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Multiple Zeta Functions I

Shin-ya Koyama (Keio University)
Nobushige Kurokawa (Tokyo Institute of Technology)

Abstract. We compute the absolute tensor product of the Hasse zeta functions for finite
fields.

1 Introduction

Let
7(s) = [I(s = pym®

peC

be “zeta functions” expressed as regularized product, where
m; . C-o2Z

denotes the multiplicity function for j = 1, ...,7. (Later we will specify “zeta functions” to be
treated.) As in the previous paper [K2] we define the absolute tensor product (Z,®: - -®Z,)(s)

as
(Z,® - ® Z,)(s) = H (s = (pr+ -+ + pp))iorrr)
p1, ,pr€C
with
1 Im(p;) 20, (j=1,..,7)
m(p1, -, 0r) =ma(p1) - -me(pr) x ¢ (=1)"! Im(p;) <0 (=1,..,7)
0 otherwise.

We refer to the excellent survey of Manin [M]. We are especially interested in the case of
Hasse zeta functions Z;(s) = ((s, A;) for rings A,,...,A,. We recall that the Hasse zeta
function ((s, A) of a ring A is defined to be

¢(s,4) = [ - N@m)™)~

m

where m runs over maximal left ideals of A up to the following equivalence:

m; ~ my < A/m; and A/m; are isomorhpic as left A-modules,
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and N(m) = #Ends_moa(A/m). See [K3] and [F]. (For a commutative ring A, the above
¢(s, A) coincides with the usual Hasse zeta function

¢(s,4) = [J(1 - Nm)™),

when m runs over maximal ideals of A and N(m) = #(A/m).)
For simplicity we write

C(‘S’Al - ®AT) = C(SaAl) ® --® C(S:Ar)'

Actually, as was explained by Manin [M], we expect that our multiple zeta function would
be the zeta function of the “absolute tensor product”

Al ®F1 "'®F1 A'r

that is the tensor product over the (virtual) “one element field” Fy. In any way, we notice that
¢(s, A;®- - -®A,) has the following additive structure on zeros and poles: if {(s, A;) = 0 (resp.
o0) and Im(s;) (j = 1, ..., 7) have the same signature, then {(si+---+ s, A1 ®- ®A,)=0
(resp. o0).

Such an additive structure was crucial in the study of Hasse zeta functions of positive
characteristic (congruence zeta functions) pursued by Grothendieck [G] and Deligne [D].

In this Part I, we investigate

((s,F, ®F,) = (s, Fp) ® (s, Fy)

for primes p and q. We prove that it has a kind of Euler product expression in terms of the
polylogarithm:
e o] mn
Lix(z) = =
n=1

Theorem 1.1 The following expressions hold in Re(s) > 0 with some polynomial Q(s) of
degree at most two:

(1) When p # q, we have

. 27 2w o\ 3 —s\2
R G- [ s

1 & cot (wkm) 1 & cob (ﬂnm)
—ks ns

logg logp —
X _ E —_— — E —_— 7
P % —~ k Pt 2i A~ n ?
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(2) When p = q, we have
4mi Liz(p~°)
— Qp.p(s) — _______2
(s, Fp) ®((s,Fp) = e™r <s + logp) exp ( . > :

2mi

In Part II we study
((s,Z®Z)=((s,Z) ®((s,Z)

where ((s,Z) = ((s) is the Riemann zeta function.

2 Double Poisson Summation Formula with Signature
Let H(t) be an odd function in L}(R) with H(t) = O(t™?) as |t| = co. We put

() = / " H(t)e™at.
Definition Let a,b > 0. A real number « is called generic if and only if

Jim_ [lmal= =1,

where we put ||z := min{|z —n| : n€ Z} forz € R.
Examples 2.1 (1) If a/b € Q\ Q, then a/b is generic.
(2) Let o,8€ Q. Ifa/b= lo s & Q, then a/b is generic (Baker [B, Theorem 3.1}).

Lemma 2.2 Assume a is generic, then the power series
(e <]
Zcot(ﬂna)z" (2.1)
n=1

absolutely converges in |z| < 1.

Proof. As a is generic, we have ||nal|™! = O(e**) as n — oo for any € > 0. Since cot(nz) ~
1/(nz) as  — 0, we have cot(mna) = O(e*) for any € > 0.8

Theorem 2.3 Assume a/b is generic and that the test function H(t) satisfies
H(z) = 0(u) (22)

as T — oo for some 0 < p < 1, then we have

k;OH(%r( )) <ZH(27T> ZH(%%))
““_Z Ot("“—)ff —-—th( ) b)—ﬂH’(O). (2.3)

n>0
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Proof. Put Z,(s) = sinh (%) and Z(s) = sinh (%S) Let Dr be the region defined by
Dr={se€C]||s| > a, |Re(s)| < a, 0 <Im(s) < T}

with0<oz<min{27r 2m

= —b-} By Cauchy’s theorem we have for an odd function h which is

regular in Dy

1 7 7!
Z h(pa + pb) = ——(27l’i)2 / / h(81 + 52);(31)‘2i(32)d51d32, (2_4)
0<Im(pa),Im(pp)<T 8Dr JODT a b

where p, and p, denote the zeros of Z,(s) and Z,(s), respectively, and the integrals along
8Dy are taken counter clockwise. Considering the limits as T — oo in the both sides of
(2.4), we have
1 z! Z
o =— h Y 2.
S Mot =g [ [ Her s e s, 29)

Im(pa),Im(py)>0 b

where
D = {s € C| |Re(s)| < @, |s| > a, Im(s) > 0}.

We decompose D = C; U C; U C3 with
C, = {s€dD|Re(s)=-—a},
Cy {s€oD||s| =a},
C; = {s€dD|Re(s)=a}.

I

We compute each double integral I;; = g o, fcj in (2.5).
First we treat the integral along the vertical lines.

1 oo 00 ) z! . ZII; .
h = /0 /0 A2+ it + 1)) G2 + it) 2 + it )ty (2.6)
Since
ZI a R .
_Z_u(a +it1) - _2_ + aze—ku(a—ﬁm)
a k=1
and

—Z—'Il(a +ity) = b +b i gnblotita)
Zb 2 n=1 ,

by putting H(t) = h(2a + i(t, + t2)) with t = ¢; + t3, (2.6) turns to

1 oo 1 . X
Iy = = ) _cknab / / Ho(t)ekeletit)g=notilt=t) g, d,
T Km0 o Jo
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where we put

1/4 (k=n=20)
Exn=14 1/2 (k=0,n#00r k#0,n=0) .
1 (otherwise)

Thus
ab _ e ] Ha(t)(e—ilmt - e—inbt)
I _ 9 n (ka+nb)a/ dt
% 4m? kzn;o Ekin® 0 —i(ka — nb)
kasgnb
ab —okaa [ —ikat
+ i ,,;,, ke /0 tHg(t)e *etdt. (2.7)
ka=nb

We similarly compute that

ab B © I (_t)(eikat — einbt)
Iy = —— e~ (katnb)e / e dt
. 472 “ZZO Ehin€ 0 i(ka — nb)
ka#nb
ab —2kaa « ikat
— o3 D Ekne | tHa(—t)e (2.8)
kn>20
ka=nb

By (2.7) and (2.8) we have

b o0 Ha t —ikat __ ,—inbt
In+Is = a Z sk’"e—(ka+nb)u/ (t)(e e )dt

4m? —~ o0 —i{ka — nb)
k::;é_nb
ab —2kaa = —ikat
+ o ) Ekne tHo(t)e " dt.
4 k,n>0 -0
ka=nb
iab e—(ka+nb)a — —
- 2 ¢ (Hy(~ka)— Ho(— b)
472 k,z,.;o Ekn K — nb ( (—ka) = Ha(=nb)
ka#nb
b ——~—
+ # 3 ene ot H, () (—ka).
k,n>0
ka=nb

The assumption that a/b is generic implies that the second sum consists only of the term

k=n=0. Thus
. _dab Ho(—ka) — Ho(—nb)  iab =
Y+ Ja) = 475 k;o Ein ka — nb ~ tgr 0 ) 29)
ka#nbd

since I’%l = it Ho(t).
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ZI

Next we calculate Iy3. Since h(i(t; + t2)) = Ho(t1 + t2) and 22 is an odd function, we
have ‘
~1 0 poo ) Z,’; ] z! )
I13 = (2—7”)—2 L A h(z(t1 + tQ))Z(—a + ’Ltl)-Z—:(a + ’Ltz)dtldtz
ab _ ® Hy(t)(eat — e=inbt) ab ™
- 2 (ka+nb)a 0 dt tHo(t)dt
2 Z Ek,ne / A + 3 / 0 ) .
47 (hre0.0) 0 i(ka + nb) 1672 J,
(2.10)
Similarly
ab _ oo Ho(_t)(e—ikat _ einbt) ab oo
Iy = — £ e (katn)e / : dt + tHo(t)dt. (2.11)
! 2 (k,né%om " 0 i(ka + nb) 1672 J,
Therefore (2.10) and (2.11) lead to
iab e~ (katnbla , ~ iab —~
La+ Iz = —— o | H - Hp(— —-— :
13+ I 2 Z Ek, (ha + 78) ( o(ka) o( nb)) 167r2H0 0)
(k,n)#(0,0)
Letting o — 0 gives
. iab Ho(ka) — Ho(—nb)  iab =
llj{})(-’ls +In) = " 4n? Z Ehm ka + nb 1672 Ho (0). (2.12)
(k,m)#(0,0)
Next we treat I, := Iy + Iz + Ip3. We compute
1 1 z! Z;
12 = 57—"; o (57?; /aD h(51 +Sg)—Z':(Sl)d51) Z(Sz)dSz
- _1__/ Zh( +s )é{’(s )ds
= 9w o 2 Pa 2Zb 2)aS2,
where p, runs through the zeros of Z,(s) with Im(p) > 0. Putting s, = ae®, we reach
limI——l—/OZh( db = —= 3" h(pa) (2.13)
a0 ? " 2m [, £ Pa T2z Pa)- '
We similarly deal with I} := I15 + Iy + I3z to get
- 1
im I = —= > k(). (2.14)
I3
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The integral I;;, which appears in both (2.13) and (2.14), tends to 0 as « — 0. Thus taking
(2.9), (2.12), (2.13) and (2.14) into account, (2.5) equals

zab E Hy(ka) — Ho(nb) _ iab Hy(ka) + Ho(nb)
=, Ekn ka — nb dm? b~ k,n ka + nb
kasinb ka#nb
iab
— o Ho H, (0) - Z Ho (27r ) Z H, (27r )
25

Theorem follows from the formulas
Z ___2ka + —L =T cot wﬁg
k2a2 —n2?  ka b b )’
n>0
Z____2nb +i—zcot w@ 1
n22 —k2a2  nb a a )’
k>0

3 Expression of Double Sine

We use the multiple Hurwitz zeta function due to Barnes

oG

Gr(s, 2,w) = Z (nwy + -+ +newr +2)7°

ny,..,np=0

for w = (wy, -..,w,) and the definitions of the multiple gamma and the multiple sine:

)

(2, w) = Doz, ) To(wr + - + wy — 2,w) V.

When r = 2, we have w = (w;,ws) and

[(z,w) = exp ((%Cr(s, z,w)

Sy(z, w1, ws) = Ty, wr,ws) ' Ta(wr + ws — 2, w1, ws).
The double gamma function has an expression
[o(z,w,wy) ™t = ed®y H, P, (—-—————~z )
nma20 Ni1wy + Nawe

and

Nniwy + Naws

Do(wy + wg — 2, wl,wa) = @2(2) H P, (——_z )

ny,ne>1
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where Q;(z) and Q,(z) are polynomials of degree 2 and Py(u) := (1 — u)exp(u + '—‘23) We

then have
z H P2( n1w1+n2w2)

2 nl,n2>0
— eco+cxz+022 (3.1)

[P (s

ny,nz>1

SZ(zl Wy, w2)

where we put Q1(2) — Qa(2) = o + 12 + c222.
Lemma 3.1

dz =1 (1 mz) _ Z 1
dz2 0g - (z—— ‘21m.)2

Proof. Since _
az\ __ __ZT_Z : 95
log(l — €'**) = 3 + log (2sm 2)

and
2s1n———azH <1— (27m) )
we have
b wn_ L% L ! -y —
a8 == ,;((z-zvfﬂ)”(w%ﬂ)z)“ e

Theorem 3.2 Assume w;/w, is generic, then the double sine function has the following
expression in Im(z) > 0:

11 ik % in-%
Sy(2, (w1,w2)) = exp (EZECM (wki—j) pmkar + 5 Z—cot (wn ) N

k=1

1 'z 2 wiz? T [ wo 1
g | 1 —e¥mo 1 1- ¢ "\ T R
+ 3 og (1 —€*™a1) + Og( € )+2w1w2 12 (w1+w2+ >>

Proof. Apply the odd function

1 _ 1
G—tP (G+t7

H(t) =
with z € C, Im(2) > 0 to our summation formula (2.3). As we have
= / H(t)e"™ dt = 2miRes,, (H(t)e™™) = —2rze™

8
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the condition (2.2) is satisfied. As H'(0) = —2m, by putting

B 1 B 1
& = ;él((z—mm))” (Z+27f(§+%‘))2)
1 1 1 1 1 1
> ((z—wf ) <z+27r§>2> =2 ((z—%%)z } (z+2w%>2)’

the summation formula (2.3) shows

] k . ] b : iab
F(z) = %Zcot (w?a) kaZe™ e + %zcot (w%) nb*e™? + %—
k>0

n>0
a (1 1 ka\ 1 1 nb\ iab
R e - e ikaz - ~ cot - inbz o 3.2
dz?(2iZkCOt(7rb>e t 5 2n (”a)e )+47r (32)
k>0 n>0
By (3.1) with n; = k, ny =n, wy = ¥ and wp = 2t we have
d? 1 1 1
— log Sy(z, wy, = —-— - -
dz2 %8 22,01, 02) 22 ngPl ((z +nwr +newg)? (2 — (mwr + nng))2>
1 1
- - +2c
gl (Z + n1w1)2 7;21 (Z -+ n2w2)2 2
1 1 1 — 1
- FR) -t —— oY 2
() 2 kzz_w (z—2rk)2 2 n;oo (z — 27m%)? 2
2 (11 ka\ .. 11 AN
—_ —_ — _ — Kaz - - t - moz
dz2<2iZkCOt(7rb>e t g n (’ra>e
k>0 n>0
1 iaz 1 ibz 1ab
+ 3 log(1 — €'**) + Elog(l —e*) ) + 2¢0 + o (3.3)

where we used (3.2) and Lemma 3.1. So if we put

1 1 2mikz 1 1 2minz
E(z) = logSs(z,w1,wq) — (Z E Ecot (w%ﬂ) ezwf + % E —T;cot (ﬂ'%) e’
n>0

1
+ %log (1 — ezw_Tz) + %bg (1 - ezw—,:z)> , (3.4)

it holds H%E(z) is constant and that E(z) is a polynomial of degree 2.
Thus we put E(z) = a+ Bz +72? and will compute «, § and 7. We first calculate § and
~ by considering

E(z +w) — E(2) = (Bwi + i) + 2ywi 2. (3.5)
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It follows from (3.4) that (3.5) equals

log iz + w01 0n) i Z 1 ot (wn———wl> (e%‘.L - 1) e

So(z, w1, ws) 21 e n wo
2w 1 2mi,
~—log (l—e“‘z( + 1)) +§10g(1—e?“2 )

The sum over n is computed as

1 1 nwl 27inw 2minz 2minwy 2rinz
-5 —cot | m— (e v ——l)e vz = == (1 e )e “2
i et (7o) (55 1) W = 53 (14

n>0

= log (1 —e m(z+“’1)) log (1 — e ) )

We appeal to the formula [KK, (2.4)] to get

Sg(l+W1,U)1,DJ2) —1 ( . WZ)‘]'
= 51(z,w = [ 2sin — .
Sa(z, w1, ws) 1z wa)

Hence (3.5) is equal to

—log (2 sin ——) + log (1 e ) = —log (2 sin —7T—> + log (—2’1:6:_;2 sin E)
Wo w: [735)
m
= —— 4+ —2z.
2 Wy

Therefore we have

and

We thus obtain

and

Next we deal with a by considering

E(z)+E(z+%l)+E(z+%z)+E(z+wl;w2>—E(2z). (3.6)

10
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The constant term of (3.6) is

wi w2+(£1i_“12)_2):3a_ﬂ(‘2+

3a+ﬂ(w1+wz)+'y(4 2 1

On the other hand we will compute (3.6) by using (3.4). We write (3.6

S8 (4 3) S (24 5) Sa (s + 2422)

Yy 3) .3

4
) as Z%)Aj, where
]=

A = lo )
0 52(22)
cot (ﬂ'k_wl) wikz zixt w i w. i w)tw nikz
A = —'2}" k = (egwlk + ezulk(”%) + 62“1k(z+%) + ez_‘-’l—k(”_l_fa) — eéﬁk')
i
k>0
cot (Wf“—”i) . o o i .
A = —L5 V=) (e LR | SR R eﬂ—)
2 n>0 n
T 7.5 w 7 w i wqtw:
] (1 _ e%z) (1 . e%—l-(z+—21)) (1 _ e%(n%)) (1 _ eﬁ,—l(”_xz_z))
A3 = —5 log pr ,
1—e=1
L} L3 w Ll & 70d w1 +w:
(1 - e%z—z) (1 - ei_z(”%)) (1 - e%z'(”_?z)) (1 - ezw_z(”“l—z—z))
Ay = —=lo :
! 2% 1—e=®

The formula [KK, (2.5)] gives Ag = 0. Next A; is computed as follows:

i 1 kwe 2mikz 2mik (, | w2y 1 1
A = —— E — —< ( w 2e w 2 ) o E —
' 2 k>0 k ot (W W ) e Hdem " 2 k>0 k ¢

even

kwo amikz
ot [mT— e «1
w1

1 wikwg k 4mwikz
= —% —1]; (cot (w2f:2) (1 + e2 w1 ) — cot (w%)) eAWIk

k>0
1 1 2mikwo  amiks
= —= —e @ e w1
2
k>0

where we used an identity ' .
cot 20(1 + e*%) — cot § = ie**’

k
with 0 = 7r-—5—2. Similarly A, is calculated as
1

Ay = %log (1 - et—?(ﬁ%l)) .

11
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The remaining terms are easily computed as

1 ami, @
A = —§log (1 - et1( +_22)) ,
1 ami o421y
A4=—§10g(1—6“’2 2).

4
Hence we deduced that (3.6)= Y_ A; = 0. Therefore its constant term (3.7) vanishes, which
=0

leads to )
i fw  ws
=—|—+—4+3]x
@ 12 (w2+w1+ >

4 Proof of Theorem 1.1

We first describe a more precise definition of the absolute tensor product of meromorphic
functions. Let Z; (j = 1,2) be meromorphic functions of order p;. We put the Hadamard
product as

, s\ o)
Z;(s) = gkie@i(3) H P, <_> , (4.1)

peC p

where P,(u) := (1 — u)exp(u + "2—2 +--- + %), m; denotes the multiplicity function with

r

k; := m;(0), and Q; is a polynomial with deg@; 0 u;. Here the product over p € C means

m;(p)
lim [] P, (1) " The absolute tensor product is defined by
R0 g 5l<Rr .

, s m(p1,p2)
(Zy ® Z,)(s) := sk1k2eQ® H Py ) , (4.2)
P11+ P2
p1,m2€C

where Q(s) is a polynomial with deg @ O p; + o and

1 if Im(p,),Im(p2) > 0,

m(p1, p2) = mi(p1)ma(p2) x ¢ (—=1)""' if Im(p1),Im(ps) <O,
0 otherwise.

Here we do not give the precise definition of the polynomial Q(s), since it is not necessary
for our purpose.

12
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In this section we will compute this absolute tensor product for the Hasse zeta functions
for finite fields:

Zi(s) = ((s,Fp)=(1-p7)7,
Zy(s) = ((5,F)=(1—q")7,

with p, ¢ primes.

Proposition 4.1 The absolute tensor product of the Hasse zeta functions for finite fields is
given as follows:

C(S’FII) ® C(S, Fq) = eQ(s) ( + m + —Z—W—Z—) ,5'2 (is’ (_2_71_’ 2_”)) ,

logp  logg logp logg
where Q(s) is a polynomial of degree at most two, which depends on p and q.

Proof. We easily compute that the Hadamard product (4.1) for the Hasse zeta function is

given by
-1
(s, Fp) = = s71e(® H P ( o n)

n=—o00 logp

with Q,,(s) a linear polynomial depending on p. Thus by the definition (4.2) of the absolute
tensor product,

Mg,n
~ ] S
((5,Fp) ® (s, Fy) = se? [ P, (W) )

k,neZ logp logq

where Q,4(s) is a polynomial of degree at most two and

' ) 1 ifkn=>0
Mip =M (lim k, lim n)y=< -1 ifkn<0
o 0 otherwise.
Hence
s

H Py miy, o 2mi,

5 kn=0 oesk T Togg™
C(Sv Fp) ® C(S, Fq) = seQP q(3) .
H B ( _g,',r——"zm—)
k,n=1 lospk + Toeq

i3
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We appeal to the r = 2 case of the formula [KK, Proposition 2.4}:

o0

/ 2z
” P -—
2u() P Pty 2 ( wlk “f‘(&)z’ﬂ)
S. ywp)) = €77 =
2(2, (w1, wp)) =€ (o tw) = S
25
k,n=1 wlk+w2n

where Q,(z) a polynomial with deg @, O 2. Putting z = is and w = (w1, ws) =
we reach the proposition.a

(logp’ losq)

Proof of Theorem 1.1. We take (w1,ws) = (logp’ logq) in Theorem 3.2. Example 2.1 (2)
tells that w; /w, is generic, if p # g. Thus Proposition 4.1 gives the assertion (1). For proving
(2), we put p = ¢ in Proposition 4.1. We recall the formulas of the double sine function:

I

Sz, (w,w)) Sa ( ,(1, 1)) ([KK, Theorem 2.1(c)])
z
= 8 (5) S (;) , (KK, Example 3.6]) (4.3)
where S,(z) (r = 1,2) are the primitive multiple sine functions [KK]. We have by definition

Si1(z) = 2sinmz

and the expression [KK, Theorem 2.18 (2.12)]:
. 1 2miz 2mz _ s 2 _ g@
Sy(2) = exp (2 -Liy (™) + log(1 — ) 52 o

for Im(z) > 0. Thus putting z =is and w = 1 in (4.3), we have the conclusion.a

Remark 4.2 The assertion {2) can also be proved in the same manner as in §2 and §3.
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