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The Jones—Pewsey (2005) distribution is a very flexible symmetric
model on the sphere. It includes the von Mises as a special case as
well as wrapped Cauchy, cardioid and Cartwright’s power-of-cosine
or equivalently Minh—Farnum (2003) distributions. The distribution
is closely connected with {-distributions on the sphere (Shimizu and
Iida, 2002), which are obtained by the conditioning method.



von Mises Distribution VM(u, k) 0<pu<2m, k>0
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I, : modified Bessel function of the first kind of order p
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1 : mean direction, x : concentration
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Circular Data: wind directions, vanishing angles of birds, gene loca-
tions of bacterial genomes, etc.
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Figure 2: Histogram of mallard data with ML fit (von Mises)



Jones—Pewsey (2005) Distribution 0 <y <27, k>0, ¥ #0

(cosh(ky) + sinh(ktp) cos(0 — )/
21 Py 1 (cosh(k1)))
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P, ,: associated Legendre function of the first kind of degree 1/7
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Special Cases:

1 — 0, von Mises distribution
1 = 1, cardioid distribution
v = —1, wrapped Cauchy distribution
Y >0, Kk = oo, Cartwright’s power-of-cosine
or Minh—Farnum (2003) distribution
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Jones—Pewsey
£(0) = C(1 + tanh(k1) cos §) 1/
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Distributions

von Mises

Jones-Pewsey




Methods of Construction:

ad-hoc, maximum entropy, characterization, wrapping,

conditioning, offset, stereographic projection, Brownian

motion, scale mixtures, etc.



von Mises distribution: conditioning method (Downs, 1966)

(X,Y)" ~ Na(n, I2)

polar transformation
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X = Rcos®
Y = Rsin®

n = p(cos,sin )’

conditional distribution of © given R =1r

(©|R =1r) ~ VM(T, pr)



t-distribution on the circle: conditioning method (Shimizu and Iida,
2002)
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polar transformation

X = Rcos©® — o .\
V — Rsin®© n = p(cosT,sin 7)

conditional distribution of © given R =r
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Gauss hypergeometric function
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Relation between /- and Jones—Pewsey distributions
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The Jones—Pewsey distribution is a reparametrization of the ¢-distribution
on the circle:

10) = cosh'/¥ (k1)) (1 4 tanh(ke)) cos( — p)) /¥ 0<f <2
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However, the Jones—Pewsey distribution is more flexible than the t-
distribution on the circle because the range of parameters is extended.




Spherical case

Jones—Pewsey ditribution on the sphere
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an alternative form

f(x) = 2 Fy (=1/(20), —1/(2¢) + 1/2;p/2; tanh? (k1))



Relation between the associated Legendre and Gauss
hypergeometric functions

Pll/_ijr;m_l (cosh(k1))) = :1;;2 /(cosh(mb))
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If ¢ < 0, oF; converges and takes a positive value since |tanh(ky)| < 1.

If ¢ > 0, from the transformation formula

o F1(a,b;c;2) = (1 — z)c_a’_b oF1(c—a,c—b;c;z),

we have
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whose value is positive since p > 2.

Thus, the situation is almost similar to the circular case.



Discussions

(a) The J-P distribution is a very flexible model for symmetric data
sets on the circle/sphere, but the wrapped Cauchy, a special case of
the J-P distribution, plays the central role of circular-circular regres-
sion (Kato, Shimizu and Shieh, to appear).

(b) The t-distributions on the sphere are derived from a scale mix-
ture of normals. Generalized Laplace distributions on the sphere are
obtainable by using a different weight from that for ¢-distributions
(Siew, poster session of this workshop).



(c) The Minh—Farnum distribution, a special case of the J-P, is in-

duced by a stereographic projection (Mobius transformation) of the
t-distribution with n degrees of freedom (df) on the real line:

sin 0 0

r=u+v———=u+vtan=, —w <O
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with ©« =0, v = y/m, m = 2n + 1. The t-distribution on the line goes
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distribution goes to a one-point distribution as n tends to infinity.

This problem is solved by introducing the stereographic projection
with v = 0 and v > 0 independent of n.



The resulting distribution (not included in the J-P family) induced
by the t-distribution with df m = 2n + 1 on the line has the density
function

1 , 0 AN
,(0) = 1 ) (14 L tan? 2 ,
fa(9) 2mB<m/z,1/2>“< tan 2)( ot 2)

which converges to a circular distribution with density

v 0 v? 0
_ 1 2 U v 2b
f(0) = Nir ( + tan 2) exp< 5 tan 2)

as n tends to infinity, which is just the circular distribution induced
by the stereographic projection of the standard normal on the line.
A more extended form is proposed by Abe (poster session of this
workshop).
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