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@ Trivial zeros of Dirichlet L-functions and p-adic
Kubota-Leopoldt p-adic L-functions.

@ The existence of the trivial zero of the Katz p-adic L-functions.

@ The p-adic regulators and conjectures on the higher derivatives
of the Katz p-adic L-functions at the trivial zero.

@ Results for general CM fields under the Leopoldt conjectures.
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Trivial zeros of complex L-functions

Let x : (Z/NZ)* — C* be a primitive Dirichlet character modulo
N and let L (s, x) be the Dirichlet L-function associated with .
If x is even, i.e. x(—1) =1, then the functional equation reads

1-s 1—s

DLa(s,X) = g0V 72 T (=

72 T ( )-L(1—s,x7Y).

Here g(x) is the Gauss sum of x. The fact that I'(s/2) has a
simple pole at s = 0 implies that

ords—oLoo(0, x) = 1.

These zeros caused by the poles of archimedean L-factors are
referred to trivial zeros.
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Derivatives of complex L-functions at trivial zeros

2mi . . .
Let {y = e~ . A classical formula: if x # 1 is even, then

Loo(0,x) = =2~ IZX ) log(1 — CR).

Let F = Q(¢n)" = Q(cos 2 %) — R and regard x as a character of
Gal(F/Q) via the Artin map. Then

_]_ -
Le0.x)=— >, x(0)logef,

oeGal(F/Q)

where cy = (1 — (y)(1 — (y"') € F* is a totally positive element.
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Trivial zeros of p-adic L-functions

Let p > 2 be a prime and fix an isomorphism ¢, : C >~ C, once and
for all. Denote by w : (Z/pZ)* — C* the Teichmiiller character
induced by ¢,. To each x : (Z/NZ)* — C* a primitive odd
Dirichlet character modulo N, we can associate the
Kubota-Leopodlt p-adic L-function Ly(s, xw) : Z, — Cp, which
enjoys the interpolation formula

Lo(1 =k, xw) = (1 = xw' K (p)p" 1) Loo(1 — k, xw'¥) for k > 1.
In particular, Ly(0, xw) = (1 — x(p))Ls(0, x), and hence
Lp(0, xw) =0 if x(p) = 1.

In this case, s = 0 is called the trivial zero for s = 0 is the pole of
the local L-factor (1 — x(p)p~°)~L.
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Z-invariant

Suppose that x(p) = 1. Let H be the abelian extension of Q cut
out by x. Let O,f,p be the group of p-units. The y-isotypic part of
(’),f,p is defined by

04,0 = {u € 0}, @2 Cp | (0 @ 1)u = (1 x(0))u, o € Gal(H/Q) }

It is known that dimc, Of [x] = 1.

Let log, : C; — C, be the Iwasawa logarithm. Let B3 be the prime
of Oy induced by ¢, and let

loggy :H* ® Cp — Cp,  logg(a ® x) = log,(1p(a))x,
ordg :H* ® Cp — Cp, ordgp(a ® x) = ordyp(a)x.
Define the Z-invariant by

logos (u
2(x) = _Ori:;((u)), u#0€O0f, I
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Derivatives of p-adic L-functions at trivial zeros

Theorem (Gross)
We have

L,(0, xw) = Z(x)Lo(0, x)-

As a consequence, ords—oLp(s, xw) = 1.

This was proved by combining the Gross-Koblitz formula and the
theorem of Ferrero-Greenberg. The non-vanishing of .Z() follows
from the Brumer-Baker Theorem. The generalization of this
derivative formula to totally real fields was solved in a series work
of Darmon-Dasgupta-Pollack (2011), Ventullo (2015), and
Dasgupta-Kakade-Ventullo (2018) by using the Eisenstein
congruence of Hilbert modular forms

Today we will present an analogue of this result for the Katz p-adic
L-functions over CM fields by adapting their ideas to the CM
congruence of Hilbert modular forms
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Hecke L-functions for imaginary quadratic fields

Let K < C be an imaginary quadratic field with the fundamental
discriminant dx > 0. Let x be a primitive Hecke character modulo
f. The classical Hecke L-function of x is defined by

Loo(s,x) = Y x(a)Na™*,

(a,f)=1
where a runs over ideals of Ok and N is the norm from K to Q.

If x has the infinity type (a, b), i.e. x(aOk) = a~?a~" with
a = 1(mod f), then the complete L-function is defined by

L(s,x) == 2(2m)~stm>{2b (s 4+ max {a, b})Loo(s, X)-

There is a functional equation relating L(s,x) and L(1 —s,x1).
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Derivatives of L-functions for imaginary quadratic fields at

the trivial zero

When x has the infinity type (0,0), i.e. x is a ray class character of
conductor f, Lo (s, x) has a trivial zero at s = 0 by the functional
equation. Let K(f) be the ray class field of K of conductor §.
Regarding x as a character of Gal(K(f)/K),we have
ords—oLoo(s,x) =1 and a classical formula:

_1 o
LQO(O’X) ~ 12fw Z x() log ‘pr ‘C’
¥ ceqal(K(j)/K)

where

® wj is the number of roots of unity in K* congruent to 1
modulo f,

@ f is the smallest positive integer in f;
o p; € K(J)* is the Robert's invariant (elliptic units).
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Before going into the p-adic world, we need to introduce some
notation:

@ K: CM field and F, a totally imaginary quadratic extension of
a totally real subfield of F.

Let c be the complex conjugation.
W: a finite extension of the Witt ring W(F,).
x : Gal(K(f)/K) — W*: a ray class character of conductor f.

Ko the cyclotomic Z,-extension of K,

Ecye : Gal(Koo/K) = 1+ pZ, is the p-adic cyclotomic
character,
K(p™) := U2 K(p") the ray class field of conductor p.
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The Katz p-adic L-functions over CM fields

Let ¥ be a CM type of K, i.e. X is a subset of Hom(K, C) such
that

YNYX =0 YUX=Hom(K,C), (X:=%Xoc).

Let Sp(K) be the set of p-adic places of K above p. Let
Y, C Sp(K) be the set of p-adic places of K induced by ¢, 0 ¥.
We say ¥ is a p-ordinary CM type if

Y,NE, =0, L,UX,=S5,(K).
We assume the following p-ordinary condition:
Every prime factor of p in F splits in K. (ord)

The assumption (ord) assures the existence of p-ordinary CM types.
Fixing a p-ordinary CM type X, let Ly (x) € W[Gal(Kx/K)] be
the Katz p-adic L-function constructed by Katz (when § = (1)) and
Hida-Tilouine (when § # (1)).

Ming-Lun Hsieh On the first derivatives of p-adic L-functions



Interpolation formula

The p-adic L-function L5 () is characterized by the following
interpolation property: there exists a complex period

Q = (2 )sex € (C*)* and a p-adic period

Qp = (Qpo)oex € (W*)E such that for every crystalline characters
v: Gal(Kw/K) — C; of weight kX +j(1 —c), we have

WLs()  [05:08] 1 L(0,xwm)
QI/;ZHJ 2d/Ar (ﬁ)kzﬂ' QkZ+2)
X H 1 - Xl/oo )(1 - Xyoo(m ) )
RUSW
(k>0andjeZ>o[X] or k <1and kX +j € Z-o[X]). Here
@ Uy is the grossencharacter of type Ag associated with ¢ such
that 1o, (Q) is the value of v at the geometric Frobenius
Froby at primes Q 1 p,
@ L(s, V) denotes the complete Hecke L-function for v ,
including the Gamma functions at the archimedean places.
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The conjecture on the vanishing order of p-adic L-functions

at the trivial zero

We consider the cyclotomic Katz p-adic L-function
Ls(s,x) : Zp — C, defined by

LZ(S7 X) = g(szyc(ﬁz(X))‘

Put

#{‘Bezp‘x —1}-

The following is an analogue of Gross' conjecture for the vanishing
order of the Katz p-adic L-functions at the trivial zero:

Suppose that x # 1. Then we have

ords—oLs (s, x) = r=(x)-
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Since s = 0 is not a critical value for x and is outside the range of
interpolation, it is not clear that Ly (0, x) = 0 if r=(x) > 0. In the
case of imaginary quadratic fields, it follows from the p-adic
Kronecker limit formula that Ly (0, x) = 0 if r=(x) > 0.

Our first main result asserts that under certain Leopoldt hypothesis,
the trivial zeros occur precisely when rs(x) >0 .
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The X-Leopoldt conjecture for x

Let H=Q X c K (f) be the extension cut out by x. We
introduce the following

Conjecture (X-Leopoldt conjecture for x)

The X 5-logarithm map
logs, : Ofi[x] — (Cp)%,  x = logg, (x) = (log,(1p((x)))oex

is injective.

Remark

@ The Y-Leopoldt conjecture for y is a standard consequence of
the Schanuel’s conjecture in transcendental number theory.

@ When F is a real quadratic field over Q and p splits in F and
X # X©, then there exist at least two p-ordinary CM types ¥
such that the X-Leopoldt conjecture for x holds in view of D.
Roy's strong six exponential theorem.
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The existence of the trivial zero

Let Ar be the absolute discriminant of F. Let 0k /r be the relative
discriminant of K/F and hx/r = hx/hr be the relative class
number of K/F.

Theorem A (Adel Betina and H.)
Suppose that
(i) p16AFhK/F;
(i) x Is of prime-to-p order and is unramified at primes dividing
POK/F-

(iii) The Leopoldt conjecture for F and the ¥-Leopoldt conjecture
for x hold.

Then we have

ords—oLyx (s, x) > 0 if and only if rs(x) > 0.
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A two-variable p-adic L-function

Let Ky, be the maximal Z,-extension of K unramified outside ¥
Let ex : Gal(Kg,/K) — 2: be a character such that ey o ¥ is the
p-adic cyclclotomic character, where ¥ : G2 — G2 is the transfer
map and let e5 := €% be the complex conjugation of ex. Define
the two-variable Katz p-adic L-function % (—, —, x) : le, — W by

Let h = hx. We have

ﬁZ(hsa hS, X) - Lz(hS, X)
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An one-variable improved p-adic L-function

Proposition

There exists an one-variable (improved) p-adic L-function
L3(s,x) : Zp — W such that

Ls(s,0,x) = Lx(s,x) [] (1 — xe£(B)).

RUSW

This p-adic function L3 (s, x) can be viewed as the p-adic
L-function for x along the Z,-extension Ky, /K.

We introduce the improved Katz p-adic Eisenstein measure and
construct £3-(s, x) by the evaluation of this Eisenstein measure at
CM points.
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The non-vanishing of ££(0, x)

The proof of Theorem A boils down to proving the non-vanishing of
the special value £3(0, x).

If K is an imaginary quadratic field, we have

* 1 —
L5(0,x) = BT Z x(c™ 1) log, (o (5))
M secal(K(f)/K)

by the p-adic Kronecker limit formula, so we get £3(0, x) # 0 by
the Brumer-Baker theorem.

For general CM fields, we deduce the non-vanishing of £3(0, x)
from our previous work on the one-sided divisibility of the lwasawa
main conjecture for CM fields and the ¥-Leopoldt conjecture.
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The p-adic regulator Z,

Let logy be the complex logarithm given by
logy : Of[x] — C ~ CE, x — (log(o(x))oesx-
Define the p-adic regulator %, of O[j[x] by
Ry, = det <|ogzp o Iog{l) .
Let O:I,fp be the group of ¥ -units. Then

dime, Oy < Dl = [F : Q] + r=(x)-

Put
V, = ker {Iogzp ; OI>—<I7fp[X] — CE} .

With the X-Leopoldt conjecture for x (<= %, # 0), we have

O:I,fp[X] = 04Xl ® Vy,  dim V= rs(x).
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The Z-invariant .2

Let 33 = {F € T, | x(¥) = 1}. Put
50
ordsg : Vi — C.’, ordzg(x) = (ordqg(x));pezg
05 Vi — CF 135(x) = (g, (N rq, () e
Define the cyclotomic Z-invariant of V, by

&L i=det (f;ygc o ordEé) .
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Higher derivatives of the Katz p-aduc L-functions at the

trivial zero

Assume the ¥-Leopoldt conjecture holds for x. We have
ords—oLp(s, x) > e := rs(x), and

LP(Se’ X) — "gX . (71)6%X
S s=0
x JT @=x®HN Y [T @=x(F)- L0, x).
PeX, PeX,\T9

Here L*(0, x) is the leading coefficient of L(s, x).

Buyukboduk and Sakamoto in 2019 proved that this formula is a
consequence of several open conjectures, including the existence of

the conjectural Rubin-Stark units and the lwasawa main conjecture
for CM fields.
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A conjectural formula for the value ££(0, )

Inspired by the work of Buyukboduk-Sakamoto, we expect that
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The first derivative formula of Ly(s, x)
Define the complex conjugation x€ of x by x(¢) = x(coc). Recall
that we say  is anticyclotomic if x¢ = 1

Theorem B (B.-H.)

Suppose that x is anticyclotomic. With the same hypotheses in
Theorem A, we have

LZ(57X)
S

2 £0x [ @-x@F).

el PET,\IP

In particular, this shows that

ords—oLx(s,x) =1 ifand only if rs(x) = 1 and .2, # 0.

| A

Remark

If r=(x) = 1, the non-vanishing of .Z, is a consequence of the Four
Exponential conjecture in transcendental number theory.
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The proof of Theorem B uses the two-variable p-adic L-function:
@ Use the Proposition to compute the first derivative
%EZ(Sa 0> X)|5:0'
o Adapt the method of Dasgupta, Kakde and Ventullo [DKV] to
the CM congruence to compute the higher derivatives of the
anticylotomic p-adic L-function Ly (s, —s, x).

@ Theorem B follows from the equation

Lz(S, X) _ 2£):(5701X) _EZ(S> -5, X) )
s s=0 s s=0
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Higher derivatives of the anticyclotomic p-adic L-functions

Choose uy € O [x] with ordy(uyp) = 1 and put

Ly = log, (NKm/Qp(“‘B))' Define the anticyclotomic logarithm
by = 2%y - ordy — log, oNky/q, for P € Zg.

Theorem C (B.-H.)

With the same hypotheses in Theorem A, we have

@ ords—oLx(s,—s,x) > rs(x);
(]

ﬁZ(sa —-S, X)

s=(x)

=2 L300 [ (-xF).

s=0 PeX,\1)

Here £ is the anticyclotomic p-adic regulator with
log oNk,,/q, replaced by £y in the definition.
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The proof is divided into the two steps:

@ Choose a nice ray class character ¢ such that y = ¢'~¢. Note
that ¢ # ¢© as x # 1 and construct an explicit congruence
between the Hida family of CM forms 84 and non-CM forms.

e Apply Ribet's method and the techniques of [DKV] to get the
higher derivative formula.

Now we briefly explain the first step in the case of F = Q.
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ordinary .o7-adic forms

Let &7 be the ring of rigid analytic functions on the closed unit disk
D= {s €Cp | |s],J < 1}. Let N be a prime-to-p integer and & be
a Dirichlet character. Let S(N, &) be the space of ordinary </-adic

cusp forms, consisting of

F(s)=>Y_a(n,F)(s)q" € #/[q] (s€D)
n>0
such that for any positive integer k € D with kK = 0(mod p — 1),
F(k) = a(n F)(k)q"
n>0

is the g-expansion of some p-ordinary elliptic modular form of
weight k + 1, level Np and nebentypus &.

Then S(N,§) is a &/-module with the usual action of Hecke
operators. A classical result in Hida theory asserts that S(N, &) is a
finite free &/-module.
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o/-adic CM forms

If ¢: Gal(K(c)/K) — F* is a primitive ray class character with
(¢, pdk) = 1, we put

= Y é(a)(ex(Froby))*¢"" € #[q] (s € D).
(a,pe)=1

Then 6, € S := S(AkNc, ¢ 7k /F) is a Hecke eigenform, where
+:(Z/NeZ)* — C* is the character ¢ (a) := ¢(aOk) foraec Z
prime to Nc. We call 84 the &7-adic CM forms associated with ¢.
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Let o7 be the stalk of & at s =0, i.e.

ot = E aps", ap € Cp | lim \a,,]pr":Oforsomer>0
>0 n—o0
n_

Put St =S ®, T. There is a spectral decomposition of Hecke
modules

ST@uu =20, 05 PS™
Here ¢ is the fractional field of /T and St is .7 -submodule of
ST generated by forms orthogonal to 04 and 6 yc.

Let T* € End,+ ST be the o7 f-algebra acting on S+ generated by

Hecke operators { Ty}, and {Uq}q\pN'
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In view of the works of Darmon,-Dasgupta-Pollack and
Dasgupta-Kakde-Ventullo, to compute the Z-invariant, we will
need to construct a non-zero o7 -adic form . € S+ such that

e 7 is a generalized Hecke eigenform modulo 5", where
r = ords—oLsx(s, —s, X)-

e . (mod s") shares the same Hecke eigenvalues with
0 4c (mod s").
The method of [DKV] tells us that £ can be computed from the

Hecke eigenvalues of 2 (mod s"*1).

The construction of 57 is achieved by the explicit p-adic
Rankin-Selberg method.
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The p-adic Rankin-Selberg method

Let Cr p(s) = Lp(s,1) be the p-adic Riemann zeta function. For
any integer C | N, define

2

Ge(s) =14 ———— Z Z (d)yst | ¢

CP(]' B S) n>0 \ d|n

Here (d) = dw(d)™. Then G¢ = G¢(s) is a p-adic family of

Eisenstein series and since (,(1 — s) has a pole at s =1,
Gc(0) =1.

Let

by:= > d(a)g™

(a,¢)=1
be the weight one CM form associated with ¢. Consider

eord(Gcly) € S(N, ¢4 7k /F) @ Fp.

Here eqrq = lim UJ' is Hida's ordinary projector.
n—oo
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By the spectral decomposition, there exist unique A and B in
K& = Frac & such that
1
A

x

% = eord(GC(5)0¢>) B

0¢ — 9¢c € SJ'.

Proposition (The explicit p-adic Rankin-Selberg convolution)

With a good choice of ¢ and C, the meromorphic function
B = B(s) is given by

L(O7 TK/F)‘CZ(S7 =S, X)
2L5(s,0, x)

B(s) = (k) S

Let rg := ords—o(B) and ra = ords—o(A). We put
F =B - Hifrg>ra;, F=A-ifra>rg.

We thus get a non-trivial congruence modulo s'8 (resp. s™
between non-CM form .% in St and CM forms @4c (resp. 6).
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A special case of the p-adic Kronecker limit formula

To assure we obtain sufficiently many congruence, we need to know
rg = ords—oLx (s, —s, x). This is done by proving the following
special case of the p-adic Kronecker limit formula:

Proposition

Suppose that the Leopoldt conjecture for F holds. For each
character x of the ideal class group of K, we have

~ Jhke ifx =1,
o |0 ifx # 1.

29L%(s,0, )
CF,p(l - S)
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Thank you very much for the attension!
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