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Abstract. We treat a certain type of degenerate Garnier system such that all the
solutions are meromorphic on C2. This is regarded as a two-variables version of

the first Painlevé equation. It is shown that, for every solution, each pole locus is

expressible by an analytic function which satisfies a fourth order non-linear ordinary
differential equation. We also give analytic expressions of solutions near their pole

loci.
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1. Introduction
Consider the linear differential equation

d?y 1 dy
- - 2423+ 2 2H —
dz? x— MNdx S
1
H:§M2—2)\3—t/\,

€xr —

A)y =0, (1.1)

where t, \, 4 are complex parameters. This equation has an irregular singular point
at x = oo and a non-logarithmic regular singular point at * = A with the charac-
teristic exponents (0,2). The isomonodromic deformation of (1.1) concerning the

parameter t is governed by the Hamiltonian system

d\ 9H  du  OH

dt — ou’ dt oA’
which is equivalent to the first Painlevé equation

d?\
—= =6+t
dt? T

(1.2)

that is to say, there exists a fundamental system of solutions of (1.1) whose Stokes
multipliers around = = oo are independent of ¢, if and only if A = A(¢), n = u(t)

Typeset by ApS-TEX
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satisfy the Hamiltonian system above (see [10]). In [6], H. Kimura treated the same
problem concerning the linear differential equation

d?y 1 dy
w—(z x_xk)@

k=1,2

- <9x5 +9t12% + 3toa® + 3K + 3K, — Y )y =0 (13
Tr — /\k
k=1,2
having two non-logarithmic singular points x = A\; (kK = 1,2) with the characteris-
tic exponents (0,2). By this condition, K, (j = 1,2) are determined to be certain
rational functions of ¢, Ak, ur (kK = 1,2). He proved that the isomonodromic defor-
mation of (1.3) yields the completely integrable Hamiltonian system
8)\k 6Kj (‘9,uk 8Kj

= = — 1 =1,2; k=1,2 1.4

and that, by a symplectic transformation ¢; = ¢;(t, \), p; = pi(t,\, n), s;i = s;(t)
(1 =1,2), t = (t1,t2), A = (M, \2), u = (p1, p2), system (1.4) is changed into a
degenerate Garnier system of the form

oqr. ~OH;  Opy OH,

-2 - j=1,2, k=12 1.5
0s; Opk 0s; oqu ( ) (15)
with
2 S1Y\ 2 2 51 2 S1
3H, :<q2 —q — §>p1 + 2gop1p2 +p5 + 9<Q1 + 3)612 <€I2 —2q1 + 3) — 35241,
S S
3Hy =qop} + 2p1p2 + 9(615l —3q145 + a4 — glql —~ ng)-

(For Garnier systems see also [1], [7].) This system has the Painlevé property, which
was proved by using the results of [9], [4], [5].

Theorem 1.0 ([11; Theorem A]). For every solution = = (q1,q2,p1,p2) of (1.5),
each entry is meromorphic on C2.

Furthermore, (1.5) is located at the extremity of the degeneration scheme given
in [6]. By these facts, system (1.5) may be regarded as a two-variables version of
the first Painlevé equation (1.2). Each entry of a solution of (1.5) admits a pole
along an analytic set in C2?. We call each irreducible component of the analytic set a
pole locus. For example, each irreducible component of the analytic set {(s1,s2) €
C?11/q;(s1,52) = 0} is a pole locus of ¢;(s1,s2). For an arbitrary solution = =
(q1,q2,p1,p2) of (1.5), a pole locus of g2(s1,$2) is dominant (cf. Lemma 2.2,(2)),
which we call a pole locus of E. (For basic properties of an analytic set, see [2].)

The purpose of this paper is to examine pole loci of solutions of (1.5). Our
main results are stated as follows:

Theorem 1.1. Fach entry of an arbitrary solution of (1.5) is transcendental and
admats at least one pole locus.
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Theorem 1.2. (1) Let = be an arbitrary solution of (1.5). Then each pole locus of

—_—

= coincides with an analytic set in C? expressible in the form

(m, [)(R) = {(s1,52) = (n(s), f(5)) | s € R} (C C?),

where
(i) m: R — C, w(s) = s1 is the branching Riemann surface of f(s1),
(i1) f(s1) is a solution of the differential equation

5 4 20 2

y(4) = _40(y/) Y — 1281y/y// - gyy// — E(y')z - 551 (16)

('=d/dsy).
(2) Conversely, for every solution y = ¢(s1) of (1.6), there exists a solution =,
of (1.5) such that the analytic set

(T ) (Ri) = {(s1,82) = (mi(s),6(s)) | s € R} (C C?)

is a pole locus of E., where m, : R, — C, m.(s) = s1 is the branching Riemann

surface of ¢(s1).

Theorem 1.3. (1) For every (a, By, B1, B2) € C*, equation (1.6) admits a solution
¥(s1) expanded into the convergent Puiseur series

Y(s1) = ®(Bo, By, Ba, 3Y3(s1 — a)'/?)
with

®(By, By, B2,0) =Co—o+ Y _Cjo, (1.7)
Jj=5
Co= DBy, Cog=DBy, Ci1=DB

around s1 = a, where C; (j > 5, j #9,11) are uniquely determined polynomials in
a, By, By, Bs.

(2) Let y = g(s1) be an arbitrary solution of (1.6). Suppose that, for s; = a* €
C, there exists a sequence {04,, ‘ Ve N} with the properties :

(i) oy — a* as v — oo;

(ii) {g(cw) | v € N} is bounded.

Then, around s1 = a*, g(s1) is either analytic or expressible in the form
g(s1) = ®(Bg, By, B3, 3"%(s1 — a*)'/?), (1.8)

where By, BT, B5 are some complex constants.
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Theorem 1.4. Let Z be an arbitrary solution of (1.5), and (ay,az) be an arbi-
trary point on a pole locus of Z. Then around (si1,s2) = (a1,az), the second entry
q2(81, 82) of Z is expressible by either of the following:

o Y(Sl,SQ)
T2le1,52) = (52 — f(s1))?

1
q2(81,82) = Ya(s1,52) ; (55— Bi(s1))2"

Dy(s1) = ®(ag, B, B/, 3/3e2™/3 (51 — ay)1/?).

Here

(i) f(s1) is a solution of (1.6) analytic at s1 = a1 and satisfying f(a1) = as;

(ii) ®(-,-,-,0) is a convergent series of the form (1.7), and B,B’ are some
complex constants;

(iii) Y(s1,82) and Yi.(s1,s2) are analytic at (s1,s2) = (a1,a2) and satisfy
Y(a1,a2) = Yi(ar,az) = 1.

Remark 1.1. By Theorem 1.3, for an arbitrary solution g(s1) of (1.6), if there
exists a singular point wy around which g(s;) does not admit an expression of the
form (1.8), then |g(s1)| — oo as s1 — wp along an arbitrary curve terminating in
wo-

Remark 1.2. Theorem 1.4 implies that, in Theorem 1.2, the mapping (m, f) :
R — C2, (m, f)(s) = (w(s), f(s)) (or (74, ®) : Ry — C?) is an imbedding.

In Section 2, we sum up several lemmas. Using them, we prove Theorems 1.1,
1.2, 1.3 and 1.4 in Sections 6, 3, 4 and 5, respectively. The proofs depend much on
the Painlevé property of (1.5).

2. Preliminaries
We begin with the following lemma which is an immediate consequence of the
Weierstrass preparatory theorem ([2; vol IIJ).

Lemma 2.1. For an analytic function p(z1,22), we put Doy = {(z1, 22) | p(21, 22) =
0}. Suppose that (29,29) € Do and that ¢(29,22) # 0 around 2o = z3. Then, there
exists a sufficiently small positive constant € such that, in the polydisk |z; — Z§)| <e
(j =1,2), Dy coincides with the analytic set defined by

(22 = 2)™ + Pyng—1(21) (22 = 23)™ 71 4+ + ha(21) (22 — 23) + ho(21) = 0
(mo € N), where hy(z1) (0 <1< mg — 1) are analytic for |21 — 2% < & and satisfy
hl(z?) =0.

From the Hamiltonian system restricted to the so-plane

oqp. 0H>5 Opr 0H,
= = — =1,2 2.1

we derive the following:
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Lemma 2.2. Let E = (q1, g2, p1,p2) be an arbitrary solution of (1.5). Then,
(1) n= q2(31, 32) satisfies

a'n 0% m\* s 8
=20n—= + 10 —40n° — 8 — —89: 2.2
o951 = Moz T (852) T Ss — gsa (2:2)

(2) q1,p1,p2 are expressed as

162(]2 3 2 S1 3(3QQ 3836_]2 8q2
— =S, =—= 3 .
192 22T P Tag, 8053 "o,

q1 = —

Remark 2.1. We can regard (2.2) as a fourth order non-linear ordinary differential
equation with respect to so containing a complex parameter si.

Lemma 2.3. Let n = q(s3) be an arbitrary solution of (2.2) with s; = a; (€ C).
Then, q(s2) is meromorphic on C, and system (1.5) admits a solution Z*(s1, $2) =
(g7, 45, D5, ps) with the properties:

(i) every entry of E*(s1, s2) is meromorphic on C?;

(i) ¢5(a1,s2) = q(s2).

Proof. The solution ¢(s2) is analytic at some point sy = a9 € C. Note that

1d?¢ 3, a 3 dq 3 d3q dq
(q17q27p17p2) - (__ )

4d_s%+§q +E’q 2dssy’ 86[32+ dss

satisfies (2.1) with s; = a; (cf. Lemma 2.2,(2)). By the complete integrability
of (1.5), there exists a solution Z*(sy,s2) of (1.5) whose second entry g;(s1,S2)
satisfies ¢ (a1,$2) = ¢(s2). Combining this fact with Theorem 1.0, we have the
lemma. [

For each solution of (2.2), Laurent series expansions around movable poles are
known ([11; Theorem CJ):

Lemma 2.4. For every (a,bo,bi,bs) € C* equation (2.2) admits two kinds of
solutions expressible by the convergent Laurent series:

q(a,bo, by, ba; 82) = (52 — a) ™2 + by + ZC]‘(SQ —a), (2.3)
Jj=>2
c3 = b1, cg = bo,
G(a,bg,b1;82) = 3(s2 —a)” +ch So —a)’ (2.4)
Jj>2
¢e = bo, Cs = b1

around sy = a. Here ¢; (j # 3,6) (or & (j # 6,8)) are uniquely determined
polynomials in a,bgy, by, b, s1 (or a,bg, by, s1). Conversely, every solution of (2.2)
with a movable pole at sy = a is expressible in the form (2.3) or (2.4) with some
(bg, b1, bo) € C? or (by,b1) € C?, respectively.

The first several coefficients of (2.3) are computed recursively:
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Lemma 2.5. In series (2.3),

S1 4 a 3 1
=3 - = = —10b2 — —s1b — = —bgb —
Co 0~ 5 C4 0 781 0+21> Cs 50 1+307
2 2 3 3 9 9
= —byg— —s1b = — — —boc2 + —bgb —p?
C7 105 0 3581 1, &} 110204 29 002+22 0 2+88 15

Cog = 5500 —|—25bc + 5bc —mbbc
9= 5320 T 00T T 5ob1cs = s bobica.

Combining Lemma 2.2,(2) with dqs/0s1 = 0H1/0p2 = (2/3)(g2p1 + p2), we
have the relation below:

Lemma 2.6. For every solution E = (q1,q2,p1,p2) of (1.5),

0qo dg2 1 g

- _ g 2.
sy Q2652 4 0s3 (2:5)

Suppose that a solution = = (q1, g2, p1,p2) of (1.5) admits a pole locus D .

Lemma 2.7. The pole locus D, does not admit an expression sy —s) =0, s{ € C
around any point belonging to D .

Proof. Suppose the contrary. Then there exists a point (s, s2) = (sY,59), around
which go(s1, 82) is expressible in the form qa(s1, s2) = h(s1, s2)/(s1—5)™, ng € N,
where h(s1,s2) is analytic and satisfies h(s?,s9) # 0. Substituting this into (2.2)

and noting the multiplicity of the pole s; = s?, we arrive at a contradiction. [J

Lemma 2.8. Suppose that the pole locus D, intersects no other pole loci at
(a1,a2) € Do, and that, around (ay,asz), it is expressible in the form so = p(s1),
where ¢(s1) is analytic at s; = ay, and satisfies p(a1) = az. Then, around (a1, as),

q2(s1,52) = (s2 — (1)) 72 (1+ O(s2 — ¢(s1))).

Proof. Observing that g2(s1,s2) satisfies (2.2) for each s1, from Lemma 2.4, we
obtain

2(s1,52) = (52 — (1)) 2 Q(51, 52) (2.6)

q2(s1,52) = 3(s2 — (1)) 2 Q(s1, 52), (2.7)

where Q(s1,s2) is analytic around (s1,s2) = (a1,a2) and satisfies Q(a1,as) = 1.
Substituting (2.7) into (2.5) and comparing both sides, we arrive at a contradiction.
This implies that ga(s1,s2) is expressible in the form (2.6). O

Lemma 2.9. For an arbitrary point (a1, a2) € Do, we have either of the following:

~u(sy,82)
qQ(Sla 82) - (82 _ ()0(51))2’ (28)
q2(81, 82) = ux(s1, 52) Z ! (2.9)

— (52— xu(s1))*

Xl(sl) — X(e2lm'/3(81 - a1)1/3)'



KSTS/RR-00/004
May 16, 2000

A DEGENERATE GARNIER SYSTEM 7

Here

(i) p(s1) is analytic at s;1 = a1 and satisfies p(a1) = as;

(i) x(7) is analytic at T =0 and satisfies x(0) = az;

(i) u(s1,s2) and u.(si,s2) are analytic at (s1,s2) = (a1,a2) and satisfy
u(ay, az) = ux(a,az) = 1.

Proof. By Lemmas 2.1 and 2.7, for sufficiently small ¢y > 0, the set D, restricted
to the polydisk A : |s; —a;| < e (j =1,2) is decomposed as below:

DoNA=D! u---uD”,

where

(1) D% (1 < p < m) are local irreducible components in A passing through
(ala a2)7

(2) each DY are expressed by a v(u)-valued local algebroidal function sy =
Y, (s1) (v(pn) € N), whose branches are given by

w5(81> = \IJM(GZkWi/V(N)(Sl - al)l/y(ﬂ))ﬂ k= 07 17 71/(:u) o 1)

\I/“(T) = a9 + Z’}/u’jTj.

J=21

Let us consider the function

U(s1, 59) = gals1, 52) [ 3 (%1 i 1/}5(31))2” - (2.10)

pn=1 k=0

Then U(sq, s2) is single-valued in A. We put A* = A —1IIp, Il = {(a1,52) ‘
|sa — as| < eo}. Note that U(sy,s2) is analytic in A* — (DL, U--- U DT), and
that, by Lemma 2.8, U(s1,s2) = 1 along each DY (1 < u < m). Hence U(s1, s2)
is analytic in A*. Since U(s1, s2) is also analytic around each point belonging to
IIy — {(a1,a2)}, it is analytic in A — {(ay,a2)}. Hence U(sy, s2) is analytic in A
(cf. [2; vol I]). By the continuity at (ai,as), we have

U(s1,82) =14+ O(|s1 — a1]| + |s2 — az|). (2.11)

Put s; = a; in (2.10). Then we have
ax(ar,52) = (32 v()) (52 = a2) 2 (14 O(s2 — a)).
pn=1

By Lemma 2.4, either of the following four cases may occur:
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In the case (c), we have

1 1 1
wlon ) = Uloo (o o+ g G

where
YPo(s1) = ag + Z’Yo,j(Sl - al)j7
Yo(s1) = U(=(s1—a1)"/?), Yi(s1) =U((s1 —a))'/?), U(r)=az+ > 7.

Jj21
Substitute this into (2.5), and put s; = a;. Then we see that the right-hand side
admits a pole so = ay of multiplicity 5, and that the multiplicity of the pole on the
left-hand side does not exceed 4. Hence the case (¢) does not occur. By the same
way, we can verify that (d) is also impossible. In the cases (a) and (b), from (2.10)
with (2.11) we can derive expressions (2.8) and (2.9), respectively. Thus the proof
is completed. [

The following is an immediate consequence of Clunie’s lemma [8; Lemma 2.4.2].

Lemma 2.10. Let g(z) be a transcendental meromorphic function satisfying the
relation ¢g"t!' = Q(z,9) (n € N), where Q(z,u) is a polynomial in z,u and u*
(k=1,2,...). If the total degree of Q(z,u) as a polynomial in u and its derivatives
is at most n, then g(z) admits infinitely many poles in C.

3. Proof of Theorem 1.2

3.1. Proof of the assertion (1)

Let Do, be a pole locus of Z. By Lemma 2.9, we can take a point (a1, a2) € Do
such that, around (s1,$2) = (a1,a2), Ds is expressible in the form sy = f(s1),
where f(s71) is analytic at s; = a; and satisfies f(a1) = a2. Then, using Lemma
2.4, by the same argument as in the proof of Lemma 2.8, we have

g2(s1,82) = (s2— f(51)) % + bo(s1) + > cj(s1)(s2 = f(s1))7, (3.1)
Jj=2
c3(s1) = bi(s1), ce(s1) = ba(s1),
around (s1, s2) = (a1, a2), where by(s1), ¢;j(s1) are analytic at s; = a;. Substituting
(3.1) into (2.5) and comparing the coefficients of (s3 — f(s1))? (=3 < j < 6), we

obtain

3
f'=—=3by, b)= bt ) — degf' = —18by + 6¢2 + 12bgca,

by — Ter f' = 21caes + 21bger + 21b1cq — 105c¢9 ('=d/dsy).

From these relations and Lemma 2.5 with a = f(s1), it follows that

f/ — _3b07 (32,1)
3
b6 — §b1’ (32,2)
o o S1)?
b, = —18by + 6(—31)0 . €> : (3.2,3)
46 4 2 112
bl2 = —42()(3)51 — 13—5()(2) — gSlbobl + 2—7blf + 607551. (3'274)
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Eliminating by, b1, be, we can verify that f(s1) satisfies (1.6). By f(s),s € R,
we denote the analytic continuation of it, where m : R — C is the branching
Riemann surface of f. By Lemma 2.1 and the connectedness of D, for every point
(a1,a2) € Do, each local irreducible component of D, in a small neighbourhood
of (a1,az) is expressible in the form {(7(s), f(s)) | s € R, |s—a| < 5}, where a € R
is some point satisfying 7(a) = a1, and Jis a sufficiently small positive constant.
Thus we arrive at the desired expression of D..

3.2. Proof of the assertion (2)
Let ¢(s1) be a solution of (1.6) which is analytic around s; = a;. We set

Bo = ACH) (;1), B = —gﬁb"(al),
¢®(ar) | 1/¢'(ar)? 2 &
ay al ay
bo=—g— T3 <T * 3)

('=d/dsy). Consider equation (2.2) with s; = a; and its solution

q(s2) =q(az, Bo, B1, B2; s2)
=(sa—a2) 2+ Bo+ Y _cils2—az)’, cs=p1, c6 =P (3.4)

Jj=2

around sy = ag (cf. (2.3)). Then by Lemma 2.3, there exists a solution Z* =

(g7, q5,p5,p3) of (1.5) such that

g5 (a1, 52) = q(s2). (3.5)

Around (s1, s2) = (a1, az), there exists a local irreducible component of a pole locus
of Z*, which passes through (a1, as). By (3.4) and Lemma 2.9, it is expressible by
So = f«(s1), where f.(s1) is analytic around s; = a; and satisfies f.(a1) = a2. By
the same argument as in Section 3.1, we can show that f.(s1) satisfies (1.6), and
obtain the expression of the second entry of =*

g5 (s1,52) = (52— fo(51)) 72+ b5 (1) + Y € (s1) (52 — ful(s1))7,

Jj=2

c3(s1) = b1(s1), cg(s1) = by(s1)

(cf. (3.1)), where

tasn) =~ 20 s = <2 psn)
(3) 1 / 2 2 (36)
b;(sl):f* 8(181)+§(f*(§1) +%1> .

Then, by (3.5),
by(ar) = Bo, bi(a1) =P, b3(ar) = Po. (3.7)
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These formulas are derived from the relations corresponding to (3.2,k) (1 < k < 3).
By (3.3), (3.6) and (3.7), we have fl(a1) = ¢(a1), f/(a1) = ¢"(a1), £ (a1) =
3 (a1). By the uniqueness of a solution of the initial value problem associated
with (1.6), we have f.(s1) = ¢(s1) around s; = a7. This implies that Z* admits a
pole locus expressible by the analytic continuation of ¢(s1). By the same argument
as in Section 3.1, this pole locus is globally expressible by ¢. Thus the proof is
completed.

4. Proof of Theorem 1.3

4.1. Proof of the assertion (1)
By the change of the variables o = 3'/3(s; — a)
(1.6) is taken into

1/3 y = By — o + v, equation

ot — 1263008 + 12025 + 24000 = G(0, v, 9, D), (4.1)
G(o,v,0,8) = 800 (6 — 40 + (0)?)(0)? — 4002 (3 — 30 + (0)?) 0D

—120%(a + 0®/3) (0t — 2(0 — 1))(0 — 1) — %H(BO — 0o +v)(ob —2(0 —1))
20

2
30 (0 —1)* - gng(a +03/3)

('=d/do). Substitute the formal series v =3, 5 Cjo? into (4.1) and compare the
coefficients of o7 (j > 5). This series satisfies (4.1) if and only if

J(G=9)G =1 +2)C; = Pj(a, Bo,Ck;5 <k <j—1), j=5, (4.2)

where P; (j > 5) are polynomials in a, By, Cj. For 5 < j < 11, they are given by

P5:24(1, PGZO, P7:—§B07 P8:47 PgZO,

4
P10 = 72(& — 5005)067 P11 = —303005 + 168(a - 5005)07 — 432003

From (4.2) with j =5, ..., 10, we have

a BO 1
35 Ce =0, 072—@, =
where B; is an arbitrary constant. Since, for Cs, Cg, C7 above, P;; vanishes, the
coefficient C7; can also be taken to be an arbitrary constant Bs. In addition to
these coefficients, determining C; (j > 12) recursively by (4.2), we obtain a formal
solution v = 3.4 Cjo? (Cg = B1,C11 = Bs) of (4.1). The formal series u =
h(o) =D 450 Criso” satisfies

05: C9:Blv CY10:07

c*u*) + 803u) — 4802 — 12000 + 840u = H (0, u, oit, 0%ii)
= 07 °G(0,0%u, 0% + 5otu, o%ii + 100t + 200°u), (4.3)

where H(0,&0,&1,€2) is a polynomial in (o, &o,&1,&2) such that H(0,&o,&1,82) =
24a. Equation (4.3) is written in the form

ou’ = Au + p(o,u),
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where
Ug 0 1 0 O 0
| w [ o 1 1 o0 B 0
u = Us ) A 0 0 2 1 ) p<0-7 u‘) - O )
us —840 120 48 -5 H(O’, uO,Ul,Ug)

up =u, UL =0, uy=0l, us=ocu
This system admits the formal solution

u(o) = (h(0),0h(0),0%h(0),c*h®) (o)) = > " tepo®,
k>0

cr = (Cr1,Cr2, Cr3, cra) € C*. By the same argument as in [11; §6.2], we can con-
struct a convergent power series >, o, ['xo® such that 'y, > maxi<;<4 |ci| (k > 0),
and show the convergence of ®(By, By, Ba,0) = By — 0 + 0°h(o) around o = 0.

4.2. Proof of the assertion (2)

For an arbitrary solution y = g(s1) of (1.6), by Theorem 1.2,(2), there exists
a solution E, of (1.5) such that so = g(s1) represents a pole locus D}  of =,
which contains {(041,, g(a)) ! v e N}. By supposition, we can choose a sequence
{O/V ’ vE N} C {au ’ vE N} in such a way that g(«],) converges to some constant
Bj € C as a), — a*. Then (a*, Bj) belongs to D . Hence, by Lemma 2.9, we have
g(a*) = B§. Moreover, by the same lemma, if g(s1) is not analytic at s; = a*, then
it is written in the form

g(s1) = T(31/3(31 - a*)1/3)’ T(o) = ch{aj, C) = B
j=0

around s; = a*. Since g¢(s1) is a solution of (1.6), V(o) = T(0) — B + 0 =
> i1 O o7 satisfies (4.1) with (a, Bo) = (a*, Bj). Substituting V(o) into (4.1) and
comparing the coefficients of o7, we derive that C7 = --- = C/ = 0, and that

JG =90 —11)(j +2)C) = Pj(a™, By, Cys5 <k <j—1), j>5

(cf. (4.2)), from which C (j > 5, j # 9,11) are uniquely determined to be poly-
nomials in a*, B§, Bf = C{, B; = C{;. Thus we obtain expression (1.8).

5. Proof of Theorem 1.4
This theorem immediately follows from Lemma 2.9, Theorem 1.2,(1), and The-
orem 1.3,(2).

6. Proof of Theorem 1.1

Let E = (q1, g2, p1, p2) be an arbitrary solution of (1.5). Note that n = ¢2(0, s2)
satisfies (2.2) with s; = 0. Supposing that ¢2(0, s2) is rational in s5, and substituting
the Laurent series expansion around s = oo into (2.2) with s; = 0, we can derive
a contradiction. Hence, ¢2(0, s2) is a transcendental meromorphic function of ss.
By Lemma 2.10, ¢2(0, s2) admits infinitely many poles so = p, (¢ € N). By Lemma
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2.9, for each p,, g2(s1, s2) admits the pole locus passing through (0, p,) expressible
by so = f.(s1), where f,(s1) is analytic or locally algebroidal at s; = 0. Since each
branch point of f,(s;) is isolated, for every N € N, we can choose s; = a™V) near
s1 = 0 in such a way that, for every + = 1,..., N, the function f,(s1) is analytic at
s1 = aN). Then, by Lemma 2.2 and (3.1), we have

q1(s1,52) = 3bo(s1)(s2 — fo(s1)) "2 (14 O(s2 — f.(s1))),
pr(s1,82) = =3(s2 — f.(51)) > (1 + O(s2 — f.(51))),
p2(81,82) = 3(82 - fL(Sl))75(1 + 0(82 - fb(sl)))v

around (a™), f,(a™))). Since f,(s1) satisfies (1.6), we have by(s1) = —f/(51)/3 #
0 (cf. (3.2,1)) and may suppose bo(a'™)) # 0. Then the functions ¢ (a(™), s5),
P (a(N), S2), P2 (a™N) | s5) also have at least N distinct poles sy = fb(a(N)) (1< <
N). Since N is arbitrary, every entry of = is transcendental. Thus the proof is
completed.
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