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ABSTRACT. A new class of type G selfdecomposable distributions on R? is in-
troduced and characterized in terms of stochastic integrals with respect to Lévy
processes. This class is a strict subclass of the class of type G and selfdecomposable
distributions, and in dimension one, it is strictly bigger than the class of variance
mixtures of normal distributions by selfdecomposable distributions. The relation to
several other known classes of infinitely divisible distributions is established.
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1. INTRODUCTION

Let I(R?) denote the set of all infinitely divisible distributions on R?. The char-
acteristic function fi(z), 2 € R% of an infinitely divisible distribution y € I(R?) has
the Lévy-Khintchine representation as follows:

1 . i(z, x)
f(z) = ——(z, A i o) - 20 d € R?
i) = e {342} i+ [ (e e i)}z e R
where A is a symmetric nonnegative-definite d x d matrix, v € R%, and v is a measure

on RY satisfying

v({0}) =0 and / (|z|* A 1)v(dz) < oo.

R4
(A, v,7) is uniquely determined by p and is called the triplet of . v = v, is called the

Lévy measure of p. Iy, (R?) will denote the subset of I(R?) consisting of symmetric
distributions.
The polar decomposition of Lévy measures on R? is the following: Let v be the

Lévy measure of some p € I(R?) with 0 < v(R?) < co. Then there exist a measure
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Aon S = {¢ € R: [¢] =1} with 0 < A(S) < oo and a family {ve: £ € S}
of measures on (0,00) such that v¢(B) is measurable in £ for each B € B((0,0)),
0 < v¢((0,00)) < oo for each ¢ € S and that

v(B) = /S A(d) / T 1p(rE)eldr), B € BRM {0)).

Here A and {v¢} are uniquely determined by v up to multiplication of a measurable
function ¢(€) and ¢(€)™" with 0 < ¢(€) < co. We say that v has the polar decom-
position (A, v¢) and vg is called the radial component of v. (See, e.g. [2] Lemma
2.1.)

We also define the cumulant function C,(z) of u € I(R?) as follows: C,(z)
is the unique complex-valued continuous function on R? satisfying C,(0) = 0 and
fi(2) = Ol

We can characterize five classes of infinitely divisible distributions in terms of v:
(i) Class U(R?) (Jurek class, see [4].)

ve(dr) = l¢(r)dr and l¢(r) is nonincreasing.

(ii) Class B(R?) (Goldie-Steutel-Bondesson class, see, e.g. [2].)

ve(dr) = le(r)dr and l¢(r) is completely monotone.

(iii) Class L(R?) (Class of selfdecomposable distributions, see, e.g. [8].)
ve(dr) = ke(r)r—'dr and ke(r) is nonincreasing.

(iv) Class T(RY) (
ve(dr) = ke(r)r—'dr and ke(r) is completely monotone.

(v) Class G(RY) (Class of type G distributions, see [3].)

ve(dr) = ge(r?)dr and g¢(r) is completely monotone; in this case we also assume

Thorin class, see, e.g. [2].)

that p is symmetric.

Let Log(R?Y) = {p € I(RY) : f|$|>2 log || p(dz) < oo} and let ¢(x) = (2m)~1/2e~+"/2
denote the standard normal density on R.
Being motivated by the relations among classes (i)—(v), it is natural to introduce

and consider the following new class.

Definition 1.1 (Class M(R?)). p € M(R?) if and only if u € Iy, (R?) with
ve(dr) = ge(r*)r~'dr and g¢(r) is completely monotone. (1.1)
It is easy to see that M(R?) C L(R?) N G(R?), i.e., the elements of M(R?) are

type G selfdecomposable distributions. In Theorem 3.1 below we will prove that this

inclusion is strict. The purpose of this paper is to characterize the class M(R?) by



stochastic integrals with respect to Lévy processes, and compare it with other known

classes.

2. CHARACTERIZATION OF THE CLASS M (R?) BY STOCHASTIC INTEGRALS WITH
RESPECT TO LEVY PROCESSES

Throughout this paper, £(X) denotes the law of a random variable X on R¢.
Let m(z) = [° ¢(s)s 'ds,x > 0, and denote its inverse by m*(t), that is, t = m(z)
if and only if x = m*(t).

Theorem 2.1. (i) Let u € I(R?). Then the stochastic integral
/ m*(t)d X"
0

exists if and only if p € Log(RY), where {Xt(“)} is a Lévy process on R? with C(Xf“)) =
L.

Proof of “if” part. For the proof, we need the following lemma, which is a special

case of Proposition 5.5 of [9].

Lemma 2.2. Let {Xt(”)} be a Lévy process on R and f(t) a real-valued measurable
function on [0,00). Let (A,v,7) be the triplet of yu. Then [ FO)AXM exists if the

following conditions are satisfied:

/OO F(#)2dt < oo, 2.1)
/000 dt /Rd(|f(7f)x|2 A 1)v(dx) < oo, (2.2)

/OOO ‘f(t)v+ f(t) /Rdg; (1 - ’fl(t)x‘z - +1|x’2) )

For the proof of “if” part, it is enough to show that f(t) = m*(¢t) satisfies (2.1) —
(2.3) in Lemma 2.2 for every p € [og(RY). Note that m(+0) = oo and m(oo) = 0.

Since

dt < oo. (2.3)

oo i ) B 0o
/o m*(t)“dt —/0 so(s)ds < oo,

we have (2.1).



As to ( , we have

/ dt/ (Jm* (B)22 A D(da)
- / m(s) [ (saf? n1)otie)

:/ b(s)s ds </|z§/s|s:c\21/(dx)+/|z>l/s V(dx))

=: (I + L),
say. Here
1/|=|
= [ JaPutan) [ sots)as
/||
= (/ / ) |z|?v(dx) / sp(s)ds
|z|<1 |z[>1

=: Iy + Ly,

say, and
fa< [ lafuldo) [ sols)ds < o
lz]<1 0
1/|z|
I < / \xPu(dw)/ sds < 21/ v(dx) < oo.

|z|>1 0 |z|>1

Also,
I, :/ v(dz) B(s)s ds
/]|
:(/ / )Vda: P(s)s 'ds
lz|<1 |z|>1 /x|
=: Iy + a9,

say, and

Iy < C’l/ r*v(dz) < oo
|z|<1

- 1 00
I < /|>1 v(dx) {/1/| slds—l—/1 ¢(s)slds}

= / (log|z| + Co)v(dr) < 0o
|z|>1

since p € Log(R?), where Cy,Cy > 0. This shows (2.2).



For (2.3), we have
/0°° 'm*(t)v +m*(¢) /Rdx (1 - |ml*(t>x|2 = +1|x|2) ()

- dm(s) — . d
o1 [ sim(s) — | S/Rd‘”(msxw 1+|x|2>”< ™)

= [3 + [47

dt

dm(s)

AN

say, where

I < | / " b(s)ds < oo,
~ elef?]s? — 1]
“/o As)ds Rd(<1+|sx|2><1+|x|2>)”<dx)
~ af?
g/o s —1|¢(s)ds/Rd T TP

- /Ooo|s2 —1|¢(s)ds (/|x|<1+/|x|>1> i |sxy|2x)|(31+ )

=: Iy + Iy,

say. Here

0o 3
I §/ s2—1 sds/ L1/(1lx < 00,
41 ; | 6 wjer 1+ ]2 (dz)

|z|? /°° s?+1
Iip < d —_— d
2= A»l 1+ \xPy( @) o 1+ ]s:p\2¢(s) §

:Lx 1f;;2 (/ / ) 1‘1?;;,2 (s)ds

=: Iyo1 + Iy29,

I </ [2I” (d )/1 L4
v(dx — s
= e L+ 22 o 1+ |sz|?
2 oo 1
[ [ e
wf>1 1+ |7 o 1+t

|z[° =2
Iypo < /$|>1 ﬁy(d:v)/l (s + 1)p(s)ds < 0.

and

say. Furthermore,

and

L+ [af?)

Thus we have (2.3). This completes the proof of “if” part.



Proof of “only if” part. Suppose fo dX ) exists and let ¥ be its Lévy measure.

We have
/ v(dz) :/ dt/1{|m*(t)x|>1}($)V(d$)
|z|>1 0

= —/Ooo dm(S)/1{|x|>1/s}(93)V(dﬂf)

_ —/Rdu(dx) /1: dm(s)

d h 14
> /| ) [ ols7ds

> / v(dz)(Cylog|z| + Cy),
|z|>1

for some C1,Cy > 0. Thus, u € IL,g(R?). This competes the proof of “only if”
part. 0

Definition 2.3. For any p € l,(R?), define the mapping M by

Mup==CL (/Ooo m*(t)dXt(“)) .

The statement (i) below is one of the main results in this paper.

Theorem 2.4. (7)
M(R?) = M(Liog(RY)) N Ly (RY).
(i4) Let v and v be the Lévy measures of u € Log(R?) and My, respectively. Then
(B) = / (s~ B)o(s)s s, B e BRI\ {0}).
0

Proof.

We will first prove (ii). By a general result on stochastic integral with respect to

/ dt/RdlB o (£))v(dz)
— [ dme / p(rs)u(dr)

_ /0 T (s B)o(s)sds.

Now we consider part (i). Let u € Log(R?) and 1 = Mpu. Let v and 7 be the
Lévy measures of p and fi, respectively. Then (ii) holds. Thus, if v = 0, then v = 0

Lévy process, we have



and 71 € M(R?). Assume that v # 0 and v has the polar decomposition (), v¢). Then,

for any nonnegative measurable function f,

[ s@itan) = [ ot tas [ fsauin)
= [ o1 s [ 2@ [ srepwetan)
= [ ) [ wetar) [ ots/rrses s
- [ e | " H(56)7e(2)5 s,

where

gg(l‘) _ /OOO gb(xl/Q/T)Vg(dT) _ (27T)—1/2 Aw e—x/(2r2)yf(d7«)'

Define a measure @5 by

Qe(B) = n) " [ 1a1/ @ elar), B e B((0.0).

0
Then @5(3) is measurable in £ and

ge(x) = /000 671“@§(du) for z > 0.

Hence g¢ is completely monotone. Letting A =\ and ve(dr) = ge(r?)r~tdr, we see
that (\, v¢) is a polar decomposition of 7 and that i € M(R?). Thus, M(L,g(R%)) N
Lym(RY) € M(RY).

Conversely, suppose that i € M (R?) with triplet (K, v,7). Ifv =0, then g = Mp
with some A and ~. Suppose that v # 0. Then, in a polar decomposition (X, V)
of U, we have vg(dr) = ge(r*)r~dr, where g¢(x) is completely monotone in x and

measurable in £. Thus there are measures @5 on (0, 00) satisfying
Gelo) = [ e Qelaw
0
such that @5(3) is measurable in £ for each B € B((0,00)). Now define

ve(B) = (2m)!/? / 15 ((2u) )0 (du).

Then v is a measure on (0, 00) for each ¢ and

/0 " Frwe(dr) = (2m)2 / " F((20)) Qe (du)

for all nonnegative measurable functions f on (0, c0).



Let A = A. Then

/S A(dE) /O T A e (dr) = (2m)12 /S 3(de) /(O )((2u)1A1)©5(du)

= ()" [ Nas) ( / Gty + / :@u)-l@;(du)) < oo,

where the finiteness of the integral is assured by

/ (r* A1) ge(r®)r~tdr < oo,
0

which can be shown by a standard calculation based on the fact that g, is the Laplace
transform of @5. Define v by

v(B) = / )\(dﬁ)/ 1g(ré)ve(dr)  for B € B(R*\ {0}).
s 0
Then v is the Lévy measure of an infinitely divisible distribution and we can check
| ot [ stsomtdn) = [ s
0 R R

for all nonnegative measurable functions f on R?. This relation can be checked as

follows:
[ st@itan) = S [ oo

= [ Aae) [ o€t ar
= [ 3 [ seortar [ e Qutan
—m) [ Nag) [ e tar [T e e
= (2m)71/2 /S Xde) /O e, g, /0 h F(ré)ve(du)
=) [Ty ay [ e [ vt
_ / " g(s)sds [ Feaiaa).

Define A and ~ suitably and let p be a distribution with the triplet (A, v,~). Then
My = 11, namely £ (fooo m*(t)dXt(“)> = 1. Thus by Theorem 2.1, we see that j €
Log(R?) and that g € M(Log(R?)). Since i € Igym(RY), i € M(Liog(RY)) N Iy (RY).
This completes the proof of Theorem 2.4. O



3. RELATIONS OF M (RY) WITH OTHER CLASSES (I)

We have the following relations of M (R?) with other classes.
Theorem 3.1. We have
T(RY) N Lym(RY) S M(R?) S LRY) NG(RY).

Proof.

(i) We first show that M(R?) & L(R?) N G(R?). Note that r~/2 is completely
monotone and the product of two completely monotone functions is also completely
monotone. Thus by the definition of M (R?), it is clear that M (RY) C L(R?) NG(RY).
To show that M (R?) # L(R?) NG(RY), it is enough to construct u € I(R?) such that
p € L(RY) NG(RY) but p ¢ M(R?).

First consider the case d = 1. Let
v(dr) = g(r*)r~tdr, r > 0.

For our purpose, it is enough to construct a function g : (0,00) — (0, 00) such that
(1) r~Y2g(r) is completely monotone on (0, 00), (meaning that the corresponding
belongs to G(R)),

(2) g(r?) or, equivalently, g(r) is nonincreasing on (0,00), (meaning that the corre-
sponding p belongs to L(R)), and

(3) g(r) is not completely monotone on (0,00), (meaning that the corresponding
does not belong to M(R)). Put

g(r) =r72 (e — e 4 0.1e7H) 1> 0.

(1) We have

1 00
T_l/Qg(T) =t (B_O'QT —e "+ 0.16_1'1T) = / e "du + ().1/ e "du,
1

0.9 1

which is a sum of two completely monotone functions, and thus /2

g(r) is completely
monotone.

(2) Put

k(ry=e " —e " +0.1e ", r > 0.



If k(r) is nonincreasing, then so is g(r) = r~Y/2k(r). To show it, we have

18 3.24

1\> 0.604
(1 — —) — @] = —0.0le ™" <0, r>0.

1\°  0.604
K (r)=—=09¢™"" 47" —0.11e” " = —0.9¢7 " [(eo-“ > — —]

< —0.9¢7
= U 1.8 3.24

(3) To show (3), we see that

k)= [ e )
0
where () is a signed measure such that Q = Q1 + Q2 + Q3 and

@1({0.9}) =1, Q({1}) = -1, @s({1.1}) =0.1.
On the other hand

r1/2 :77_1/2/ ey 2 dy ::/ e "™ R(du),
0 0

where
R(du) = (mu)~Y?du.
Thus - - -
g(r):/ e‘”‘R(du)/ e_”’Q(dv):/ e U (dw),
0 0 0
where

UB) = [ Q- y)R(dy).
0
We are going to show that U is a signed measure, namely, for some interval (a, b), U ((a, b)) <

0. If so, g is not completely monotone. We have

U ((a,b)) = 712 / T Ua-y.b— )y Py

3 oo
=/ Z/ Qi((a—y,b—y))y dy
i=1 70

- b—0.9 b—1 b—1.1
:71_—1/2 |:/ y_1/2dy o / y_1/2dy + 0.1 / y—1/2dy:|
a—0.9 a—1 a—1.1

—or~1/? [(\/b 09— va— 0.9) - (\/b Y/ 1) 4 0.1 (x/b 11— a— 1.1)} .
Take (a,b) = (1.15,1.35). Then
U ((1.15,1.35))
= 272 [(V0.45 — V0.25) — (v0.35 — V0.15) + 0.1(v0.25 — v0.05)|

< —0.0177 % <.

10



This concludes that ¢ is not completely monotone.

A d-dimensional example of u € I(R?) such that p € L(R?) N G(RY) but p ¢
M (R?) is given by taking v(dr) for the radial component of a Lévy measure. This
completes the proof of M(R?) & L(R?) N G(RY).

(ii) We next show that T(R?) N Iy (R?) & M(RY). Since M(R?) C Iym(R?), we
consider only y € I, (RY). We need the following lemma.

Lemma 3.2. (See Feller [3], p.441, Corollary 2.) Let ¢ be a completely monotone
function on (0,00) and let ¢ be a nonnegative function on (0,00) whose derivative is

completely monotone. Then ¢(1) is completely monotone.

If p € T(R?) N I4n(RY), then the radial component of the Lévy measure of p
has the form vg(dr) = ke(r)r~'dr, where k¢ is completely monotone. By the lemma
above and the fact that 1 (r) = r'/? has a completely monotone derivative, then
ge(r) := ke(r'/?) is completely monotone. Thus v¢(dr) can be read as gg(r?)r—tdr,
where g is completely monotone, concluding that p € M(R?).

To show that T'(RY) N Iym(R?) # M(RY), it is enough to find a completely
monotone function g¢ such that k¢(r) = g¢(r?) is not completely monotone. However,
the function g¢(r) = e™" has such a property. Although e™" is completely monotone,
(—1)2%6_T2 < 0 for small 7 > 0. This completes the proof of that T'(R?) N1y, (RY) &
M(RY). O

Additional remark. The argument above also gives us the following result between
classes B(R?) and G(R?), namely,

B(RY) N Lym(RY) S GRY).

4. RELATIONS OF M (R?) WITH OTHER CLASSES (II)
To give more relation of M (R?) with other classes, we introduce two mappings.
Definition 4.1.
O : Lo, (RY) — I(RY), du=L (/ e_tht(”)) :
0
1
G: I(RY — Ly(RY, Gu=1L ( / h*(t)dX§“>> :

0

h*(t) is the inverse function of h(z) = [° ¢(u)du, z € R.

11



Remark 4.2 (known). (i) ®u is a selfdecomposable distribution and Gu is a type G
distribution. L(R?) = ®([jo(R?)) and G(R?) = G(I(R?)) = G(I5ym(RY)). (See, e.g.
[4] and [6].)

(ii) ®(B(RY) N Lpg(RY)) = T(R?). (See [1].)

(iil) vg,(B) = E[v,(Z7'B)], B € B(R%\ {0}). (See [1] and [7].)

Theorem 4.3. (i) Let u € I(R?). Then Gu € Log(RY) if and only if 11 € Log(R?).
(17) Let

a(s) :2/ u_ldu/ o(v)dv, s >0,
and define the inverse function s = a*(t) by t = a(s). Then the stochastic integral

/ a*(t)dx ™
0

exists if and only if p1 € Liog(R?).
(491) If g € Liog(RY) N gy (RY), then

dGu = GPu =L (/ a*(t)dxf“)>
0
and the Lévy measure v of L ( o a*(t)dXt(”)> is

v(B) = /000 v(s'B)p(s)s ds,

where v 1s the Lévy measure of L.
(iv)
M(RY) 2 GP(Liog(RY)) = G(L(RY)) = B(G(R?) N Liog(RY)).

Proof of (7). The proof of Theorem C (i) in [2] also works here. O

Proof of (i1). Tt is almost the same as that of Theorem 2.1, if we replace ¢(s)s~! by
s7! [ ¢(v)dv. So, we omit it. O

Proof of (iii). Recall that for p € Iog(RY)
Cop(z) = / Cp(ze h)dt.
0
and for u € I(RY).

Canl:) = [ Culeh(s)ds

12



Let p1 € Do (R?). We have, for z € RY,

[e9) 1
Cogu(2) / Cgu(e™'2) t:/ dt/ Cu(h*(s)e™"z)ds
Coapu(2) :/ Cop(h*(s ds-/ ds/ (e7*h*(s)z)dt.

We claim that

/ dt/ |C\(h*(s)e™ z|ds—/ dt/ (ue™"2)|p(u)du < oo. (4.1)

Note that Gu is symmetric and it is unchanged even if we replace pu by u(B) =
27 (u(B) + p(—B)). (See [6].) Hence, without loss of generality, we assume p is

symmetric. Thus to show (4.1), it is enough to show that

/ dt/ |C(ue™"z) e du < . (4.2)

However, in [2] (Equation (4.5)), it was shown that

/OO e "du /OO |C(ue™"'2)|dt < .
A similar calculation WOI‘k(; also for goetting (4.2). Thus
Cogu(2) / dt/ c, (ze7'h*(s))ds

/ dt / (ze"'v)dh(v)

=/0 /¢

where the change of the order of integrals is assured by (4.1) and (4.2). Thus we have

Cagu(2) = [ Cyles)ials)
and hence -
Cagulz) = | Culea ()it
The form of v is a direct consequence 0of a general result on the Lévy measure of

stochastic integral with respect to Lévy process. This concludes the proof of (iii). O

13



Proof of (iv). We first show that the radial component of the Lévy measure of ®Gpu
satisfies (1.1). We have

HB) = vagu(B) = [ v (e Byt

:Amﬁlgualwuawmw%w,

where A is a probability measure appearing in the polar decomposition of v and g is

the radial component of v,. Then

5(B) = /S A(de) /0 " g (r)dr /0 (e tre)dt

:/SA(dg) /Ooogg(rg)dr/or 1p(y&)y~'dy
_/SA(dg) /Ooo 1B(y€)y‘1dy/yoogs(7“2)d7’

— /SA(dg) /Ooo 15(y&)ve(dy),

Pe(dy) — (yl /y h gg(TQ)dr> dy.

This e satisfies [;°(1 A y?)7¢(dy) < oco. For

4muAy%%Mw

1 00 0 )
:/ ydy/ gg(TQ)dr+/ y_ldy/ 95(7“2)(17“
0 y 1 Y
1 r 00 1 e’} r
= [Cocttyar [ty [ g [yar [Tty [y <
0 0 1 0 1 1

where the last integral is finite because v is the Lévy measure of a p € [og(RY). Put

@) = [ octrt)ar

1/2

where

We then have p

T Ge(w) = —27 e V2ge(a)

Since g¢ and 272 are completely monotone, x7/2g(z) is completely monotone.

Thus ge is completely monotone. Hence

Ve(dy) = ge(y*)y " dy,

where g¢ is completely monotone. Thus the Lévy measure of f1 is that of &Gy and
thus zi belongs to the class M(R?). Thus M(R?) D G(L(R?)).

14



The last equality is a consequence of (i) and (iii). Namely, by (i),
G(Log(RY)) = G(RY) N Tog(RY).
Thus by (iii).

00 1y (7) = @(GENg(RY) = { £ ([T 00X € Bl 0 L (R) .

It remains to show M (R?) # G(L(R?)). It is enough to show it for d = 1.
Consider a Lévy measure v(dr) = ¢(r)|r|~*dr. Then the corresponding infinitely
divisible distribution p belongs to M(R). Suppose p € G(L(R)). Then, by (iii), v

also satisfies .
v(B) :/ vo(s tB)h(s)s 'ds,
0

where h(s) = [ ¢(x)dz and vy is a symmetric Lévy measure. Consider B €
B((0,00)). Then we have

_ /0 h /[R Ly (s2)vo(da)h(s)s" ds
_ /0 ” /0 s )h(ra V) drv(dz).

v(dr) = ( /O h h(ml)yo(dx)) r=dr, >0,

By our assumption, for any r > 0,

o(r) = /000 h(raz=") vy(dz).

Thus

Let A > 0 and consider

L0+ ) — 6(r) = /0 T L+ ma ) — ha ) ). (43)
We have
\W((r+ Rh)z™") — h(ra™)| = ¢((r + 0h)z"Yha™" < ¢(ra™")ha ™!,

where 0 < # < 1. Thus we can interchange the limit as h — 0 and the integral in
(4.3), and we get

—ré(r / p(raHat yy(dz), for any r > 0.

Changing variable from 7 to r'/2, we get

r1/2¢(rl/2) _ / ¢(r1/2$—1)$—1 Vo(dx)-
0

15



The right hand side is completely monotone, but the left had side is not. This
contradicts our assumption that 1 € G(L(R)). The proof of (iv) is now completed. [

5. MORE ABOUT THE CLASSES M (R) AND G(L(R)) WHEN d =1

We first note that
G(L(RY)) = {p € Lyn(R?) : vu(B) = E[n(Z7'B)], B € BR'\{0}),  (5.1)
for the Lévy measure v of pg € L(R%)}.
This follows from Remark 4.2 (iii). When d = 1, we also know that p is of type G if
and only if g = L(V/2Z) for some infinitely divisible nonnegative random variable
V' independent of the standard normal random variable Z. That is, p is a variance

mixture of normal distributions. The goal here is to characterize the distribution of

the random variance V' in the case of € M(R). We begin with the following.
Proposition 5.1. ;1 € G(L(R)) if and only if p = L(VY/2Z) with L(V) € L(R,).

Proof. The “only if” part: Suppose u € G(L(R)). Since p € G(R), there exists V
such that p = L£(VY2Z) and L(V) € I(R,). Also from (5.1), there exists a Lévy
measure vy of an element in L(R) such that v,(B) = E[vy(Z ' B)]. It is known ([5])
that for every z > 0,

vo([r,00)) = 27wy ([2?, 00)). (5.2)
Since v is the Lévy measure of some g € L(R),

vo(dz) = ko(x)x 'dx, x>0, (5.3)

for some nonincreasing function kq. It follows from (5.2) and (5.3) that

/ ko(y)y 'dy = 21/ vy (dy), = > 0.

2

By the change of variables u = y? on the left hand side above, we have

2_1/ ko(u?)u du = 2_1/ vy(dy), x> 0.

2 2

Thus, we have
vy (dy) = ki(y)y ™" dy,
where k;(y) = ko(y'/?) is nonincreasing. Hence £(V) € L(R,).
The “if’ part: Suppose u = L(VY2Z) and L(V) € L(R,). Then there exits a

nonincreasing function ki (y) such that

vy (dy) = ki(y)y~'dy.
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Then by (5.2),
/ vo(dy) =27 /2 ka(y)y ' dy

—/ ky(u*)u du, = > 0.

Thus, vo(dy) = ko(y)y 'dy, where ko(y) = ki(y?) is nonincreasing. Hence v is the
Lévy measure of some py € L(R). Since v,(B) = E[vy(Z *B)|, where 1y is defined
by (5.2) from vy, we have p € G(L(R)). This completes the proof. O

We have the following.

Theorem 5.2. ;1 € M(R) if and only if p = L(VY2Z), where L(V) € I(R,) has an

absolutely continuous Lévy measure vy of the form

vy (dr) = L(r)yr~tdr, r>0. (5.4)
The function £ is given by

l(r) = /Oo(x —r) Y2 p(dz), (5.5)

where p is a measure on (0,00) satisfying the integrability condition

/0 2% p(dx) + /100(1 + log z)z Y2 p(dz) < oo. (5.6)

Proof. (i) The “only if” part: Suppose p € M(R). Since M(R) C G(R), we have
p=LVY2Z) for some V € I(R,). Thus, we get for z € R,

E [eizvl/ZZ} _F [e—vﬁ/ﬂ

= exp {—2_1Az2 + / (e 1) I/v(dv)}
0

+
= exp {—21Az2 + /OO vy (dv) /OO (eiz”l/Qu — 1D)o(u) du }
0+ —00

= exp {—2_1Az2 + / (e — 1)dx/ (v~ 22)v™ 2 vy (dv) } :
—00 0+

where A > 0. Therefore, the Lévy measure v, of p is of the form

v,(dz) = ( /0 f P(v™ V2 )12 yv(dv)) dx. (5.7)

By the definition, p € M(R) if and only if v,(dz) = || *g(2?)dz, where g is com-

pletely monotone. Thus, g can be written as

o(r) = / e Qdy), >0,
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for some measure @) on (0,00). By (5.7), we get

/‘¢ U2V () = [2] g (a?). (5.8)

Since
_1/2 (277') 1/2/ e—rw/2w—1/2 dw, r> O,
0

we obtain

/2

g 271' 1/2/ / —r(w+y)/ 1/2 dw@(dy)
(2m) 1/2/ Qdy/ ey —y)V 2 du
=@m*ﬂ/ e mdu [ (= y) QU
0 0

Taking x = /2 > 0 in (5.8), we get

(27?)_1/2 /(:) e T2y =1/2 vy (dv) = (27r)_1/2 /000 e T2 dy /Ou(u — y)_1/2 Q(dy). (5.9)
Let
p(dz) = —z*Q(d(z ™).
Then £(r) in (5.5) becomes

Z/OT (1—yr)"2Q(dy)

_—1/2 ’ -1 _ oV Y20(dw).
. A (' — ) Qdy)
Thus by (5.9),

/ e—r/QUU—l/Q I/V(dU) _ / e—ru/Qu—l/Qg(u—l) du
0 0

+
or

/ e Py (dv) = / e 2y () dv, T > 0.
0 0

+
Therefore

v 2 vy (dv) = v =32 0(v) dv, v >0,
which yields (5.4).
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The integrability condition (5.6) for p is obtained from the fact that

00 > /}R(x2 A1) v,(dx) = /R(|x| Alz| ™) g(a?)dz.

For, this yields that

1 00 00 00
/ $dx/ e~ "u/? Q(dy) < oo and / x_ldz/ e~ "u/2 Q(dy) < oo,
0 0 1

0

and hence
/ [y_l(l —e V) 4 2_1/ ule /2 du} Q(dy) < oo.
0 y

It is obvious that the above condition is equivalent to

/0 (1 + logy ™) Q(dy) + / T yQUy) < . (5.10)

On the other hand,

[ ntin == [ sy = [T o)

and

/1 (1 + log ) 2p(dz) = — / (14 log2)Q(d(x ™)) = / (1 + logy ) Q(dy).

Thus, we get (5.6) from (5.10). The “only if” part is thus proved.

(ii) The “if” part. Suppose u = £(V1/2Z) and the Lévy measure vy of V satisfies
(5.4)—(5.6).

We first claim that the integrability condition (5.6) implies that vy is really a
Lévy measure on (0,00) of a positive infinitely divisible random variable, namely it

satisfies
/ (r A Dy (dr) < oc. (5.11)
0

We have

/OOO(M D (dr) = /01 ro (dr) + /100 v (dr).
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As to the first integral, we have

/0 17“1/V(d7“): / r)dr = / dr / ~2p(dx)
- / plda) [ (o =) P+ / plio) | —

1
1 00
= 2/ Y2 p(dx) + 2/ (2% — (z = 1)"?) p(dx)
0 1
1 oo
< 2/ 22 p(dx) + C’/ 72 p(dx),
0 1

where C' > 0 is a constant. Next, as to the second integral,

/1 o dr) = /1 T dr
- /1 T / (@ =) p(da)
_ /loo p(de) /1 o — ) V2

:/ 22 12 log(x'? + (x — 1)V?)p(dx).
1

Therefore, (5.6) implies (5.11). Furthermore, as we have already seen, v, is expressed

as in (5.7). So, to complete the proof, it is enough to show that when we put

- / " b2y oy (dv),
0

then g(r) is completely monotone on (0, 00). However, for that, it is enough to follow
the proof of the “only if” part from the bottom to the top. This concludes the
proof. (l

Example 5.3. Suppose that the measure p in Theorem 5.2 has the density and for
some 0 < a0 < 1,

pldz) = 27 Y2dg.

This p satisfies the integrability condition (5.6). Then ¢(r) in (5.5) turns out to be
lr)=Kr=®, where K = / )20 2dy < oo,

Thus, vy in (5.4) is the Lévy measure of a positive a-stable distribution, and thus
p€G(LR)) & M(R).
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Example 5.4. (Another example of p such that p € M(R) but u ¢ G(L(R)).) Let p
in (5.5) satisfy (5.6) and that

p([r1,m2]) =0 for some 0 < 71y <719 < 00

and p((r2,00)) > 0. Then the resulting u belongs to M (R). However,
) = [ =) Polde) = [ (=) pldn)

1 T2

< /oo(x — 1) V2 p(dx) = £(r).

2

Thus ¢(r) is not a nonincreasing function so that £(V) ¢ L((0,00)). It follows from
Proposition 5.1 that u = L(V'/2Z7) ¢ G(L(R)).

Acknowledgement

The authors would like to thank Ken-iti Sato for his helpful comments throughout this
work. In particular, the present form of the function ¢(r) in Theorem 5.2 came from

his suggestion. They are also grateful to the referee for his/her various comments.

REFERENCES

[1] Aoyama, T. and Maejima, M. (2005). Characterizations of subclasses of type G distributions
on R? by stochastic integral representations. Submitted.

[2] Barndorff-Nielsen, O.E., Maejima, M. and Sato K. (2006). Some classes of multivariate infinitely
divisible distributions admitting stochastic integral representations. Bernoulli, 12, 1-33.

[3] Feller W. (1966). An Introduction to Probability Theory and Its Applications, Vol. II, 2nd ed.,
John Wiley & Sons.

[4] Jurek, Z.J. (1985). Relations between the s—selfdecomposable and selfdecomposable measures.
Ann. Probab. 13, 592-608.

[5] Maejima, M. and Rosifiski, J. (2001). The class of type G distributions on R¢ and related
subclasses of infinitely divisible distributions. Demonstration Mathematica 34. 251-266.

[6] Maejima, M. and Rosinski, J. (2002). Type G distributions on R?. J. Theoret. Probab. 15,
323-341.

[7] Rosinski, J. (1991). On a class of infinitely divisible processes represented as mixture of Gaussian
processes. In Cambanis, S., et al. (eds.) Stable Processes and Related Topics, Birkhduser, pp.
27-41.

[8] Sato, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge University
Press.

[9] Sato, K. (2006). Additive processes and stochastic integrals. Illinois J. Math. 50 (Doob volume),
825-851.

21



