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1. Introduction

The notion of convergent star product is generally understood as the
data of a one parameter family {F;}:c; C C®°(M) of function algebras
on a Poisson manifold (M, {, }). On each of them one is given an
associative algebra structure x; which respect to which the function
space E; is closed. The family of products {*;} should moreover define
in some sense a deformation of the commutative pointwise product of
functions in the direction of the Poisson structure {, }.

Stable function algebras for the Weyl-Moyal product have been
studied in various contexts. For instance, see:

- [7] for such a study in the framework of tempered distributions on
a symplectic vector space;

- [9] for a C*-algebraic study on R%-manifolds;
- [8] for non-tempered stable function spaces on C".

A special feature of the Weyl-Moyal star product—independently of the
functional framework— is its maximal invariance under the group of
affine transformations with respect to a flat affine connection. This can
be rephrased by saying that the Weyl-Moyal quantization is universal
with respect to actions of R? [9]. A natural question is then the one of
defining universal (convergent) deformations for non-Abelian Lie group
actions. In the formal framework, this has been investigated in [5]. In,
[1, 6], such formulae in the case of az + b have been studied within the
context of Wigner formalism and signal analysis. However, the question
of defining an adapted functional framework has not been investigated.
.In [2, 3], one finds a functional analytic study for solvable Lie group
actions and symmetric spaces in the tempered distributions and/or
C*-context.
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It therefore appears quite challenging to investigate the problem
of defining non-tempered (e.g. exponential growth) function spaces on
such a non-Abelian Lie group which are stable under some left-invariant
(convergent) star product. In other words, studying a situation where
non-temperedness and non-linear invariance mix. This is what is done
in this paper for the particular case of the group az + b. More precisely,
we first start by giving a construction of a left-invariant star product on
the (symplectic) group manifold underlying the Lie group az + b. This
star product is obtained via an equivalence transformation T performed
on Moyal’s product (which is not left-invariant). The equivalence T’
involves two ingredients: a partial Laplace transform and a family
{#vy : C = C}yec of holomorphic maps. For special values of of
the parameters v and v one refinds the functional calculus studied in
[2, 3]). But for other values, one can define stable function algebras
constituted by type-S functions. Using a holomorphic presentation of
these spaces, one gets non-commutative algebra structures on spaces of
entire functions on C2. Such a space contains functions of exponential
growth, one therefore has a non-tempered invariant calculus.
Acknowledgment We thank Daniel Sternheimer for having commu-
nicated important references.

2. Formal star products on “az +b”

In this section, we briefly recall results appearing in [2, 3]. Let G
denote the Lie algebra of the group of affine transformations of the
real line. Formally, one has G = spang{4, F} with table [A4, E] = 2E.
Consider the linear map A : G = C®(R?) : X — \x defined by
Aa(a,l) = 21; Xg(a,l) = e 2%, where R? = {(a,!)}. One then checks
that the map A is a homomorphism of Lie algebras when C™(R?) is
endowed with the symplectic Poisson bracket {, } := 8, A ;. Moreover,

if *M denotes the formal Moyal star product on C*(R?)[[v]] (i.e ux}!

—
v = uexp (v 5‘—, A Qv u,v € C®(R?)[[v]]), one has [Aa,Ag], =
20{A4, Ae} (where [u,v], := ux} v—vx} u). In particular, the formula
1
ov(X)u = % Ax,ul, X € G,u € C®(R?)[[V]]

defines a homomorphism of Lie algebras
pv : G = Der(CP(R)([V]], ).

Explicitly, one has p,(4)u = —8au; pu(E)u = —e_:u sinh(v8,)u. In-
tertwining the representation p, by a transformation of the type

L(u)(a,2) :=/];e“”u(a,l) dl,
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one gets
(ML) = Lp,(A) = ~BaL(u)
pv(E)L(u) := L(py(E)u) = —5—sinh(vz)L(u),

v

where we assumed u(a, +00) = 0. Now, set formally
1
Z,(u)(a,2) := / exp (’y; sinh(uz)l) u(a,l) dl,
R

and
feovg:= Z,,(Z,,_lf_zl,‘lg) (v € Gy).

PROPOSITION 2.1. For all X € G, p,(X) is a derivation of the
commutative product e, .

In other words, the associative formal product ux, v := T~} (Tux} Tv)
where T = £~!Z, is invariant under the infinitesimal action G —
IT(R?) : X — ¥(d\x) where f(d\x) denotes the Hamiltonian vector
field associated (via the symplectic structure) to the function Ax. This
action of G turns out to exponentiate as a global simply transitive
symplectic action of the group G = “az + b” on R2?, providing an
identification of the group manifold underlying G with R2.

The integral form of the transformation Z, allows to define specific
functions algebras on R? (as opposed to power series algebras) stable
under the product %, where the formal Moyal product *«M is replaced
by its “convergent” version: the Weyl product. The case where v €
iR, =1, z€ iR has been studied in [3, 2]. In what follows, we are
concerned with the general case where v € iR, vy € U(1), z € C
We end up this section by observing that the intertwiner T = L1z,
can be expressed as

T=L"o(pvy) oL
where we set @,,(z) := Zsinh(vz). The map ¢, will be referred in
the sequel as the “twisting map” (see Section 5).

REMARK 2.2. An alternative simple way for obtaining an explicit
formula of an invariant star product on az +b is based on the following
observation [1, 6]. The symplectic group manifold underlying az + b
can be seen as an open coadjoint orbit O in G*. Quantizing the Poisson
manifold G* via the universal enveloping algebra product and then
restricting to O yields an invariant star product on O hence a left-
invariant one on az+b. It is classical that an oscillatory integral formula
for this product can be written down in terms of the Campbell-Baker-
Haussdorff function (see [1] for explicit computation: Formulae 5.8 and
5.12). Our product %, described above is different from the universal
enveloping algebra product. Indeed, their invariance diffeomorphism
groups do not coincide [2].
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3. Fundamental spaces of type S

In this section, we follow Chapter IV of I.M.Guelfand’s book [4]. We
will denote by O(C™) the space of holomorphic (entire) functions on
cm.

DEFINITION 3.1. Let a,8 € R™. The fundamental space S5(m) is
defined as the space of holomorphic functions ¢ € O(C™) such that
there ezists a,b € (RY)™ and C > 0 with

. ' 1 1
lp(z +iy)| < C exp (—alzl= +bly| ™7 ) ,

where we adopt the usual notations : alz|® = 3;ajlz;|% (a,z,e €
Rm) L= (al'l’1 '_1_'), 1 —ﬂ = (1 - ﬁl)"')l - ﬂm)-

Y o veey am

Every element ¢ € S%(m) is entirely determined by its restriction the
“real axis” p(z) z € R™. We will often identify the space S5 (m) with

the subspace (Sg(m)) of C®(R™) constituted by the restrictions.
T
In order to consider only non-trivial spaces, we will assume a + 8 >

1; a>0; B>0.Wewill denote by F(u)({) the Fourier transform
of the function u € L}(R™) :

F@(© = [ ¢ u@)ds,

where £.z denotes the canonical dot product on R™. For even m = 2n,
we will denote by J the endomorphism of R?™ defined by the matrix

= (3, %)

where I, is the n x n identity matrix. We denote by w the bilinear
symplectic structure on R?® defined by w(z,y) := z.Jy.

DEFINITION 3.2. We define the symplectic Fourier transform of the
function u € LY (R?") as

SF(u)(y) := /Rzn e@E¥y(z) dx (y € R*").

Equivalently, one has SF = J* o F, which yields (see [4])
LEMMA 3.3. One has
SF(SE(2n)) = 5503 (2n),

where for a = (a1, az) € R?" (o; € R*), we set o(a) := (ag, a1)-
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DEFINITION 3.4. For u,v € L'(R?"), one defines their twisted con-
volution by

uxgo(s)i= [ MEug)oe—y)dy (g€ Ro)

LEMMA 3.5. One has

58(m).85,(m) C Sy (m);

where we set max(B3,8') = (max(ﬂl,ﬂ{),..-,max(ﬂm,ﬁin))-

Proof. For simplicity, we assume m = 1. Let ¢ € S8 and ¢ € Sg:
Then, for z = z + iy, one has

! (2)] < CC" exp (~alal* +bly|™? = a'lal " +ly| 77"

which is lower than C” exp (—a” |z[aX(Z2r) 4 b”lylma‘x(ﬂ'ﬁ’l—:%’)) for

" N R 1 1y — 1 1 1
some C”,a”,b”. But, max(3,57) = i) and ma,x(l—_?,i—_v) =

1
T-max(8,f)" ]

LEMMA 3.6. Let u,v € S2(2n). Then u xqv € §53(2n).

Proof. Changing the variables following y — —y, one gets u Xgv =

[d;Sf'(ﬂazv)] where i(z) := u(~z), (azv)(y) := v(y + z) and where
dy denotes the dilation in R™ : £ + ¢z (g € R). Hence u x4v €
SF (sma"(ﬁ’ﬁ)(zn)) = 5718 (2n). -

min(ae,q)

DEFINITION 3.7. (see e.g. [7]) The Weyl product between u and v in
LY(R?") is defined by

uxy vi=SF[SF(u) xq SF(v)].

PROPOSITION 3.8. [8] Let u,v € S8(2n), Then uxt¥ v € SI{3)(2n).
In particular, the space s (2n) is stable under the Weyl product.

REMARK 3.9. The space S3(*)(2n) is stable under the pointwise
multiplication as well.
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4. Laplace Transformation

In this section we follow L. Schwartz’ book [10]. We adopt the following
notations. We denote by D the space of compactly supported smooth
functions on R endowed with the topology of test functions. We denote
by D’ the space of distributions on R. Also, if €2 is an open domain in
C, we set O(R2) for the space of holomorphic functions on §2.

DEFINITION 4.1. Let I be an open interval in R. The fundamental
space St is defined as the space of distributions T € D' such that for all
¢ €T, the distribution exp(—£.z)Ty is tempered. We denote by Or the
space of holomorphic functions F € O(T'+iR) such that for all compact
set K C T, the restriction F|k4yir(§ + in) is bounded by a polynomial
in 7.

PROPOSITION 4.2. One defines the Laplace transform of an element
T € S} as the Fourier transform of e™4*T;

L(T) (€ + 1) = (Fz [exp(—£.2)Tz]) (n).
Then, setting z = £ +in € I' + iR, one has a linear isomorphism
L: Sf g OF.
REMARK 4.3. Provided the following integrals make sense, one has
L(T)(z) = / e Ty dr and L™1F(z) = / e**F(z)dz,
R c+iR
where c is any element of I'. Indeed, if F = LT one has forallc € I' :
/ e**F(z)dz = e"/ F(c+it)e™tdt =
c+iR R

= e“/ / eit(z=v) (Tye™¥°) dy dt = €6, (Tye ™) =Ts.
RJR

Now we assume m = 1 and set S8(1) =: S&.

LEMMA 4.4. For all £ € R the function e ¢ is a multiplier in Sg
(a<1).

Proof. Let ¢ € SP. Then the function f(z) := e ¢ p(z) is entire and

one has ; 1
1£(2)] < Cexp (—alz|= + bly| ™7 ) elélel

1
which is lower than C’exp (—a'lxlﬁ + bly| l—ﬁ) assoonasa<1l. =
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In particular, one has S C S = NrSt as soon as a < 1.

PROPOSITION 4.5. The Laplace transformation yields a linear iso-
morphism

L:(s8), = JS3
where J : C = C denotes the multiplication by i = v/ —1.

Proof. Let ¢ € SB. Then (J*L())(z + iy) = [g €** ¥¢(t) dt. Hence

(J*L(@)Ir(z) = (F(9))(z) € S§ ([4])- Thus L(p) € J*Sj. Now let
1

f € J*S§. One has |f(z+1y)] < Cexp (—-alyﬁ + b|a:|'1':73) which guar-

antees that f € Og. Therefore L7} f(z) = €% [ge® f(c+it)dt (c€

R). Choosing ¢ = 0, one gets L~1f = FJ*f € SB. One therefore has

an isomorphism L' : J*S§ — SE. [ ]

5. Twisting maps

DEFINITION 5.1. Let g € R and 6 € [0,2n[. We define the twisting
map ¢q9: C— C by

{ $g0(z) = 9;3 sinh(igz) if ¢ # 0
Poe(2) = z.

LEMMA 5.2. The twisting map ¢q0 (g # 0) establishes a biholomor-
phic diffeomorphism

m 1
bu0+ Syi={z € Cl|Re(2)] < 52} = C = {il ., ool}.
Proof. In coordinates z = z + 1y, the twisting map is

Pgo(z,y) = (% sinh(qy) cos(gz), é cosh(qy) sin(qw)) .

In particular, the imaginary axis z = 0 is sent onto the real axis y = 0,
while the image of the vertical line z = %7 under ¢, is the half imag-

inary line :tz'[%, oo[. At last, for ¢ €]0, 5[ the image of the vertical line
. 2 2

z = £¢ is the branch of hyperbola {— () +GEL) =131n{xy > 0}.

For € €]0, %[, one therefore gets a holomorphic diffeomorphism between

the strip ] — €, ¢[+iR and the region {— (22)2 4+ (L) < 1) n

q’q cos € sine
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As explained in Section 2, we are interested in considering transfor-
mations of the type £} 045;,906 or L71o (¢;;)* oL. Let F be a function
defined on some domain Q of C. In order to define £~} (¢;§)*F , we want
(d)q",é)*F € Or. In particular we want (qS;é)*F to be defined on vertical
lines. This imposes to § to be an integral multiple of 7.

PROPOSITION 5.3. Let a, 8 €]0, 1] be such that o+ 8 > 1.

(i) For all open interval I of positive numbers (I C R}), one has the
injection (¢;(1,)* ALY B ornoO_g.

(ii) For all open interval I C] — 3., o[, one has the injection (d);l%)* :
J*S§ = Or. _

Proof. Let F € J*S§ and set for simplicity ¢ = sinh(iz). Let I C]0, oof
and K be a compact set in I. Then ¢~! is well defined on the strip
K +iR and ¢~ (K +iR) C]— %, 3[+iR (cf. Lemma 5.2). Now, consider
the integral Ix = [x x| 1)*F(2)||dz A dz|. If Ix < oo for all
K, then (¢~ 1)*F € Or. Changing the variables z = ¢(w), one gets
Ix = J4-1(k+iR) |F(w)] |Jacy(w)| |dw A dw| where Jacy is the Jaco-
bian determinant of ¢. A computation yields Jacy(w) = cos®(z) +
sinh®(y) (w = z + iy) and, since ¢~ (K +iR) C] — 7, F[+iR, one
gets Ix < f_%% J22, exp (—a|y|715 + blzll——la) (cos2(a:) + coshQ(y)) dy dz

which is lower than 2bexp [(%)ﬁ?] J22, exp (—aly[%) (14cosh?(y)) dy,
thus finite as soon as § < 1. The exact same argument works for
I C] - Z,0[, hence (¢~!)*F € Oy N O_;. A similar argument yields
item (ii). [ ]
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6. Twisted Weyl product
6.1. THE PRODUCT FORMULA
Let us consider the fundamental space S'(Téila:;)@) (1, 2) € R?
(cf. Section 3). Let ¢ € SE’ 05?,23)2)(2) and consider the partial function
@z, : ¢+ @(z1,z). For all z; € R, the function ¢z, belongs to
S21(1) =: 83}. Therefore provided some restrictions on (a1,a2), the

function £71( ;,lc%)*ﬁ(tpzl) (k = 0,1) is well defined as an element of
S’ (cf. Proposition 5.3).

DEFINITION 6.1. We define the linear map

NO)
selenes(g) B c(R?)  (k =0,1)
by
'ré") i=idg, ® (L_l o (¢q",15%)* o E)m (z1,22) € R,
We denote by E® its range in C™°(R?). The inverse map idg;, ®
(a1,02) !

(ﬁ‘l ° ¢, gz © L) lE(") will be denoted by Ték). It yields a linear
’ Z2 T(ayaz)
isomorphism Ték) . g% — S”(a"a’)(2).

(a1,02) (01,02)

PROPOSITION 6.2. The formula
'u,*‘(lk) v = ‘Ték) (Tq(k)u *ZV Tq(k)'v)

(k)

defines an associative R-algebra structure *‘(Ik) on E( o1,02)"

Proof. One has Tq(k)u, T;k)v € Sa(al’az)(Q) provided u,v € E® We

(a1,02) (@1,02)"

know that S”(al’”)@) is stable under Weyl’s product " (cf. Propo-

(a1,a2)

sition 3.8). Hence u*gk) v is well defined as an element of E((g )" The

associativity is obvious since *((,k) is nothing else than the transportation
of Weyl’s product via the isomorphism Tq(k) :E® Sa(al’az)(Z).
|

(01,22) (a1,a2)

DEFINITION 6.3. The product 3 on Eéﬁ ) Will be referred as the
twisted Weyl product.
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6.2. OBSERVABLES OF EXPONENTIAL TYPE

Given a convergent star product, an important question is the one
of existence of non-tempered observables in the domain of the star
product. This question has been studied for the case of the Moyal-Weyl
product in [8].

Let A = (a1,a) €]0,1[? with a1 + ag > 1. Set Sa 1= Sgoy2?(2).
Viewing S4 = (S4), (z € R?) as a subspace of C*(IR?), we consider
the following alternate presentation of S4. Consider the sequence of
maps

(Sa);, = o(C?) - C™(R?)
flz1,z2) = flz1 =71 +iy1, 22 = T2 +1y2) = f(iy1, 72).

The function f(y1,z2) := f(iy1,z2) determines completely f. So that
we have an injection (S4), = C®(R?) : f — f. Remark that the
space S 4 contains elements of exponential growth. For example, one
has f=e —(+23) ¢ S(l 1y which yields |f(y1, z2)| = evi—ai.

We denote by *W the product on S4 obtained by transporting
Weyl’s product on (S A)g via f f. Observe that S, is still stable
under the pointwise multiplication whose *W is a non-commutative
deformation of. Observe also that for every '(/) € S4 and y; € R the
partial function z3 — ¥(y1,z2) is in §3}. Therefore the transformations

Ték) and Ték) are well defined on S 4.

PROPOSITION 6.4. Set B . i= r$(S4). Then for all a,b €

(en,02) 7
E(k) the formula

(a1,a2)’

o pim 70 (TR a ¥ 1)

defines an associative R-algebra structure on E((a) )" The space E((a) a2)

contains elements of exponential growth.

References

1. Bertrand, J.; Bertrand, P. Symbolic calculus on the time-frequency half-plane.
J. Math. Phys. 39, No.8, 4071-4090 (1998). physics/9708027

2. Bieliavsky, P. Strict Quantization of Solvable Symmetric Spaces.
math.QA /0010004, to appear in the Journal of Symplectic Geometry.



KSTS/RR-02/012
November 1, 2002

10.

11

Bieliavsky, P.; Massar, M. Oscillatory integral formulae for left invariant star
product on a cldss of Lie groups. Letter in Math. Phys.

Guelfand, I.M.; Chilov, G.E. Les distributions. Tome II: Espaces fondamen-
taux. Traduit du russe par S. Vasilach (French) Collection universitaire de
mathematiques. 15. Paris: Dunod. (1964).

Giaquinto, A.; Zhang, J.J. Bialgebra actions, twists, and universal deformation
formulas. (English) J. Pure Appl. Algebra 128, No.2, 133-151 (1998).

Huynh, T. V. Invariant *-quantization associated with the affine group. J.
Math. Phys. 23(6), 1082-1087 (1982).

Maillard, J-M. Sur le produit de convolution gauche et la transforme de Weyl
des distributions tempres. (On the twisted convolution product and the Weyl
transform of the tempered distributions). (French) C. R. Acad. Sci., Paris, Sr.
1298, 35-38 (1984).

Omori, H.; Maeda, Y.; Miyazaki, N.; Yoshioka, A. Anomalous quadratic ex-
ponentials in the star-products. (English) RIMS Kokyuroku 1150, 128-132
(2000).

Rieffel, M.A. Deformation quantization for actions of R?. (English) Mem. Am.
Math. Soc. 506, 93 p. (1993).

Schwartz, L. Thorie des distributions. (Distribution theory). Nouveau tirage.
(French) Paris: Hermann. xii, 420 p. (1998).



	R02012.pdf
	 
	Pierre Bieliavsky 
	Yoshiaki Maeda 



