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1 Introduction.
Let {F,}n>0 be the sequence of Fibonacci numbers defined by

Fo=0, F=1 Fo=F,1+F, (n>0) (1)
and {L,},>o the sequence of Lucas numbers defined by

Lo=2, Li=1, Lywo=Ly,s1+L, (n>0). (2)

There are many investigations on the arithmetic properties of reciprocal sums of
products of Fibonacci or Lucas numbers. André-Jeannin [1] proved that the sums

= 1 SN |
; FnFn+1 and ; LnLn+1

are expressed as explicit formulas, more precisely as linear combinations over @(\/3)
of the values of the Lambert series .00 2"/(1 — 2") at numbers of Q(v/5). It is

well-known that

-
'~ FF.n 2

(For the proof see (9) in the next section.) Brousseau [2] proved that

Sz—iﬂ—2—¢5

n—1 FnFn+2
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It is easily seen that
o0

1
Sy = =1
’ ; FoFpio

In this paper we consider a new type of reciprocal sums such as

= (=1)"[logy 7] 1ogdn = logdn = logd
3

where d is an integer greater than 1 and [z] denotes the largest integer not exceeding
the real number z. In the following sections it will be apparent for the readers that
the sums (3) are transcendental numbers in contrast with the algebraic numbers
S1,S2, and S3 mentioned above, due to the factor [log;n] in the numerators. In

the next section we express such sums, using Newton’s method, as the values of

- (4)

k=1

Lambert series of the form

In the last section we prove the algebraic independence of reciprocal sums (3) of
a more general binary linear recurrence {R,},>0 in place of {F,},>o for distinct
values of d by using Mahler’s method, in which the functional equation f(z) =
f(z%) + 2%/(1 — 2%) plays an essential role.

REMARK 1. The algebraic independence of the values of Lambert series similar
to (4) implies the algebraic independence of reciprocal sums of Fibonacci numbers
with their subscripts appearing in a geometric progression. Let {by }x>0 be a periodic
sequence of algebraic numbers not identically zero and ¢ a fixed positive integer.
Nishioka, Tanaka, and Toshimitsu [10] proved that if {bj}r>¢ is not a constant

sequence, the numbers

i (de N\ {1}, 1 >0, meN) (5)

k
k:O Fogr )™

are algebraically independent, and if {b;}x>0 is a constant sequence, the numbers
(5) except the algebraic number >~ b/F.or are algebraically independent; and
also the numbers

Z (deN\ {1}, >0, meN)
k:O cdk—‘rl

are algebraically independent for any {by }r>o.
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Recently, Duverney, Kanoko, and Tanaka [3]| proved that the numbers

/ ak ’ ak
v d _°
2 Fp+h 0 2 Lup + 1

k>0 k>0

where the sum Z;;zo is taken over those k with F_g+h # 0, L.g-+h # 0 respectively,
a is a nonzero algebraic number, and ¢, d, and h are integers with ¢ > 1 and d > 2,
are transcendental except three algebraic numbers > p 1/ For, > po 4%/ (Legr +2),

and 37,7 0(=2)/(Lege — 1)

2 Newton’s method and algebraic independence.

We state a particular case, Theorem 1 below, related to Newton’s method for ap-
proximating the roots of polynomials before stating the general theorem including
Theorem 1 (see Theorem 3 in Section 3), since a lemma used in the proof of Theo-
rem 1 induces the key formula (11) of the proof of Theorem 3. Let {U,},>o be the
binary linear recurrence defined by

Up = 07 Uy = L, Un+2 = AlUn+1 + A2Un (TL > 0)7

where A;, Ay are integers with A; > 0, Ay # 0, and A = A? + 445 > 0. Then

{Un}n>0 is expressed as follows:

an_ﬁn
N (n>0),

where a = (A, +v/A)/2 and 3 = (A; —v/A)/2 are the roots of ®(X) = X2 —A; X —
Ay, and it is easily seen that |a| > |3] > 0.

U, =

Theorem 1. The numbers

Z —As)"[log, 1] (1> 0)
n— n+lUn+l+1

are algebraically independent.

REMARK 2. We note that
Z -

(see (9) in the proof of Lemma 4).

eQ(WA) (1>0)

+1Un+z+1
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EXAMPLE 1. Let {F,},>0 be the sequence of the Fibonacci numbers defined by
(1). Then the numbers

o0

Z )" [log, 1 (1> 0)

= n+an+z+1

are algebraically independent.

EXAMPLE 2. The numbers

[e.9]

log2 ]
Z 2n+l 2n+l+1 _ 1) <l Z O)

n=

are algebraically independent. This is the case of A; = 3 and Ay = —2 in Theorem 1.

In what follows, let

Ql _ io: (_AQ) [1Og2 n] (l > 0)

n—9 Un+lUn+l+1
and let
oo 22k
= [ >0).
fl(z) ; 1— (0471/6)122]6 ( e )

Theorem 1 is proved by using the following lemma.
Lemma 1. 6, = VAa 2 fi(a™'p) (1> 0).

In order to prove Lemma 1 we prepare three lemmas below. We introduce here
the Newton’s method for approximating the root a of ®(X). Let {zx}r>0 be a

sequence defined by
D (k)

Th+1 = Tk — (I)/(xk) (k Z 0)
or
nit A s (6)
T = .
s 2$k — A1 -

The sequence {z}}r>o converges to « for suitable choice of xzy .
Lemma 2. If 2o = Ay, then Y o (21, — a) = VAfo(a™'B).

Proor. If 2 = «a for some k, then z;_1 = a by (6). Since zg # «, we see that
xr # « for any k > 0. Substituting ) = \/Zylzl + ain (6), we get

e+ 1= (e + 1) (k>0).
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Therefore yi, +1 = (yo + 1)%" (k > 0) and so

Tp— Q= va (k>0). (7)

(=) -
Top — &

VA
(g 1

Since o = A; = a + 3, we have
(k> 0),

T — QX =

which implies the lemma.

Lemma 3. If xo = Ay, then x = U(2]k+1 for all k > 0.
2k

PrROOF. The lemma is proved by induction on k. The case of k£ = 0 is trivial.
Assume that xp = Usk .y /Usge for some k. Then

zj 4+ As
2l'k — A1
L€i+1%_/bl@i
2U2k+1U2k - A]_U22k
(a2k+1 . ﬂ2k+1)2 . aﬁ(an _ 52’6)2

2(a2k+1 _ ﬂ2k+1)(a2k _ 62k) _ (a + 6)(04% _ BZk)Q
(a =B+ — g2

(@ = B) (@ = )
U2k+1+1

U2k+1 ’

Lk+1

which implies the lemma.

o0 —A n
Lemma 4. UUL:—a:Z((Jnszl (m > 2).

PROOF. Since
Un Un+1 Un Un+1 o ’

we have .
3 (=4z)" U Unn (8)
UnUnJrl Ul Um .

n=1

As m — oo, this gives
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Subtracting (8) from (9), we get the lemma.

PrOOF OF LEMMA 1. The lemma is proved by induction on [. Let {xy}r>¢ be
defined by (6) with 29 = A;. Then we have by Lemmas 3 and 4

) U [e%¢] [e%¢] (e%e] 108}2” n
ka_a kl(;]:l_a):ZZUUnH ZZé %o.

=1 k=1 n=2k

Therefore 0y = \/_fg( ~13) by Lemma 2.
Next assume that 6; = vVAa 2 f;(a~13) for some . We have

- (—A2)"([logy n] — [logy(n —1)])
0, + A0 .
$F Al = Ul+2Ul+3 * Z

~ Un+1Unsi41
Since ( k )
J1 (n=2" keN
[logg n] - [log2 (n - 1)] - { 0 (otherwise),
we get
o] (—A2)2k

0 + Ax0p1 = :
* 1 U2k+lU2k+l+1

Using aff = —A,, we see that

(AT i A(=Ay)?

(a2k+l _ 62k+l)(a2k+l+1 _ ﬁ2k+l+1)

el U2k+lU2k+z+1 =1

0o —1 a2k —12k+1
— 042 +l __ 62 +1 Oé2 +l+1 52 +I+1
= VAo fi(a™'B) + AV AV £ (071 B).

Therefore 0,1 = VA2 £, (a1 3), and the lemma is proved.

Proor orF THEOREM 1. It suffices to prove the algebraic independency of
0, (0 <1< L) for any nonnegative integer L. By Lemma 1 it is enough to prove the
algebraic independency of fi(a™!3) (0 <1< L). We see that f(z) satisfies

2,’2

By Nishioka’s lemmas [9, Lemma 2 and Lemma 6] the functions f;(z) (0 <1 < L)
are linearly independent over C modulo the rational function field C(z), namely

Srocfi(2) € C(z) (¢ € C) holds only if ¢; = 0 for all [ (0 <! < L). By Loxton

filz) = fiz") +

6
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and van der Poorten’s theorem [5, Theorem 2| or by Kubota’s result [4, Corollary 9]
the functions fi(z) (0 <[ < L) are algebraically independent over C(z). Then by
Mabhler’s theorem [6] (see also [7, Theorem 2]), fi(a™!3) (0 < < L) are algebraically
independent, and the proof of the theorem is completed.

By (7) in the proof of Lemma 2 we see that, if 0 < |(xg — «)/(zo — )| < 1 or
equivalently

A
To > 71, T # Q, (10)

then

2t =50 (35)

whose transcendency is seen by the same way as in the above proof of Theorem 1
with L = 0. Therefore we have the following:

Theorem 2. Let Ay, Ay be real algebraic numbers with A3 + 44y > 0. Let
{zk }i>0 be defined by (6) with xy an algebraic number satisfying (10). Then the sum
of errors > ;- (xp — @) is transcendental.

3 General case.

Letting z = a3 in Lemma 1, we have

o Sntl S+l ol szH
ZUOg? n] (1 — ol ] _ Zn+l+1> - Z 1 — L2F (12 0),
n=2 k=1

which is valid inside the unit circle |z| = 1. Let d be an integer greater than 1 and
v a complex number with |y| < 1. We have a more general equation

00 | St S+l o Sk Lis0 X
og,n — = _ z| <1, 1>0), 1
> tosn) (5 e~ T ) = X g (<1120 0

since ( i )
_J1 (n=d" keN
logan] - flogs(n— ] = { g (2 % (12)
and so
m n+l n+i+1 [logg m] dF+1 1 m+l+1
Z[logdn]< - 1 - l 1) Z : d* l_[Ogdm]Z 1 -
— 1+ yznt 1+ yzntit — 1+ 24+ 1+ yzmtit

Using (11), we prove the following theorem, which is more general than Theorem 1.

7
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Theorem 3. Let {R,},>0 be the binary linear recurrence defined by
Ryio = A1 Ry + AR, (n>0),

where Ay, Ay are nonzero integers with A = A3 + 4A5 > 0 and Ry, Ry are integers
with RyRy # R? and AyRo(A1Ry — 2Ry) < 0. Then the numbers

n—l—l Rn+l+1

i )"llogy 7] (deN\ {1}, 1 >0)

are algebraically independent.

REMARK 3. The condition A; Ro(A1 Ry —2R1) < 0 assures R, R,141 # 0. We
can prove the theorem also in the case A;Ry(A1Ry — 2Ry) > 0 if we exclude the
subscripts n with R, R,1;+1 = 0 from the sum; however we have omitted such a

case for the sake of simplicity.

Corollary 1. Let {R,}n>0 be as in Theorem 3. Then the numbers

Si J'logan] e N\ {13, 1> 0)

n—d n+an+l+2
are algebraically independent and the numbers

- Ay [log,n]

deN\{1}, 1>0
Ry Ryqi42 ( Vi) )

n=d

are also algebraically independent.

PROOF. Let

ewzzfi(_A””b&”” (de N\ {1}, I > 0).

R,.R
n—d n+l4tn+l+1

Using R, 12 — AsR, = A1 R,+1 (n > 0), we have

= (—A)"[logyn "llog, n —Ay)" " Hlog,n
2:( )"[loggn] A 2:( gan] | (=A2)""[log U

n—d Rn+ZRn+l+2 n+an+l+1 Rn+l+1Rn+l+2

= AM(0a1 — As04141)

and

f: Ajlog, n] = AT S ( 2[logy _ Ay [logy ] ) (13)
—d Rn+an+l+2 n—d n+an+l+1 Rn+l+1Rn+l+2
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If d is even, [log,(2m)] = [log,(2m+1)] for any m € N by (12) and so the right-hand
side of (13) is equal to

A7 fj( " logy(2m) Ai’”“[logd@ml)])

R2m+lR2m+l+1 R2m+l+1 R2m+l+2

m=d/2

A" flogy(2m)]  A3™(log, (2m + 1)])

[e%¢}
-1
+A1 ( -
m—d/2 R2m+l+1R2m+l+2 R2m+l+2R2m+l+3

= Al_l(‘gd,l + Asf4141)-

If d is odd, [log,(2m —1)] = [log,(2m)] for any m € N by (12) and so the right-hand
side of (13) is equal to

- A Hlog,(2m — 1 AZm[log,(2m
i S (Alentn o] Alesem))

m=(d+1)/2 Rom i1 Romyi Rom 1 Romsi41
RS AZmlog,(2m —1)]  A3™ ' [log,(2m))]
+ATY Y _
m=(d+1)/2 Rom+iRomei41 Rom 141 Romyi42

= —Afl(ed,l + As04441)-

Therefore we have
— Apflog,n]

R _HR s = (_1)dAI1(9d,l + A29d,l+1).

n=d
By Theorem 3 the numbers A} (04, — A204,41) (d € N\ {1}, [ > 0) are algebraically
independent and the numbers (—1)?A;" (04, 4+ A204,11) (d € N\ {1}, [ > 0) are also

algebraically independent, which implies the corollary.

EXAMPLE 3. Let {F),},>0 be the sequence of the Fibonacci numbers defined by
(1). Then the numbers

o

S G081y, 12 0)

are algebraically independent; moreover, so are the numbers

(=1D)"[log, n]
— FopiFngiee

o0

(d e N\ {1}, 1 > 0);

furthermore, so are the numbers

o0

D o [logy 7] (d e N\ {1}, 1 >0).

FriiFotigo

n=d
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EXAMPLE 4. Let {L,},>0 be the sequence of the Lucas numbers defined by (2).
Then the numbers

o

S Cosn] ey gy, 1 0)

are algebraically independent; moreover, so are the numbers

~ (—1)"[logy n]

deN\ {1}, 1 >0):
LpyiLnyiio ( VL )

n=d
furthermore, so are the numbers

o~ [logyn]

deN\ {1}, 1>0).
LyiiLntis2 ( Vi) )

n=d

PROOF OF THEOREM 3. We can express { R, },>0 as follows:
R, =aa™ +b8" (n>0),

where a, 3 (Ja| > |3|) are the roots of ®(X) = X?— A, X — Ay and a,b € Q(v/A). Tt
is easily seen that |a| > |3| > 0. Since RyRy — R? = abA and A;Ry(A1Ry — 2R;) =
(a? — %) (b* — a?), we see that |a| > |b] > 0. Letting

dk

> z
g 7 (deN\{1}, 1=0)
al ;;1+a%(1mld

and substituting v = a7'b and z = a7 in (11), we have

Z J'llogan] _ a*a (o~ B)gala”'P) (deN\{1}, 1>0). (14)

n—d n—l—an—l—l-‘,-l

Noting that gg(z) satisfies

Zd

1+ a'b(a15)tz4’

ga(z) = ga(z?) + (15)

we apply Nishioka’s theorem [8, Theorem 1|. Define
D={deN|d#a" (a,neN, n>2)}.

Then we have

N\ {1} = ([ J{a. 4. }.

deD

10
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We note that if d,d’ € D are distinct, then logd/logd ¢ Q. It is enough by (14) to
prove the algebraic independency of the values gg;(a™'3) (de D, 1 <j<mn, 0<
[ < L) for any positive integer n and for any nonnegative integer L. Assume on the
contrary that the values gg;(a™'3) (d € D, 1 < j <mn, 0 <[ < L) are algebraically
dependent for some positive integer n and nonnegative integer L. Letting N = n!

and iterating (15), we have the functional equation

Nj_l dik

gan(2) = gan(z") + 3 -

—1p(a—13) 2"
—~ 1+a 'b(a"'p)=¥

(1<j<n, 0<I<L).

By Nishioka’s theorem [8, Theorem 1] the functions gg;(2) (1 <j<n, 0<I[I< L)
are algebraically dependent over C(z) for some d € D. Then by Loxton and van
der Poorten’s theorem [5, Theorem 2] or by Kubota’s result [4, Corollary 9] the
functions gg4;(2) (1 < j < n, 0 <11 < L) are linearly dependent over C modulo
C(z). Thus there are complex numbers ¢j; (1 < j <n, 0 <1 < L), not all zero,

such that .
Z Z ciigai(2) € C(2).

j=1 1=0

Letting ¢ be a primitive N-th root of unity and letting

o0 gikzdk .
hy; = 0<I<L, 0<i<N-1),
l (Z) ; 1 + aflb(aflﬁ)lzdk ( = = S>> )
we see that
n n 00 c Zdjk N—-1
_ _ Jl _ ..

where ¢f; (0 <1< L, 0 <i< N —1) are complex numbers not all zero (cf. Proof
of Theorem 1.1 in [10]). Therefore

Since hy;(z) satisfies

gi Zd

Cihli(zd) = Tyi(2) — 1+ a1b(a—1B)lz

and 1,¢,...,¢V! are distinct, again by the Loxton and van der Poorten’s theorem
or by the Kubota’s result, the functions hj;(z) (0 <1 < L) are linearly dependent

11
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over C modulo C(z) for some i, which contradicts Nishioka’s lemmas [9, Lemmas 2,

3, and 6]. This completes the proof of the theorem.
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