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1. What is arithmetic Dijkgraaf-Witten theory 7

What is arithmetic Dijkgraaf-Witten theory 7
<~
e What is Dijkgraaf-Witten theory 7

o What does “arithmetic” mean ?
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1. What is arithmetic Dijkgraaf-Witten theory 7

Dijkgraaf-Witten theory
= a (2+1)-dim. topological quantum field theory (TQFT)

defined by Chern-Simons action with finite gauge group.

TQFT is a framework which provides topological invariants of manifolds,
knots and links.
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1. What is arithmetic Dijkgraaf-Witten theory 7

What doest “arithmetic” mean ?

arithmetic = arithmetic analogue,

based on the analogies in arithmetic topology:

3-dim. topology | number theory

3-manifold number ring
knot prime
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1. What is arithmetic Dijkgraaf-Witten theory 7

Minhyong Kim (2015):

initiated to study an arithmetic analogue of Chern-Simons gauge theory,

arithmetic Chern-Simons theory.

Arithmetic DW theory is an arithmetic analogue of DW theory, based
on Kim's arithmetic CS theory.
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2. DW TQFT and CFT

Dijkgraaf-Witten theory = a (2+1)-dim. TQFT (Atiyah, 1989)
(2+1)-dim. TQFT = a functor

cobordism cat. of 2-manifolds — cat. of C-vector spaces,

which satisfies several axioms.
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2. DW TQFT and CFT

oriented closed surface ¥ ~» quantum Hilbert space Hx;
oriented compact 3-manifold M ~» partition function Zy; € Hyny
(If oM =0, Z(M) := Zy € C)
s.t.
multiplicativity & involutority:

Hzluzz = HEl X HZQ? HZ* - H;:
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2. DW TQFT and CFT

> Yo OM = X7 UXs

Zy € Hypr = H:{\l ® Hy, = Hom (H217H22)

% The partition function Z,; is given by a path integral in physical contexts when
a gauge group is a Lie group. e.g. Jones polynomial (Witten).
In DW theory, Z) is given by a finite sum.
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2. DW TQFT and CFT

+ gluing property:
glue pairing

Zy = 2> Znny)
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2. DW TQFT and CFT

DW TQFT

G : finite group,

c€ H3G,R/Z).

For an oriented compact manifold X with a fixed finite triangulation,
Fx : the space of gauge fields,

Gx = Map(X,G) : the gauge group,

Fx/Gx = Hom(m (X),G)/G.

Key ingredient - transgression hom. (Kiyonori Gomi)

tgy : C3(G,R/Z) — C*4Gx,Map(Fx,R/Z)) (d= dim(X))

Ay = tgx(c) for a surface ¥ — Chern-Simons 1-cocycle
CSy = tgy(c) for a 3-manifold M — Chern-Simons action.
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2. DW TQFT and CFT

Classical theory

The construction of TQFT <
Quantum theory
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2. DW TQFT and CFT

Classical theory

oriented closed surface & ~» Ay € Z1(Gs, Map(Fs, R/Z)),
oriented compact 3-manifold M ~» CSy € C°(Gar, Map(Far, R/Z))

s.t. dC'Spy = res* Ao,
res : Far(resp : Gar) — Fanr(resp : Goar): restriction map

CS 1-cocycle A\y; ~ Gs-equiv. complex line bundle on Fy,
i.e, prequantization bundle Ly, on Fx/Gs.

62W\/j10SM € F(JT"M/QM, res*LaM).
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2. DW TQFT and CFT

Quantum theory (Geometric quantization)

oriented closed surface 3 ~» quantum Hilbert space Hsx;
oriented compact 3-manifold M ~» partition function Zys € Hons

quantum Hilbert space:

Hy :=TI(Fg/Gs,Lx)
={0: Fx — Cl0(g.p) = 2™V~=00(p), (g € Gs,p € Fx)}

DW invariant(partition function):

D)= 5y Y VIO

pPEF M
res(p)=p

* “non-abelian Gauss sum (non-abelian finite theta function)”
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DW TQFT and CFT

Ex 1. If M is closed and c is trivial, we have

_ #Hom(m (M), G)
= e )
Ex 2. Let M — S3 be the double cover ramified over a link
L=KU---UK, (r>2).
G =17/2Z, H3(G,R/Z) = (c) = Z/27Z.
Dy = the mod 2 linking diagram of L.

Z(M)

Theorem (Hikaru Hirano, Riku Kurimaru, Deng Yugqi).

Z(M) = 2"=2  any connected component of D/ is an Euler graph
10 otherwise,

Euler graph = one stroke writing circuit.
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2. DW TQFT and CFT

Relation with 2-dim. conformal field theory (CFT) (Witten)

2-dim. CFT = the modular functor (Segal, 1987)

cat. of 2-manifolds — cat. of C-vector spaces

oriented compact 2-manifold ¥ ~» the space of conformal blocks F,

which satisfies several axioms.

For a closed surface ¥, Ex, ~ Hy; (Beauville-Laszlo).
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2. DW TQFT and CFT

For the case that GG is connected Lie group, the construction of Ey, uses
representations of the extension C> (9%, G) of the loop group C* (0%, G)
(O =S'u---usth):

1 — C* — (0%, G) — CF(9%,G) — 1.
Key - Segal-Witten reciprocity law for loop groups:
“This central extension splits over Hol(X, G)

For G = C%,
SW reciprocity law = the reciprocity law for tame symbols

H{f7g}p =1

peES
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2. DW TQFT and CFT

For the case that G is finite, the construction of Ey; is due to
Brylinski-McLaughlin, by using the analogy:

G finite

G: connected

groupoid C(S*, G) of pr. G-bundles

loop group LG := C*(S%, G)
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2. DW TQFT and CFT

Key ingredients - transgression hom,

tg = / o ev* : H3(BG,C*) — H2(LBG,C"),
Sl

where ev : LBG x S — BG

e H%(LBG,C*) classifies central extensions of C(S!, G) by C*.

e Brylinski-McLaughlin reciprocity law: The extension of C(9%, G)
obtained by elements of the image of tg splits over C(X, G).

BM also give a group theoretic construction of Ey, using
H?(LBG,C*) = ®;H*(Z5(g:),C) (gi: representatives of conjugacy
classes of G).
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2. DW TQFT and CFT

Fusion algebra

For T2 = S' x S, Hy2 = Vi= is equipped with an algebra structure by
TQFT and CFT.

e TQFT (Wakui). Let ¥ be a pair of pants

and consider M := Y x S1. By DW TQFT, we have the product

YAV HT2 ®HT2 — _HTZ.
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2. DW TQFT and CFT

e CFT (Brylinski-McLaughlin). Use the projective representations of

Zc(gi) and the reciprocity law.

e Operator algebras (Dijkgraaf-Vafa-E. Verlinde-H. Verlinde). Physical
(orbifold model) approach. Verlinde's formula for the structure constants.

¢ (Group theoretic) (Bannai, Munemasa). Fusion algebra = center of
quantum double of group Hopf algebra of G = character algebra.
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3. Arithmetic topology

Analogies

| 3-dim. topology | number theory

3-manifold number ring
knot prime
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Arithmetic topology

Historical background

e Gauss (1777 ~ 1855)

* quadratic residues
* linking numbers in electro-magnetic theory
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3. Arithmetic topology

Historical background

e Gauss (1777 ~ 1855)

quadratic residues — class field theory
linking numbers in electro-magnetic theory — abelian CS theory
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3. Arithmetic topology

¢ Grothendieck, Tate, Artin and Verdier etc (middle of 20th century ~)

- ' = BZ = K(Z,1),Spec(F,) = BZ = K(Z,1).
*+ Spec(Oy) enjoys an arithmetic analog of 3-dim. Poincaré duality.

’ K : S' < M (3-manifold) ‘ Spec(Ok/p) < Spec(Ok) ‘

~> Arithmetic Topology (Mazur, Kapranov, Reznikov, M.)
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3. Arithmetic topology

’ 3-dim. Topology

|

Number Theory

|

oriented, connected, closed compactified number ring
3-manifold M Xk = Spec(Oy) U {infinite primes}
knot prime
K:St— M {p} = Spec(O/p) — X}
tubular n.b.d of a knot p-adic integer ring
Vi Ve = Spec(Oy)
boundary torus p-adic field
YK ¥, = Spec(kp)
peripheral group local absolute Galois group
m1(0Vk) II, = Gal(ky/ky)
1st homology ideal class group
H (M) Hy,
2nd homology group unit group
Hy (M) Or
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3. Arithmetic topology

link finite set of maximal ideals
L=KiU UK, S ={p1,...,pr}
tubular n.b.d of a link union of p;-adic integer rings
Ve =V, U---UVk, | Vs =Spec(Oy,)---LSpec(Oy,)
boundary tori union of p;-adic fields
Yr=%k, U---UXk, | Xg=Spec(ky,)U---USpec(ky,)
link complement complement of a finite set of primes
XL:M\Int(VE) Xs=Xp\S
link group maximal Galois group with
Iy =m(Xr) given ramification IIg = Gal(kg/k)
Dijkgraaf-Witten theory ? ‘
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3. Arithmetic topology

link finite set of maximal ideals
L=KiU UK, S ={p1,...,pr}
tubular n.b.d of a link union of p;-adic integer rings
Ve =V, U---UVk, | Vs =Spec(Oy,)---LSpec(Oy,)
boundary tori union of p;-adic fields
Y=Yk, U---UXk, | Xs = Spec(ky,) - USpec(ky,)
link complement complement of a finite set of primes
XL:M\Int(VE) XS:X/C\S
link group maximal Galois group with
Iy =m(Xr) given ramification IIg = Gal(kg/k)

Dijkgraaf-Witten theory ‘ arithmetic Dijkgraaf-Witten theory ‘
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Arithmetic topology

* For an arithmetic analog of DW TQFT, we consider Yp = Spec(k,,) as
an arithmetic analog of an oriented, connected surface.

e ¥, enjoys “2-dim. Poincaré duality” (Tate):

invy : H?(Spec(ky), pin) = Z/nZ,
H*'(Spec(ky), ptn) ~ Ha—;(Spec(ky), Z/nZ) (0 < i < 2).

= X, ~ “orientable, connected, closed surface”

e X, ~ “boundary torus of a tubular n.b.d of a knot".

knot IC
tubular n.b.d Vi
boundary torus OV ~ Vi \ K
torus group
m1(0Vic) = (m,l|[m,l] = 1) | I*™°

finite prime Spec(IFy)
p-adic integers Spec(O,)
¥, = Spec(O,) \ Spec(Fy)
tame Galois group
(r,0|T™ 11 0] = 1)

Masanori Morishita (Kyushu University) Joint

On arithmetic Dijkgraaf-Witten theory

December 7th



Arithmetic topology

® >, ~ “closed surface of higher genus”

The case that k, contains a primitive p-th root of unity and [k, : Q,] =4,

p> 2.

surface group 1 (%)

i=1

:<a17517"'a/87‘|H[ai75i]:1> :<Tl7"'

pro-p Galois group II,(p)

S
 Taa2| T [T, 7] - [Tag1, Tar2] = 1)

e X, ~ “punctured sphere”

The case that k;, does not contain a primitive p-th root of unity and

[kp - Qp] = d.

punctured sphere group (52 \ 7 + 2points)
= (a1, Qrpalar - apgp = 1)

free pro-p Galois group II,(p)
= (T, .., Taga|or - - g0 = 1)
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4. Arithmetic analogies

k: a number field

Oy the ring of alg. integers in k

For a prime ideal p of Ok,

kp: the p-adic field,

Oy: the ring of p-adic integers.

X = Spec(Oy) U {infinite primes}

For a finite set of prime ideals S = {p1,...,p,},
Y = Spec(ky,) LI - - - L Spec(ky,.).

Xg =X\ S.

I, := m1(Spec(ky)) = Gal(ky/kp),

HS = 7T1(X5) = Gal(ks/k).

(ks: max. Galois ext. of k unramified outside 5)

* We see Xg like a 3-manifold with boundary surface Xg.
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4. Arithmetic analogies

n : a fixed integer > 2,
G : finite group,
c€ Z3(G,Z/n7Z).

Assume k contains a primitive n-th root of unity (,.

Arithmetic gauge fields

.

Fg:= HHOIncont(Hpi, G) ~ Gs := G : conjugate action,
i=1

Fxg = Homeont (Ils, G) v Gx, := G : conjugate action,

res : Fxq — Fg © restriction map.
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4. Arithmetic analogies

Arithmetic CS theory (Minhyong Kim).

CS functional Arithmetic CS functional
CS:Fy —R/Z CS: Fxy = Z/nZ
prequantization bundle | Arithmetic prequantization bundle
Ly, on Fx/Gx Lg on Fs/Gs

Key ingredient (M. Kim)

- conjugate action on group cochain c,
- H*(Ily, Z/nZ) = Z/nZ-torsor L(pp) :=d (co py)/B%*(ll,, Z/nZ)
for pp € ./—"p

(= CS 1-cocycle implicit)
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Arithmetic analogies

As in the topological case, we consider the “transgression”
tg, : C3(G,Z/nZ) — C*(G,Z/nZ) (o € G),
defined explicitly by
t8,(c)(g1. 92) = (0,07 910,07 g20) — e(g1, 0,0 920) + (g1, 92, 7).
which is interpreted by Brylinski-McLaughlin's transgression
H3(BG,Z/nZ) — H*(LBG,Z/nZ) = &;H*(Z,,, Z/nZL)

if o = g;.
Using tg and Kim's torsor, we can define the arithmetic CS 1-cocycle

)‘S S Zl(gSaMap(]:SaZ/nZ))?

from which we can construct arithmetic analogs of objects in DW TQFT.
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Masanori Morishita (Kyushu University) Joint

Arithmetic analogies

Arithmetic DW TQFT (H. Hirano, J. Kim, M.).

E’\/?)\g

Yg~ Ag

M ~ CS)y

XSM CSXS

dC Sy = res*Aom

dCSx, =res*\g

prequantization bundle Ly
e2™V=10Sm ¢ T(Far/Gar,res* Lo )

arith. prequantization bundle Lg
cs
C = F(]:XS/QXS,I‘QS*Ls)

quantum Hilbert space

arith. quantum space

Y~ Hy, Yg~ Hg
Hy, :=T(Fx/Gs, Lyx) Hg :=T(Fs/Gs,Ls)
DW invariant arith. DW invariant
M~ Zy € Hopyp XSMZXSGHS
1 = . cs
B =y 3 VT | g () m L T (O
PEFM PEFx g
res(p)=p res(p)=p
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Arithmetic analogies

Basic properties

o multiplicativity:
For disjoint S; and S, we have

HleJSz = H81 ® HSQ'

e involutority:
For S* = S with opposite orientation (so that Ag« = —\g), we have

Hg« = H}.

So, for S = S LI S, we have the pairing

<‘,-> : Hg x HS; —)Hsl.
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Arithmetic analogies

e For a “closed” X}, we can define the arithmetic CS functional C'Sx,
and the arithmetic DW invariant Z(X}) (M. Kim, Lee-Park, Hirano):

CSx, : ka := Hom.(m1(X%),G) — Z/nZ,
cs
Z(Xy) - # Z ¢ Xk(l)

pEFx,,

e For Vg = Spec(Oy, ) U - - - LU Spec(Oy, ), we can also define the
arithmetic CS functional C'Sy, and the arithmetic DW invariant Zyy:

CSv, : Fuy = Z/nZ, Co ¥ € T(Fg 185" L),
Zys € Hg,

where rés : Fy, — Fg is the restriction map.

Masanori Morishita (Kyushu University) Joint ~ On arithmetic Dijkgraaf-Witten theory December 7th



Arithmetic analogies

Ex 1. If cis trivial, we have

#Hom (71 (X), G)'

Z(Xk) = 7

Ex 2. Let k = Q(\/p1--pr), pi =1 mod 4, S = {p1,...,p;} (r>2).
G =17/2Z, H3(G,R/Z) = {(c) = 7. 2.

Dg = the mod 2 linking diagram of S, (—1)%2®iPs) — <pz>
pj

Theorem (Hikaru Hirano, Riku Kurimaru, Deng Yugi).

2"=2 any connected component of Dg is an Euler graph,
otherwise.
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4. Arithmetic analogies

Gluing formula for arithmetic DW invariants (J. Kim, H. Hirano, M.).

Let (-,-) : Hs x H{ — C be the pairing of arithmetic quantum spaces.
Then we have

(Zst ZV§> = Z(Xk)
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4. Arithmetic analogies

Arithmetic analogues of CFT and fusion algebras

e We can construct Brylinski type space of “conformal block” Eg for the
case that G is a p-group and II,,,(p) (p; € S) is the punctured sphere type
free pro-p group.

e We may construct Hg as an Bannai-Munemasa's fusion algebra for the
case that #G|(Np; — 1) and hence Hom,(Il,,, G) = Hom(m (T?), G).
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4. Arithmetic analogies

Questions.

Can we develop arithmetic analogies of the theory of CFT and fusion
algebras 7

Relation between Segal-Witten-Brylinsky type reciprocity law and
Kubota's metaplectic theory for reciprocity law.
Can we develop Kubota's theory to obtain a non-commutative reciprocity
law of Segal-Witten-Brylinsky type in arithmetic ?
(Cf. Zx, is a sort of non-commutative Gauss sum, Hg consists of
non-commutative (finite) theta functions.)

arithmetic Verlinde type formula, dim Hg etc ..
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