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Abstract
In this paper, we characterize unitary representations of 7 := m1(S?\{s1, ... ,5:}) whose gener-
ators u1, ... ,u; (lying in conjugacy classes fixed initially) can be decomposed as products of two

Lagrangian involutions u; = 00,41 with 0,41 = 01 . Our main result is that such representations
are exactly the elements of the fixed-point set of an anti-symplectic involution defined on the mod-
uli space Mc := Homc(m,U(n))/U(n) . Consequently, as this fixed-point set is non-empty, it is
a Lagrangian submanifold of M¢. To prove this, we use the quasi-Hamiltonian description of the
symplectic structure of Mc and give conditions on an involution defined on a quasi-Hamiltonian
U-space (M,w,p : M — U) for it to induce an anti-symplectic involution on the reduced space
M//U = p~ ({1H/U .

1 Introduction

The fundamental group m := 7;(S?\{s1, ..., s;}) of an l-punctured 2-sphere (! > 1) has finite presen-
tation < g1,92, ... ,91 | g192--.91 = 1 >, where g; stands for the homotopy class of a loop around s;.
Therefore, giving a unitary representation of this surface group (i.e. a group morphism g from 7 to U(n))
amounts to giving | unitary matrices ui,us, ..., satisfying the relation ujus...w; = 1 (we always
identify C™ with R?” and endomorphisms of C* with their matrices in the canonical basis). One may
then want to study representations with prescribed conjugacy classes of generators : given ! conjugacy
classes C = (C; = {uexp(iX;)u™! : u € U(n)})1<j<i, does there exist | unitary matrices uy,us, ...,y
verifying u; € C; and ujup...u; = 1. The answer to this problem was given by Agnihotri and Wood-
ward in [AW98], by Belkale in [Bel01] and by Biswas in [Bis99] : they gave necessary and sufficient
conditions on the A; € R™ for the above question to have a positive answer. In the following, we will
always focus our interest on representations with prescribed conjugacy classes of generators and denote by
Homc (m, U(n)) the set of such representations (i.e. group morphisms ¢ : m — U(n) such that ¢(g;) € C;
for all j). Coming back to the relation u;...u; = 1, one may notice that if each u; is a product of
two elements of order 2 in the following way u; = 109, us = 0903, ... ,u; = 0,01, then this relation
is automatically verified, since 032- = 1 for every j. Thinking of this geometrically, we decompose each
rotation u € U(n) into a product of two orthogonal symmetries u = o, 0r,, where L; and L, are two
Lagrangian subspaces of C™ (see section 2), which are just real lines of C when n = 1. These symmetries
are not unitary transformations (they reverse orientation) but their product is, and they are elements of

order 2 of a larger group U/(;) = U(n) x Z/2Z, containing U(n) as a subgroup of index 2 (see section
2 and [Fal01]). A unitary representation of m;(S?\{si, ... ,s;}) whose generators uy, ... ,u; admit a
decomposition u; = or,0rj+1 where the L; are Lagrangian subspaces of C" satisfying L1 = Ly will
be called a Lagrangian representation. The natural question to ask is then the following one : when
is a given representation a Lagrangian one ? Further, two unitary representations of 7 with respective
generators (uy, ... ,w) and (uj, ... ,u]) being equivalent if there exists a unitary map ¢ € U(n) such
that u; = pujp~! for all j, what can one say about the set of Lagrangian representations in the moduli
space Mc := Home¢ (7, U(n))/U(n) of unitary representations ?
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In this paper, we address these two questions. Our main results are the two theorems stated below.
First, in order to provide an easier-to-state answer to the first question, we call a representation og-
Lagrangian if it is Lagrangian with Ly = Lo := R™ C C" the horizontal Lagrangian of C". The answer
to the original question is then a corollary of the following theorem :

Theorem 1. Given | > 1 conjugacy classes C1,Ca, ... ,C; C U(n) of unitary matrices such that there
exists (uy,ug, ... ,u) € C1 X --- x C verifying uiug...u; = 1, the representation of 71(S*\{s1, ... ,81})
corresponding to such a (uy,us, ... ,w) is oo-Lagrangian if and only if v, = ul, w1 =7 uf_ u, ...,

and uy = ﬁl_]ﬁ[__ll. . .Tl:z-luiﬂz. LU .

Denote B(uy, - .. ,u) = (@ ‘g . @y ulTe. . G, - .., T uf_ 7, uf). We then obtain the following
characterization of Lagrangian representations :

Corollary (Characterization of Lagrangian representations). Suppose that one of the C; is defined

by pairwise distinct eigenvalues and let uy, ... ,w be | unitary matrices such that u; € C; and uy. .. = 1.
Then there exists | Lagrangian subspaces Ly, ... ,L; of C® such that uy = 0102,u2 = 0203, ..., U = 0101
(where o is the Lagrangian involution associated to Lj) if and only if B(u1, ... ,uy) is equivalent to
(w1, ... ,u;) as representations of w. In this case, call ¥ any unitary map such that B(ui, ... ,w) =
(burdp™?, ... ,pwp™Y). Then ot =+, and if ¢ is any unitary map such that @t = 1, the representation
of ® corresponding to (pu1p~t, ... ,pup™t) is oo-Lagrangian.

We think that the characterization of Lagrangian representations as representations u satisfying
B(u) ~y(n) u holds even without the (generic) assumption made on the C; but we have been unable
to prove it so far. Also, we will see later how we can characterize Lagrangian representations with arbi-
trarily fixed first Lagrangian L;. Second, we recall that the moduli space Mc of unitary representations
of the surface group 7 with prescribed conjugacy classes of generators is a symplectic manifold (actually a
stratified symplectic space, see [LS91], since we have to take into account the singularities in the manifold
structure, see subsections 2.4 and 6.2 in [Jef94]). This symplectic structure, first investigated in [AB83]
and in [Gol84], can be obtained in a variety of ways (see for instance [GHJIW97, AMM98, AM95, MW99]
and the references therein). For our purposes, we will use the one given by Alekseev, Malkin and Mein-
renken in [AMMO8] and think of our moduli space as a symplectic quotient obtained by reduction of a
quasi-Hamiltonian manifold. We then have the following description of the set of equivalence classes of
Lagrangian representations of 7 :

Theorem 2. The set of equivalence classes of Lagrangian representations of m = m1(S%\{s1, ... ,s1}) is
a Lagrangian submanifold of the moduli space M¢ = Home (m,U(n))/U(n) of unitary representations of
7 (in particular, it is always non-empty).

The fact that there always exists Lagrangian representations was first proved in [FW], where the
dimension of the submanifold of (equivalence classes of) Lagrangian representations was shown to be half
the dimension of the moduli space. We shall try to give a different proof of the non-emptiness using
ideas from (quasi-) Hamiltonian geometry in a forthcoming paper ([Sch]). For now, we will use the quasi-
Hamiltonian description of the symplectic structure of the moduli space to prove theorem 2.

The main intuition to tackle the aforementioned problems is the use of momentum maps to solve
questions of linear algebra (see [Knu]), which first seemed relevant for this problem after studying the
case n = 2 (see [FMS04]), and which fits right into place with the important idea of thinking of the
space of equivalent classes of representations (that is, the moduli space Mc¢) as a symplectic quotient.
In this framework, the key idea to solve our problem is to obtain the set of Lagrangian representations
as the fixed-point set of an involution 3, which is first used to give the explicit necessary and sufficient
conditions for a representation to be op-Lagrangian appearing in theorem 1 and then turns out to induce
an anti-symplectic involution on the moduli space.

After reviewing some background material on Lagrangian involutions (that will later explain how
the involution 3 is obtained), we shall proceed with recalling the notion of quasi-Hamiltonian space
introduced in [AMM98] and then use it to obtain the symplectic structure of the moduli space Mc (we
will restrict ourselves to representations of m;(S?\{s1, ... ,s}) and give an explicit description of the
symplectic 2-form in the case [ = 3). Then we will show how to obtain Lagrangian submanifolds of a
quasi-Hamiltonian symplectic quotient, in a way which theorem 2 will later provide a concrete example
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of. Finally, we will obtain og-Lagrangian representations of 7 as the fixed-point set of an involution
on the product C; x --- x C; of the prescribed conjugacy classes, and therefrom deduce theorem 1 and
theorem 2. Along the way, we will have proved another result which is worth mentioning here :

Theorem 3. Let U be a compact connected Lie group and let (M,w) be a quasi-Hamiltonian U-space
with (equivariant) momentum map p: M — U . Let T be an involutive automorphism of U, denote by
77 the involution defined on U by 7~ (u) = 7(u~!) and let B be an involution on M such that :

(i) Vue U, Vx € M, B(u.z) = 7(u).f(z)
(it) Vo € M, po f(z) =77 o p(z)
(i) frw=—-w

then B induces an anti-symplectic involution B on the reduced space M™% := w Y {1Y)/U . If B has fized
points, then Fiz(B) is a Lagrangian submanifold of M™%,
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to me. I would also like to thank Alan Weinstein for encouragement on the momentum map approach
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in the Spring of 2003. It was a sincere pleasure. At last, I would like to thank Professor Yoshiaki Maeda
and the department of Mathematics at Keio University in Yokohama for their hospitality at the time
this paper was being written. My presence in Keio was made possible thanks to a short-term doctoral
fellowship granted by the Japan Society for the Promotion of Science (JSPS).

2 Background on Lagrangian involutions and angles between
Lagrangian subspaces

We give here the properties of Lagrangian involutions that we shall need in the following. Recall that
C" is endowed with the symplectic form w = —Im h where h is the canonical Hermitian product h =
S k_; dzk ® dZy, for which it is symplectomorphic to R*® endowed with the canonical symplectic form
w = Y p_; dzkAdyx . Mutiplication by i € C in C™ corresponds to an R-endomorphism J of R?" satisfying
J? = —Id. Denoting g = Re h = Z:zl(dxk ® dzk + dyi ® dyi) the canonical Euclidean product on
R?", we have g = w(.,J.) (J is called a complex structure and is said to be compatible with w). A real
subspace L of C" is said to be Lagrangian if w|;«r = 0 and if dimg L = n (that is, L is maximal isotropic
with respect to w). One may then check that L is Lagrangian if and only if its g-orthognal complement
is L9 = JL . We may then define, for any Lagrangian subspace L of C", the R-linear map

o,: C"=Le®JL — C"
z+Jy — z—Jy

called the Lagrangian involution associated to L. Observe that oy, is anti-holomorphic : o 0oJ = —Jooy,.
In the following, we denote by L£(n) the set of all Lagrangian subspaces of C"* (the Lagrangian Grass-
mannian of C*). Finally, recall that, under the identification (C*, k) ~ (R?*",J,w), we have U(n) =
O(2n) N Sp(n). Furthermore, the action of U(n) on L£(n) is transitive and the stabilizer of the horizontal
Lagrangian Lo := R™ C C™ is the orthogonal group O(n) C U(n), giving the usual homogeneous descrip-
tion L(n) = U(n)/O(n) . Observe that O(n) = Fiz(r) where 7 : u — U is complex conjugation on U(n),
so that £(n) is a compact symmetric space.

Proposition 2.1. [FMS04] Let L € L(n) be a Lagrangian subspace of C*. Then:
(i) There ezists a unique anti-holomorphic map o, whose fized point set is exactly L.

(%) If L' is a Lagrangian subspace such that oy, = o+, then L = L’ : there is a one-to-one correspon-
dence between Lagrangian subspaces and Lagrangian involutions.
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(iii) o is anti-unitary : for all z,2' € C*, h(or(2),0L(2")) = h(z, 2’).

(iv) For any ¢ € U(n), oy = pore™".

Denote then by LZnv(n) := {01 : L € L(n)} the subset of O(2n) consisting of Lagrangian involutions.
Observe that it is not a subgroup, as it is not stable by composition of maps. Statement (iv) of the above
proposition then shows that the subgroup U(n) :=< U(n)ULInv(n) > C O(2n) generated by Lagrangian
involutions and unitary transformations is in fact generated by U(n) and o1, : U(n) =< U(n)U{oL,} >.
As aword in < U(n)U{o,} > contains either an even or an odd number of occurences of o1, (depending
only on whether it represents a holomorphic or an anti-holomorphic transformation of (R?",J) ~C™), it
can be written uniquely under the reduced form ue where u € U(n) and € = 1 or € = o,. Consequently,
we have < U(n) U {oL,} >= U(n) U U(n)or,, so that U(n) is indeed a subgroup of index 2 of U(n).
Further, if we write Z/2Z = {1,01,} and consider the action of this group on U(n) given by or,.u =
oL,uoL, = U = 7(u), then the map

Uln) x 2/2Z — U(n)uU(n)or,
(u,e) +—— wue

(where e = 1 or € = o,) is a group isomorphism. Finite subgroups of U(2) x Z/2Z generated by La-
grangian involutions are studied in [Fal01]. As for us, one of the major interests of Lagrangian involutions
will be that they measure angles of Lagrangian subspaces of C* under the action of the unitary group :

Theorem 2.2. [Nic91, FMS04] Let (L1, L2) and (L, L%) be two pairs of Lagrangian subspaces of C™.
Then there exists a unitary map ¢ € U(n) such that ¢(L1) = L} and p(L2) = Ly if and only if o0,
is conjugate to oy, 0L, in U(n).

The following series of results will be useful to us in the proof of theorem 6.10. The underlying idea
is that the elements of the symmetric space £(n) = U(n)/O(n) can be identified with the symmetric
elements of U(n) (that is, elements of U(n) verifying 7(u) = u™!, see [Hel01, Loo69]), all of them being
of the form ptp, where ¢ € U(n) and ¢! denotes the transpose of ¢ (so that the symmetric elements of
U(n) are indeed symmetric unitary matrices).

Proposition 2.3. Let W(n) := {w € U(n) | w* = w} be the set of symmetric unitary matrices.
(i) Let w€ U(n). Then u € W(n) if and only if there exists k € O(n) such that kuk™" is diagonal.
(i) If w € W (n), then there exists o € W(n) such that p* = w.

(iii) For any w € W(n), define Ly, := {2 € C* | 2 — wz = 0}. Then, if ¢ is any element in W(n) such
that ©* = w, we have ¢(Lo) = Ly,. Consequently, L,, is a Lagrangian subspace of C™. Furthermore,
0L, OLy = W.

(iv) The map w € W (n) — Ly, € L(n) is a diffeormorphism whose inverse is the well-defined map

Ln)=U({M)/o(m) — W(n)

L=u(Ly) +— wuut

(v) For any L € L(n), we have gr,01, = v'v, where v is any unitary map such that v(L) = Lo.
(vi) For any u € U(n), there exists two Lagrangian subspaces Ly, Ly € L(n) such that u = op,0L,.

Proof. (i) Observe that, alternatively, W(n) = {w € U(n) | w™ = w}. Now take w € W(n) and
write w = x + iy where x,y are real matrices. Then w! = w implies 2 = z and y' = y, and
w®@ = Id implies z? + y? = Id and 2y — yz = 0. Thus z and y are commuting real symmetric
matrices, so there exists k € O(n) such that d, := kzk™! and dy = kyk~! are both diagonal.
Therefore, kwk™! = d, + id, is diagonal. The converse is obvious. One may observe that since
dz+ d12/ = k(2% + y?)k~! = Id, one has d, + id, = exp(iS) where S is a real symmetric matrix.

(ii) is an immediate consequence of (i).
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(iii) Take ¢ € W(n) | 9> =w. Then z —wzZ =0iff 2 — p?Z =0, thatis, o l2 —pZ =0. But o™ =@
so that z € L,, is equivalent to ¢ ™'z = !z hence to ¢~ 1z € Lo, hence to 2 € ¢(Lg), which
shows that L,, = ¢(Lo) is a Lagrangian subspace of C*. Furthermore, oy, 0L, = @or,¢ 'oL,.
But since g, is complex conjugation in C" and since ¢ is both symmetric and unitary, we have

-1 _ _ t _ w02 =0 =
proL, = plor, = (0L, 0L,)0L, = 0Ly, therefore op, 01, = poi ¢ = ¢* = w.

(iv) Observe that if u,v are two unitary maps sending Lo to L € £(n) then v~'u € Stab(Lo) = O(n) so
that uu! = vot. Then, if L = u(Lo) € L(n), one has Ly, = {z — uu'z = 0}. But z — wu!z = 0 iff
u"lz =717, that is, u" 2 € Lo 50 Ly, = u(Lg). Conversely, we know that L., = ¢(Lo) where
» € W(n) | ¢? = w so that indeed gyt = p? = w.

(v) For a given L € L(n), take v € U(n) such that v(L) = Lo. Then L = v~!(Lg) and so we
know from (iii) and (iv) that L = {z — (v"1)(v"})*z = 0} and that oo, = v~ }(v"!)!. Hence
OL,0L = (ULO'LO)_l = vtu.

(vi) Let d = diag(ay, ...,q;) € U(n) be a diagonal matrix such that u = @d?p~! and set L = d(Lo).
Then we know from (iii) and (iv) that ooz, = d?, hence u = @oL0L,0™" = 0u(L)Tp(Lo)-

Statement (v) may seem a bit useless at this point as it is just a way of rephrasing (ii), but it will
prove useful to us when formulating the centered Lagrangian problem (see subsection 6.2).

3 Quasi-Hamiltonian spaces

We recall here the definition of quasi-Hamiltonian spaces and the examples that shall be useful to us in
the following. We follow [AMMO98] (see also [GHIW97] and [AKSMO2]| for related constructions). Let
U be a compact connected Lie group acting on a manifold M endowed with a 2-form w. We denote by
(-1.) an Ad-invariant Euclidean product on u = Lie(U) = T1 U. Let x be (half) the Cartan 3-form of
U, that is, the left-invariant 3-form defined on u =Ty U by x1(X,Y, Z) = } (X |[Y, Z]) = % (X,Y]2),
where the last equality follows from the Ad-invariance property. Since (.|.) is Ad-invariant, x is actually
bi-invariant and therefore closed : dx = 0. Further, denote by 8% and 0% the left and right-invariant
Maurer-Cartan 1-forms on U : they take values in u and are the identity on u, meaning that for any
w €U and any € € T, U, 0%(&) = w1.€ and 6F(€) = £.u! (where we denote by a point . the effect of
translations on tangent vectors). Finally, denote by X* the fundamental vector field on M defined, for
any X € u, by the action of U : X! = d%h:o(exp(tX ).z) for any z € M. Throughout this paper, we will
follow the conventions in [Mor01] to compute exterior products and exterior differentials of differential
forms.

Definition (Quasi-Hamiltonian space). [AMM98] In the above notations, (M,w) is called a quasi-
Hamiltonian space if :

(i) The 2-form w is U-invariant : Yu € U, the associated diffeomorphism of M, denoted by ,,, verifies
prw = w.

(ii) There exists a map pu: M — U, called the momentum map, such that :

(a) p is equivariant with respect to the U-action on M and conjugation in U
(b) dw = —p*x

(c) Ve € M, kerw, = {X} : X €u| Adp(z).X = -X}

(d) VX € u, the interior product of X* and w is

1
Lxiw = 5#*(01“ +6%|X)

where (6 + 67| X) is the real-valued 1-form defined on U by (8% + 8% | X),(€) = (8L (¢) +
OR(€)| X) for any u € U and any £ € T, U.
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The examples of quasi-Hamiltonian space that will be of most interest to us are the conjugacy classes
of U.

Proposition 3.1. [AMMO98] Let C C U be a conjugacy class of a compact connected Lie group U. The
tangent space toC atu € C isT,C = {X.u—uX : X € u} . Fora given X € u, denote [X]y := Xu—-ulX.
Then the 2-form w on C given at u € C by

((Adu.X |Y) - (Adw.Y | X))

N =

wu([X]u, Y1) =

is well-defined and makes C a quasi-Hamiltonian space for the conjugation action and with momentum
map the inclusion yu: C — U. Such a 2-form is actually unique.

Observe that [X], = X!, that is : the fundamental vector fields generate the tangent space to
C. It is also useful to write this quantity [X], = (X — Adu.X).u = u.(Adu™".X — X). In order to
describe the symplectic structure on the moduli space M¢ = Home(m, U(n))/U(n), we will have to
consider the product space C; X --- x C; where the C; are conjugacy classes in U(n), endowed with the
diagonal action of U(n). To make this a quasi-Hamiltonian space with momentum map the product map
w(ug, -.. ,w) = ui...u;, one has to endow it with a form that is not the product form but has extra
terms. The product space thus obtained is called the fusion product and usually denoted C; ® --- ® Cy.
The general result is the following :

Theorem 3.2 (Fusion product of quasi-Hamiltonian spaces). [AMMO8] Let (M, w1, p1) and
(M, wa, p2) be two quasi-Hamiltonian U-spaces. Endow My x M with the diagonal action of U. Then
the 2-form

w = (w1 Dw) + (46" A p307)

makes My x My a quasi-Hamiltonian space with momentum map

py-pe: MyxMy, — U
(z1,22) +—  ma(z1)p2(z2)

Here, the 2-form w; @ wy is the product form (w; @ wg)(xhzz)((vl,vﬂ,(wl,wz)) = (1), (v1,w1) +
(w2)z, (v2, w2) and (u36F A p30%) is the 2-form defined on M) x M, by

1

(130" A p30%) () ,20) (01, v2), (w1, w2)) = 5 (((N’Ial‘)zl-vl [ (307) 2, w2) — (01652, w1 | (M’éeﬂ)xzﬂz))

The above result shows that C; x - -- x C; is indeed a quasi-Hamiltonian space for the diagonal action of
U(n), with momentum map the product p(uy, ... ,uw) = ur...w. For a product of three factors, one
can write down the fusion product form explicitly in the following way :

Corollary 3.3. The fusion product form on My x My x Mj is the 2-form
W= (w1 Bws ®ws) + (1" Ap3™) & (30" A p307) @ (u30" A (u3Ad).150™))

Proof. To obtain the above expression, one applies theorem 3.2 successively to M; x M> and to (M; x
M) x Ms. One can then also check that the fusion product is associative, as shown in [AMMO8] :

w

Il

(w1 @ws) + (16" A 130™) @wa ) + (2 - 2)0" A 136")

(w1 @ (w2 @wn) + (30" A 307)) ) + (0" A (2 - 2)"6%)
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4 The symplectic structure on the moduli space of unitary rep-
resentations of surface groups
The theory of quasi-Hamiltonian spaces provides a very nice description of the symplectic structures

of moduli spaces of unitary representations of surface groups. We refer to [AMMY98] for the general
description of these moduli spaces as quasi-Hamiltonian quotients and we will now concentrate on the

space of representations of 7 = 71(S?\{s1, ... ,s1}) =< 91,92, --- , 9 | 9192-..9¢ = 1 >. Giving such
a representation with prescribed conjugacy classes Cy, ... ,C; of generators amounts to giving [ unitary
matrices ug, ... ,u; such that u; € C; and u;...% = 1. But we know from section 3 that this amounts
to saying that (u1, ... ,w) € u~t({1}) where

pu: Cx---xC — U(n)
(w1, oov W) — wp...wy

is the momentum map of the diagonal U(n)-action. The moduli space of unitary representations is
then M¢ = Home(m,U(n))/U(n) = p~1({1})/U(n), which is the symplectic manifold obtained from
Cy x -+ x C; by quasi-Hamiltonian reduction, a procedure which we now recall, stating theorem 5.1 from
[AMM98] in a particular case to apply it more directly to our setting.

Theorem 4.1 (Symplectic reduction of quasi-Hamiltonian manifolds). [AMM98] Let (M, w) be
a quasi-Hamiltonian U-space with (equivariant) momentum map pp: M — U. Let i : p~Y({1}) = M
be the inclusion of the level set p=1({1}) in M and let p : p~1({1}) — u~1({1})/U be the projection
on the orbit space. Then there exists a unique symplectic form w™® on the (stratified) reduced space
Mred .= p~1({1})/U such that p*w™®® = i*w on p~1({1}).

The proof consists in showing that i*w is basic with respect to the fibration p and then verifying
that the corresponding form w™? on p~1({1})/U is indeed a symplectic form. In virtue of the above
theorem, describing the symplectic structure of M¢ = p~1({1})/U amounts to giving the 2-form defining
the quasi-Hamiltonian structure on the product C; X - - - x C;. We now give the description of this 2-form
in the case where [ = 3.

Proposition 4.2. Let (u;,uz,u3) € C; X Ca X C3. Take X;,Y; € u and write [X;], [Y;] € Ty, C; for the
corresponding tangent vectors (see section 3). The 2-form w making C; x Ca X C3 a quasi-Hamiltonian
space with momentum map pu(uy, uz, u3) = ujugug s given by :

wu([X], [Y]) = % ((Adul.Xl [)/1) - (AdulYl ]Xl) + (AdU,zX2|Y2) - (Ad'u,zYQ |X2)

+(Aduz.X3|Ys) — (Adus.Ys | X3) + (Aduit. X1 — X1 | Yz — Adus.Yz)
—(AduirYs = Y1 | Xo — Adug. X3) + (Adug . Xy — X2 | Vs — Aduz.Ys)
~(Aduz'.Ys — Yo | X3 — Adua. X3) + (Aduit. X1 — X1 | Adug.Ys — Ad (uau3).Ya)
—(Adul“lYl - Yl |Ad‘LL2.X3 — Ad (u;u:;).Xa))

The above expression is obtained by applying corollary 3.3. Observe that the fusion product 2-form
on C; x Cy consists exactly of terms of the above expression which do not contain vectors X3 or Y3. See
also remark 5.3 in [Tre02] for expressions of fusion product forms on products of conjugacy classes.

5 Lagrangian submanifolds of a quasi-Hamiltonian quotient

The purpose of this section is to give a way of finding Lagrangian submanifolds in a symplectic manifold
obtained by reduction from a quasi-Hamiltonian space. It mainly consists in carrying over a standard
procedure for usual symplectic quotients to the quasi-Hamiltonian setting. To that end, we recall the
following result from [OS00] (proposition 2.3), which concerns Hamiltonian spaces. Let U be a compact
connected Lie group acting on a symplectic manifold (M,w) in a Hamiltonian fashion with equivariant
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momentum map ® : M — u*. Let 7 denote an involutive automorphism of U and still denote by 7 the
involution

(ITy7)*: uw — u*
A — Ao T

that it induces on the dual u* of the Lie algebra u =171 U of U. Let 3 be an anti-symplectic involution
on M (that is, such that 8*w = —w and % = Idas). In the above notations, 3 is said to be compatible
with the action of U if Yu € U, Vz € M, B(u.z) = 7(u).0(z) and 3 is said to be compatible with the
momentum map ® : M — u* if Vz € M, ® o B(z) = —7 0 ().

Proposition 5.1. [0S00] If M? := Fiz(B) is non-empty, it is a Lagrangian submanifold of M, stable
by the action of the subgroup U™ := Fiz(r) of U.

O’Shea and Sjamaar then proceed to studying the reduced space M4 = ®~1({0})/U, on which 8
induces an involution 3. To obtain analogous results for a symplectic manifold M™¢ = p~1({1})/U
obtained by reduction of a quasi-Hamiltonian space M, we wish to define an involution 8 on M such
that 3 induces an anti-symplectic involution (3 on M@, This is done in the following way :

Theorem 5.2. Let U be a compact connected Lie group and let (M,w) be a quasi-Hamiltonian U-space
with (equivariant) momentum map p : M — U . Let T be an involutive automorphism of U, denote by
77 the involution defined on U by 7~ (u) = 7(u~!) and let B be an involution on M such that :

(i) Vvue U, Vz € M, B(u.x) = 7(u).B(z) (B is said to be compatible with the action of U)
(i) Vx € M, po fB(z) =7~ op(xz) (B is said to be compatible with the momentum map p: M — U)
(i) frw=—w (B reverses the 2-form w)

then f3 induces an anti-symplectic involution B on the reduced space MTe? := ,u”l({l})/U If B has fized
points, then Fzz(ﬂ) is a Lagrangian submanifold of M7¢%.

Remark. See the end of this section for comments on the condition F'L'z(ﬂ) # 0.

Proof. Compatibility with the momentum map (condition (ii)) shows that 8 maps p=1({1}) into 1 ({1})
(since 77(1) = 1). Compatibility with the action (condition (i)) then shows that B(u.z) and B(z) lie in
the same U-orbit, so that we have a map

B: “‘({1})/U — wH({1H/U
Ux — U.B(z)

We know from quasi-Hamiltonian reduction (see theorem 4.1) that there exists a unique symplectic form

wd on M7ed = u“({l})/U such that p*w™? = i*w where i : 1 ({1}) < M and p : =1 ({1}) — M"ed.
To show that ,B‘ red — _yred et us first prove that i*(8*w) is basic with respect to the fibration p.
Then there will exist a unique 2-form v on M"¢ such that p*y = i*(#*w). Since both v = —w"¢ and
v = B*wrd verify this condition, they have to be equal. The last part of the theorem then follows from
proposition 5.1, as the fixed-point set of an anti-symplectic involution, if it is non-empty, is always a
Lagrangian submanifold. Let us now write this explicitly.
Verifying that i*(3*w) is basic is easy since 3*w = —w and i*w is basic (see [AMMO98]) but it is actually
true without this assumption so we prove it for 3 satisfying only conditions (i) and (ii) above. We have
to show that i*(f*w) is U-invariant and that for every X € u= Lie(U), we have tx1(i*(8*w)) = 0, where
X" is as usual the fundamental vector field X! = t]t_o(exp(tX ).z) (for any x € M) associated to X € u
by the action of U on M. Let u € U and denote by ¢, the corresponding diffeomorphism of M. The
map g being equivariant ¢, sends p~1({1}) into itself, hence i o @, = ¢, 0 on p~1({1}). Furthermore,
compatibility with the action yields 8 o ¢y = ¢r(,) © 3. We then have, on p~!({1}),

PuE"(B'w) = (Boiopu)'w

(‘pr(u) o [3 ° i)*w

(B (Prww)
N’

=w

Il

Il
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where the very last equality follows from the U-invariance of w. Further, let X € u. Since 3 is compatible
with the action, one has B(exp(tX).z) = 7(exp(tX)).8(z) = exp(¢t7(X)).B(z) (where we still denote by
7 the involution T} 7 on u = T} U), hence T.3.X} = (T(X))ﬂﬁ(z), hence ¢x:(8*w) = B*(¢(r(x)yw). Since
tx1 (3% (B*w)) = i*(txs(B*w)), we can compute, using the fact that 8 is compatible with u,

I

tx1(Bw) B (¢(r(x))pw)

= (0" +071700)
= 5 (uof) (0" + 07 |7(X))
= (o) (68 + 07| (X))

= 2w () +oR17x)

hence i*(tx:(f*w)) = i op*(...) = $(uod)*(...). But poi: p~'({1}) — U is a constant map,
therefore T'(p o i) and consequently (u o 4)* are zero, which completes the proof that i*(8*w) is basic.
Finally, let us show that p*(Bw™?) = i*(8*w) = p*(—w"4) (this is where we really use f*w = —~w). We
have, on u~1({1}), p*(B*w™?) = (Bop)'w* = (po B)w = f*(p'w?) = §'(i'w) = (i°f)'w =
(Boi)*w = i*(B*w) = i*(—w) = —i*w = —p*w"?® = p*(—w"?). This completes the proof, as indicated
above. O

In the next section, we will give an example of a map [ satisfying the hypotheses of theorem 5.2.
In the case we will then be dealing with, it will be important to us that the map 7 under consideration
be actually an isometry for the Euclidean product (.|.) on u (recall that this scalar product is part of
the initial data to define quasi-Hamiltonian U-spaces). So far, we did not need that hypothesis. Before
ending this section, we would like to say that, in fact, we think that if 3 satisfies the conditions of theorem
5.2 and has fixed points then 3 necessarily has fixed points. Indeed, observe first that Fiz(8) # 0 if
and only if Fiz(8) N u~1({1}) # 0. We then expect the following result, which is a convexity result
concerning momentum maps in the quasi-Hamiltonian framework, to be true. It would generalize the
convexity theorem of O’Shea and Sjamaar (see [0S00]) to the quasi-Hamiltonian setting, much like what
is done with the Guillemin-Sternberg-Kirwan theorem in [AMMO98].

Claim 5.3. Let 3 be an involution defined on a quasi-Hamiltonian (U, 7)-space (M,w,pu: M — U) such
that 8 is compatible with the action and the momentum map and such that f*w = —w. Let W Cu bea
Weyl alcove which is stable under 7=. Then u(MP) Nexp2W = (u(M) Nexp2W)NU7 .

Corollary 5.4. If Fiz(3) # 0 and p~({1}) # 0 then Fiz(8)Nu~1({1}) # 0, in which case the involution
B induced by B on u= ({1})/U verifies Fiz(3) # 0.

Proof. Since Fiz(8) # @, the above claim applies. Since p~!({1}) # @ and 1 € expZIN U™ , we then
have 1 € (u(M) Nexp W) NUT = u(MP) N exp2W, which means that p~1({1}) N Fiz(B) # @, which in
turn is equivalent to Fiz(8) # 0. O

We hope to give a proof of the above claim in a forthcoming paper ([Sch]). We will not use this result
in the following.

6 Lagrangian representations as fixed point set of an involution

In this section, we will state our main result, which is the characterization of a op-Lagrangian repre-
sentations of 7 = 71 (S?\{s1, ... ,s1}) as the elements of the fixed point set of an involution 8 defined
on the product of I conjugacy classes of the unitary group (verifying the condition 3 (u1, ... ,w) €
Cy x++XC |up...uyy = 1). Using theorem 5.2 proved in the preceding section, we will deduce that
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the set of (equivalence classes of) Lagrangian representations is a Lagrangian submanifold of the moduli
space M¢ = Home (w, U(n))/U(n). The first five subsections explain how these results (in particular the
involution 3) were obtained but may be skipped if one wants to go straight to the actual theorems (whose
proofs may also be read without knowledge of the previous subsections).

6.1 The infinitesimal picture and the momentum map approach

Let us recall our problem : given [ unitary matrices u1, ... ,u; € U(n) verifying u; € Cj and uy ... uj =1,
does there exist | Lagrangian subspaces Li, ..., L; of C* such that ¢jo;41 = u; (where o; is the La-
grangian involution associated with L; and 041 = 01)?7 As was recalled in section 2, the condition
00541 € Cj, which lies on the spectrum of the unitary map 0;0;41, can be interpreted geometri-
cally as the measure of an angle between Lagrangian subspaces. The Lagrangian problem above can
therefore be thought of as a configuration problem in the Lagrangian Grassmannian L(n) of C" :
given eigenvalues exp(i);), A; € R", does there exist [ Lagrangian subspaces Li, ..., L such that
mes(L;, Lj+1) = exp(iA;) ? Under this geometrical form, the Lagrangian problem is slightly more gen-
eral than our original representation theory problem. It is very much linked to the unitary problem
studied in [AW98], [Bis98, Bis99] and [Bel01], which is the following : given A; € R", does there ex-
ist | unitary matrices ui, ... ,w satisfying Specu; = exp(i};) and u;...w = 1?7 In fact, a solution
(L1, ..., L)) to the Lagrangian problem (second version) provides a solution u; = 0041 to the unitary
problem. As was shown in [FMS04], it is possible to use this approach to give an interpretation of the
inequalities found by Biswas in [Bis98] (which are necessary and sufficient conditions on the A; for the
unitary problem to have a solution in the case n = 2 and | = 3) in terms of the inequalities satisfied by
the angles of a spherical triangle.

The fact that the unitary problem admits a symplectic description was our first motivation to study the
Lagrangian problem from a symplectic point of view. The second motivation is derived from the above-
given geometrical formulation of the problem. To better understand this, let us try and formulate an
infinitesimal version of the Lagrangian problem. Take three Lagrangian subspaces L), L2, L3 close enough
so that we can think of these points in £(n) as tangent vectors to £(n) at some point Lo representing
the center of mass of Ly, Ly, Ls. Tangent vectors to the Lagrangian Grassamannian are identified with
real symmetric matrices S;,S2, Sz and the center of mass condition then turns into S; + S2 + S3 = 0.
It seems reasonable in this context to translate the angle condition mes(Lj, Lj+1) = exp(i);) (that is,
Speco;ojq1 = exp(i);)) into the spectral condition Spec S; = A; € R™. We then recognize a real version
(replacing complex Hermitian matrices with real symmetric ones) of a famous problem in mathematics
(see [Ful98] for a review of this problem and those related to it) : given A; € R™, does there exist Her-
mitian matrices Hy, Ha, Hy such that Spec H; = A; and H; + Hy + Hz = 0 7 In fact, these last two
problems are equivalent (meaning that, for given (););, one of them has a solution if and only if the other
one does) and this can be shown in a purely symplectic framework (see [AMWO1]) using momentum
maps to translate the condition Hy + Hs + Hz = 0 into (Hi, Ha, Hs) € p~*({0}). Therefrom, it seems
promising to try to think of the Lagrangian problem as a real version, in a sense that will be made precise
in subsection 6.5, of the unitary problem (since a solution to the Lagrangian problem provides an obvious
solution to the unitary problem).

6.2 The centered Lagrangian problem

As a consequence of the above infinitesimal picture, we replace our Lagrangian problem with a centered
problem, meaning that instead of measuring the angles (L;, Lj+1), we measure the angles (Lo, L;) where
Lo is the horizontal Lagrangian Ly = R® C C™ (playing the role of an origin in £(n)). Recall from section
2 (theorem 2.2 and proposition 2.3) that this angle is measured by the spectrum of ogo; = 'u;-uj, where
u; is any unitary map sending L; to Lo. We then ask the following question : given ! conjugacy classes
Ci, ... ,C C U(n), does there exist [ unitary matrices uy, ... ,u; such that ug-u]- €Cjanduy...yy =17
The main observation here is then to see that the condition Specu'u = exp(i)), for some A € R” (that
is, utu lies in some fixed conjugacy class of U(n)) means that u belongs to a fixed orbit of the action of

O(n) x O(n) on U(n) given by (ky,kz).u = kyuk; !, as is shown by the following elementary result :

10
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Lemma 6.1. For any u,v € U(n), Spec u'u = Specv'v if and only if there ezists (k1,k2) € O(n) x O(n)
such that v = kyuk;?'.

Since we think of the above problem as a real version of some complex problem, we now wish to
find this complex version, which is done by abstracting a bit our situation to put it in the appropriate
framework.

6.3 Complexification of the centered Lagrangian problem

Let us formulate the centered Lagrangian problem in greater generality. For everything regarding the
theory of Lie groups and symmetric spaces, especially regarding real forms and duality, we refer to [Hel01].
We start with a real Lie group H. Let G = HC be its complexification and let 7 be the Cartan involution
on G associated to H, that is to say, the involutive automorphism of G such that Fiz(t) = H. Let
U be a compact real form of G such that the associated Cartan involution @ verifies §7 = 76. Such a
compact group always exists and is stable under 7. The group H is then stable under 6§ and U and H
are said to be dual to each other (when H is non-compact, they indeed define dual symmetric spaces
U/(UNH) and H/(UNH)). Let K := UNH. Then K = Fiz(rly) C U and K = Fiz(|g) C H.
We consider the action of K x K on U given by (ki,k2).u = kjuky 1. Notice that if H is compact to
start with, then K = U = H and the above action defines congruence in U. As for us though, we are
interested in the case where H is non-compact. For H = Gl(n,R), we have U = U(n) and K = O(n), and
we are then led to ask the following question, which is a generalized version of our centered Lagrangian
problem: given [ orbits D4, ... ,D; of the action of K x K on U, does there exist u1, ... ,u; € U such
that u; € Dj and u;...4; = 1 7 Observe that, as a generalization of lemma 6.1, these orbits are in
one-to-one correspondence with the conjugacy classes in U of elements of the form 7~ (u)u, where u is
any element in a given orbit D and 7~ (u) = 7(u~!). Indeed, this is a corollary of theorem 8.6 in chapter
VII (p. 323) of [Hel01], which we now state under a form most convenient for our purposes :

Theorem 6.2 (Cartan decomposition of U). [Hel01] Let U be a compact connected Lie group and
let T be an involutive automorphism of U. Let K = Fiz(r) C U. Still denote by T the involutive
automorphism Iy 7 : u=T1U — u . Then there ezists a subset qo C u such that :

(i) VX € qo, 7(X) = - X
(i) each u € U can be written u = k; exp(X)ky! for some k1, ks € K and for a unique X € qq.

Further, if X,Y € u verify 7(X) = —X and 7(Y) = -Y, and if there exists u € U such that Adu.X =Y,
then there exists k € K C U such that Ady k.X =Y.

Corollary 6.3. Let u,v € U. Then there exists (k1,k2) € K x K such that v = kwk{l if and only if
T~ (v)v and 77 (u)u lie in a same conjugacy class in U.

Proof. The first implication is obvious. Conversely, write u = k; exp(X)k; ' as in the above theorem.
Then 77 (u) = kpexp(X)ky® (since 7(k;) = k; in U and 77(X) = —7(X) = X in u) and there-
fore 77 (u)u = koexp(2X)k;!. Likewise, we can write v = k} exp(Y)(k3)~* and therefore 7~ (v)v =
kb exp(2Y')(kb) L. Since 7~ (v)v is conjugate to 7~ (u)u in U, we see that 2Y is Ady U-conjugate to 2X +H
where H € u verifies exp(H) = 1. We then necessarily have 7(H) = — H. By using theorem 8.5 in chapter
VII of [Hel01], we can then write H = 2Z with Z € u verifying 7(Z) = —Z and exp(Z) € K. Then Y is
Ady U-conjugate to (X + Z). But 7(Y) = —Y and 7(X + Z) = —(X + Z), therefore, by the above theo-
rem, Y and (X +Z) are Ady K-conjugate. Then we have Y = k.(X +Z).k~! in u for some k € K, so that
v =K exp(Y)(kp) ! = kikexp(X) exp(Z)k~(ky)~* = Kykki (ks exp(X)k3") kzexp(Z)k 1 (K) "L O
———

€K =u €K

Now, to find the complex version of our problem, we apply the same construction to the complex
Lie group G = HC viewed as a real Lie group. Then G® = G x G is the complexification of G and
U=UxUCcCGxG = G® is a compact real form of GC. Its non-compact dual (which needs to be
a subgroup of G¢ = G x G) is then H = {(¢,0(g)) : g € G} ~ G where 6 is the Cartan involution
associated to U. The Cartan involution associated to U is 6 : (91,92) € G- (6(g1),6(g2)) and the

11
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gartanjnvolution associated to H is 7 : (91, 92) — (6(g2),60(g1))- Indeed, Fiz(g) =T, Fiz(7) = H and
07 = 70. Then we define

K = UnH
{(6:60)) 18(5,0(9)) = (9,00)) }
{(5.0(9)) 16(0) = o}

{(u,v) : we U}
Ua

I

and we consider the action of K x K = Ua x Up on U = U x U defined by
((u1,w1), (uz, u2)).(u,v) = (wruuyt, ugvuzt)

Our problem then states : given [ orbits ’51, ,151 of the above action, does there exist [ pairs
(u1,v1), .., (w,v) € U = U x U such that (uj,v;) € D; and (uy,v1). ... .(u,v) = 1, that is,
uy...yy=landvy...vp =17

Before passing on to the next subsection, we wish to point out that if we consider the action of K not
on U but rather on its dual H, then the orbits of this action are characterized by the singular values
(Sing h = Spec (8~ (h)h) where h € H and 6~ (h) = 6(h™')) of any of their elements. As a consequence,
our (centered) Lagrangian problem appears as a compact version of the (real) Thompson problem, replac-
ing 0 with 7 in the latter to formulate the former (see [AMWO1] and [EL] for a proof of the Thompson
conjecture in the real case).

6.4 Equivalence between the complexification of the centered Lagrangian
problem and the unitary problem

From now on, the initial data is a compact connected Lie group U. For such a group, we can formulate :
(i) the centered Lagrangian problem (concerning K x K-orbits in U, where K = U N H with H the
non-compact dual of U) (ii) a complex version of this (concerning Ua x Ua-orbits in U x U) (iii) the
unitary problem (concerning conjugacy classes in U). To show the equivalence of these last two problems,
the main observation is the following one :

Lemma 6.4. The map
n: UxU — U

(w,v) = ulv

sends a Ua x Up-orbit D in U x U onto a conjugacy class C in U.

Proof. If (u,v) = (u1u0u2 , UUpUy 1y then u™lv = ua(uy Yuo)uz ! so n(D) C C where C is a conjugacy

class in U. Further, let (u v) € D and take any w € C. Then Jup | w = upu~lvuy ' so that (1w) =

(1, ugu " vuzt) = ((ugu™t, ugu™t), (u2, u2)) . (u, v), hence (1,w) € D, therefore w = n(1,w) € n(D). O
N——"

eUaxUa €D

It is nice to observe that this map 1 may be used to show that a compact connected Lie group U
is a symmetric space U = (U x U)/Ua (see [Hel01]). Coming back to the matter at hand, we have the
following result, that says that the complexification of the centered Lagrangian problem has a solution if
and only if the unitary problem has a solution (that is, these two problems are equivalent).

Proposition 6.5. Let D, .. 13, be | orbits of Un x Ua in U x U and let Cy, ... ,C,_C U be the
corresponding conjugacy classes Cj = n(D ). Then there exists ((u1,v1), ..., (w,v)) € Dy X --- X Dy
such that uy...w; =1 and v1 ...v; = 1 if and only if there exists (wy, ... ,wl) € Cy x -+ x C such that

’wl...’LULZ]..

12
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Proof. Set | = 3 to write a clearer proof. Setting (uj,v;) := (1,w;) for every j, we see that the second
condition implies the first one. Conversely, assume that ((u1,v1), (u2,v2), (u3,v3)) € 51 X 732 X 53
verify ujusuz = 1 and vyvovg = 1. Then (wruguz)"lvivovs = 1, hence ug uy (u;"l}l)’l)z'l):g = 1, with
ul'v; € C;. Hence ua_lu;1(uflvl)ug(uglvg)u3(u§1v3) =1, hence

uglugl(uflt:l)Ung uz !t (ugtva)us (uztvg) =1
—_ ——

€Cy €C2 €C3

Setting w; = us_luz_l(ul_lvl)ugm, wy = u;l(uglvg)ug and w3 = 'U,3_11)3 then gives a solution (wy, w2, ws3)
to the unitary problem. O

In analogy with a result on double cosets of U(n) in Gl(n, C) (which are characterized by the singular
values Sing g = Spec (60~ (g)g) of any of their elements) and dressing orbits of U(n) in (U(n))* = {b €
Gl(n,C) | bis upper triangular and diag(b) € (R*T)"} appearing in [AMWOL1], the above proposition can
be formulated more precisely in the following way. Consider the action of U Lon Dy X --- X D, given by

@1, o) (U, v01), -, () = (@1-(ur, v1).03° 2. (u2,v2).05 " -, pu(w, v)- 97 )
(N .

- -1
=(p1urp; L p1v197 )

and the diagonal action of U(n) on C; X --- x C; : @.(wy, ... ,wi) = (purp™!, ... ,owpe™ ). These
actions respectively preserve the relations u;...w; =v;...vy =land w;...w; = 1. We may then define
the orbit spaces

ﬁ:___{((uj,vj))j€51><~-v><’5¢|u1...ul=v1...vl=l}/Ul

and

MC={(w,-)j eClx-.-xc’liwl...wlzl}/U
And we then have

Proposition 6.6. The map

m: 51X-"X51 — ClX"'XC[
((wr,v1)y - o ey (g, v)) +— (ul_l .. .u;l(uflvl)uz UL e ufl(uf_llvl_l)ul, ul_lvl)

induces a homeomorphism Mgz ~ Mc.

We will not use this result in the following so we do not give the proof, which is but a consequence
of the above. We point out the fact that this result reinforces the analogy between our problem and
the Thompson problem. We now wish to explain in what precise sense is the Lagrangian problem a real
version of these two equivalent problems.

6.5 Solutions to real problems as fixed point sets of involutions

The important idea of thinking of possible solutions to a real problem as the fixed point set of an
involution defined on the set of possible solutions to a corresponding complex problem is well-established
in symplectic geometry and is due to Alan Weinstein (see [Dui83, LR91]). In fact, the idea is that the
set of possible solutions to a complex problem carries a symplectic structure and that the corresponding
real problem is formulated for elements of the fixed point set of an anti-symplectic involution defined
on this symplectic manifold. Examples of results obtained using this idea include the (linear and non-
linear) real Kostant convexity theorems (see [Dui83, LR91]) and the real Thompson conjecture (see
[AMWO1, EL]). Although we will have to replace symplectic manifolds with quasi-Hamiltonian spaces
for technical considerations, the above idea plays a key role in our approach. Keeping this in mind, we
will eventually define an involution §; on the quasi-Hamiltonian space Cy x - - x C;. But, to explain how
this involution is obtained, we will first work on the product D; x --- x D; of { Ua x Ua-orbits in U x U.
The key here is to try and see the K x K-orbit of w € U as a subset of some Ua x Ua-orbit D C U x U.

13
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This is done by observing that w € D is equivalent to 7~ (w)w € C which in turn is equivalent to
(r(w),w) € D. Indeed, the first equivalence is corollary 6.3, where C is defined as the conjugacy class of
77 (w)w for any w € D. Then we know from lemma 6.4 that C = 17(5) where D is the Up x Ua-orbit
of (1,7~ (w)w) ~ (r(w), w), which gives the second equivalence. In order to obtain elements of the form
(7(w), w) as fixed points of an involution, we set

a: UxU — UxU
(wv) — (1(v),7(w))

Then o? = Id and Fiz(a) = {(7(v),v) | v € U} ~ U. In particular, Fiz(a) is always non-empty.
Moreover, we have :

Lemma 6.7. a(ﬁ) = 5, so that a defines an involution on 75, whose fized point set is isomorphic to D
and therefore non-empty.

Proof. 1f (u,v) € D, we have n(a(u,v)) = 7~ (v)7(u) = 7(v" u) = 7~ (v~ 'v). But if w € U, then 7~ (w)
is conjugate to w. Indeed, it follows from lemma 1.1 in chapter VI (p. 55) of [Loo69] that there always
exists a maximal torus of U which is stable under 7~ (it is obtained as the exponential of a subset of
ker(r + Id) C u) and w is conjugate to an element in such a torus : w = ptp~! with 77(¢) = ¢ so that
77 (w) = T(e)tr(p™) = T()p lwpT(p~!) (observe that when U = U(n) then 7~ (w) = w' and all
of this becomes clear). Thus n(a(u,v)) = 7(u'v) and u~!v = n(u,v) lie in the same conjugacy class
C= 17(13), so, by lemma 6.4, we have indeed a(u,v) € D. From the remark preceding lemma 6.7 we see
that Fiz(als) ~D # 0. a

On the product 51 x -+ x Dy of | Us x Un-orbits in U x U, we can therefore define the involution

Qp 51X-~~Xﬁl — '51X~-~><51
((u, 1), -y (w,w0)) — ((7‘(1)1),T(u1)), ,(T(’U[),T(Ul)))

Observe that its fixed point set verifies Fiz(ay) ~ D; X - -- x D; and is therefore non-empty. We then
have the following result, which says that the centered Lagrangian problem has as solution if and only if
there exists a solution of the complexified problem which is fixed by o :

Proposition 6.8. Let D, ... ,D; bel KxK-orbits inU. For everyj € {1, ... ,l}, let C; be the conjugacy
class of 7~ (w)w where w is any element in D;, and let '5]- be the corresponding Ua x Up-orbit in U x U
(i.e., such that n(’ﬁj) = C;j, where n(u,v) = u"'v). Then there exists (w1, ... ,w;) € Dy x --- x Dy such
that wy ... w; = 1 if and only there exists ((u1,v1), ... ,(w,w)) € Dy x -+ x Dy such that uy ... w = 1,
vi...vy=1and u; =7(v;) forall j € {1, ... 1} (that is, ((u1,v1), ..., (w,w)) € Fiz(as)).

Proof. For a given (w, ... ,w;) € Dy x -+ x Dy | wy...w = 1, set (uj,v;) := (7(w;), w;). By lemma
6.4, (uj,v;) then belongs to '5j and we have indeed u; ...u; = v;...v = 1. Conversely, for ((u;,v;)); €
Dy x -+ xDy | u1...wy =v1...v =1 and such that u; = 7(v;) for all j, set w; := v;. Thenw; ... w; =1
and 77 (wy)w; = u}lvj € Cj, so that, by corollary 6.3, w; € Dj. O

This type of result is exactly why some given problem (A) is called a real version of another problem

(B) : if Sc denotes the set of solutions to problem (B) (we assume that S¢ # @) and Sg the set of
solutions to problem (A), then there exists an involution a on some space M D Sc, whose fixed point set
is non-empty, such that Sg # 0 iff S¢c N Fiz(a) # 0.
The question then is : what is the real version of the unitary problem ? Given what we have done so far,
we see that giving an answer to this question amounts to defining an involution 8 on C; x - -- x C; such
that Byom = m oy, where gy : Dy X --+ X Dy — C; X --- X (; is defined as in proposition 6.6, so that
n(Fiz(ay)) C Fiz(3;), which in particular implies that Fiz(8;) # 0. The only possibility is then to set,
for any (wy, ... ,w) €C; x-+- X

Bi(wy, ... ,wy) = (T'(w[) v T (wo)T T (W) T(we) T (wy), oy T (W) T (wi— ) T(wi), 'r“(wl))
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We then have the following result (proposition 6.9), along the lines of proposition 6.6. As earlier, we
see that the group K! acts on Fiz(a;) and preserves the relations uy...w; = vy ...y = 1. Likewise, K
acts diagonally on Fiz(3;), preserving the relation w; ...w; = 1. We may therefore define :

M = {((uj,vj))]. €Dy X xDy|ug...qy =v1...0 =1 and ((U]’,'Uj))j € Fix(a,)}/K,
and
MP = {(w;); €CL x -+ xC|wy...w; =1and (w;); € Fiz(ﬂl)}/K
We then have :
Proposition 6.9. The map n; : ’51 X oee X ’5, — C1 X - -+ X C; induces a homeomorphism M% ~ M'g .

Again, this is an analog of a result in [AMWO1], which justifies that we may consider our Lagrangian
problem a compact version of the Thompson problem. We may now move on to the main results of this

paper.

6.6 The set of op-Lagrangian representations

We recall the following from introduction. Let Ci, ... ,C; be  conjugacy classes in U(n) such that there
exists (u1, ... ,w) € C; X -+ x C; verifying u; ...y = 1.
Definition. The representation of 71(S?\{s1, ..., s}) corresponding to such a (uy, ... ,u;) is said to
be Lagrangian if there exists | Lagrangian subspaces L1, ..., L; of C" such that, denoting by o; the
Lagrangian involution associated to L;, we have u; = ojoj41 for all j € {1, ... ,l} (with o141 = 01). It
is said to be go-Lagrangian if it is Lagrangian with L; = Lo := R® C C™.

Recall that two representations (ui, ... ,w;) and (v1, ... ,v) of m(S?\{s1, ..., s;}) are equivalent if
and only if there exists a unitary map ¢ € U(n) such that pujp~! = v; for all j € {1, ...,l}. Since

Op(L) = porp~!, we have that any representation equivalent to a Lagrangian one is itself Lagrangian.

‘We now define the map

B: Cix---xC — Cx---x(
—1 ——1 —

(ugy o.oow) — (@t wy wlue.. T, ., T, uf)

(see the previous subsection for motivation : when U = U(n), 7(u) = @). Observe that 3 is an involution
(for I = 3 one easily sees that 32 = Id) and that Fiiz(3) # @ (one may for instance pick a diagonal element
u; in every C; and then B(ui, ... ,w) = (u1, ... ,w)). Also, we have the compatibility relations (see
theorem 5.2) B(p.(u1, ... ,u)) = B.B8(u1, - .. ,w) and poB(us, ... ,w) =7 ... a7 " = plug, ... ,w) g
Finally, we consider the Euclidean product on the Lie algebra u(n) given by (X|Y) = tr(XY*) =
—tr(XY). In particular, the map 7 : X € u(n) — X € u(n) is an isometry for this scalar product. We
may now state our main result.

Theorem 6.10. Given l conjugacy classes Cy, ... ,C; of unitary matrices such that there exists (ui, ... ,
w) € Cy X ---x Cp verifying uy ...u; = 1, the representation of m1(S*\{s1, ... ,s1}) corresponding to such
a (u1, ... ,u;) is oo-Lagrangian if and only if B(u1, ... ,w) = (u1, .. ,w).

We could as well have defined 8 on U(n) x - - - x U(n) and obtained a similar result but we deliberately
stated our result this way, as it will be more appropriate to work with the quasi-Hamiltonian space
C1 X -+ x C; in the following.

Proof of theorem 6.10. Take | = 3 to write a clearer proof. Let us start with (u;, uz,u3) € Fiz(3), that
is

=11, t— — —
Uz "Uy U UUZ = UL
E;luéﬂg = Uz
ug = ug
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Theln we have u} =us (so that T3 = u3!), (uous)t = (T3 ubTsus)t = (ufub)t = uzuz and (uiugus)t =
(3 "1, "l T, P ubTaus)t = (ububul)t = wyugus. To these three symmetric unitary matrices we can
associate, by proposition 2.3, three Lagrangian subspaces

L, = {2€C"|z- (uugu3)z =0}
Ly = {2€C"|z— (ugu3)z =0}
Ly = {2€C"|2z—-uZz=0}

and denote by o; the Lagrangian involution associated to L;. Let us now assume that (uy,u2, us) satisfy
the full hypotheses of the theorem, that is, that we have ujusuz = 1. Then L; = Lo. Therefore, by
proposition 2.3, since L3 = {z — u3Z = 0}, we have o309 = us, that is, 0301 = uz. Further, since
Ly = {7 — (u2u3)z = 0}, we have 0200 = usuz = ul‘1 hence u; = 0,02. Finally, since (uzu3)t = uzus,
there exists, by proposition 2.3, a unitary map @2 € U(n) | ¢4 = ¢2 and 3 = uzug, and we then have
@2(Lo) = Ly. Set Lj = p3'(La) = Lo and L} = ¢;*(L3), and denote by % and o} the associated
involutions. Then

Ly = {zl¢a(2)€ls}
{z | pa(2) — uspa(z) = 0}
{z ] p2(2) —us @(E) =0}

=9,

{z ] 2= (3 'uap; 1)z = 0}

I

Il

but (05 'uspy )t = 3 luzp; ! since (93 1)t = (¢5)~! = ¢3! and uf = us. Therefore, by proposition 2.3,
we have 00}, = 7 'usp; . Since p2 = ugua, we then have 3 usp; ' = 93 ' (u3' 3y " = @3 'uy w2,
therefore uy' = pa0hohp;’ = o309 since Ly = pa(Lh), Ly = p2(L3) and o,y = porp—1. Hence
Uy = 0903 and the representation of 7 corresponding to (u1,uz, u3) is oo-Lagrangian.

Conversely, assume that a given representation (u1,us2,us) is go-Lagrangian. Then uz = 0309. Now
observe that for any unitary map u, one has @ = ogouog, therefore here v} = uz = ool log =
ao(0300) "o = a0(0003)00 = 0300 = ug. Likewise,

'ﬁ;luéﬂg = (Uous"lao) (oouz“lao)(agu;gao)
= Uo(uglu,;lugao
= 00(0003)(0302)(9300)00
= 0203

= U

and
ﬂ;lﬁz—luiﬂz—ﬂ;g = 0o(0003)(0302)(0201)(0203)(0300)00
= 0102
= wu
so that B(uy,uz, us) = (u1,uz, uz). O
We can then characterize those among representations of 71 (S2\{s, ..., s;}) which are Lagrangian

in the following way :

Corollary 6.11 (Characterization of Lagrangian representations). Suppose that one of the C;
is defined by pairwise distinct eigenvalues and let uy, ..., w be | unitary matrices such that u; €
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C;j and uy...w; = 1. Then there exists | Lagrangian subspaces Ly, ... ,L; of C™ such that u; =
0102, U3 = 0203, ... ,u = 0y01 (where o is the Lagrangian involution associated to L;) if and only
if B(ur, - w) ~um) (W, ..., w) as representations of m. In this case, if ¢ is any unitary map such
that B(uy, ... ,w) = (Yuryp™t, ... ,pwyp™t) then ¥t = and if ¢ is any unitary map such that Pty =

then the representation of © corresponding to (wu1p™Y, ..., pwe~t) is og-Lagrangian.

Proof. Suppose first that u; = 0102, ... ,u = 001. Take p € U(n) | ¢(L1) = Lo. Then ¢.(uy, ... ,uy) is
oo-Lagrangian, hence 8(p.(u1, ... ,w)) = p.(u1, ... ,w), hence B.B(uy, ... ,u) = @.(u1, ... , ) hence
Bluy, - w) = (1) (u1, .. yw) ~u(n) (w1, ... ,u). Observe that T 1o = ¢ty is symmetric.
Conversely, suppose that 3¢ € U(n) | B(u1, ... ,w) = ¥.(u1, ... , %) and assume first that the conju-
gacy class C; is defined by pairwise distinct eigenvalues. Write w; = vdv~! where d is diagonal. Then,
since B(u) = t.u, we have in particular uh~! = uf, from which we obtain Yvdv~'y~" = (v~ htdtvt =
(v')~1dvt, so that (vtyw)d(vipw) ™! = d. Since d is diagonal with pairwise distinct elements, v'4v is itself
diagonal and therefore symmetric, so that ¢ is symmetric. If now it is a different C; which is defined by
pairwise distinct eigenvalues, say C;—1, then consider the representation (ug,us, ..., w—1) : it is indeed a
representation of 7 since the relation u; ...u; = 1 is invariant by circular permutation (as can be seen by
conjugating by ;) and via this transformation 9.(u1, ... ,u;) is sent to ¥.(u;, uy, ... ,u—1). The repre-
sentation (u,uy, ... ,u—;) is Lagrangian iff (uy, ... ,w;) is Lagrangian. We can define a corresponding
3 accordingly and proceed as above to show that v is indeed symmetric.

Now, to conclude, let ¢ be any unitary map such that ¢ty = ¢ (such a map always exists by proposition
2.3). Starting from B(u1, ... ,uw) = ¥.(u1, .. ,u), we obtain (") ~1.B(u) = p.u, hence B(p.u) = p.u
so that, by theorem 6.10, ¢.(u1, ... ,w) is oo-Lagrangian. Hence (ui, ..., ;) is Lagrangian, with
Ly = ¢7*(Lo)- a

Before passing on to studying Lagrangian representations in the moduli space, we would like to point
out that if a representation u is irreducible then so is B(u) and, more interestingly maybe, that it is
possible to obtain results similar to theorem 6.10 by defining, for a given Lagrangian L;, the involu-
tion Br, (u1, uz, ug) = (alus_luz_lul_lugmol,alugluejluaol,aluglal) (remember that when L; = Lo,
oouoe = ). If we write L, = ¢(Lo) for some ¢ € U(n), we obtain B, (u) = (¢¢*).B(u) (this does not
depend on the choice of ¢ such that ¢(Lo) = L; as seen from the argument used in proposition 2.3).
Finally, it was proved in [FMS04] that when n = 2 and | = 3, every (two-dimensional) unitary repre-
sentation of 71 (S2\{s1, s2,53}) is Lagrangian : this is because in this case the moduli space is a single
point (it is zero-dimensional and connected), so that the submanifold consisting of Lagrangian represen-
tations is the point itself (see [FW] for dimensions of moduli spaces of representations). As mentioned in
the introduction, we believe that the characterization of Lagrangian representations as representations
u satisfying 8(u) ~y(n) u is true without any assumption on the C; but we have been unable to prove
it so far. One needs to show that if B(u) = %.u for some ¥ € U(n) then there exists such a 1 which
is symmetric. In the remainder of this paper, we will assume that one of the C; is defined by pairwise
distinct eigenvalues, so that corollary 6.11 holds.

6.7 Lagrangian representations in the moduli space

Recall from section 4 that the moduli space of unitary representations of 7 = m1(S?\{s1, ... ,si}) is
the quasi-Hamiltonian quotient M¢ = p~1({1})/U(n) where p : C1; x --- x C; — U(n) is the product
map. Since the involution 3 we constructed on C; x --- x C; in 6.6 satisfies Bopu = 77 op (where
7(u) = @ on U(n)), B preserves p~1({1}) and since B(p.u) = 7(v).6(u), B induces an involution 3 on
Mec = u~1({1})/U(n) given by B([u)) = [B(u)]. Observe that if B, is defined as in the end of the previous
subsection by 81 = (p¢!).8 (where ¢ € U(n) verifies p(Lo) = L) then Br = B. Furthermore, if [u] € Mc
is the equivalence class of a unitary representation of , then it is Lagrangian if and only if any of its
representatives is Lagrangian (for, if u; = 0041, then pu;jp™! = o}o},, where L} = ¢(L;), for any
¢ € U(n)). Corollary 6.11 then shows that a given [u] € M is Lagrangian if and only if B[] = [u].
We then have the following result, which is a direct consequence of theorem 5.2.

Theorem 6.12. The set of equivalence classes of Lagrangian representations of m = m1(S?\{s1, ... ,si})
is ezactly Fiz(B). It is a Lagrangian submanifold of the moduli space M¢ = Home(w,U(n))/U(n) of
unitary representations of ® (in particular it is always non-empty).
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To apply theorem 5.2, the only condition left to check is that *w = —w, where w is the 2-form
defining the quasi-Hamiltonian structure on Cy x -+ - x C; described in section 4. Actually, we also need
to check that Fiz(8) # 0. As indicated in 5.3, we believe that this is always true for an involution 3
which satisfies the hypotheses of theorem 5.2 and which has fixed points itself, but since this paper does
not contain a proof of this claim, we instead refer to theorem 1 of [FW], which we state here.

Theorem 6.13. [FW] LetCy, ... ,C; bel > 1 conjugacy classes in U(n) such that there exists (uy, ... ,w)
€ Cy X -+ x C verifying u1 ...w; = 1. Then there exists | Lagrangian subspaces Ly, ... ,L; of C™ such
that ojo41 € C; for all j € {1, ... ,l}, where o; is the Lagrangian involution associated with L; and

where o141 = 01.

This shows that Fiz(8)Nu~'({1}) # 0 as one can construct, from the Lagrangian representation (¢;0;+1);
whose existence is guaranteed by the theorem, a oo-Lagrangian representation (0j0%,,); € Fiz(5) by
applying ¢ € U(n) such that ¢(L;) = Lo.

Proof of theorem 6.12. As observed, we only have to check that 8*w = —w. To that end, we first
compute the tangent map T'/3. Writing our result for [ = 3, we obtain, for any X1, X2, X3 € u (denoting
Xjlu; = Xju; —uj. X5 € T, C5) -

T(ul,uz.us)ﬁ.([xllulv [X2]u27 [X3]U3) = ([T(X3) - AdT(ua_l)'T(Xfi) + AdT(ugl)‘T(Xﬁ -
Adr(uzuy )7 (Xa) + Ad7(uz vz )T (XD)] (o101 g
[T(Xg) - AdT(143_1).T(X3) + AdT(u;l).T(Xz)]

[7(X3)] T(u;‘))

T(uglu;)ug) ’

Given this expression and the expression of w for [ = 3 (see proposition 4.2), one sees that the computation
of B*w is somewhat intricate. Even for [ = 2 one has to write down the sum of 44 scalar products. So let
us see what happens when | = 1. Then wy([X]u, [Y]u) = 3 ((Adu.X |Y) - (Adu.Y | X)), B(u) = 7(u™")
and T,8.[X ]y = [7(X)](u-1). Therefore
(ﬂ*w)u([xluy [Y]u) = Wg(u) (Tu,B-[X]uv Tulgly]u)
1
= 5 ((Adr@™)r(X) | 7(V) - (Adr(u™)r(¥) |7(X)) )

= 5 ((adu™ X) |r(V)) - (r(Adu.¥) 7))
Since 7 is an isometry for (.].), we then have

FDu(X V) = 5 (Adu™ . X|Y) - (Adu™'.Y | X))

= 5 ((X]AdwY) - (Y | Adu.X))

_wu([X]m [Y]u)

=D =

Il

When computing for higher values of [, the extra terms in the first factors of 8 compensate with the
terms in w — (w; B w2 B ws), giving f*w = —w. m}

Remark. As a last comment on theorem 6.12, we would like to say that even if we drop the assumption
on the conjugacy classes, the set of equivalence clases of Lagrangian representations is still a Lagrangian
submanifold of M¢. Indeed, it is always contained in F' zz(é), and therefore it is isotropic, and its
dimension is half the dimension of M¢ (see [FW]). With our hypothesis on the C;, the upshot is that we

are able to show that this Lagrangian submanifold is exactly Fiz(8).
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The main tool to obtain theorem 6.12 was theorem 5.2, which is very general. It may for instance
help to find Lagrangian submanifolds in the moduli space of polygons in S$3, which also admits a quasi-
Hamiltonian description (see [Tre02]).

6.8 The case of an arbitrary compact connected Lie group

To conclude, we wish to explain, using the description of U(n) given in section 2, how to make the
notion of Lagrangian representation make sense when the compact connected Lie group U at hand is not
necessarily the unitary group U(n). We suppose that such a group U is endowed with an involution
(for instance the Cartan involution defining its non-compact dual), and we define an action of Z/2Z =
{1,00} on U by op.u = 7(u). We then consider the semi—direigroduct U x Z/2Z for this action.
Recall that if U = U(n) and 7(u) = @ then U(n) x Z/2Z = U(n) = U(n) UU(n)or,. Under this
identification, og.u = 7(u) = U = or,uor, and the Lagrangian involutions are the elements o =
Tp(Lo) = SOULO‘Pvl = (‘PULOSO_loLo)o—Lo = (‘Pﬁﬁl)olm = (‘pgot)aLo © (pp',01,) € U(n) 1 Z/2Z. Observe
that the element ! does not depend on the choice of ¢ € U(n) such that L = ¢(Lo), as was shown
in proposition 2.3. Thus, we see again that the elements of order 2 that we are interested in are in
one-to-one correspondence with the symmetric elements of U(n). In the general case, any symmetric
element of U (that is, an element w of U satisfying 7(w) = w™!) can be written ur(u™!) for some
u € U (see [Hel0l, Loo69]), and the elements of order 2 that we are interested in are the elements
(w,00) € U x Z/2Z where w € U verifies 7(w) = w™!. The product of two such elements is then of the
form (w1, 00).(w2, 00) = (w1(0o-w2),03) = (wiT(w2),1) € U C U x Z/2Z (observe that when wy = wn,

we indeed obtain 1 because 7(w;) = wy!). One can then say that a U-representation (ui, ... ,u)
of 7 = m(S?\{s1, -.. ,81}) is decomposable (or Lagrangian) if there exists wy, ..., w; € U such that
T(wj) = wj_1 for all j and u; = (w1,00).(wa,00),u2 = (w2,00).(w3,00), ..., w = (wi,00)-(w1,00)-

Observe that we then have indeed u;...u; = 1, for uy...u; = (w1T(w2), 1).(war(w3), 1). . .(wyr(wy),1) =
(w1 T(w2)war(w3). . wT(w),1) = 1 since 7(w;) = w].—l. A representation will be called og-decomposable
if it is decomposable with w; = Id. Then, theorem 6.10 and corollary 6.11, along with theorem 6.12
are still true in this setting (the condition on the eigenvalues of some C; to be pairwise distinct is to be
replaced by the condition that the centralizer Z, of any u € C; is a maximal torus of U, and therefore
conjugate to a 7~ -invariant maximal torus). All one has to do is then define 3 as in subsection 6.5 (that is,
replace u® by 7(u™!) in the definition of 3 given in subsection 6.6) : the op-decomposable representations
are exactly the elements of the fixed-point set of (3, a given representation u is decomposable iff 3(u)
is equivalent to u, and the set of equivalence classes of decomposable representations is a Lagrangian
submanifold of Hom¢ (m, U)/U, obtained as the fixed-point set of an antisymplectic involution 3.
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