Research Report

KSTS/RR-05/003
Jun. 23, 2005

A generalization of the inverse trinomial

by

Kazuki Aoyama
Kunio Shimizu

Kazuki Aoyama
Keio University
Kunio Shimizu

Keio University

Department of Mathematics
Faculty of Science and Technology

Keio University

©2005 KSTS
3-14-1 Hiyoshi, Kohoku-ku, Yokohama, 223-8522 Japan



KSTS/RR-05/003
June 23, 2005

A GENERALIZATION OF THE INVERSE TRINOMIAL

KAZUKI AOYAMA! AND KUNIO SHIMIZU?

LSchool of Fundamental Science and Technology, Keio University, Yokohama 223-8522,
Japan, e-mail: mr041101@hc.cc.keio.ac.jp
2 Department of Mathematics, Keio University, Yokohama 223-8522, Japan, e-mail:

shimizu@math.keio.ac.jp

Abstract. The paper provides the generalized inverse trinomial (GIT) distri-
bution as a univariate discrete distribution generated from a modified random
walk on the half-plane. The inverse distribution of the GIT with respect to the
cumulant generating function is also generated from a modified random walk
on the half-plane. The GIT includes twenty-two possible distributions in total.
Special cases are the binomial, negative binomial, shifted geometric, inverse bi-
nomial, inverse trinomial distributions. A subclass GITg is represented by the
independent sum of binomial and negative binomial. Compound or generalized
(stopped sum) distributions are studied and some properties of inflated models

are given.

Key words and phrases: Binomial, inflated model, inverse binomial, negative

binomial, random walk, shifted geometric distribution.

1. Introduction

The univariate inverse trinomial (IT) distribution (Shimizu and Yanagimoto, 1991;

Shimizu et al., 1997) is a discrete distribution generated from a modified random walk



on the line. Here a particle starts from the origin and steps +1, 0, -1 with probabilities
p,q,r (p,q,r > 0;p+ g+ r = 1) respectively until it first reaches the barrier n (positive
integer) at the xth step (Fig. 1). A random variable X for the number of steps x has the
proper IT, denoted by IT(n; p, ¢, ) in this paper, when p > r. The probability generating

function (pgf) of IT(n;p, q,r) is provided by

1—qt— \/(1 — qt)? — 4prt? "

Ga(t) = E(t") =

2rt
and the probability function (pf) by
@=n)/2l ) z
(11) fn(x) _ Z e pn+k qz—n—Qk ’f’k
= T

n+kax—n-—2kk

for v =n,n+1,n+2,..., where [a] in (1.1) denotes the integral part of the number a
x
and = z!/(x1lz5lx3!), the trinomial coefficient under the assumption z =
Ty, T2,T3

x1 + w9 + x3. The IT(n;p,q,r) reduces to the inverse binomial (Yanagimoto, 1989) or
equivalently lost-games distribution (Kemp and Kemp, 1969) if ¢ = 0 and to the negative
binomial if » = 0.

O n

Fig. 1. Random walk for the inverse trinomial on the line

Fig. 2 shows another view of the random walk for the IT on the half-plane (z > 0).
Here a particle starts from the origin and, for non-negative integer x and integer y
(0 <y < n—1), the particle moves from (x,y) to (x + 1L,y + 1), (x +1,y),(x + 1,y — 1)

with probabilities p, ¢, r respectively until it first reaches the barrier y = n. Notice that



the particle moves from (z,y) to (z+1,y+1) and (x+ 1,y — 1) directly with probabilities
p and r without calling at (x + 1,y). When the particle first reaches the barrier, the
coordinate z coincides with the number of steps in Fig. 1, and thus the IT is produced
from the random walk pictured in Fig. 2. This readily leads to a generalization of the I'T if
probabilities from (z,y) to (x,y+1) and (z,y—1) are added to the transition probabilities
for the IT. The proposed model with transition probabilities pq, pa, p3, ps, ps (p; > 0 for
i=1,...,53°  p; = 1) and barrier at y = n (positive integer) is shown in Fig. 3. The
resulting family of distributions is called the generalized inverse trinomial distribution

and denoted by GIT(n;py, ps, p3, pa, ps) or simply GIT.
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Fig. 2. Random walk for the inverse
Fig. 3. Random walk for the generalized

trinomial on the half-plane
inverse trinomial

Section 2 provides the pgf and pf of the GIT. The pgf is given by solving the cor-
responding difference equation with boundary conditions and the pf by expanding the
pef. The proof is lengthy and is placed in Appendix A. The inverse distribution of the
GIT with respect to the cumulant generating function is studied in Section 3 with proof
in Appendix B. The GIT includes twenty-two possible distributions in total except one-
trasition cases; not only the negative binomial, inverse binomial, inverse trinomial but

also binomial and shifted geometric distributions. A subclass GIT(n; p1, p2,0,0,0) is de-



noted by GIT;(n; p1,p2) as an example. The sub number ranges from 1 to 22. Section 4
shows that a distribution GITg(n; p1, p2, p3) of the GIT family is represented as the sum of
independent binomial and negative binomial. The reproductive property, moments and
approximations of GITg(n; p1, pa, p3) are also studied in Section 4. Finally, Section 5 deals
with compound or generalized (stopped sum) distributions (Johnson, Kotz and Kemp,
1992). The inflated-parameter binomial, negative binomial and Poisson distributions by

Minkova (2002) are extended in the section.
2. GIT: Generalized inverse trinomial distribution

The concept of a modified random walk on the half-plane to generate the GIT is
introduced in Section 1 (Fig. 3). A particle starts from the origin and moves on the lattice
of the half-plane as follows. For non-negative integer x and integer y, the particle moves
from (z,y) to (z,y+1), (z+1,y+1),(z+1,y), (x+1,y—1), (z,y — 1) with probabilities
P1, Do, P3,Pas s (i > 0 fori=1,...,5;52  p; = 1) respectively. The process ends once
the particle reaches the barrier y = n (positive integer). The GIT(n; p1, ps, ps, P4, Ps) is the
distribution of a random variable X which represents the coordinate of the horizontal
axis when the trials end. The probability function f,(z) of X satisfies the difference

equation

fn(x) - plfn—l(x) +p2fn—1(x - 1) +p3fn(x - 1) +p4fn+1(x - 1) +p5fn+1(x)

with boundary conditions fy(0) =1, f.(—=1) =0, n >0, fo(z) =0, z > 1.

The pgf G,.(t) of f.(x) is defined by

G,(t) = i fa()t, n>1,
z=0



which satisfies the recurrence relation

Gn(t) = prGri1(t) + patGno1(t) + pstGu(t) + patGria(t) + psGnia(t)
or
(2.1) (pat + p5)Gria () + (=1 + p3t) G (l) + (p1 + p2t) Gra () = 0,

with boundary condition Gy(t) = 1. If p; 4+ po > 0, then the solution of (2.1) is provided

by
) — |2 VU= pst)? = 4(p1 + pat) (pat + ps) |
! I 2(pat + ps) |
] 2p1 + pat) 1"
(2.2) _ :
|1 — pst+ \/(1 — pst)? — 4(p1 + pat) (pat + ps) |

for 0 <t < 1. Its proof is in Appendix A. Note that

1, P1+ D2 = pa+ ps,
Gn(1) =

p1+p2

patps: P1 T P2 <DPa+tDps,

from which the condition for which (2.2) gives a proper distribution is p; + p2 > ps + ps
and then (2.2) is the pgf of the GIT. If p; +ps < ps+ps, (2.2) does not provide a pgf since
>0 fu(@) = (p1 +p2)/(psa+ps) < 1. In this case the distribution is improper. However,
(2.2) with py; + p2 < ps + ps gives a distribution if a probability 1 — (p; + p2)/(ps + ps) is
added at x = oo.

The pf of the GIT is provided by

n+x—1+k+2l

i ntr—i+k+2
k=0 1=0 i=0 n—i+k+li,x—i—kkl

n—i+k+l i ,x—i—k k1
XP1q Po P3 Py Ps,

which is obtained from the expansion of (2.2) about ¢, where m = min(n+k+[, z—k) and



= z!/(z1!xalxslaylxs!) |, which is the multinomial coefficient under the
X1,T2,T3,T4,Ts

assumption x = x1 + T3 + T3 + x4 + 5.

A model (Fig. 4) is considered by adding a stay probability ps (0 < pg < 1) from
(z,y) to (x,y) to the GIT model above, where 3% | p; = 1. However, this model does
not produce an extended family of distributions different from the GIT. The reason is as

follows. Apparent new pf f,(x) and pgf G,,(t) satisfy the difference equation

fa(@) = prfa1(2) + pafu-1(z — 1) + p3falz — 1) + pafsi(z — 1) + p5 far1 (@) + pefn(@)
and recurrence relation
(1= p6)Gn(t) = pr1Gna(t) + potGni(t) + pstGn(t) + patGnia(t) + psGnia(t)
respectively, from which division of both side by 1 — pg leads to
G(t) = pyGri(t) + potGr1(t) + pstGa(t) + pytGrar(t) + psGria(t),

where p; = p;/(1—pg) for i = 1,...,5. This recurrence relation is the same type as (2.1).
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Fig. 4. Random walk for the generalized inverse trinomial with added stay-probability



3. Inverse family of the GIT

When X is distributed as the GIT and its cumulant generating function (cgf) is
C(t) = log E(e™*X), the inverse distribution of the GIT is defined by the distribution
whose cgf is given by the inverse function C~1(¢) of C'(¢). Since the cgf of GIT(n; p1, pa, p3, P4, P5)

is

1—pse" +/(1=pse )2 —4(p1 +pae ) (pac " +ps)
2(p1+pae™)

)

(3.1) C(t) = —nlog{

its inverse function is provided by

—2t/n

_ e + pe ™+

(3.2) C 1(t) = log [p_zple—%/n i3e—t/” — ij )

Consider the following modified random walk. A particle starts from the origin and, for
intergers z and y (0 < y < m—1), moves from (x,y) to (z+1,y), (z+1,y+1), (xz,y+1), (z—
1,y+ 1), (x — 1,y) with probabilities pi, ps, p3, pa,ps (p; > 0fori=1,...,5 5> p;=1)
respectively until it first reaches the barrier y = m (Fig. 5). If we denote a random
variable Z which represents the coordinate x of the horizontal axis when the trials end,
then a random variable Z/n in the case m = 1 has a distribution whose cgf is C~!(¢) in

(3.2). See Appendix B for details.

y
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yZ b3 b2
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™

Fig. 5. Random walk for the inverse family of the generalized inverse trinomial



4. Subclasses of the GIT

4.1 Some examples

There exist twenty-two possible distributions of the GIT in total if one or some of
D1, P2, P3, P4, P5 are substituted by zero except one-transition cases where p; = 1, py =
p3s=ps=ps=0and ps =1, p1 = p3 =ps = ps = 0. Table 1 summarizes the possibility
of the distributions. Some known classical distributions which belong to the family are
below. If p3, py, ps = 0 for example, the distribuiton is denoted by GIT;(n;p1, p2).

(a) Binomial GITy(n;p1, ps), also denoted by B(n,ps).

Gn(t) = (p1 + pat)",
n
fa(z) = Py "
forz=0,1,...,n.

(b) Negative binomial GITy(n;p1, ps), also denoted by NB(n, ps3).

6 - (12

n+x—1
fu(z) = p3 Py

forx=0,1,...

(c) Shifted geometric GIT3(1; pa, p3).

Gl = (1 ﬁﬁ) ’

ful@) = po 5~




forx =1,2,...

(d) Inverse binomial GITg(n; p2, ps).

fore=nn+2n+4,...

(e) Inverse trinomial GITyy(n; pa, p3, pa)-

L —pst — \/(1 — pst)? — Apopyt®
Gnlt) = 2pat

Y

n V23 rT—n—
falz) = Z = p2+k Ps 2 plzf
n+k,x—n-—2kk

fore=nn+1n+2 ...

4.2 Properties of GITs(n;p1, p2, p3)
The distribution GITg(n; p1, p2, p3) generalizes the binomial, negative binomial and

shifted geometric distributions. Actually the pgf of GITg(n; p1, ps, p3)

(4.1) Gna)=:<p1+j”t>n

1—p3t

reduces to the binomial pgf if p3 = 0, to the negative binomial pgf if p, = 0 and to the

shifted geometric pgf if n =1, p; = 0. The pf of GITg(n;p1, p2, p3) is given by

n+x—1

min(n,z)
42 n e P — - n—v 0 xr—1
(4.2) fa() é&n+x_2 N Py Dy Py

n—1i,%T—1



Table 1. Subclasses of the generalized inverse trinomial

bi al negative shifted 1-point inverse
omia binomial  geometric distribution binomial
2-transition 1 2 3 4 5 6 7
inverse
trinomial
3-transition 8 9 10 11 12 13 14
15 16
17 18 19 20 21

4-transition

H-transition

2N

for x =0,1,...
those of compound distributions, which are studied in Section 5. Here X indicates a
random variable having GITg(n; p1, pa, p3).

(a) Reproductive property. If X;, X, are independent random variables and distributed

as GITg(n; p1,p2, p3s) and GITg(m;py, pa, p3) respectively, then the sum X; + X is dis-

tributed as GITg(n + m; p1, pa, p3)-

(b) The random variable X is expressible as the sum of two independent random variables

X; and X, where X; has the binomial B(n,py/(p; + p2)) and X5 the negative binomial

NB<n7 p3)

10

Some properties of GITg(n;p1, pe, p3) are summarized below except for




(c) Poisson approximation. The distribution GITg(n; p1, p2, p3) goes to a Poisson distri-
bution with parameter Ay + A3 as n tends to infinity remaining the relation npy = Ay and
nps = As.

(d) The rth descending factorial moment of X is

EX(X-1)--(X—=r+1)) =

for r > 1.
(e) The mean and variance of X are obtainable from (d). They are also obtained by

using (b). Actually

_'_
E(X) = B(X, + X,) = n—2— 4 p 8 _ 2T
p1+ D2 1—p3 p1+p2
P1 D2 D3 P1p2 + D3
VIX)=V(Xi+Xs)=n +n =n ,
& (X 2) <p1 +p2> <p1 +p2> (1 —p3)? (p1 + p2)?

from which the index of dispersion (ID) is

V(X) _ D1P2 _|_p3 > 17 P3 > D2,
E(X) (p1+p2)(p2+ps)

<1, p3 < po.
If po = p3, then ID= 1. Note that GITg(n;1 — 2p, p, p) with 0 < p < 1/2 is not a Poisson
distribution, but its ID is unity.
(f) Normal approximation. The distribution of (X — E(X))/ \/7 ) goes to a standard
normal distribution as n tends to infinity.

(g) The pf f,(x) of X satisfies the recurrence relation

ha) = {0+ 2) e =14 (1-2) o —2)

for z > 2 with initial conditions f,,(0) = p?, f,.(1) = np} ™ (p1ps-+p2), which is an example

of Sundt’s (1992) recursion, where a = (p1p3 —p2)/p1, b = (n(p1ps +p2) — (P1p3s —p2))/p1,

11



¢ = (paps)/p1 with p; > 0.

(h) The rth moment, . = E(X"), of X about zero satisfies the recurrence relation

=3 {(a+277 )y + (a+ b))}

for r > 1 with initial condition z, = 1 and the understanding that 0! = 1, where a, b
and c are given in (g). This is proved by using the recurrence relation of the pf in (g) as

follows

- ix’"f(:v)

= f(1) +§(m+2)’“f(x+2)
_ <a+ ?) £(0) +§(x+2)r <a+ %) fle+1) +§(w+2)’"c(1 - x;) f(@)
ey (o 2) s S rare(1- 225) 0
=S () pa) s S oy (S5) 10
r—1 oo | 7 —1 r—1 oo —1
= jzog; | {az?™ + (a + D)’} f(z +]Z%);J | 2 et f ().
J J

5. Compound distributions

5.1 Inflated model

This section studies the distribution of the random variable S = X; + --- + Xy
with the understanding that S = 0 when N = 0, where X, X5, ... are independent and
identically distributed (iid) as GITs(1; q1, g2, g3), N as GIT(n; p1, p2, p3, P4, Ps), and N is

independent of X1, X, ... Let Gx(t) and Gy (t) denote the pgf’s of X; (i =1,2,...) and

12



N respectively. Then, from (4.1) and (2.2), the pgf Gs(t) of S is provided by

(5.1) Gs(t) = Gn (Gx(1))
| 1—ast+ \/(1 — ast)? — 4(o + ast)(agt + as)
- 2(041 + agt)

—n

which is the pgf of GIT(n; ay, s, as, ag, as) for 0 <t < 1, where ag = (p1 + pa2q1)/(1 —
P3qi), a2 = (—p1gs +p2q2)/ (1 = psq1), as = (32 +3) /(1 = psqr), aa = (page —psgs) /(1 —
P3q1), a5 = (paqi + p5)/(1 — p3q1). Note that the range of parameters is extended to
art+ast+azt+ast+a =1, —1 < as,ay < 1,0 < q,a3,a5 < 1, aqag + ay > 0,
ag+asas > 0, ap + @y > 0 and oy + ay > a4 + as, whereas p; > 0 (1 = 1,...,5),
Siapi =L pitpe >0, prtpr > pitps,and g >0 (5 =1,2,3), X q = 1.
Thus (5.1) is an inflated model of the GIT. As a particular case, if X7, Xo,... are iid as
GITs(1; ¢1, G2, q3) and N as GITg(n; p1, p2, p3), and N is independent of X, X5, ..., then
S = Xi+---+ Xy has an inflated GITs(n;71,72,73), where y1 = (p1 + p2q1)/(1 — p3q1),
Y2 = (=p1a3 +p262) /(1 = psar), v3 = (p3a2 +¢3) /(L =p3qa), i+ 2+ 13 =1, -1 <2 < 1,
0 < 7,73 < 1. This shows that even the inflated GITg is closed under the generalization

by the inflated GITg.

5.2 A comment

Minkova (2002) studied the family of inflated-parameter power series distributions
or a shifted geometric distribution generalized by the generalizing power series distribu-
tion. If X has a shifted geometric distribution and N the Poisson, binomial, negative
binomial, logarithmic series as a member of the power series distributions, then the dis-
tribution of S = X; 4 --- + Xy is called the inflated-parameter Poisson (IPo), binomial

(IBi), negative binomial (INB), logarithmic series respectively. The inflated GITg in

13



Section 5.1 extends the IPo, IBi, INB because the GITg includes the shifted geometric
distribution GIT5(1; g2, g3) as well as the binomial GIT;(1;py, p2) and negative binomial

GIT5(1;p1, p3). The inflated GIT in Section 5.1 is more extended.
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Appendix A: The probability function of the GIT

The pf of the GIT is found from the difference equation given by (2.1)

(pat + p5)Gnia(t) + (=1 4+ pst)Gu(t) + (p1 + pat)Gna(t) = 0

with boundary condition Gy(t) = 1. We look for particular solutions G, (t) of the form

G, (t) = {A(t)}". Substitution of this expression into (2.1) gives the quadratic equation
(A1) (pat + ps)N2(t) + (=1 + pst)A(t) + (p1 + pat) = 0,

which has the two roots

1= pgt — /(1= pst)? — Apat + ps) (01 + pat)

Milt) 2(pat + ps)

Y

1= pst+ /(1= pst)? — A(pat + ps) (1 + pot)
2(pat + ps) '

Aa2(t)

The range of ¢ for which (1 —pst)? —4(pat +ps)(pr+pot) > 0is 0 < t < (b—Vb% — ac)/a,

with a = p2 —4papy, b = pa+2paps —4p1pa, ¢ = 1 —4pips and (b—/b?> — ac)/a > 1. Since

14



0 < Ai(t) < 1and Ao(t) > 1 for 0 <t < 1, {A2(t)}" is inappropriate for a solution and
Gn(t) = B(t){\1(t)}"™ is a solution to (A.1). From the boundary condition G(t) = 1, we

obtain B(t) = 1. Hence the solution is
(A.2) Gn(t) = {Aa ()}

The pf is provided by expanding (A.2) about ¢. From the formula (Abramowitz and

Stegun, 1972 [15.1.13])
1 2a 1/27—2a
o Fy a,§+a;1+2a;z>—2 {1+(1—-2)"7%}

for |z] < 1 where o F} stands for the Gauss hypergeometric function, (A.2) is transformed

into

—-Nn

1 — pst + \/ 1 — pst)? — 4(pat + ps5)(p1 + pat)
2(p1 + pat)

1 —pst >_" L4 |1 4ps ot pat)(pat + ps)
2(p1 + pat) (1 —pst)?

(&
< 1 — pat >_n2F1 ln n+1 4(p1+pzt)(p4t+ps)]
(

-t 1:
2(pr + pat) SRR R TR

1 pt ) ni (g)k (”T“)k <4(p4t+p5)(p1 +p2t)>k’

= (n+1), k!

2(p1 + pat) (1 — pst)?
where (z); =z(x+1)---(x +i—1) = (x +1¢)/I'(x). From the duplication formula for

the gamma function

I'(22) = 2E 2P (T (2 + 1/2),

(2m)1/2

we obtain

n—+2k
(p1 + p2t)n+k(p4 + ps)” < )
k=0T 1 —pst

15



oo oo k ntk n 7’L+2/{3+] L . ol
_ nebk—i i g k=, | pikjtk—
— — ikl

ZJ:ZI;ZZ: DT N

ok —ii k=11

(2

which leads to

00 o0 00 n—i—k/-‘rl n n -+ 2]{7/ + 21 +] ol o i
n+k +l—i i ,J i+j+
7 5 t
;g ] ; n+2k"+20+j P1 P2PsPa Ps

n+k +1—1i4,4,k 1
after the replacement k — [ = k'. The coefficient of t*, where x =i + j + k', in G,(t) is
(2.3), the pf of the GIT.

Appendix B: The inverse distribution of the GIT

We consider the distribution derived from the modified random walk defined in Sec-

tion 3 (Fig. 5). The difference equation of the pf is
hin(x) = prhop(x — 1) + pahy 1 (2 — 1) + p3hm-1(z) + Pahm_1(z + 1) + pshm (2 + 1)

with initial condition ho(z) = 1 if x = 0, 0 if  # 0, and the recurrence relation of the

corresponding pgf is
H, (1) = prt Hp () + pot Hp—1 (t) + psHo1 (t) + pat ™ Hpy_1 () + pst ™ H,p, (1)

with initial condition Hy(¢) = 1. From this we obtain the pgf

H (t): p2t2+p3t+p4 "
" —pit? +t—ps)

On the other hand to get the inverse of (3.1), we set log E(e™**) = 5. Then

L—pye ™t = /(1= pse)? — 4(p1 + pac ) (pac™ +ps)
2(p1 + p2e)

es/m,

If we set e=* = T and e~*/" = S, then we have

(B.1)0 = Sz(p% + 2p1p T + P§T2) + S(p2p3T2 + p1psT — poT — py)

16



+(papaT? + p1paT + papsT + pips)

= ps <S2+@S+&>T2+p1p2{252+(&—i>5+(@+@>}T

b2 P2 b2 D1 P2 N
1
+pi {52 — —S+ ]ﬁ}
b1 D1

= p3(S” +aS + )T + pip2 {25 + (a = b)S + (¢ + d) } T + p}(S* — bS + d)

= AT? + BT +C,

where a = p3/pa, b=1/p1, ¢ =pa/p2, d =ps5/p1, A=p3(S*+aS+c), B=pips(25%+

(s —0)S+ (c+d)), C=p?(S? —bS +d). The solution of (B.1) is

_— —B+ /B2 —4AC
- 2A

with B2 — 4AC = p?p% {(a 4+ b)S + (¢ — d)}* > 0. We see that

—p1p2{25% + (a — b)S + (c+d)} £ pip2{(a+b)S + (c — d)}
2(p35% + pap3S + paps)

—p1S?+ S —ps  —p1p2S? — p1psS — pips

p2S?+p3S+ps p3S?+ papsS + paps

T —

and the second solution is inappropriate since it is negative. Thus we obtain (3.2).
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