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Abstract

We first show that the cut-off integral on non integer order classical symbols extends
to symbol valued forms and obeys Stokes’ property on non integer order classical
symbol valued forms. Similarly, the Wodzicki residue extends to classical symbol
valued forms and we show it relates to the complex residue of cut-off integrals of
holomorphic symbol valued forms. The extended Wodzicki residue yields a cycle on
classical symbol valued forms, the residue cycle.

Secondly, given a deformed algebra (A[[ν]], ?), where (A, ·) is a unital commutative
complex algebra, we investigate antisymmetrized 2k-cochains (which we refer to as
trace forms)

Altψ2k(a0, · · · , a2k) :=
1

(2k)!

∑

σ∈Σ2k

ε(σ)Tk(a0 ? aσ(1) ? · · · ? aσ(2k)),

where T (
∑∞

k=0 ak ν
k) =

∑∞
k=0 Tk(a) νk is a IC[[ν]] extension to N := N [[ν]] of some

linear form τ0 defined on some vector space N ⊂ A. We give a local description of
these cochains when A = C∞(W ) where W is a Poisson manifold, equipped with a
star product compatible with the Poisson structure. Whenever τk : α 7→ τ0(〈Λ∧k, α〉),
where Λ is the Poisson tensor, satisfies a Stokes’ property, we show that Altψ2k is a
closed b-cocycle.

We finally combine cut-off integrals with the Moyal, resp. the left product on
the algebra CSc.c( IRn) of classical symbols on IRn with constant coefficients to build
meromorphic families of trace forms, the residue of which yields a cyclic b-cocycle.
We show that the n+ 1-trace form built this way is proportional to the character as-
sociated with the residue cycle on classical symbol valued forms on IRn with constant
coefficients.

Introduction

The paper is organised in three parts. In Part 1, we prove Stokes’ formula for cut-
off integrals on non integer order classical symbol valued forms. In Part 2, we give
the abstract setting to build cyclic Hochschild cocycles associated with star products
using a Stokes’ type formula. In Part 3,using the results of Part 1, we apply the gen-
eral construction described in Part 2 to build closed Hochschild cocycles on classical
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symbols.

The first part of the paper is devoted to Stokes’ property on symbols. We first define
cut-off integrals to non integer order classical symbol valued forms on M and show
that the cut-off integral extended to forms satisfies Stokes’ property (see Theorem 3).
Similarly, we extend the Wodzicki residue to all classical symbol valued forms. We
show that the relation between complex residues and the Wodzicki residue extends
to symbols valued forms (see Theorem 1):

Resz=z0 −
∫
ω(z) = − 1

α′(z0)
res(ω(z0)),

where ω(z) is a holomorphic family of classical symbol valued forms of order α(z)
and res(ω(z0)) the Wodzicki residue of ω(z0).
The extended Wodzicki residue also satisfies Stokes’ property and therefore yields a
closed linear form on classical symbol valued forms on a closed manifold M thereby
giving rise to a cycle (ΩCS(M), d, res) (see Theorem 2) which we refer to as the
residue cycle.

Let us now describe the contents of the second part of the paper. Given an algebra
A over some ring R, equipped with an associative product ? and some R-linear form
T : A → R , we consider trace forms

Ψn(a0, · · · , an) := T (a0 ? a1 ? a2 ? · · · ? an−1 ? an) (1)

which provide R-valued n+1- multilinear maps on A. We consider the corresponding
antisymmetrized trace forms:

AltΨn(a0, · · · , an) :=
1
n!

∑

σ∈Σn

ε(σ)Ψn

(
a0, aσ(1), · · · , aσ(n)

)
.

We check (see Proposition 6) that the traciality of T w.r. to ?, i.e. the fact that T
vanishes on ?-brackets:

T ([a, b]∗) = 0 ∀a, b ∈ A
is equivalent on one hand to the cyclicity of AltΨ2k and on the other hand to the
vanishing of the trace forms investigated by Helton and Howe [HH]:

AltΨ2k(a1, · · · , a2k) := T ([a1, · · · , a2k]?)

where we have set

[a1, · · · , a2k]? :=
1

(2k)!

∑

σ∈Σ2k

ε(σ)aσ(1) ? · · · ? aσ(2k)

for all k ∈ IN. If A has unit 1, Helton and Howe’s trace forms correspond in this
context to Alt Ψ2k(1, a1, · · · , an).
Specialising to a deformation (A = A[[ν]], ?) with unit 1 ∈ A of a commutative
algebra (A, ·), we can either see A as a complex algebra taking R = IC or see A
as a IC[[ν]] -algebra taking R = IC[[ν]]. Writing T (

∑∞
k=0 ak ν

k) =
∑∞

k=0 Tk(a) νk,
in the first case the tracial property of T : A → IC[[ν]] translates to the strong
closedness of ? w.r. to T . In the second case, the tracial property of Tk : A →
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IC translates to the closedness of ? w.r. to Tk [F]. In this setting, we show (see
Proposition 9) that antisymmetrised trace forms Alt Ψ2k considered here coincide
with the antisymmetrised cochains Alt Φ2k built from the cochains considered in
[CFS], [H]:

Φ2k(a0, · · · , a2k) := T (a0 ? θ(a1, a2) ? · · · ? θ(a2k−1, a2k)) . (2)

From this it follows that

Altψ2k(a0, · · · , a2k) := AltTk (a0 ? a1 ? a2 ? · · · ? a2k−1 ? ak)

and
Altφ2k(a0, · · · , a2k) := AltTk (a0 ? θ(a1, a2) ? · · · ? θ(a2k−1, a2k))

coincide. When T is a IC[[ν]]-linear extension of a IC-linear map τ0 then (see Propo-
sition 10)

Altψ2k(a0, · · · , a2k) = 2−k Alt τ0 (a0 · {a1, a2} · · · · · {a2k−1, a2k}) ,

where {a, b} is the Poisson bracket associated with ?.
We further specialise to a star product associated with a Poisson structure on a
Poisson manifold W , and show (Theorem 4) that if T is the IC[[ν]]-linear extension
of a IC-linear form τ0 defined on a subspace of A then

Altψ2k(f0, f1, · · · , f2k) = τ0
(〈Λ∧k, f0 df1 ∧ · · · ∧ df2k〉

)
(3)

where fi are smooth functions on W for which the expression on the r.h.s. makes
sense, i.e. whenever 〈Λ∧k, f0 df1∧· · ·∧ df2k〉 lies in N . Here Λ stands for the Poisson
bracket associated with the Poisson structure. Taking f0 = 1 yields back a formula
similar to results by Helton and Howe obtained in a different context [HH]:

Tk ([f1, · · · , f2k]?) = τ0
(〈Λ∧k, df1 ∧ · · · ∧ df2k〉

)
.

It follows from there that if

τk(α) = τ0
(〈Λ∧k, α〉)

satisfies Stokes’ property:
τk(dβ) = 0

for any (2k−1)-form β onW such that 〈Λ∧k, dβ〉 ∈ N , then Altψ2k = Altφ2k is cyclic
and closed for the Hochschild coboundary operator b induced by the commutative
product on functions. In Appendix B we discuss why one should not expect φ2k to be
closed and hence to be able to derive (using the identification Alt ψ2k = Altψ2k), b-
closedness of Altψ2k from b-closedness of Altφ2k as a consequence of the b- closedess
of φ2k since the latter does not hold in general.
Specialising down to the case of a 2l-dimensional symplectic manifold (W,ω), formula
(3) reads:

Altψ2k(f0, f1, · · · , f2k) = lk τl
(
f0 df1 ∧ · · · ∧ df2k ∧ ωl−k

)

and provided τl satisfies Stokes’ property then Altψ2k is cyclic and closed for the
Hochschild coboundary operator b.
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In particular, taking k = l, when A = C∞0 (W ) and Tl(f) =
∫

W
fωl, we recover a

local formula which can be derived from a more general formula proven in [CFS] [H]:

Altψ2l(f0, f1, · · · , f2l) =
∫

W

f0 df1 ∧ · · · ∧ df2l ∀fi ∈ C∞0 (W ).

In Part 3, we apply equation (3) to the class CS /∈ZZ
c.c ( IR2l) of non integer order classical

symbols on IR2l with constant coefficients, setting τ0 to be a cut-off integral in order
to build cut-off antisymmetrised trace forms Altψcut−off

2k and to show (see Theorem
5) that they are cyclic and b-closed.
Approximating a general formal classical symbol by a holomorphic family of non in-
teger order formal symbols, we then construct (see Theorem 6) meromorphic families
of antisymmetrised trace forms on CSc.c( IR2l) with simple poles, the complex residue
of which yields the character of the residue cycle. Specialising to the left product
on formal symbols, we also build meromorphic families of closed 2k-cocycles for a
perturbed product f ·z g = f · |ξ|−z · g:

Altψ2k(z)(σ0, · · · , σ2k) = lk −
∫

T∗U

σ0(z) ∧ dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k

where we have set σ(z) := σ · |ξ|−z for any σ ∈ CSc.c( IR2l). When k = l, its
complex residue at z = 0 yields back the character associated to the residue cycle
(ΩCSc.c( IRl), d, res)).
The paper is organised as follows:

• Part 1.

1. Cut-off integrals on non integer order classical symbols
2. Cut-off integrals extended to classical symbol valued forms
3. The Wodzicki residue extended to classical symbol valued forms
4. Integrals of holomorphic families of symbols valued forms
5. Stokes’ property for cut-off integrals and the Wodzicki residue

• Part 2.

1. Trace forms on a unital algebra (A, ?)
2. Trace forms on a deformed algebra
3. The case of a Poisson manifold
4. The symplectic case

• Part 3.

1. A cyclic cocycle for non integer order classical symbols on IR2l

2. Meromorphic families of trace forms and the residue cocycle on classical
symbols on IR2l

3. Perturbed star products
4. Meromorphic cocycles associated with the left product on classical symbols

on IR2l

• Appendix A

• Appendix B
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1 Stokes’ formula for regularised integrals on sym-
bols valued forms

1.1 Cut-off integrals on non integer order symbols and the
Wodzicki residue

This section is a review of known results which we need in the subsequent section.
Let U be an open subset of IRn and x a point in U . Let Sm(U) ⊂ C∞(T ∗U) denote
the set of scalar valued symbols on U of order m ∈ IR, S(U) :=

⋃
m∈ IR Sm(U) ⊂

C∞(T ∗U) the algebra of all scalar valued symbols on U , S−∞(U) :=
⋂

m∈ IR Sm(U)
the algebra of scalar smoothing symbols.

Definition 1 σ ∈ Sm(U) is a classical symbol if for any positive integer N there is
an integer KN such that

σ =
KN∑

i=0

χσi + σ(N)

where σi is positively homogeneous of order m− i (i.e. σi(x, tξ) = tm−iσi(x, ξ)∀t >
0, ∀(x, ξ) ∈ T ∗xU), σ(N) is of order −N and where χ is a smooth function T ∗xU which
is constant and equal to 1 outside the open unit ball B∗xU in the cotangent space T ∗xU
at point x, which vanishes around 0. We write for short

σ ∼
∞∑

i=0

χσi.

Let CSm(U) denote the class of scalar classical symbols of order m and CS(U) =⋃
m∈ IR CS

m(U) the algebra of scalar classical symbols.

Using a partition of unity on the closed manifold M , we can extend these definitions
from an open subset U to the manifold M .

Definition 2 Let CSm(M) denote the set of functions σ ∈ C∞(T ∗M) such that
given a partition of unity subordinated to a trivialising atlas (Ui, ψi), σ(x, ξ) =∑

i ψi(x)σi(x, ξ) with σi ∈ CSm(Ui).
CS(M) =

⋃
m∈ IR CS

m(M) denotes the algebra of all classical symbols on M .

This definition makes sense since σ would have the same form (in particular, the
order m would not change) for another partition of unity subordinated to another
coordinate chart.
When M = IRn it makes sense to consider symbols with constant coefficients, i.e.
symbols which are independent of x ∈M .

Definition 3 Let CSm
c.c.( IRn), resp. CSc.c.( IRn) denote the set of classical symbols

of order m with constant coefficients on IRn, resp. the algebra of classical symbols
with constant coefficients.

Remark 1 Changing the cut-off function amounts to changing σ(N) by a smoothing
symbol.

Let us recall the notion of Wodzicki residue on classical symbols.[W], [K]
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Definition 4 Let U be an open subset in IRn and x a point in U . The (local)
Wodzicki residue of a classical symbol σ ∈ CS(U) at point x is given by

resx(σ) =
∫

|ξ|=1

σ−n(x, ξ) dSξ,

where dSξ =
∑n

i=1(−1)i+1ξi dξ1 ∧ · · · ∧ dξ̂i ∧ · · · ∧ dξn and |ξ|2 =
∑n

i=1 ξ
2
i is the

canonical norm in IRn.

Remark 2 For any t > 0 we have dS(tξ) = tndSξ and σ−n(x, tξ) = tnσ−n(x, ξ) so
that the form σ−n(x, ξ) dSξ is positively homogeneous of degree 0.

Proposition 1 [W],[K] It extends to σ ∈ CS(M) by linearity using a partition of
unity and x 7→ resx(σ) =

∫
|ξ|=1

σ−n(x, ξ) dSξ defines a global density so that we can
set:

res(σ) =
∫

M

dx

∫

|ξ|=1

σ−n(x, ξ) dSξ,

which is independent of the chosen partition of unity and coordinate chart.

Remark 3 The Wodzicki residue does not depend on the choice of cut-off function
χ chosen to write σ ∼ ∑∞

i=0 χσm−i where m is the order of σ, since χ only modifies
the smoothing part and hence not the homogeneous part of order −n involved in the
definition of the residue.

We now extract finite parts from otherwise divergent integrals [H], [G], [W], [KV]:

Proposition 2 Let U be an open subset of IRn and let x ∈ U . Given σ ∼ ∑∞
i=0 χσi ∈

CSm(U), the expression
∫

B∗x(0,R)
σ(x, ξ) dξ has a formal asymptotic expansion

∫

Bxj(0,R)

σ(x, ξ) dξ = c(x) +
∞∑

i=0, m−i+n 6=0

ai(x)
Rm−i+n

m− i+ n
+ b(x) logR

where c(x), ai(x), b(x) ∈ IC. The constant b(x) coincides with the local Wodzicki
residue density resx(σ). Here B∗x(0, R) is the ball of radius R in T ∗xU centered at 0.
Whenever resx(σ) = 0, the constant term c(x) = fpR→∞

∫
B∗x(0,R)

σ(x, ξ) dξ is inde-
pendent of the rescaling R→ λR so that the finite part

−
∫

T∗x U

σ(x, ξ) dξ =
∞∑

i=0

∫

B∗x(0,1)

χ(ξ)σi(x, ξ) dξ

+
∫

T∗x U

σ(N)(x, ξ) dξ

−
KN∑

i=0, m−i+n 6=0

1
m− i+ n

∫

|ξ|=1

σk(x, ξ) dSξ (4)

is well defined. It is also called the cut-off integral of σ(x, ·).

Remark 4 This cut-off integral extends the ordinary integral in the following sense;
if σ has order smaller than −n then

∫
B∗x(0,R)

σ(x, ξ) dξ converges when R → ∞ and
−∫
T∗x U

σ(x, ξ) dx =
∫

T∗x U
σ(x, ξ) dξ.
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Proof: We drop the explicit mention of x in the proof and identifying T ∗xU with
IRn. We also write B(0, R) instead of B∗x(0, R) and S(0, 1) instead of S∗xU . Using
the splitting σ =

∑KN

i=0 χσi + σ(N), we first split the expression

∫

B(0,R)

σ(ξ) dξ =
∞∑

i=0

∫

B(0,1)

χ(ξ)σi(ξ) dξ +
KN∑

i=0

∫

D(1,R)

σi(ξ) dξ +
∫

B(0,R)

σ(N)(ξ) dξ.

The integrals on B(0, 1) converge and we want to investigate the integral on D(1, R).
By linearity, we can restrict ourselves to a homogeneous component σi. We have

∫

D(1,R)

σi(ξ) dξ =
∫ R

1

rm−i+n−1dr

∫

|ξ|=1

σi(ξ) dSξ

where D(r,R) = B(0, R)−B(0, r) for r < R. We distinguish two cases:

• m − i + n = 0 in which case we get
∫

D(1,R)
σi(ξ) dξ =

∫
D(1,R)

σi(ξ) dξ =
logR

∫
S(0,1)

σi(ξ) dξ.

• m − i + n 6= 0 in which case we get
∫

D(1,R)
σi(ξ) dξ =

∫
D(1,R)

σi(ξ) dξ =(
Rm−i+n

m−i+n − 1
m−i+n

) ∫
|ξ|=1

σi(ξ) dSξ.

Combining these different cases we get:
∫

B(0,R)

σ(ξ) dξ =
∫

B(0,1)

χ(ξ)σ(ξ) dξ +
∫

IRn

σ(N)(ξ) dξ

+
KN∑

i=0, m−i+n 6=0

(
Rm−i+n

m− i+ n
− 1
m− i+ n

) ∫

|ξ|=1

σi(ξ) dSξ +

+ logR
∫

|ξ|=1

σ−n(ξ) dSξ.

Extracting the finite part yields

fpR→∞

∫

B(0,R)

σ(ξ) dξ =
∫

B(0,1)

χ(ξ)σ(ξ) dξ +
∫

IRn

σ(N)(ξ) dξ

−
KN∑

i=0, m−i+n 6=0

1
m− i+ n

∫

|ξ|=1

σi(ξ) dSξ.

Changing R to λR introduces an extra finite part
∫

S(0,1)
σ−n(ξ) dξ, which vanishes

whenever res(σ) =
∫
|ξ|=1

σ−n(ξ) dSξ = 0.

The following covariance property will be useful to extend cut-off integrals to symbols
in CS(M).

Lemma 1 [L] Let U be an open subset of IRn and let x ∈ U . Given σ ∈ CS(U),
whenever σ−n = 0 then for any A ∈ GLn( IR),

|detA| −
∫

T∗x U

σ(x,A ξ)dξ = −
∫

T∗x U

σ(x, ξ)dξ.
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Definition 5

CS /∈ZZ(U) := {σ ∈ CSm(U), m /∈ ZZ}, CS /∈ZZ
c.c. ( IRn) = CS /∈ZZ( IRn) ∩ CSc.c( IRn).

Similarly, we define

CS /∈ZZ(M) := {σ ∈ CSm(M), m /∈ ZZ}).
Proposition 3 The cut-off integral −∫

T∗x U
dξ, x ∈ U is well defined on CS /∈ZZ(U) and

the cut-off integral −∫
T∗M

dξ dx is well defined on CS /∈ZZ(M) by

−
∫

T∗M

σ(x, ξ) dx dξ :=
∑

i

∫

M

dx−
∫

T∗x Ui

ψi(ξ)σi(x, ξ) dξ

for any σ =
∑

i ψiσi ∈ CS(M) where {ψi, i ∈ I} is a partition of unity subordinated
to an atlas (Ui, i ∈ I) and σi ∈ CS(Ui).

Proof: Since the positively homogeneous components σi of any σ ∈ CS /∈ZZ(U) have
non integer order, there is no positively homogeneous component of order −n and
the Wodzicki residue vanishes. It then follows from Proposition 2 that the cut-off
integral

∫
T∗x U

σ(x, ξ) dξ is well defined for any x ∈ U .
Let σ =

∑
i ψiσi ∈ CS(M) where σi ∈ CS(Ui) and {ψi, i ∈ I} is a partition of unity

subordinated to an atlas (Ui, i ∈ I). If σ ∈ CS(M)/∈ZZ, then σi ∈ CS(Ui)/∈ZZ so that
the component σ−n vanishes in any local coordinate chart. By lemma 1, we know
that in that case, the cut-off integrals −∫

T∗x Ui
ψi(ξ)σi(x, ξ) dξ transform covariantly

under a change of coordinate, so that they patch up to an integral

−
∫

T∗M

σ(x, ξ) dx dξ :=
∑

i

∫

M

dx−
∫

T∗x Ui

ψi(ξ)σi(x, ξ) dξ.

1.2 Classical symbol valued forms

Let us first define symbol valued forms on T ∗U where U is an open subset of IRn.

Definition 6 Let k be a non negative integer, m a real number. We set

Ωk CSm(U) = {α ∈ Ωk(T ∗U),

α =
∑

I⊂{1,···,n},J⊂{1,···,n},|I|+|J|=k

αI,J (x, ξ) dxI ∧ dξJ

with αI,J ∈ CSm−|J|(U)},
and

Ωk CS(U) :=
⋃

m∈ IR

Ωk CSm(U).

The order of α ∈ ΩkCSm(U) is given by m. Furthermore, let

Ωk CS /∈ZZ(U) =
⋃

m/∈ZZ

ΩCSm(U).

Here, (x1, · · · , xn, ξ1, · · · , ξn) is some coordinate system on U and we have set
dxI = dxi1

∧· · ·∧dxil
, dξJ = dξj1∧· · · dξjm

when I = {i1, i2, · · · , il}, J = {j1, · · · , jm}.

8
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Remark 5 • With these conventions, d ξj is of order 1. Also, a k-form of order
0 reads α =

∑
|I|+|J|=k αI,J (x, ξ) dxI ∧ dξJ with αI,J of order −|J |.

• These definitions are independent of the coordinate system since a coordinate
change does not modify the behaviour in ξ of the αI,J ; in particular it leaves
the order unchanged.

• The order of a zero degree symbol valued form σ ∈ Ω0 CSm(U) coincides with
the order of the corresponding classical symbol σ.

Lemma 2 A classical symbol valued form α ∈ Ωk CSm(U) of order m has an asymp-
totic expansion of the following form. For any non negative integer N , there is a
symbol valued form α(N) of order −N such that

α =
N∑

i=0

αm−i + α(N)

with αm−i :=
∑
|I|+|J|=k αI,J,m−|J|−i dxI ∧ dξJ is positively homogeneous of order

m − i, with αI,J,m−|J|−i positively homogeneous of order m − |J | − i. Moreover for
any integer j ≤ m, we have

(dα)j = dαj .

Proof: The first part of the statement follows trivially from the description of α
combined with the properties of ordinary classical symbols. Indeed,

α =
∑

I⊂{1,···,n},J⊂{1,···,n},|I|+|J|=k

αI,J (x, ξ) dxI ∧ dξJ

with αI,J ∈ CSm−|J|(U), and for each multi index I, J , there is some αI,J,(N) of
order m− |J | −N such that

αI,J =
N∑

i=0

αI,J,m−i + αI,J,(N)

with αI,J,m−i positively homogeneous of order m− i. Adding the latter we get

α =
N∑

i=0

∑

I,J

αI,J,m−i dxI ∧ dξJ +
∑

I,J

αI,J,(N) dxI ∧ dξJ

=
N∑

i=0

αm−i + α(N)

where we have set αm−i :=
∑

I,J αI,J,m−i dxI ∧ dξJ which is positively homogeneous
of order m− i and α(N) :=

∑
I,J αI,J,(N) which is of order m−N − |J | −N .

As for the second part of the statement we have

(dα)j =


d

∑

|I|+|J|=k

αI,J dxI ∧ dξJ




j
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=




n∑

l=1

∑

|I|+|J|=k

∂

∂xl
αI,J dxl ∧ dxI ∧ dξJ




j

+




n∑

l=1

∑

|I|+|J|=k

∂

∂ξm
αI,J dξm ∧ dxI ∧ dξJ




j

=
n∑

l=1

∑

|I|+|J|=k

(
∂

∂xl
αI,J

)

j−|J|
dxl ∧ dxI ∧ dξJ

+
n∑

l=1

∑

|I|+|J|=k

(
∂

∂ξm
αI,J

)

j−|J|−1

dξm ∧ dxI ∧ dξJ

=
n∑

l=1

∑

|I|+|J|=k

∂

∂xl
αI,J,j−|J| dxl ∧ dxI ∧ dξJ

+
n∑

m=1

∑

|I|+|J|=k

∂

∂ξm
αI,J,j−|J|dxl ∧ dxI ∧ dξJ

= d
∑

I,J

αI,J,j−|J| dxI ∧ dξJ

= dαj .

The last line follows from our conventions setting j = m− i.

Remark 6 In particular, for α ∈ ΩCS(U) we have:

(dα)−n = dα−n.

1.3 Cut-off integrals extended to non integer order classical
symbol valued forms

Let U be an open subset in IRn. Just as the ordinary Lebesgue integral extends to
forms, the cut-off integral on T ∗xU extends to any α ∈ Ωk CS /∈ZZ(U) by:

−
∫

T∗x U

α :=
∑

|I|+|J|=k

d xI −
∫

T∗x U

αIJ dξJ .

Since computing the cut-off integral −∫
T∗x U

boils down to taking the finite part when
R→∞ of some ordinary integral on a ball B(0, R), it vanishes on terms αIJdxI∧dξJ
whenever |J | < n and we have:

−
∫

T∗x U

α =
∑

|I|=k−n

d xI

∑

|J|=n

−
∫

T∗x U

αIJ dξJ ,

which lies in Ωk−n(U). Since the αIJ ’s lie in CS /∈ZZ(U), the cut-off integrals−∫
T∗x U

αIJ dξJ
are defined without ambiguity.
If T ∗xU is equipped with the volume form dvolx(ξ) = dξ1 ∧ · · · ∧ dξn, as in the
case of ordinary integrals, we recover the cut-off integral on symbol valued functions
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σ ∈ CS /∈ZZ(U) via the integral on forms by integrating the top form σ(x, ξ) dvolx(ξ)
setting:

−
∫

T∗x U

σ(x, ξ) := −
∫

T∗x U

σ(x, ξ) dvolx(ξ).

Definition 7 Let for any non negative integer k, Ωk CS(M) denote the space of
forms α ∈ Ωk(T ∗M) such that given a partition of unity subordinated to a trivialising
atlas (Ui, ψi), α(x, ξ) =

∑
i ψi(x)αi(x, ξ) with αi ∈ ΩkCS(Ui).

Similarly, let Ωk CS /∈ZZ(M) denote the space of forms α ∈ Ωk(T ∗M) such that
given a partition of unity subordinated to a trivialising atlas (Ui, ψi), α(x, ξ) =∑

i ψi(x)αi(x, ξ) with αi ∈ ΩkCS /∈ZZ(Ui).

Remark 7 This definition makes sense since α has the same expression for another
partition of unity subordinated to another coordinate chart.
When M = IRn it makes sense to consider constant coefficients symbols valued forms.

Definition 8 Let for any non negative integer k, Ωk CSc.c.( IRn) denote the the
space of forms α ∈ Ωk( IR2n) such that α =

∑
|I|+|J|=k αI,J dxI ∧ dξJ with αI,J ∈

CSc.c( IRn).

The cut-off integral can be extended to non integer order symbol valued forms on M .

Definition 9 Given α(x, ξ) =
∑

i ψi(x)αi(x, ξ) ∈ Ωk CS /∈ZZ(M) –where as before,
(Ui, ψi) is a partition of unity subordinated to a trivialising atlas (Ui, i ∈ I) of M ,–
we set for any x ∈M :

−
∫

T∗x M

α(x, ξ) =
∑

i

ψi(x)−
∫

T∗x Ui

αi(x, ξ)

and
−
∫

T∗M

α(x, ξ) =
∫

M

∑

i

ψi(x)−
∫

T∗x Ui

α(x, ξ).

Remark 8 This definition makes sense in as far as it is independent of the choice
of coordinate chart and partition of unity. Indeed, on each trivialising chart Ui, when
|J | = n, the cut-off integral −∫

T∗x Ui
(αi)IJ dξJ is proportional to −∫

T∗x Ui
(αi)IJ dξ1∧· · ·∧

dξn which is a cut-off integral of an ordinary non integer order symbol. Since cut-off
integrals of non integer order classical symbols patch up correctly to build a well-
defined cut-off integral on M , the same holds for non integer order classical symbol
valued forms.

1.4 The Wodzicki residue extended to classical symbol valued
forms

Let us now extend the Wodzicki residue density from CS(U) to ΩCS(U). The
definition is based on the following straight forward lemma.

Lemma 3 Let ρ : T ∗U → S∗U denote the radial projection ρ(x, ξ) = (x, ξ
|ξ| ). A

form α ∈ ΩCS(U) has order zero if and only if it can be written:

α(x, r · ω) := ρ∗ᾱ(x, r · ω) ∧ dr
for some ᾱ(x, ω) ∈ Ω(S∗U).
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In particular, given any σ ∈ CS(U), the top form

ασ(x, r · ω) := σ−n(x, r · ω) ρ∗dSω ∧ dr

where dSω is the volume form on S∗U , provides an example of zero order symbol
valued n-form. More generally, any form α =

∑
|I|+|J|=k αI,Jd xI ∧ d ξJ ∈ Ωk CS(U)

with αI,J of order −|J | is a zero order symbol valued k- form and therefore induces
a form ᾱ on S∗U .

Definition 10 Let U be an open subset of IRn. Given a zero order symbol valued
form α ∈ ΩCS(U) we set for any x ∈ U :

resx(α) :=
∫

S∗xU

ᾱ(x, ω).

It extends by 0 to all of ΩCS(U).

Remark 9 • The Wodzicki residue vanishes on Ωk CS(U) for k < n since α ∈
Ωk CS(U) ⇒ ᾱ ∈ Ωk−1(S∗U) and ᾱ has degree k−1 < n−1 so that the integral
of ᾱ on S∗xU vanishes.

• The Wodzicki residue on forms relates to the Wodzicki residue defined on or-
dinary symbols as integrals on forms relate to integrals on functions. Indeed,
given any ordinary classical symbol σ ∈ CS(U), the Wodzicki residue density
of the associated symbol valued form ασ defined above reads

resx(ασ) =
∫

S∗xU

ᾱσ(x, ξ) =
∫

S∗xU

σ−n(x, ω)dSω = resx(σ),

where resx(σ) is the ordinary Wodzicki residue density of σ.

Proposition 4 Let U be an open subset of IRn and k be a non negative integer. Let
α =

∑
I,J αIJ dxI ∧ dξJ ∈ Ωk CS(U). For any x ∈ U we have:

resx(α) =
∑

|I|=k−n,|J|=n

resx(αIJ ) dxI ,

where resx(αIJ ) is the ordinary Wodzicki residue density of αIJ ∈ CS(U).

Proof: It follows from the second part of the above remark, that resx(σdξ1 ∧∧ · · · ∧
dξn) = resx(σ) for any σ ∈ CS(U). Applying this to σ = εJ αIJ (|J | = n) where εJ
is the signature of the permutation i 7→ ji with J = {j1, · · · , jn} yields the result.

In order to generalise this extended Wodzicki residue from an open subset in IRn

to the manifold M , it is useful to caracterise zero order symbol valued forms on M
using the Liouville field on T ∗M . The group IR+ of positive real numbers acts on
T ∗M by:

IR+ × T ∗M → T ∗M

(t, (x, ξ)) → ft(x, ξ) := (x, t ξ).
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In local coordinates, the Liouville field:

X(x, ξ) :=
d

dt |t=0

ft(x, ξ)

reads

X(x, ξ) =
n∑

i=1

ξi
∂

∂ξi
.

Lemma 4 A form α ∈ ΩCS(M) has zero order whenever

LX(α) = 0

where LX is the Lie derivative in direction X.

Proof: α has zero order whenever

α(x, et ξ) = α(x, ξ) ∀t > 0.

Differentiating on either side at t = 0 yields the result since

LXα =
d

dt |t=0

f∗t α =
d

dt |t=0

α(x, et ξ).

Remark 10 This confirms the fact that the requirement that the symbol valued form
have vanishing order is covariant, which was to be expected since the order is a co-
variant concept.

Definition 11 Let α ∈ ΩCS(M) be of zero order or equivalently let it satisfy LX(α) =
0, where X is the Liouville field defined above. Then, the restriction αU to a coordi-
nate chart U reads

αU (x, r · ω) := ρ∗ᾱ(x, r · ω) ∧ dr
for some ᾱ ∈ Ω(S∗U) where ᾱ(x, ω) is a uniquely defined form on S∗M.
The Wodzicki residue of αU is defined at a point x ∈ U by:

resx(αU ) :=
∫

S∗xM

ᾱU (x, ω).

Given an atlas on M and a partition of unity (Ui, ψi, i ∈ I) subordinated to it, if
α =

∑
i ψi αi then

res(α) =
∑

i

∫

M

ψi(x) resx(αi),

where resx(αi) is the Wodzicki density of the restriction αi to Ui.

1.5 Integrals of holomorphic families of symbol valued forms

Recall that given an open subset U ⊂ IRn (resp. an n-dimensional manifold M), for
any real number m the class CSm

0 (U) (CSm(M)) of classical symbols of order m with
compact support on U (resp. of classical symbols of order m) can be equipped with
a natural Fréchet topology so that CS(U) =

⋃
m∈ IR CS

m(U) (and hence CS(M) =⋃
m∈ IR CS

m(U)) comes equipped with an inductive limit Fréchet topology. We first
recall the notion of holomorphic regularisation (see e.g. [P] for a review of various
regularisations):
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Definition 12 A holomorphic regularisation procedure on CS(U) is a map

R : CS(U) → Hol (CS(U))
σ 7→ σ(z)

where Hol (CS(U)) is the algebra of holomorphic maps with values in CS(U), such
that

1. σ(0) = σ,

2. σ(z) has holomorphic order α(z) (in particular, α(0) is equal to the order of σ)
such that α′(0) 6= 0.
Taking M instead of U leads to a holomorphic regularisation on CS(M).

Examples of holomorphic regularisations are the well known Riesz regularisation σ 7→
σ(z)(x, ξ) := σ(x, ξ) · |ξ|−z and generalisations of the type σ 7→ σ(z)(x, ξ) := H(z) ·
σ(x, ξ) · |ξ|−z where H is a holomorphic function such that H(0) = 1. The latter
include dimensional regularisation (see [P]).

Proposition 5 [G], [KV], [L] Given a holomorphic regularisation procedure R :
σ 7→ σ(z) on CS(U) and any symbol σ ∈ CS(U) (resp. CS(M)), the map z 7→
−∫
T∗x U

dξ σ(z) (resp. z 7→ −∫
T∗M

dx dξ σ(z)) is meromorphic with simple poles at points
in α−1([−n,+∞[∩ZZ) where α is the order of σ(z). Moreover for any x ∈ U

Resz=0 −
∫

T∗x U

σ(z)(x, ξ) dξ = − 1
α′(0)

resx(σ(0)),

respectively

Resz=0 −
∫

T∗M

σ(z)(x, ξ) dξ = − 1
α′(0)

res(σ(0)).

The finite part when z → 0 is defined by:
∫ R

T∗x U

σ(x, ξ) dξ := fpz=0 −
∫

T∗x U

σ(z)(x, ξ) dξ

:= lim
z→0

(
−
∫

T∗x U

dξ σ(z)(x, ξ)− 1
z
Resz=0 −

∫

T∗x U

dξ σ(z)(x, ξ)

)
,

respectively
∫ R

T∗M

σ(x, ξ) dx dξ := fpz=0

∫

M

dx−
∫

T∗x M

σ(z)(x, ξ) dξ

:= lim
z→0

∫

M

dx

(
−
∫

T∗x M

dξσ(z)(x, ξ)− 1
z
Resz=0 −

∫

T∗x M

dξ σ(z)(x, ξ)

)
.

Proof: By linearity and using a partition of unity, we can restrict ourselves to the
case σ ∈ CS(U). We identify T ∗xU with IRn using a coordinate chart. From equation
(4) we have

−
∫

IRn

σ(z)(x, ξ) dξ =
∫

B(0,1)

σ(z)(x, ξ) dξ
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−
KN∑

i=0, α(z)−i+n 6=0

1
α(z)− i+ n

∫

S(0,1)

σi(z)(x, ξ) dξ

+
∫

IRn

σ(N)(z)(ξ) dξ

=
∫

B(0,1)

σ(z)(x, ξ) dξ

−
KN∑

i=0, α(z)−i+n 6=0

1
α(0)− i+ n+ α′(0) z + o(z)

∫

S(0,1)

σi(z)(x, ξ) dξ

+
∫

IRn

σ(N)(z)(x, ξ) dξ,

where we have written α(z) = α(0) + α′(0) + o(z). As a consequence, we have that:

Resz=0 −
∫

IRn

σ(z)(x, ξ) dξ = Resz=0

∫

B(0,1)

σ(z)(x, ξ) dξ

− Resz=0

KN∑

i=0

1
α(0)− i+ n+ α′(0) z + o(z)

∫

S(0,1)

σi(z)(x, ξ) dξ

+ Resz=0

∫

IRn

σ(N)(z)(x, ξ) dξ

= − 1
α′(0)

∫

S(0,1)

σ−n(0)(x, ξ) dξ

= − 1
α′(0)

resx(σ(0)).

This result extends to classical symbol valued forms.

Definition 13 A holomorphic regularisation procedure on ΩCS(U) is a map

R : ΩCS(U) → ΩHol (CS(U))
ω 7→ ω(z)

where

ΩHol (CS(U)) := {z 7→ ω(z) =
∑

I,J

ωIJdxI ∧ dξJ ∈ ΩCS(U),

z 7→ ωIJ(z) lies in HolCS(U)
for all multi− indices I, J}

and

1. ω(0) = ω,

2. ω(z) has holomorphic order α(z) (in particular, α(0) is equal to the order of ω)
such that α′(0) 6= 0.
Replacing U by M defines a holomorphic regularisation on ΩCS(M).
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Remark 11 Clearly, any holomorphic regularisation R on CS(U) induces one on
ΩCS(U) setting:

R(ω) =
∑

I,J

R(ωIJ )dxI ∧ dξJ .

Theorem 1 Given a holomorphic regularisation procedureR : ω 7→ ω(z) on ΩCS(U)
(resp. on ΩCS(M)) induced by a regularisation R : σ 7→ σ(z) on CS(U) (resp. on
CS(M)) and any symbol valued form ω ∈ ΩCS(U) (resp. ΩCS(M)), the map
z 7→ −∫

T∗x U
ω(z) (resp. z 7→ −∫

T∗M
ω(z)) is meromorphic with simple poles at points in

α−1([−n,+∞[∩ZZ) where α is the order of ω(z). Moreover for any x ∈ U

Resz=0 −
∫

T∗x U

ω(z)(x, ξ) = − 1
α′(0)

resx(ω(0)),

respectively

Resz=0 −
∫

T∗M

ω(z)(x, ξ) = − 1
α′(0)

res(ω(0)).

The finite part when z → 0 is defined by:

∫ R

T∗x U

ω(x, ξ) := fpz=0 −
∫

T∗x U

ω(z)(x, ξ)

:= lim
z→0

(
−
∫

T∗x U

ω(z)(x, ξ)− 1
z
Resz=0 −

∫

T∗x U

ω(z)(x, ξ)

)
,

respectively

∫ R

T∗M

ω(x, ξ) := fpz=0 −
∫

T∗M

ω(z)(x, ξ)

:= lim
z→0

(
−
∫

T∗M

ω(z)(x, ξ)− 1
z
Resz=0 −

∫

T∗M

ω(z)(x, ξ)
)
,

Proof: The result follows from applying Proposition 5 to each component ωIJ (z) of
the form ω(z) =

∑
IJ ωIJ(z)dxI ∧ dξJ . The symbol valued form ωIJ (z) has order

αIJ (z) = α(z) − |J | so that α′IJ(0) = α′(0). Since z 7→ −∫
T∗x U

ωIJ (z) is meromorphic
with simple poles so is z 7→ −∫

T∗x U
ω(z) and we have

Resz=0 −
∫

T∗x U

ω(z)(x, ξ) =
∑

IJ

Resz=0 −
∫

T∗x U

ωIJ (z)(x, ξ) dxI ∧ dξJ

= −
∑

IJ

1
α′IJ (0)

resx(ωIJ(0)) dxI ∧ dξJ

by Proposition 5

= − 1
α′(0)

∑

IJ

resx(ωIJ (0)) dxI ∧ dξJ

= − 1
α′(0)

resx(ω(0)),

where we have used Proposition 4 in the last equality.
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1.6 Stokes’ property for cut-off integrals and the Wodzicki
residue

CS(U) is equipped with the left product on symbols:

σ ·L σ′ :=
∑

|α|

1
α!
∂α

ξ σ · ∂α
x σ

′

which lies in CSm+m′
(U) if σ ∈ CSm(U) and σ′ ∈ CSm′

(U). (CS(U), ·L) is an
algebra 1 on which the Wodzicki residue defines a trace [W], [K]:

res(σ ·L σ′) = res(σ′ ·L σ) ∀σ, σ′ ∈ CS(U).

The left product ·L on symbols extends to forms. Indeed for two classical symbol
valued forms α =

∑
i∈I ψiαi =

∑
i∈I ψi

∑
I αI,J,idξ

i
I ∧ dξi

J and β =
∑

i∈I ψiβi =∑
i∈I ψi

∑
K,L αK,L,idξ

i
K ∧ dξi

L, the product

α ∧L β :=
∑

i∈I

ψi

∑

I,J

∑

K,L

(αI,J,i ·L βK,L,i) dxi
I ∧ dξi

J ∧ dxi
K ∧ dξi

L

is independent of the choice of atlas and subordinated partition of unity (Ui, ψi, i ∈ I).
(ΩCS(M),∧L)is an algebra. 2

Theorem 2 For any β ∈ ΩCS(M) with order 0 (or equivalently such that LX(β) =
0 where X is the Liouville field), then

res (dβ) = 0.

The triple (ΩCS(M), d, res) yields a cycle which we refer to as the Wodzicki residue
cycle. The associated n-character (see Appendix A) reads:

χres
n (σ0, · · · , σn) = res (σ0 ·L d σ1 ∧L · · · ∧L σn) , ∀σ0, · · · , σn ∈ CS(M).

Proof: The first part of the theorem follows from Stokes’ property of ordinary
integrals. First observe that if β is of order 0 then so is d β since (dβ)j = d βj (this
can also be seen from the fact that LX(dβ) = dLX(β) = 0) so that res(dβ) is defined
by integration on S∗M . But,

res(d β) =
∫

S∗M

d β = 0

since S∗M is boundaryless. This says that the linear form res on ΩCS(M) is closed.

The fact that the ordinary Wodzicki residue defines a trace on CS(M) then implies
that res (αI,J,i ·L (ψi · βK,L,i)) = res ((ψi · βK,L,i) ·L αI,J,i) from which it follows that:

res(α ∧L β) = (−1)|α|·|β|res(β ∧L α)

so that (ΩCS(M), d, res) defines a cycle.

Similarly to ordinary integrals, cut-off integrals on forms satisfy Stokes’ property
and cut-off integrals on symbols satisfy an integration by parts property.

1Strictly speaking, only the integer order classical symbols form an algebra, by CS(U) we actually
mean (as it is commonly done in the literature) the algebra generated by symbols in CS(U)

2Here again, strictly speaking, only the integer order symbol valued forms form an algebra, but
abusing notations, we write Ω CS(M) for the algebra generated by CS(M)-valued forms.
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Theorem 3 Let U be an open subset of IRn and let β ∈ Ωn−1 CS /∈ZZ(U) be a symbol
valued form with compact support in U . Then

−
∫

T∗U

dβ = 0.

In particular, let σ ∈ CS /∈ZZ(U) be a symbol valued form with compact support in U .
Then

−
∫

T∗U

∂

∂ ξi
σ(x, ξ) dx dξ = 0 ∀i ∈ {1, · · · , n}.

Similarly, for a closed manifold M , given any β ∈ Ωn−1 CS /∈ZZ(M) we have,

−
∫

T∗M

dβ = 0.

Remark 12 • Integration by parts formula in ξ as stated in this theorem com-
bined with the usual integration by parts formula in x yields the cyclicity of the
canonical trace TR on non integer order symbols introduced by Kontsevich and
Vishik in[KV] defined by

TR(A) :=
1

(2π)n
−
∫

T∗M

σA(x, ξ) dx dξ,

where σA is the (local) symbol of A. Indeed, taking the product of two operators
boils down to taking the left product of their local symbols, which involves partial
differentiation both in x and in ξ so that the proof of the cyclicity of TR boils
down to integrating by parts in both x and ξ.

• The integration by parts formula also yields translation invariance of cut-off
integrals on non integer order symbols. Indeed, using a Taylor expansion η 7→
σ(ξ + η) in η at 0 yields, for any x ∈ U , the existence of some θ ∈]0, 1[ such
that:

−
∫

T∗x U

σ(x, ξ + η) dξ =
∑

|α|≤K

−
∫

T∗x U

dξ
Dα

ξ σ(x, ξ)
α!

ηα +
∑

|α|=K

−
∫

T∗x U

dξ
Dα

ξ σ(x, ξ + θη)
α!

ηα

= −
∫

T∗x U

dξ σ(x, ξ),

where we have used that if σ has non integer symbol then so has Dασ so that all
the terms corresponding to |α| 6= 0 vanish by the integration by parts formula
as a result of which we are left with the |α| = 0 term.

Proof: It is sufficient to prove the statement for an open subset U . Indeed, using a
partition of unity on M , by linearity of the cut-off integral, we can restrict ourselves
from β ∈ ΩCS(M) to β ∈ ΩCS(U) with compact support in U . Moreover, the
integration by parts formula on T ∗U easily follows from Stokes’ formula on T ∗U as
follows. For any x ∈ U we have:

−
∫

T∗x U

∂

∂ ξi
σ(x, ξ) dξ = (−1)i−1 −

∫

T∗x U

d
(
σ(x, ξ) dξ1 ∧ · · · ∧ d̂ξi ∧ · · · ∧ dξn

)

= 0
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by Stokes’ applied to β := σ(x, ξ) dξ1 ∧ · · · ∧ d̂ξi ∧ · · · ∧ dξn where we have left out dξi
in the wedge product. Integrating on U then yields the result.
We are therefore left with the proof of −∫

T∗U
dβ = 0. In local coordinates on T ∗U ,

the n − 1 form reads β(x, ξ) =
∑

I,J⊂{1,···,n},|I|+|J|=2n−1 βI,J (x, ξ) dxI ∧ dξJ with
βI,J ∈ CS /∈ZZ(U) so that, letting B∗(0, R), resp. S∗(0, R) be respectively the ball
in the cotangent bundle of radius R centered at the origin, and the sphere in the
cotangent bundle of radius R centered at the origin, we have

−
∫

T∗U

dβ(x, ξ) =
∑

I,J

−
∫

T∗U

d (βI,J (x, ξ) dxI ∧ dξJ)

=
∑

I,J

fpR→∞

∫

B∗(0,R)

d (βI,J (x, ξ) dxI ∧ dξJ)

=
∑

I,J

fpR→∞

∫

S∗(0,R)

βI,J (x, ξ) dxI ∧ dξJ

using Stokes′ property for ordinary integrals

=
∑

I,J

KNI,J∑

jI,J=0

fpR→∞

∫

S∗(0,R)

χI,J (ξ)βI,J,jI,J
(x, ξ) dxI ∧ dξJ

+ lim
R→∞

∫

S∗(0,R)

βI,J (NI,J )

where βI,J =

KNI,J∑

jI,J=0

χI,J βI,J,jI,J
+ βI,J (NI,J )

=
∑

I,J

KNI,J∑

jI,J=0

fpR→∞

∫

S∗(0,R)

χI,J (ξ)βI,J jI,J
(x, ξ) dxI ∧ dξJ

since lim
|ξ|→∞

βI,J (NI,J )(x, ξ) = 0

=
∑

I,J

KNI,J∑

jI,J=0

fpR→∞

∫

S∗(0,R)

βI,J jI,J
(x, ξ) dxI ∧ dξJ

since χI,J equals 1 outside B∗(0, 1)

=
∑

I,J

KNI,J∑

jI,J=0

fpR→∞RmI,J−jI,J+n−1

∫

S∗(0,1)

βI,J jI,J
(x, ξ) dxI ∧ dξJ

= 0 since mI,J − jI,J + n− 1 6= 0,

where mI,J /∈ZZ is the order of βI,J .

Corollary 1 let U be an open subset of IRn. Given any holomorphic regularisation
R : ω 7→ ω(z) on ΩCS(U) (resp. ΩCS(M)) induced by a holomorphic regularisation
on CS(U) (resp. CS(M)) and given any β ∈ Ωn−1 CS(U) with compact support
(resp. β ∈ Ωn−1 CS(M)), then

fpz=0 −
∫

T∗U

d (β(z)) = 0,

19

KSTS/RR-04/04014
December 21, 2004



respectively

fpz=0 −
∫

T∗M

d (β(z)) = 0.

In particular, this yields an integration by parts formula. For any σ ∈ CS(U) with
compact support,

fpz=0 −
∫

T∗U

∂

∂ ξi
(σ(z)) dx dξ = 0 ∀i ∈ {1, · · · , n}.

Similarly,

Resz=0 −
∫

T∗U

d (β(z)) = − 1
b′(0)

res(dβ) = 0,

respectively

Resz=0 −
∫

T∗M

d (β(z)) = − 1
b′(0)

res(dβ) = 0

where b(z) is the order of β(z).

Remark 13 • The first part of this corollary can be summarised by the more
compact statements

−
∫ R

T∗U

dβ = 0, −
∫ R

T∗U

∂

∂ ξi
σ(x, ξ)dx dξ = 0

by which it is understood that the regularisation procedure R applies to β and
σ before differentiation and not to the readily differentiated symbols d β or to

∂
∂ ξi

σ.

• It follows from translation invariance for cut-off integrals that −∫
T∗x U

σ(x, ξ +
η)(z) dξ = −∫

T∗x U
σ(x, ξ)(z) dξ outside the set of points z0 for which σ(z) has

integer order. Taking finite parts yields translation invariance for regularised
integrals:

−
∫ R

T∗x U

σ(x, ξ + η) dξ = −
∫ R

T∗x U

σ(x, ξ) dξ.

By this we mean that the regularised symbol R(σ) is translated before taking
finite parts.

• When R corresponds to dimensional regularisation σ(x, ξ) 7→ H(z)σ(x, ξ)·|ξ|−z,
these two remarks justify the use of integration by parts and translation invari-
nace in computations involving dimensional regularisation in physics. Namely,
one can apply integration by parts or translation invariance after having “com-
plexified the dimension d 7→ d(z) := d − z” (or after having “regularised”
σ 7→ σ(z) in our terminology), and only then can one take finite parts let-
ting the dimensional parameter d(z) tend to d. However, integration by parts
or translation invariance cannot directly be applied to finite parts or in integer
dimensions.

• The second part of this corollary yields back Stokes’ property for the Wodzicki
residue extended to forms.

Proof: The proof easily follows from applying Stokes’ formula to β(z) or integration
by parts formula to ∂

∂ ξi
σ(z) outside the discrete set of points z0 for which b(z), resp.

the order of σ(z) is an integer. Taking either finite parts or complex residues then
yields the result.
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2 From Stokes’ formula to cyclic Hochschild cocy-
cles associated with star products

2.1 Trace forms on a unital algebra (A, ?)

Let (A, ?) be an associative algebra over some ring R with unit 1 and let N be an
R-submodule of A. Let Cn (N , R) denote the space of R-multilinear valued forms on
N⊗n+1. When N = A, Cn (N , R) corresponds to the space of n-cochains on A.

Definition 14 We introduce the antisymmetrization maps on C• (N ) defined by:

Alt : Cn (N , IC[[ν]]) → Cn (N , IC[[ν]])

χ 7→ Altχ(a0, · · · , an) :=
1
n!

∑

σ∈Σn

ε(σ)χ
(
a0, aσ(1), · · · , aσ(n)

)

which corresponds to antisymmetrization on all but the first variable. 3

To a linear map T : N → R we associate trace forms

Ψn(a0, · · · , an) := T (a0 ? a1 ? a2 ? · · · ? an−1 ? an) (5)

which are well-defined provided a0 ? a1 ? a2 ? · · · ? an−1 ? an lies in N . When N = A
this yields a n-cochain on A. We focus on antisymmetrized trace forms:

AltΨ2k(a0, · · · , a2k) = T (a0 ? [a1, · · · , a2k]?)

Since 1 is a unit element in A we have:

AltΨ2k(1, a0, · · · , a2k) = AltΨ2k−1(a1, · · · , a2k) = T ([a1, · · · , a2k]?)

where, following the notations of [HH],we have set:

[a1, · · · , an]? :=
1
n!

∑

σ∈Σn

ε(σ)aσ(1) ? · · · ? aσ(n).

The following proposition relates the B-boundary of the antisymmetrized trace forms
with Helton and Howe’s fundamental trace forms [HH] which correspond to AltΨ2k(1, a1, · · · , a2k) =
T ([a1, · · · , a2k]?) in our setting.

Proposition 6 For any a1, · · · , a2k ∈ A

(B0AltΨ2k)(a1, · · · , a2k) = T ([a1, · · · , a2k]?)

and
(BAltΨ2k)(a1, · · · , a2k) = 2k · T ([a1, · · · , a2k]?)

3In the course of the paper we shall also use the following ”total antisymmetrisation” denoted
by a calligraphic Alt:

Alt : Cn (N , IC[[ν]]) → Cn (N , IC[[ν]])

χ 7→ Alt χ(a0, · · · , an) :=
1

(n + 1)!

X

σ∈Σn+1

ε(σ)χ
ą
aσ(0), · · · , aσ(n)

ć
.

Here Σn denotes the permutation group on n elements and ε(σ) the signature of a permutation σ.
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are proportional to Helton and Howe’s trace forms. Moreover,

T tracial ⇔ Alt T (a1, · · · , a2k) = 0 ∀k ∈ IN ⇔ BAltΨ2k = 0 ∀k ∈ N.
Here B0 and B are operators on cochains the definitions of which are recalled in
Appendix A.

Proof:The first part of the proposition follows from the fact that 1 is a unit for the
product ?:

(B0 AltΨ2k)(a1, · · · , a2k) = AltΨ2k(1, a1, · · · , a2k) + Alt Ψ(a1, · · · , a2k, 1)
= T (1 ? [a1, · · · , a2k]?) + T (a1, [a2, · · · , a2k, 1]?)

= T ([a1, · · · , a2k]?) +
1
2k
T (a1, [[a2, a3]? · · · , [a2k, 1]?]?)

= T ([a1, · · · , a2k]?).

As for second part of the proposition, all we need to check is the equivalence

T tracial ⇔ Alt T (a1, · · · , a2k) = 0 ∀k ∈ IN.

The implication from right to left is easily obtained choosing k = 1. The other
implication follows from an observation made by Helton and Howe [HH], namely
that:

[a1, · · · , a2k]? =
1
2

([a1, [a2, · · · , a2k]?]? − [a2, [a1, · · · , a2k]?]? − · · · − [a2k, [a1, · · · , a2k−1]?]?) .

Applying T then yields the result since T vanishes on ?-brackets.

Proposition 7
T tracial ⇔ b?Ψ2k = 0 ∀k ∈ IN ∪ {0}

where b? is the Hochschild coboundary operator associated with the product ? as de-
fined in Appendix A.

Proof: b?Ψ0 = 0 ⇒ T ([a, b]?) = 0 which yields the implication from right to left.
The implication form left to right also follows from a straightforward computation
using the cyclicity of T w.r. to ?:

b?Ψ2k(a0, a1, . . . , a2k+1) = T ((a0 ? a1) ? · · · a2k+1)− T (a0 ? (a1 ? a2) ? · · · a2k+1)
· · · +T (a0 ? · · · ? (a2i−2 ? a2i−1) ? · · · ? a2k+1)− T (a0 ? · · · ? (a2i−1 ? a2i) ? · · · ? a2k+1) +
· · · +T (a0 ? a1 ? · · · ? (a2k ? a2k+1))− T ((a2k+1 ? a0) ? a1 · · · ? a2k)
= 0.

Remark 14 It follows from the above that when T is tracial, then AltΨ2k is cyclic
and Ψ2k is b?-closed. But one does not expect AltΨ2k to be a cyclic b?-cocycle in
general.

2.2 Trace forms on a deformed algebra

Let now (A, ·) be an algebra over IC and A := A[[ν]] so that elements of A are formal
power series in ν, a =

∑∞
k=0 akν

k, ak ∈ A. A is equipped with a star-product ? which
makes (A, ?) an associative algebra.

With the notations of the previous section, we can set
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1. R = IC[[ν]] and see A as a IC[[ν]]-algebra,

2. R = IC in which case A is seen as a complex algebra.

If N ⊂ A is a complex subspace of A then N = N [[ν]] ⊂ A = A[[ν]] can be seen in the
first case as a IC[[ν]]-submodule of A and in the second case as a complex submodule
of A. We introduce the following terminology:

Definition 15 Let T : N → R be an R linear map. The traciality of T w.r. to ?
i.e.

T ([a, b]?) = 0 ∀a, b ∈ N s.t. [a, b]? := a ? b− b ? a ∈ N (6)

is refered to as

1. strong closedness of the star product w.r. to T if R = IC[[ν]],

2. closedness of the star product w.r. to T if R = IC.

When R = IC[[ν]], the map T can be written:

T : N → IC[[ν]]
∞∑

k=0

akν
k 7→

∞∑

k=0

Tk(a)νk,

where Tk is a IC-linear map on N for each non negative integer k. Clearly, if ? is
strongly closed w.r. to T then it is closed w.r. to any of the projections Tk, so that we
recove the usual concept of strong closedness. Taking T = Tl for a given l coincides
with the usual concept of closedness of a star product associated with a symplectic
form on a 2l dimensional manifold.

Proposition 8 The following statements are equivalent:

1. ? is strongly closed w.r. to T

2. b?Ψ2k = 0 ∀ k ∈ IN ∪ {0}
3. BAltΨ2k = 0 ∀ k ∈ IN.

Remark 15 One does not expect AltΨ2k to be b?- closed. For k = 1 for example, we
have b?AltΨ2(a0, a1a2, a3) = T ([a0, a2]?[a1, a3]?). Taking the cooefficient of ν2 in the
formal power series expansion yields b?AltΨ2(a0, a1a2, a3)[2] = T ({a0, a2} · {a1, a3}).
Setting a0 = a1, a2 = a3, b?- closedness of AltΨ2 would lead to T ({a, b}2) = 0 for all
a, b ∈ A which one cannot expected to hold in general.

Proof: This follows from Propositions 6 and 7 of the previous section since ? is
strongly closed if and only if T is tracial.

Given a deformation (A[[ν]], ?) of aa commutative algebra (A, ·), we set

θ(a, b) := a ? b− b · a ∀a, b ∈ A. (7)

The corresponding Poisson bracket is given by

{a, b} := (θ(a, b)− θ(b, a))[1] .
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Connes, Flato and Sternheimer introduced in [CFS] a cochain further investigated by
Halbout [H] in view of an index type theorem for closed star products. It is defined
as:

Φ2k(a0, · · · , a2k) := T (a0 ? θ(a1, a2) ? · · · ? θ(a2k−1, a2k)) (8)

for any a0, · · · , a2k ∈ N such that a0 ?θ(a1, a2)? · · ·?θ(a2k−1, a2k) ∈ N . We shall refer
to this 2k-cochain as the CFS-H cochain. The next proposition compares Alt Ψ2k with
the antisymmetrized form AltΦ2k of the CFS-H cochain:

Proposition 9 For any non negative integer k,

AltΨ2k = Alt Φ2k.

Proof: First observe that since (A, ·) is commutative,

Alt θ(a, b) = a ? b− b ? a := [a, b]?

where Alt stands for antisymmetrization in all variables. Let τij be the transposition
that exchanges i and j.

AltΦ2k (a0, · · · , a2k)

=
1

(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ? θ(aσ(1), aσ(2)) ? · · · ? θ(aσ(2k−1), aσ(2k))

)

=
1

(2k)!

∑

σ∈Σ2k

ε(στ12)T
(
a0 ? θ(aσ(τ12(1)), aσ(τ12(2))) ? · · · ? θ(aσ(τ12(2k−1)), aσ(τ12(2k)))

)

= − 1
(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ? θ(aσ(2), aσ(1)) ? θ(aσ(3), aσ(4)) ? · · · ? θ(aσ(2k−1), aσ(2k))

)

=
1
2

1
(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ?Alt θ(aσ(1), aσ(2)) ? θ(aσ(3), aσ(4)) ? · · · ? θ(aσ(2k−1), aσ(2k))

)

=
1
2

1
(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ?

[
aσ(1), aσ(2)

]
?
? θ(aσ(3), aσ(4)) ? · · · ? θ(aσ(2k−1), aσ(2k))

)

= −1
2

1
(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ?

[
aσ(τ34(1)), aσ(τ34(2))

]
?
? θ(aσ(τ34(3), aσ(τ34(4))) · · ·)

)

=
1
22

1
(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ?

[
aσ(1), aσ(2)

]
?
?

[
aσ(3), aσ(4)

]
?
? θ(aσ(5), aσ(6)) ? · · ·

)

= · · ·
=

1
2k

1
(2k)!

∑

σ∈Σ2k

ε(σ)T
(
a0 ?

[
aσ(1), aσ(2)

]
?
? · · · ? [

aσ(2k−1), aσ(2k)

]
?

)

=
1

2k!

∑

σ∈Σ2k

ε(σ)T
(
a0 ? aσ(1) ? aσ(2) ? · · · ? aσ(2k−1) ? aσ(2k)

)

= Alt Ψ2k (a0, · · · , a2k) .

A straightforward consequence of this identification is:

Corollary 2 ? is strongly closed w.r. to T if and only if BAltΦ2k = 0.
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Proof: This follows from the fact that if ? is strongly closed w.r to T if and only if
BAltΨ2k = 0.

We now consider a projected trace form.

Definition 16 Given a IC[[ν]]-linear map T on A we set

ψk(a0, · · · , a2k) := Tk (a0 ? a1 ? · · · , a2k?) = (Ψ2k(a0, · · · , a2k))[k] ,

and accordingly

φk(a0, · · · , a2k) := Tk (a0 ? [a1, · · · , a2k]?) = (Φ2k(a0, · · · , a2k))[k] .

The next proposition shows that Altψk, Altφk can be written in terms of the Poisson
brackets.

Proposition 10 Let T be a IC[[ν]]-linear extension of a linear map τ0 on N . Given
any elements a0, · · · , a2k ∈ A such that

Alt (a0{a1, a2} · · · {a2k−1, a2k}) :=
1

(2k)!

∑

σ∈Σ2k

ε(σ)a0·{aσ(1), aσ(2)} · · · {aσ(2k−1), aσ(2k)} ∈ N,

then

Altψ2k(a0, · · · , a2k) = Altφ2k(a0, · · · , a2k)
= 2−k τ0 (Alt a0 · {a1, a2} · · · · · {a2k−1, a2k})
:= 2−k Alt τ0 (a0 · {a1, a2} · · · · · {a2k−1, a2k}) .

Remark 16 In particular Helton and Howe’s trace forms in this context read

Tk ([a1, · · · , a2k]?) = 2−k τ0 (Alt {a1, a2} · · · · · {a2k−1, a2k})
= 2−k Alt τ0 ({a1, a2} · · · · · {a2k−1, a2k})

where the antisymmetrization Alt applies to all variables.

Proof: It follows from Proposition 9 that Altψ2k(a0, · · · , a2k) = Altφ2k(a0, · · · , a2k).
From the computations of the previous section we further derive that

AltΨ2k(a0, · · · , a2k)[k] = Altψ2k(a0, · · · , a2k)[k]

=
1
2k

1
(2k)!

∑

σ∈Σ2k

ε(σ)
[
T

(
a0 ?Alt θ(aσ(1), aσ(2)) ? · · · ?Alt θ(aσ(2k−1), aσ(2k))

)]
[k]

=
1
2k

1
(2k)!

∑

σ∈Σ2k

ε(σ)Tk

(
a0 ?Alt θ(aσ(1), aσ(2)) ? · · · ?Alt θ(aσ(2k−1), aσ(2k))

)

=
1
2k

1
(2k)!

∑

σ∈Σ2k

ε(σ)τ0
(
a0 ?Alt θ(aσ(1), aσ(2))[1] · · · · · Alt θ(aσ(2k−1), aσ(2k))[1]

)

=
1

2k(2k)!
τ0

( ∑

σ∈Σ2k

ε(σ)a0 · {aσ(1), aσ(2)} · · · · · {aσ(2k−1), aσ(2k)}
)

= 2−kτ0 (Alt a0 · {a1, a2} · · · · · {a2k−1, a2k})
= 2−kAlt τ0 (a0 · {a1, a2} · · · · · {a2k−1, a2k}) .
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2.3 The case of a Poisson manifold

We now specialise to a star product associated with a Poisson manifold. Let W be
an n- dimensional Poisson manifold and let Λ be the associated Poisson tensor. The
Poisson bracket is defined by:

{f, g} = 〈Λ, df ∧ dg〉
for any smooth functions f and g on W .
Given a subspace N ⊂ C∞(W ), let

N2k := {2k − forms α on W, 〈Λ∧k, α〉 ∈ N}.
Any linear form τ0 : N ⊂ C∞(W ) → IC induces a map τk : N2k → IC defined by:

τk(α) := τ0
(〈Λ∧k, α〉) .

Lemma 5 Let k ≤ l and let f0, · · · , f2k ∈ N . Then for any f0, · · · , f2k ∈ N such
that

Alt f0{f1, f2} · · · {f2k−1, f2k} :=
1

(2k)!

∑

σ∈Σ2k

ε(σ)f0{fσ(1), fσ(2)} · · · {fσ(2k−1), fσ(2k)}

lies in N , then

• 〈Λ∧k, f0df1 ∧ df2 · · · ∧ df2k−1 ∧ df2k〉 = 2−k Alt (f0{f1, f2} · · · {f2k−1, f2k}) also
lies in N ,

• τk(f0df1 ∧ · · · ∧ df2k) = 2−k Alt τ0 (f0{f1, f2} · · · {f2k−1, f2k}) ,
where as before, Alt denotes cyclic antisymetrization on all but the first variable.

Proof: We first observe that

Alt (f0{f1, f2} · · · {f2k−1, f2k}) = Alt (f0〈Λ, df1 ∧ df2〉 · · · 〈Λ, df2k−1 ∧ df2k〉)
= 2kAlt (f0〈Λ, df1 ⊗ df2〉 · · · 〈Λ, df2k−1 ⊗ df2k〉)
= 2kAlt

(
f0〈Λ⊗k, df1 ⊗ df2 ⊗ · · · ⊗ df2k−1 ⊗ df2k〉

)

= 2kf0〈Λ∧k, df1 ∧ df2 ∧ · · · ∧ df2k−1 ∧ df2k〉
= 2k〈Λ∧k, f0df1 ∧ df2 · · · ∧ df2k−1 ∧ df2k〉.

It follows from there that 〈Λ∧k, f0df1∧df2 · · ·∧df2k−1∧df2k〉 ∈ N2k since by assump-
tion Alt (f0{f1, f2} · · · {f2k−1, f2k}) lies in N . Applying τ0 then yields the result.

Definition 17 The linear map τk : N2k → IC is said to satisfy Stokes’ property if

τk(dβ) = 0 ,∀ (k − 1)− form β on W s.t. dβ ∈ N2k.

Theorem 4 Let ? be a star product associated with the Poisson structure on a Pois-
son manifold W , and let T (

∑∞
k=0 ak ν

k) =
∑∞

k=0 Tk(a) νk be a IC[[ν]]-linear exten-
sion to an N -module N = N [[ν]] of a linear form τ0 : N ⊂ C∞(W ) → IC. For any
f0, · · · , f2k ∈ C∞(W ) such that Alt f0{f1, f2} · · · {f2k−1, f2k} lies in N we have

Altψ2k(f0, · · · , f2k) = Altφ2k(f0, · · · , f2k)
= τk(f0 df1 ∧ · · · ∧ df2k).

26

KSTS/RR-04/04014
December 21, 2004



If τk satisfies Stokes’ property then Altψ2k = Altφ2k satisfies the following condi-
tions:

1. Whenever Alt (f0{f1, f2} · · · {f2k−1, f2k}) ∈ N and Alt (f1{f2, f3} · · · {f2k, f0}) ∈
N then

Altψ2k(f0, · · · , f2k) = Altψ2k(f1, · · · , f2k, f0) (cyclicity)

2. Whenever Alt ({f1, f2} · · · {f2k−1, f2k}) = Alt (1 {f1, f2} · · · {f2k−1, f2k}) ∈ N
then Altψ2k(1, f1, · · · , f2k) = 0.

3. bAltψ2k(f0, · · · , f2k+1) = 0 whenever the l.h.s makes sense, where b is the
Hochschild coboundary associated with the commutative product · on A.

If N = A then Altψ2k is the 2k-character associated with the 2k-dimensional cycle
(Ω(A), d, τk) where Ω(A) is equipped with the ordinary exterior product built from the
commutative product · on A.

Remark 17 Since Altψ2k = Altφ2k one could expect that the b-closedness of Altψ2k

might follow from that of φ2k (which would imply the b-closedness of Altφ2k since the
product is commutative). We show in Appendix B that there is no reason to expect
φ2k to be b-closed.

Proof: Combining Proposition 10 applied to Tk = τ0 combined with Lemma 5 yields
that

Altψ2k(f0, · · · , f2k) = Altφ2k(f0, · · · , f2k)
= τk(f0 df1 ∧ · · · ∧ df2k).

Conditions 1,2 then follow from Stokes’ property of τk. Indeed,

1. We first observe that whenever Alt f0{f1, f2} · · · {f2k−1, f2k} and Alt f1{f2, f3} · · · {f2k, f0}
lie in N , then d (f0 f1 df2 ∧ · · · ∧ df2k) lies in N2k since

〈Λ∧k, d (f1 f0 df2 ∧ · · · ∧ df2k)〉
= 〈Λ∧k, f0 df1 ∧ df2 ∧ · · · ∧ df2k〉+ 〈Λ∧k, f1 df0 ∧ df2 ∧ · · · ∧ df2k〉
= 〈Λ∧k, f0 df1 ∧ df2 ∧ · · · ∧ df2k〉 − 〈Λ∧k, f1 df2 ∧ · · · ∧ df2k ∧ df0〉
= 2−kAlt ( f0{f1, f2} · · · {f2k−1, f2k})− 2−kAlt ( f1{f2, f3} · · · {f2k, f0})

lies in N . Applying Stokes’ property to β := f0 f1 df2 ∧ · · · ∧ df2k we get

Altψ2k(f0, · · · , f2k) = τk(f0 df1 ∧ · · · ∧ df2k)
= τk (d (f1 f0 df2 ∧ · · · ∧ df2k))− τk (f1 df0 ∧ · · · ∧ df2k)
= −τk (f1 df0 ∧ df2 · · · ∧ df2k)
= τk (f1 df2 ∧ · · · ∧ df2k ∧ df0)
= Altψ2k(f1, · · · , f2k, f0).

2. Applying this to f0 = 1 yields 2.
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3. The last condition follows from the Leibniz rule d(fg) = df g + f dg.

bAltψ2k(f0, · · · , f2k+1) = b τk(f0 df1 ∧ · · · ∧ df2k+1)
= τk(f0 f1 df2 ∧ · · · ∧ df2k+1)− τk(f0 d(f1 f2) ∧ · · · ∧ df2k+1) · · ·
· · · +τk(f0 df1 ∧ · · · ∧ d(f2kf2k+1))− τk(f2k+1f0 df1 ∧ · · · ∧ df2k)
= τk(f0 f1 df2 ∧ · · · ∧ df2k+1)− τk(f0 f1 df2 ∧ · · · ∧ df2k+1)
− τk(f0 df1 f2 df3 ∧ · · · ∧ df2k+1) + τk(f0 df1 ∧ f2 df3 ∧ · · · ∧ df2k+1) · · ·
· · · +τk(f0 df1 ∧ · · · ∧ df2k f2k+1)− τk(f2k+1f0 df1 ∧ · · · ∧ df2k)
= 0

where we have used the commutativity of the product · in the last identity.

2.4 The symplectic case

We now further specialize to a 2l-dimensional symplectic manifold W equipped with
the symplectic form ω. The non degenerate 2-form ω induces an isomorphism of
vector bundles:

ω[ : TM → T ∗M

v 7→ v[(w) := ω(v, w)

with inverse:

ω] : T ∗M → TM

α 7→ α], ω(v, α]) = α(v).

The Hamiltonian vector field associated to a smooth function f on W is defined by:

Hf (x) := ω]
x(df)

and the Poisson bracket by:

{f, g} = 〈ω,Hf ∧Hg〉 = 〈Λ, df ∧ dg〉
for any smooth functions f and g on W . From this it follows that:

Λ =
(∧2ω]

)
(ω).

Lemma 6
〈ω,Λ〉 = l, 〈ω∧k,Λ∧k〉 = lk.

Proof: The second property easily follows from the first one using the usual nor-
malisation conventions for inner products of forms. Let us check the first property.
Using Darboux coordinates, we have:

〈Λ, ω〉 = 〈Λ,
l∑

i=1

dpi ∧ dqi〉 =
l∑

i=1

{pi, qi} = l

which ends the proof.
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Given a subspaceN ⊂ C∞(W ), we set as beforeN2k := {2k−forms α on W, 〈Λ∧k, α〉 ∈
N}. and let τk : N2k → IC defined by:

τk(α) := τ0
(〈Λ∧k, α〉)

be the map induced by some linear form τ0 : N ⊂ C∞(W ) → IC.

Lemma 7
τk(α) = lk τl(α ∧ ωl−k) ∀α ∈ N2k.

Proof: On a Darboux coordinate chart with local coordinates (x1, · · · , x2l) we can
write

α =
∑

{i1,···,i2k}⊂{1,···,2l}
αi1···i2k

dxi1 ∧ · · · ∧ dxi2k

so that the proof boils down to showing the property for some form α = f dxi1 ∧· · ·∧
dxi2k

in which case we have:

τk(α) = τk(f dxi1 ∧ · · · ∧ dxi2k
)

= τ0
(〈Λ∧k, f dxi1 ∧ · · · ∧ dxi2k

〉ωl
)

= ε(σ)lkτl
(
fωl

)

= lk τl
(
f dxi1 ∧ · · · dxi2k

∧ ωl−k
)

= lkτl(α ∧ ωl−k)

where ε(σ) is the signature of the permutation σ : j → ij . In the third identity, we
use Lemma 6 setting pi = x2i+1, qi = x2i.

Proposition 11 Let as before W be a 2l-dimensional symplectic manifold. If τl
satisfies Stokes’ property: τl(dβ) = 0 ∀(2l − 1)− form β on W, s.t. dβ ∈ N2l,
then so does τk verify Stokes’ property for any integer 0 ≤ k ≤ l, i.e. τk(dβ) =
0 ∀(2k − 1)− form β on W, s.t. dβ ∈ N2k.

Proof: Let ω denote the symplectic form on W . The statement follows from Lemma
7 using the closedness of ω since τk(d β) = lk τl(dβ ∧ ωl−k) = lk τl

(
d(β ∧ ωl−k)

)
.

The following Corollary is then a direct consequence of Theorem 4.

Corollary 3 Let ? be a star product associated with a symplectic manifold (W,ω),
and let T (

∑∞
k=0 akν

k) =
∑∞

k=0 τ0(ak)νk be a IC[[ν]]-linear extension to a submodule
N ⊂ N [[ν]] of a linear form τ0 : N ⊂ C∞(W ) → IC. For any non negative integer
k and any f0, · · · , f2k ∈ C∞(W ) such that Alt f0{f1, f2} · · · {f2k−1, f2k} lies in N we
have

Altψ2k(f0, · · · , f2k) = Altφ2k(f0, · · · , f2k)
= lk τl

(
f0 df1 ∧ · · · ∧ df2k ∧ ωl−k

)
.

If τl satisfies Stokes’ property, then conditions 1,2, 3 of Theorem 4 are fulfilled.
Whenever N = A, then for any non negative integer k, Altψ2k is the character (see
Appendix A) associated with the 2k-dimensional cycle (Ω(A), d, τk) where Ω(A) is
equipped with the ordinary exterior product built from the commutative product · on
A.
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When A = C∞0 (W ) and Tk(f) =
∫

W
fωl is the ordinary integral then

Altφ2k(f0, · · · , f2k) = lk
∫

W

f0 df1 ∧ · · · ∧ df2k ∧ ωl−k.

Proof: From Proposition 11 we know that τk satisfies Stokes’ property for any k
since by assumption τl does. Applying Theorem 4 then yields the result.

Remark 18 When k = l this last corollary yields back:

Altφ2l(f0, · · · , f2k) = ll
∫

W

f0 df1 ∧ · · · ∧ df2l,

which corresponds to a particular case of a more general formula shown in [CFS] and
[H].

3 Cyclic Hochschild cocycles on classical symbols

3.1 A cyclic cocycle for non integer order classical symbols on
IR2l

Following the notations of the first part of the paper, we set

• n = 2l, W = IR2l equipped with the canonical symplectic form ω,

• N := CS /∈ZZ
c.c ( IR2l), N = N [[ν]] = CS /∈ZZ

c.c ( IR2l)[[ν]],

• τ cut−off
0 (σ) := −∫

IR2l σ ωl which defines a linear form on N ,

• for σ =
∑∞

k=0 σkν
k, T

(∑∞
k=0 σk ν

k
)

=
∑∞

k=0 Tk(σ) νk, where Tk(σ) = τ cut−off
0 (σk),

• N2k := {α k − form on IR2l s.t. 〈Λ2k, α〉 ∈ N}.
A form α ∈ Ω2k CS( IR2l), locally reads α =

∑
α|I|+|J|=kαI,J dxI ∧ dξJ with αI,J ∈

CS(U). Hence

〈Λ∧k, α〉 =
∑
α

|I|+ |J | = kαI,J 〈Λ∧k, dxI ∧ dξJ〉

so that if α has non integer order,〈Λ∧k, α〉 also has non integer order. As a conse-
quence, Ω2k CS /∈ZZ

c.c ( IR2l) ⊂ N2k so that

τ cut−off
k : Ω2k CS /∈ZZ

c.c ( IR2l) → IC[[ν]]

α 7→ −
∫
〈Λ∧k, α〉ωl

is well defined.

Lemma 8 The linear form τl coincides on Ω2l CS /∈ZZ
c.c ( IR2l) with the cut-off integral

extended to top forms:

τl(α) = −
∫

IR2l

α ∀α ∈ Ω2l CS /∈ZZ
c.c ( IR2l).
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Proof: A straightforward computation shows that 〈Λ2l, α〉ωl = α from which the
result then follows.
We equip CSc.c( IR2l)[[ν]] with the Moyal star product. Given two symbols σ ∈
CSm

c.c( IR2l), σ′ ∈ CSm′
c.c ( IR2l), their Moyal product:

σ ? σ′ =
∞∑

k=0

Ck(σ, σ′)νk

where

Ck(σ, σ′) :=
∞∑

k=0

∑

i1,···,ik

∑

j1,···,jk

ωi1j1 · · ·ωikjk∂i1···ikσ∂i1···ikσ′

lies in CSm+m′
c.c ( IR2l)[[ν]] since Ck(σ, σ′) has order m + m′ − 2k. In particular,

C1(σ, σ′) = 1
2{σ, σ′}. We set

θ(σ, σ′) :=
∞∑

k=1

Ck(σ, σ′) νk,

which is of order m+m′ − 2.
Let σ0, · · · , σ2k ∈ N of orders m0,m1, · · · ,m2k such that

∑2k
i=0mi /∈ ZZ. Then σ0 ?

σ1 ? · · · ? σ2k and σ0 ? θ(σ1, σ2) ? · · · ? θ(σ2k−1, σ2k) also lie in N .

Definition 18 Let σ0, · · · , σ2k ∈ N of orders m0,m1, · · · ,m2k such that
∑2k

i=0mi /∈
ZZ. We set

Ψcut−off
2k (σ0, σ1, · · · , σ2k) := T cut−off (σ0 ? σ1 ? · · · ? σ2k) ,

ψcut−off
2k (σ0, σ1, · · · , σ2k) := T cut−off

k (σ0 ? σ1 ? · · · ? σ2k) .

We define the cut-off CFS-H cocycle:

Φcut−off
2k (σ0, σ1, · · · , σ2k) := T cut−off (σ0 ? θ(σ1, σ2) ? · · · ? θ(σ2k−1, σ2k))

and its projection

φcut−off
2k (σ0, σ1, · · · , σ2k) := T cut−off

k (σ0 ? θ(σ1, σ2) ? · · · ? θ(σ2k−1, σ2k)) .

As a consequence of Corollary 3, Altψcut−off
2k = Altφcut−off

2k is a cyclic ”b-cocycle”
(the terminology is improperly used here since non integer order symbols do not build
an algebra) on non integer order symbols on IR2l with constant coefficients:

Theorem 5 Altψcut−off
2k = Altφcut−off

2k reads:

Altψcut−off
2k (σ0, · · · , σ2k) = lk −

∫

IR2l

σ0 dσ1 ∧ · · · ∧ dσ2k ∧ ωl−k

and satisfies the following conditions. For any symbols σ0, · · · , σ2k+1 ∈ CSc.c( IR2l)
with orders mi, i = 0, · · · , 2k + 1 such that

1.
∑2k

i=0mi /∈ZZ, we have (cyclicity)

Altψcut−off
2k (σ0, · · · , σ2k) = Altψcut−off

2k (σ1, · · · , σ2k, σ0)
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2.
∑2k

i=1mi /∈ZZ, we have

Altψcut−off
2k (1, σ1, · · · , σ2k) = 0

3.
∑2k+1

i=0 mi /∈ZZ, we have

bAltψcut−off
2k (σ0, · · · , σ2k+1) = 0

where b is the Hochschild coboundary associated with the commutative product
· on A.

Proof: This follows from Corollary 3 applied to τ cut−off
0 = −∫ and N = CS/∈ZZ( IR2l),

which satisfies Stokes’ property by Theorem 3. Indeed the fact that
∑2k

i=0mi /∈ ZZ
implies that Altσ0 {σ1, σ2} · · · {σ2k−1, σ2k} ∈ N and Altσ1 {σ2, σ3} · · · {σ2k, σ0} ∈ N
so that their cut-off integrals are well-defined and condition 1 makes sense. Similarly,
assumption

∑2k
i=1mi /∈ ZZ ensures that condition 2 makes sense and

∑2k+1
i=1 mi /∈ ZZ

that condition 3 makes sense.

Setting k = l and σ0 = 1 we get back a formula similar to formulae proven in [HH]:

Corollary 4 For any classical symbols σ1, · · · , σ2l ∈ CSc.c( IR2l) with orders mi, i =
1, · · · , 2k such that

∑2l
i=1mi /∈ZZ,

T cut−off
l [σ1, · · · , σ2l]? = ll −

∫

IR2l

dσ1 ∧ · · · ∧ dσ2l.

3.2 Meromorphic families of trace forms and the residue co-
cycle on classical symbols on IR2l

Recall from Theorem 2 the character (σ0, σ1, · · · , σp) 7→ res(σ0dσ1 ∧L · · · ∧L dσp)
associated with the cycle (ΩCS(M), d, res) where CS(M) was equipped with the left
product on symbols. On CSc.c( IR2l), the left product boils down to an ordinary
product so that the associated 2l-residue character reads:

(σ0, · · · , σ2l) 7→ res (σ0 dσ1 ∧ · · · ∧ dσ2l) .

Theorem 6 Let CSc.c( IR2l)[[ν]] be equipped with the Moyal ?-product. Given a regu-
larisation procedure R : σ 7→ σ(z) on CSc.c( IR2l), for any σ0, · · · , σ2k ∈ CSc.c( IR2l),
the map z 7→ Altψcut−off

2k (σ0(z), σ1(z), · · · , σ2k(z)) is meromorphic with simple poles
and its complex residue at zero

Altψres
2k (σ0, σ1, · · · , σ2k) := −α′(0) · Resz=0Altψcut−off

2k (σ0(z), σ1(z), · · · , σ2k(z))

where α(z) is the order of the symbol valued form σ0 dσ1 ∧ · · · ∧ dσ2k ∧ ωl−k, reads:

Altψres
2k (σ0, · · · , σ2k) := lk res

(
σ0 dσ1 ∧ · · · ∧ dσ2k ∧ ωl−k

)
. (9)

Altψ2l is proportional to the 2l-character associated with the cycle
(
Ω

(
CSc.c( IR2l)

)
, d, res

)
.

It vanishes on symbols σ0, σ1, · · · , σi, · · · with orders m0,m1,m2, · · · such that their
sum is non integer.
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Proof: Let mi(z) denote the order of σi(z), then σ0(z) ? σ1(z) ? · · · ? σ2k(z) lies in
CS /∈ZZ

c.c ( IR2l)[[ν]] provided
∑2k

i=1mi(z) /∈ZZ[[ν]] so that it lies in CS /∈ZZ
c.c ( IR2l) outside

a discrete number of points. Applying Theorem 5 to the σi(z) outside this set yields
that

Altψcut−off
2k (σ0(z), · · · , σ2k(z))

= lk −
∫
σ0(z) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k.

Applying Theorem 1 to ω(z) := σ0(z) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k, yields:

Altψres
2k (σ0, · · · , σ2k) = −α′(0) · lk · Resz=0Altψcut−off

2k (σ0(z), · · · , σ2k(z))

= −α′(0) · lk · Resz=0 −
∫
σ0(z) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k

= lkres
(
σ0 dσ1 ∧ dσ2 ∧ · · · ∧ dσ2k ∧ ωl−k

)
.

Hence Altψres
2k (σ0, σ1, · · · , σ2l) is proportional to the 2l-character associated with the

cycle
(
Ω

(
CSc.c( IR2l)

)
, d, res

)
. It clearly vanishes on symbols σ0, σ1, σ2, · · · with

orders m0,m1,m2, · · · such that their sum is non integer since in that case the form
σ0(z) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k also has non integer order.

3.3 Perturbed star products

Going back to a general associative algebra (A, ?) equipped with a linear map T ,
given a fixed element κ ∈ A, we can perturb the product ? and the corresponding
linear map T as follows:

a ?κ b := a ? κ ? b; Tκ(a) := T (a ? κ) = T (κ ? a) ∀a, b ∈ A.

This gives rise to a new associative algebra (A, ?κ) equipped with a new linear form
Tκ(

∑∞
k=0 akν

k) =
∑∞

k=0 Tk,κ(ak)νk and to corresponding perturbed trace forms:

Ψκ
2k(a0, · · · , an) = Tκ (a0 ?κ a1 · · · ?κ an) ∀a0, · · · , an ∈ A

and
ψκ

2k(a0, · · · , an) = Tk,κ (a0 ?κ a1 · · · ?κ an) ∀a0, · · · , an ∈ A.
A straighforward computation shows that

Lemma 9 • If ? is (resp. strongly) closed w.r. to Tk (resp. T ) then ?κ is
(strongly) closed w.r. to Tk,κ (resp. Tκ).

• Set Rκ(a) := a ? κ with κ ∈ N . Then

a0 ?κ a1 ?κ · · · ?κ an−1 ?κ an = Rκ(a0) ?Rκ(a1) ? · · · ?Rκ(σn−1) ?Rκ(an)

and
Tκ (σ0 ?κ a1 ?κ · · · ?κ an−1 ?κ an) = T (Rκ(a0) ? · · · ? an) .
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3.4 Meromorphic cocycles associated with the left product
on classical symbols on IRn

Let us now specialise to CS(U) where U is an open subset of IRn. We equip CS(U)
with a left star product on symbols.

Definition 19 Given two symbols σ ∈ CSm(U), σ′ ∈ CSm′
(U)[[ν]], their (left) star

product is defined by:

σ ?L σ
′ =

∞∑

k=0

C̃k(σ, σ′)νk

with
C̃k(σ, σ′) :=

∑

|α|=k

1
α!
∂α

ξ σ · ∂α
x σ

′.

It lies in CSm+m′
(U) since C̃k(σ, σ′) has order m+m′ − k.

Note that
C̃1(σ, σ′)− C̃1(σ′, σ) = {σ, σ′}

so that the left star product ?L, like the Moyal product ?, is associated with the
canonical symplectic form ω on W = T ∗U .
It is useful to note that if σ′ is independent of x then

σ ?L σ
′ = σ ·L σ′ = σ · σ′.

We are now ready to perturb the left product on formal symbols. Let U be an open
subset of IRn. A holomorphic family

κ ∈ Hol (CS(U))

such that
κ(0) = Id, and ordκ(z) = α(z)withα′(0) 6= 0,

provides on one hand a map:

Rκ : σ → σ(z) = σ ?L κ(z)

and on the other hand a holomorphic family of perturbed star products

σ ?L,z σ
′ := σ ?L κ(z) ?L σ

′

with corresponding perturbed linear forms:

T (z) := Tκ(z), Tk(z) := Tk,κ(z), k ∈ IN.

Take κ(z) independent of x. Then

σ ?L κ(z) = σ · κ(z)
so that

Rκ : σ 7→ σ(z) = σ · κ(z)
provides a regularisation procedure on CS(U).

In particular, choosing κ(z) = |ξ|−z yields back the well known Riesz regularisa-
tion:

σ 7→ σ(z) := σ ?L | xi|−z = σ · |ξ|−z.
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Remark 19 In order to generalise this construction from an open subset U of IRn

to a manifold M , one would need to weaken the requirement σ ?L κ(z) = σ · κ(z),
requiring instead that at each point x ∈M ,

σ ?L κ(z) = σ · κ(z) + zσ̃x(z)

for some classical symbol σ̃x(z) which might depend on the point x ∈ M . Riesz
regularisation on a Riemannian manifold M , for which κ(z) = |ξ|−z

x where | · |x is
the norm on T ∗xU induced by the metric on M , satisfies such a requirement.

Theorem 7 Let CSc.c( IR2l)[[ν]] be equipped with the left star product ?L. Let R :
σ 7→ σ(z) = σ · κ(z) on CSc.c( IRn) be a regularisation procedure induced by a map
κ ∈ Hol

(
CSc.c( IR2l)

)
(which is therefore independent of x). For σ0, · · · , σ2k ∈

CSc.c( IR2l), set:

ψcut−off
κ,2k (z)(σ0, · · · , σ2k) := T cut−off

p (σ0(z) ?L σ1(z) ?L · · · ?L σ2k(z))

= T cut−off
2k (z)(σ0 ?L,z σ1 ?L,z · · · ?L,z σ2k).

Then

z 7→ Altψcut−off
κ,2k (z)(σ0, · · · , σ2k) = lk −

∫

IRn

σ0(z)dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k

yields a meromorphic family of cyclic bz-cocycles on CSc.c( IR2l) with simple poles.
Here bz is the Hochschild coboundary associated with the perturbed product f ·z g :=
f · κ(z) · g.
When k = l

Altψres
κ,2k(σ0, · · · , σ2k) := −α′(0)Resz=0Altψcut−off

κ,2k (z)(σ0, · · · , σ2k)

is proportional (independently of the choice of κ) to the n- character associated
with the n-cycle (Ω(CSc.c( IRn)), d, res) where res is the Wodzicki residue extended
to forms:

Altψres
κ,2k(σ0, · · · , σ2k) = lk · res (σ0dσ1 ∧ · · · ∧ dσn)

= lk · res (σ0dσ1 ∧L · · · ∧L dσn) .

Remark 20 • The fact that starting from the left star product, we recover the
residue character we had come across in the previous section starting from the
Moyal star product is due to the fact that they are associated with the same
Poisson brackets.

• On a closed Riemannian manifold M , one can take κ(z)(x, ξ) := |ξ|x defined
using the metric g(x) on TxM at point x. Then,as was pointed out above,
σ(z) := σ ?L κ(z) = σ(z) · |ξ|−z + zσ̃x(z) for some classical symbol σx(z). The
perturbation by zσx(z) = Ox(z) does not affect the complex residue so that the
here again, the complex residue at zero of Altψκ,p(z) reads:

α′(0)Resz=0Altψcut−off
κ,2k (z)(σ0, · · · , σ2k) = lkres (σ0dσ1 ∧ · · · ∧ dσ2k) .
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But when k = l this expression is no longer proportional to the 2l- charachter

res (σ0dσ1 ∧L · · · ∧L dσ2l)

associated with the 2l-cycle (Ω(CS(M)), d, res) which involves the left product
on symbols as well as the wedge product on forms unlike in the case of symbols
with constant coefficients for which the left product reduced to the ordinary
product.

Proof: Applying Theorem 6 to σi(z) = σ · κ(z) yields the meromorphicity with
simple poles together with the fact that the complex residue

Resz=0 Altψκ,2k(z)(σ0, · · · , σ2k) = − lk

α′(0)
res

(
σ0 dσ1 ∧ · · · ∧ dσ2k ∧ ωl−k

)

is proportional to the 2k-character associated with the cycle (Ω(CS(U)), d, res). This
holds independently of the choice of κ.
On the other hand, by Theorem 5, we have

Altψκ,2k(z)(σ0, · · · , σ2k) = lk −
∫
σ0(z) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k.

A straightforward computation then yields that it is b(z)-closed:

b(z)Altψκ,2k(z)(σ0, · · · , σ2k+1) = lk b(z) −
∫
σ0(z) dσ1(z) ∧ · · · ∧ dσ2k+1(z) ∧ ωl−k

= lk −
∫

(σ0 ·κ σ1) (z) dσ2(z) ∧ · · · ∧ dσ2k+1(z) ∧ ωl−k

− lk −
∫
σ0(z) d (σ1 ·κ σ2) (z) ∧ dσ3(z) ∧ · · · ∧ dσ2k+1(z) ∧ ωl−k

· · ·+ lk −
∫
σ0(z) dσ1(z) ∧ · · · ∧ d (σ2k ·κ σ2k+1) (z) ∧ ωl−k

− lk −
∫

(σ2k+1 ·κ σ0) (z) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k

= lk −
∫
σ0(z) · σ1(z) dσ2(z) ∧ · · · ∧ dσ2k+1(z) ∧ ωl−k

− lk −
∫
σ0(z) d (σ1(z) · σ2(z)) ∧ dσ3(z) ∧ · · · ∧ dσ2k+1(z) ∧ ωl−k

· · ·+ lk −
∫
σ0(z) dσ1(z) ∧ · · · ∧ d (σ2k(z) · σ2k+1(z)) ∧ ωl−k

− lk −
∫

(σ2k(z) · σ0(z)) dσ1(z) ∧ · · · ∧ dσ2k(z) ∧ ωl−k

= 0

since by Theorem 5, Altψcut−off
2k (σ0(z), · · · , σ2k(z)) = lk −∫ σ0(z) dσ1(z)∧· · ·∧dσ2k(z)∧

ωl−k is a b-cocycle.

Appendix A

We recall here a few definitions borrowed from non commutative geometry see e.g.[C],
[GVF]. Let (A, ?) be an associative algebra over some ring R with unit 1. The space
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Cn (A, R) of R-valued n+1-linear forms on A corresponds to the space of n-cochains
on A. Equivalently, these spaces can be seen as spaces of R-multilinear n-forms on
A with values in the R-algebraic dual A∗, seen as an A-bimodule, where for χ ∈ A∗
we put a′χ(a)a′′ = χ(a′′aa′).
Following [C] we define the operators B0 and B acting on cochains:

Definition 20 Let

Cn(A) → Cn−1(A)
χ 7→ B0χ(a0, · · · , an−1) := χ(1, a0, · · · , an−1)− (−1)nχ(a0, · · · , an−1, 1).

Let B := AB0 where A denotes cyclic antisymmetrisation in all variables so that

Bχ(a0, · · · , an−1) =
n−1∑

i=0

(−1)iχ(1, ai, ai+1, · · ·)−(−1)n
n−1∑

i=0

(−1)iχ(ai, ai+1, · · · , ai−1, 1)

One can check that B2 = 0 so that B defines a homology on C•(A) [C].

Definition 21 The Hochschild coboundary for the product ? of an n-cochain χ is
defined by:

b?χ(a0, · · · , an+1) =
n∑

j=0

(−1)jχ(a0, · · · , aj?aj+1, · · · , an+1)+(−1)n+1χ(an+1?a0, · · · , an).

It satisfies the condition b2? = 0 and hence defines a cohomology called the Hochschild
cohomology of (A, ?).
Definition 22 An n-dimensional cycle is given by a triple

(
Ω, d,

∫ )
where Ω is a

graded differential algebra on IC equipped with the differential d such that d2 = 0 and∫
: Ωn → IC is a closed graded trace i.e.

∫
is a linear map which, when extended to

Ω by 0, satisfies
∫
α ∧ β = (−1)|α|·|β| ·

∫
β ∧ α,

∫
dβ = 0 ∀β ∈ Ωn−1(A).

An n-cycle on an algebra A on IC is a cycle (Ω, d,
∫

) together with a homomorphism
ρ : A → Ω0. The character χn of an n-cycle is defined by:

χn(a0, · · · , an) =
∫
ρ(a0) dρ(a1) · · · dρ(an) ∀ai ∈ A.

Let us also recall that the character of a cycle has the following properties:

1. χn is cyclic i.e.

χn(a0, · · · , an) = (−1)nχn(a1, · · · , an, a0), ∀ai ∈ A

2. χn(1, a1, · · · , an) = 0 ∀ai ∈ A.

3. If Ω = Ω(A) and ρ = Id then b χn = 0 where b is the Hochschild coboundary
associated with the product on A.
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Appendix B

Let us check that in the symplectic setting, when Tk satisfies Stokes’ property– or
equivalently when ? is closed w.r. to Tk– one cannot expect φ2k to be a b-cocycle
even though we know by Theorem 4 that when Tk satisfies Stokes’ property, its
antisymmetrized form Altφ2k = Altψ2k is b-closed. For this, we recall that

Proposition 12 [CFS], [H] Let (A, ·) be a commutative algebra equipped with a star
product ? which is a closed (resp. strongly closed) star product w.r. to some linear
map Tk (resp. T ) on A. For any a0, · · · , a2k+1 ∈ A we have

b φ2k(a0, · · · , a2k+1) = −Tk (θ(a0, a1) ? · · · ? θ(a2k, a2k+1))+Tk (θ(a2k+1, a0) ? · · · ? θ(a2k−1, f2k))

(resp. (b+B)φ = 0, where we have set, following [H] Φ :=
∑∞

k=0
Φ2k

k! .)

Proof: We carry out the proof for Φ2k, since projecting down to the k-th component
in the formal expansion in powers of ν easily yields the corresponding result for φ2k

.
Let us first recall that since 1 is a unit element in A. θ(1, a) = θ(a, 1) = 0, a fact we
use in the course of the proof. The following notation borrowed from [H] is useful for
the proof, which mimicks that of [H]:

b̃χ(a0, · · · , an+1) = χ(a0 ? a1, · · · , aj , · · · , an+1)

+
n∑

j=1

(−1)jχ(a0, · · · , aj · aj+1, · · · , an+1) + (−1)n+1χ(an+1 ? a0, · · · , an).

Since (see [H])

b̃θ(a, b, c) := a ? θ(b, c)− θ(a · b, c) + θ(a, b · c)− θ(a, b) ? c
= a ? (b ? c− b · c)− ((a · b) ? c− a · b · c)
+ (a ? (b · c)− a · b · c)− (a ? b− a · b) ? c
= 0,

it follows that
a ? θ(b, c)− θ(a · b, c) + θ(a, b · c) = θ(a, b) ? c.

Using this identity repeatedly combined with the closedness of ? w.r. to T we derive
that

(b̃Φ2k)(a0, · · · , a2k+1) := Φ2k(a0 ? a1, · · · , a2k+1)− Φ2k(a0, a1 · a2, · · · , a2k+1)
+ · · · − Φ2k(a0, · · · , a2i, a2k · a2k+1) + Φ2k(a2k+1 ? a0, · · · , a2k)
= T (a0 ? a1 ? θ(a2, a3) ? · · ·)− T (a0 ? θ(a1 · a2, a3) ? · · ·)
+ T (a0 ? θ(a1, a2 · a3) ? · · ·)− T (a0 ? θ(a1, a2) ? θ(a2 · a3, a4) ? · · ·) + · · ·
= T (a0 ? θ(a1, a2) ? a3 ? θ(a4, a5) ? · · ·)− T (a0 ? θ(a1, a2) ? θ(a2 · a3, a4) ? · · ·) + · · ·
= 0.

Since (b̃Φ2k)(a0, · · · , a2k+1) = 0 it follows that

(bΦ2k)(a0, · · · , a2k+1) = b̃Φ2k(a0, · · · , a2k+1)
− T (θ(a0, a1) ? · · · ? θ(a2k, a2k+1)) + T (θ(a2k+1, a0) ? · · · ? θ(a2k−1, f2k))
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= −T (θ(a0, a1) ? · · · ? θ(a2k, a2k+1)) + T (θ(a2k+1, a0) ? · · · ? θ(a2k−1, f2k))
= −Φ2k+1(1, a0, a1, · · · , a2k+1) + Φ2k+1(1, a2k+1, a0 · · · , a2k)
= −(B0Φ2k+2)(a0, a1, · · · , a2k+1) + (B0Φ2k+2)(a2k+1, a0 · · · , a2k)

= −
(

1
k + 1

BΦ2k+2

)
(a0, a1, · · · , a2k+1),

where we have used the cyclicity of T w.r. to ? and the fact that θ(1, ·) = θ(·, 1) = 0.

The subsequent corollary is a direct consequence of the above theorem.

Corollary 5 Under the assumptions of the above theorem, let us moreover asume
that A = C∞0 (W ) for some symplectic manifold (W,ω) and that ? is associated with
the symplectic form ω. Then for any f0, · · · , f2k+1 ∈ C∞0 (W ) we have:

bφ2k(f0, f1, · · · , f2k+1) = Tk({f0, f1} · · · {f2k, f2k+1})− Tk({f1, f2} · · · {f2k+1, f0}).

Now, let us assume that bφ2k(f0, f1, · · · , f2k+1) = 0 for all f0, · · · , f2k+1 ∈ C∞0 (W ).
In particular this would hold true for f1 = f2 = g1, f3 = f4 = g2 · · · , f2k−1 = f2k =
gk, f2k+1 = f0 = g0 in which case we would have:

Tk({g0, g1} {g1, g2} · · · {gk, g0}) = 0 ∀gi ∈ C∞0 (W ).

Choosing g2i = f, g2i+1 = g ∀i, this would lead to

Tk({f, g}k) =
∫

W

{f, g}kωl = 0 ∀f, g ∈ C∞0 (W )

and hence {f, g} = 0 ∀f, g ∈ C∞0 (W ) which is not to be expected! Therefore, φ2k

(and hence Φ2k) cannot be expected to be Hochschild closed.
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