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Outline of my talk.

1. Non-Parametric Statistics

discrete time continuous time
: (1) Empirical Distribution Function (Fixed level Corridor)
: (2) Order Statistics Alpha-Quantile

: (3) Rank Statistic Rank Process

: 2. Exotic Options based on them

® Corridor with Fixed Level K, and with Stochastic Level S at t.

® Derivatives. : Forward, Swap, Options based on the Two Types
of Corridor

: (1) Spot Start Corridor

: (2) Forward Starting Corridor



1. Definition of Non-Parametric Statistics/Exotic

options
We assume that the stock price Sy follow a Geometric Brownian motion;
S =Se* =5e" ™ forue[oT]

through out this paper.

The following lemma plays a key role at several parts in this paper, where
a calculation encounters for an expectation of our non-parametric statistics
such as a fixed corridor and a stochastic corridor. The proof of the following
lemma is referred to Fujita(1997), Fujita & Miura(2002,2004), and Borodin
& Salminen(2002) (This handbook shows the formulae without proof)

Lemma 1.
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: 1-1. Corridor function: Empirical Distribution Function



The probability distribution of the fixed level corridor was derived for a
drift-less case in a brief manner in Miura(1992), where the fixed level
corridor was discussed as the limit of an empirical distribution function of
stock prices during the time interval [0,T]. The mathematical argument to
derive its probability distribution can be reduced to that for the probability
distribution of

jgl{vvu <Ohdu

, and then Cameron-Martin Theorem can be used to argue for the non-zero
drift case.

Let u =0 for the time being.
For any fixed constant K, the quantity

LT 1{S, < K}du
:LT 1{Se™ < K}du

T 1 K
:jo 1{W, sglogig}du
(assume S, < K and put A:£|®[£J)
o S

= [ 1w, < Adu

(define z =inf{u:W, < AO<u<T})
=z [ W, - W+ W, < Adu
(notethat W, = A)

o+ [ 1{Z,, <Opdu

(whereweput Z, . =W, -W.)
=o+[ 1{Z, <0pdu

This counts how much time during the time interval [0,T] the stock price
stays below the given level K. It is thus a continuous time version of the
empirical process for stock prices Sy during the time interval [0,T]. This is



called a corridor or a corridor option
In this paper, we call it a fixed level corridor or in short, a fixed corridor.
The probability distribution of

IOTI{SJSK}du

where
S =Se™

, is given by
G(x,K :0,6) = P{joT I{S, < K}du< %}
[ Zan i ((E=Sy2)-h,(9ds
01 1-s

where h, isthe probability density function for the stopping time z;
r=inf{u:W, > A

For the case with a drift © # 0, Cameron-Martin theorem can be used to

obtain its probability distribution function ;
By Cameron-Martin theorem, we have

Efh([| 1{Se™ ™ < Kidu)] = Efe" ¢ 2n( [ 14w, < Zlog S du)]
0 0 o S

for any integrable function h(.), and then,

:1-2. a-quantile: Order Statistics

a -quantile is defined as a quantity m(« ) for any given o €[0, 1] such that



o= %LT I{S, < M(a)}du

i.e. a-quantile is the level below which the stock price stays for 100 o
-percent of time during the time interval [0, T]. Thus it could be regarded as a
continuous time version of “order statistics” of stock prices observed during
the time interval [0,T]. This quantity depends on the path of stock price and
it can be determined only at the end of the time interval. That is why the
derivatives based on this are called the “look-back” options.

Based on the relation; for any y=0,

(], 1S < hdu<a) ={m(@) > )

the probability distribution for m(« ) can be obtained as
P{m(a) <y} =1-G(a,y: u,0)
Akahori(1995) rigorously derived the probability distribution of m(« ), and
Fujita(1997) derived the joint probability density function of
(Sr.m())

in order to price a call option with payoff function; max{St - m(«),0}.

: 1-3. Stochastic Corridor:Rank Statistics
For any fixed time t in [0,T], the rank process can be defined and
presented as follows.



TR = [ 1{S, < S}au

_ jOT 1{S,e® < Se*}du
:joTl{xu < X }du
:J-JI{qu+G\NuS,ut+GVVt}dU

:IT I{ﬁu+V\/u sﬁt+Wt}du
0 o o

Denote this by R%“ to indicate the parameters of the process X

Fujita and Miura (2004) remarks that the rank statistics in the case u =0,
o =1, is decomposed to a weighted sum of two independent random variables
A1 and A2, each of which follows an arcsine law. That is;

TERS = [ W, <W}du
= [ HW, - W < Opu+ [ HW, - W, <Opdu

1t 1 (7 *
=t [ HZ, <Opds+ (T - = [ 1{Z, < Qjdu

(WwhereZ, =W,_ -W, and Z_ =W,
=tA+(T-0)A

-W)

+S

Then, Fujita and Miura (2004) showed that Cameron-Martin theorem
helps us to reduce the expectation to the drift-less case



u=00c=1
That is, for any integrable function h( .),

E[(TR27)] = Ele”" ' 2n(T(R®)
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Thus, it was enough to derive a joint probability distribution function (or

density function) of (Wr,R$") rather than that of (Wr,R%”) in order to

calculate the above expectation. These joint densities of the decomposed
variables;

(X, Yo), (X, Y,)

N T-t N t
(Z . jo 1{Z- <0} ds) (z, ,jo 1{Z <0} ds)

can be obtained from Lemmal.

: 2. Exotic Derivatives based

: 2-1. Fixed Level Corridor and Stochastic Level Corridor



(a). Fixed Level Corridor
For any fixed constant K, the quantity

Fer = [ 148, < Kydu

is called a fixed level corridor or in short, fixed corridor.

In some applications such as the currency exchange rate derivatives, this
statistics counts how many days the exchange rate stays below the given
fixed level K, and the pay-off (which is the value of the derivative at the time
of exercise, or of expiration) of the derivative (contract) may promise to pay
to the holder of the derivative the amount of money proportional to the
statistics. This is called a corridor option.

These corridors could be used in principle for the weather derivatives, for
example, to count the number of days where the temperature of the day
stays below the prefixed or stochastic level.

(b). Stochastic Level Corridor
The rank process for any prefixed time point t in [0,T]

Ry = [ 1{S, < S)du

can be used in a similar interpretation to the fixed corridor, by replacing the
K in the fixed corridor with St which is stochastic.
The fixed level corridor and the stochastic level corridor both can be used by
itself as a payoff of derivatives.
The prices of them at time 0 are given respectively by

e TE[RcT

¢ E[RY]

in a Black-Scholes market.

2-2 Swap of Stochastic and Fixed level corridor

Here we go further to define a “swap” or an exchange of the two



derivatives which requires some thought of what the value of K should be.
The payoff of the swap contract is

Lo DHC
I:K T R[,T

(= [ 1S, <K}du- [ I{S, <S}du).

The price of swap at the time of the contract is zero so that we have an
equation as usual,

0=e""Ey[], S, <K}du- [  I{S, <S}du]
Thus, the prefixed constant K has to satisfy the equation
Elf, S, < Kldu] = E[[ 1{S, <S}du]

In order to see the existence of such a constant K, we note that the right
hand side is a non-negative bounded constant less than T, and that the left
hand side is a strictly increasing continuous function of K ranging from zero
to T, so that there must exist a constant K which satisfies the above equality.

2-3 Corridor Option
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It is possible to define Put-type and Call-type options using the fixed and
stochastic corridor. And their pricing can be done in a straight manner since
it does not require any further distributional argument.

For a notational simplicity, let us set as follows;

Fer = [0 148, < Kydu

T
R =] 1{S <S}du

We define a corridor call option on the stochastic corridor with the fixed

level corridor as its exercise value. The pay-off of the corridor call option is

Ver =max{R7 - Ky, 0.
Also in a similar way, the pay-off of the corridor put option is
Vo =max{F/7 - R%Y,C}.

The price of these Call and Put at time zero in the Black-Scholes model are
given as

Vc,o =e" Eo[Vc,T]
and
VP,O =e" Eo[VP,T]

respectively.
The expectation for Call option can be calculated in the similar way as in
the above.

:2-4. Forward Starting Corridor
Let [To, T1 ],0< To <T1, be a future time interval where a corridor option

11



counts the amount of time that the stock prices stay below the level, either a
prefixed one or a stochastic one. The payoffs of forward starting fixed
corridor and stochastic corridor are respectively,

u,o T
FéGm =] HS <Kdu

T

and

{‘({)’Tl):J.EI{SJsS}du.

T

A contract is made at time 0 and the payoff is paid to the holder at time T,
Then the prices of these options in the Black-Scholes model are

e E[ jTT 1{S, < K}du]
e E[[ 1S, < S}du]

respectively.
As we saw in the previous section, note that the probability distribution of
the stochastic corridor is independent of the value

Sy

; the value of the initial stock price in the future time interval [To, T1 ]. This
independence property may be expected to be useful in practice when they
set a level for the corridor. In order to decide a constant level K, it may be
required in practice to have a certain idea or a prediction of overall level of
stock prices during the future time interval [To, T1]. Since it is not easy to
make a prediction, it may be plausible sometimes to depend on a stochastic

value to determine an overall level, for example S; . Or there might be a

special time point t during the future time interval [To, T1] that suits to
make St a stochastic level for the stochastic corridor.

In the case that one wants to compensate the result from the ambiguity of
a suitable value of K with the difference between the two forward starting
corridors, a swap to exchange the forward starting fixed corridor with the

12



forward starting stochastic corridor. The payoff of our swap to exchange the
forward starting fixed corridor and the stochastic corridor is ;

jTT:l{sJ < S}du—j::I{SU < K}du

or .
[F1{s, <K}du-["1{S, < S}du

We need to be able to determine a proper theoretical value of K which
makes the price of the swap contract be zero at the time of the contract; i.e.
at time O.

K has to satisfy the equation

0= E[[I{S <K}du-[ I1{S,< S}au
That is;
E[[, 1S, < Kydul = E[[ " 1{S, < S}au].

The above expectations are the conditional expectations taken under the
condition that the value of So is given. The existence of such a constant K is
assured exactly in the same way as in the previous section.

The probability distribution of

[71{s < sheu

is S, - independent and is the same as that of

IOTH‘] I{S, < S}du, hence it can be seen in Fujita and Miura(2004).

However, the calculation for EO[J'TTl I{S, < K}du] may require some note.

(See the Working Paper for its detail.)
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