—|—/t A (wo, €(u)) exp {iwy (17 — uw) } udu

t*lAt {/t A(wo,&(u)) exp {iwo (t* — u)} udu

Suppose that Condition A is satisfied. Then for given ©(z,7) = {6x(z,r)},_, and sufficiently small

Az > 0, there exists {0y (x + Az, r) : |0 (x + Az, r)| < fp, k=1,2,..

rsin O (z,r) + & = reinfy(x + Az, r)+ 2 + Aw =: xp,

15
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and
PA,A@: (l‘, 7“)

= E{fl(r + Az, r)— Az, r)}

r 01 (z4+Az, ) p—1 Ory1(e+Az,r) Ao
= — / —1—2/ —1—/ A(rsinf + x, rcost) df
Ax —fo O (c+Az, 1) Op(z+Az, )

k=1

81(z, ) p—1 Ory1(z, ) Ao
_ (/ _|_Z/ —1—/ )A(rsinﬁ—l—x,rcos@)dﬁ}
—fo L=1 Ok (x,r) Op(z,r)

r 01 (z4+Az, ) p—1 Ory1(e+Az,r) Ao
- po/ dH—I—Zpk/ d9+pp/ do
Az —09 L=1 Ok (c+Az, 1) Op(z+Az, )

( 81(z, ) Z Ory1(z,r) Ao
— po/ do + pk/ d9—|—pp/ d@)}
—09 Ok (z,r) Op(z,r)

= é [po{ﬁl(x + Az, 1) — 0y (x,7)} — pp 0, (x + Az, 7) — 0, (2, 7)}

+ Z_:pk{(@wl(l‘ + Az, 1) = Oey1 (2, 7)) — (O (z + Az, ) — O (x, 7“))}]
= Z pr—1 = pi){0k(x + Az, 1) — Ok (x, 7)) }. (33)

It follows from (32) and mean value theorem that

r o . xp— o — Ax . X — X
E{Hk(x—i—Ax,r)—Hk(x,r)} = Az {arcsm — arcsin— }

r

SR GIE s | RO
- —{1‘ (”7)2}_1/2:‘m 69

as Az — +0 for all k =1,2,...,p. Combining (33) and (34), we obtain

Pk — Pk—1
Py = Ik P R 35
A(l‘,?“) A ll>n+0 AAx(x 7“) — cos Hk(x,r) ( )
By taking it into account that
P
A(rsinfy + =, rcosfy) — A(rsin(—6p) + z, rcosby) = pp — po = Z(pk — Pr-1),
k=1
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the equation (35) yields that

[n(z,7)] = |{A(rsinfy + =z, rcosfly) — A(—rsinfy + x, rcosby)} — Pi(z,r)|

P P
1 1
E — Dp_ 1l——— ]| < -1 E — Dp_
(pr = pr—1) ( cos B (r, l‘))‘ - (cos By )k_l |k = pi—1]

k=1

02
9 _ 9% Z |p/€ - pk—1|a
k=1

where we have used that sup |0 (z,7)| < g < 7/2 in the first inequality and cosfg > 1—02/2 in the second
1<k<p
inequality. Thus the proof of Theorem 2 has been completed. ]

Appendix 4 : JERS-1

JERS-1 (Japanese Earth Resources Satellite-1) is the satellite launched and operated by former National
Space Development Agency of Japan (reorganized as Japan Aerospace Exploration Agency in 2003) from
1992 to 1998. The mission was to conduct national agricultural and forestry surveys and also to prevent
people from possible natural disasters. It carried two observational equipments, synthetic aperture radar

optical sensor. The parameters of the SAR system are as follows:

Carrier frequency 1275 [GHz]

Pulse duration 35 [ps]

Band width 15 [MHz]

Range resolution 18[m]

Azimuth resolution 18[m] (three-multilook)

Height of the satellite 570 [km]
Speed of the satellite 7.5 [km/s]

Length of antenna 12 [m]

Swath center 400 [km]

Swath width 75 [km]

Then we have

Do = 27 x 1.275 x 10° [Hz]
B = —2mx4.286 x 10! [Hz/s]
ro= 3.625 x 10° [m]
ry = 4.375 x 10° [m]

The swath center is at 4.000 x 10°[m] along the ground range, that is, (r,#) = (4.000 x 10%,0). Since the
length of antenna is 12[m], the width of the swath center along azimuth direction is 1.365 x 104[m]. Therefore

we may assume that

1.365 x 10% / 2

bo = arctan ( 4,000 x 10°

) ~1.707 x 1072,

(Figure 10: Ground surface area irradiated by radar beam)

Three-multilook system adopted by JERS-1 fixes the range and azimuth resolution at 18[m], and reduces

the noise level to 0.5774 times smaller compared with single-look case (see [15] for detail).
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Figure 1: Relationship between the satellite and a point on the ground
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Figure 3 : Relation between #(x,v) and objects on the ground surface
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Figure 4: Ground reflection coefficient reconstructed by the pulse compression technique when there are two point
targets on the ground.
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Figure 5: Ground reflection coefficient reconstructed by shape recovery method when there are two objects on

_the ground.
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Figure 6: Ground reflection coefficient reconstructed by the pulse compression technique when there are two

%bﬁ' s with different shapes on the ground.
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Figure 7: Ground reflection coefficient reconstructed by our method when there are two objects with different
shapes on the ground.
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Figure & Ground reflection coefficient reconstructed by the pulse compression technique with noise when
there are two objects with diferent shapes on the ground.
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Figure 9: Ground reflection coefficient reconstructed by our method with noise when there are two objects

~_with different shapes on the ground.
BN



KSTS/RR-05/005
October 12, 2005

The satellit

The width of the swath center ™ .

slong seizmith direction . The ground range direction

Figure 100 Ground surface area irradiated by radar beam
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