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Introduction

o Hypergeometric Functions, How Special Are They? by Frits
Beukers. (An article in Notices of the AMS)

o Hypergeometric Motives by Roberts and Rodriguez-Villegas.
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Introduction

Hypergeometric Series

Hypergeometric Series (HGS): Let a;, b; € Q, z € C.

nln—1

ar & o an | (@)@ (@n)k &
by -+ by’ Z] =2 (1)k(b2)k“'(bn)kz ’

k=0
where (a)g =1, (a)h=a(a+1)---(a+n—1)=T(a+n)/T(a).

As a function of z, F(«, 8; z) satisfies an order-n ordinary differential
equation

00 +bs— 1) (04 by 1)~ 2(0+a) (O +an) F=0, 0=z

which is a Fuchsian equation with regular singularities at 0, 1, and cc.
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Introduction

Some Applications in Number Theory

e For some sepcial g, b, cin Q, the »F; can be interpreted as
modular forms on arithmetic triangle groups.

Example

1
Let A be the modular A-function. Then »F; [2

—_ =

2
: )\] = 03 , where 63
is the Jacobi theta function fs(r) = Y, ¢*°/2.

e For some sepcial a, b, c, the oF4 can be viewed as periods of
algebraic curves.
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Introduction

Legendre Family

ForAcQand XA #0,1,let £y : y? = x(1 — x)(1 — \x) be the elliptic
curve in Legendre normal form.

e A period of E) is

T dx 1 dx
HUE = /0 vy /o N

|

— =

and
2 1
n [

Q(E [ F+n—1 3
(ﬂ-)\) :Z(Z > )\n: 2,:1 2

n=0
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Introduction

For almost all prime p, if A # 0,1 mod p,

#E\Fp) =p+1+ > ¢ (x(1—x)(1-Ax)),

x€lFp

where ¢ is the quadratic character of .

The value

=) e (x(1 = x)(1 = Ax))

x€Fp

e is the trace of Frobenius map;
e is the p-th Fourier coefficient of certain modular form.

—_ =

p—
7 l
ap()\ = Z 2 )\) =: oF

P mod p
%

3!\)
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Examples

Ay 2 =xy(x = \y)(y —1)(1 - x)
Ahlgren: For p > 2,

2 3 3 =G, 6 2
3F2[ 11 1L_1 ::Z (1)5' = ap(n(47)°) mod p°.

n=0 n

Osburn-Straub/Li-Long-T.:

3 3 3 16 6
sF2 ] 1;1 ZFL(H(4T),2)-
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Introduction

Examples
Kilbourn:

11 1 1

4F3 2 ? ? :; 1] Eap(n(27)477(87')4) mod p3
p—1
Zagier:
3 2 2 3 16 4 a
4F3 T 1:1 = — L(n(27)"n(87)",1).
T

FT Tu (LSU) FF HGS and Whipple Decl 8, 2021 9/46



Quintic in P*
e Mirror quintic threefold:
V) :yi+-+ys—x1=0, 503 =y s

e The Picard-Fuchs differential operator of V() is

0* — 5A(50 + 1)(50 +2)(560 + 3)(50 + 4), 6 = )\:)\.

e Schoen (1986): V(1) is modular.
e McCarthy (2012): (Rodriguez-Villegas’ conjecture (2003))

1

2 3 4
sFa|® 27 ?;1] = ay(f) mod p°,
p—1

where ap(f) is the pth Fourier coefficient of an explicit Heck
eigenform f of wight 4 on '5(25) .
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Introduction

Hypergeometric Functions in Number Theory

HG:= Hypergeometric

”

Modular
Forms

HG character sums,
HG L-functions,
Galois representationg

_, Pp-adic unit roots
~ Gross-Koblitz formula ¢
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Main Results of FF Whipple

A hypergeometric datum consists of two multi-sets oo = {ay,--- , an}
and 3 = {1,by,--- ,bp} and an argument z with g;, b; € Q, and
aj—bj ¢ Zforalli,j.
e A multi-set « is said to be defined over Q if
[TL4(X — &™) € Z[X].
e A hypergeometric datum {«, 3, z} is said to be defined over Q if
both «, 5 are defined over Q and z € Q.
o Beukers-Cohen-Mellit (BCM): When the multi-sets « and 3 are
defined over Q, there is an explicit model associated to the

hypergeometric datum. (Magma package: Hypergeometric
Motive)
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Main Results of FF Whipple

Example

e For the multi-sets

a={1/3,2/3,1/3,2/3}, p={1,1,1,1},
the corresponding BCM-model is given by

4 4
W: > xi=> yi=0, (xan)®=3%0exsxyiyays),

which is the rigid Calabi-Yau 3-fold labelled as Batyrev-van
Straten’s V3 3.
e The number of rational points on the completion of W over Fp, is

| W(Fy) |= Q(p) — H(a,:1),
where

BCM{ . 4.1y . 1 9t g2 .3
PO, 51) = o, 55 1) =1 30 | ST @)

IS

X o
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Main Results of FF Whipple

Theorem (Long-T.-Yui-Zudlin)
Letd;,ds € {%, %, %, %} or
then for each prime p > 5, the truncated hypergeometric series

d 1—di b 1—dh

F
473 1 1 1

1| =ap(f,) mod p®
p—1
where ay(f,) is the pth coefficient of an explicit weight-4 Hecke

eigenform f,, associated to the corresponding rigid Calabi—Yau
manifold via the modularity theorem for rigid Calabi—Yau manifolds.

The cases (1/2,1/2), (1/5,2/5), and (1/2,1/3) are verified by
Kilbourn, McCarthy, and Fuselier-MacCarty, respectively.
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Main Results of FF Whipple

Motivated by Long’s work, in the joint work with Li and Long, we
consider hypergeometric motives corresponding to this Whipple’s
formula

1—
7,__6;2 c 1-c P A I
T 3-c t+ec 1+8 37 147
R foo1—f
= CX p 4F3 e 2 D 3 1 ) 1 )
1-5 5—-¢c 5+¢C
o TBrE-nrE+nr(g) . . .
where C = r(%)rz(%g)r(wé—f)r(gw)’ and investigate the basic
questions:

o Galois representation interpretation?
o Modularity?
e HGS-evaluation and periods?
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Consider the Whipple formula

1 5 .
z 3 ¢ 1-¢ S5 1o
7Fe ? 3 1 2p 3 1
:C><<p Fal® L %p 1 ;1]>
1-%2 2-¢ z+c¢
Pyr(3— 1 P
where C = )G f)r(2+f)r(g)

rOr(2)ra+2—-nrg+f’
Hypergeometric data with z = 1:

aez{%,cJ —c,%,f,1—f},ﬁez{1,2—0,%+c,1,g—f,1+f};

2
11 3 1
a4_{§7§7f71_f}764_{1717§_C7§+C}'
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Main Results of FF Whipple

Main Results-1 (simple verion)

Galois sub-representations: mainly based on the works of Katz
and Beukers-Cohen-Mellit.

For any pair (c, f) in the list

TN (LI A 11y Ay 12y (13
2’2)'\2’3)'\2’6)'\33/)'\6'6/’\5'5/)’\10°10)/"
there exists a representation p?“M associated to the hypergeometric

datum {ag, Be; 1} such that the lifted representation pZM of
Gy := Gal(Q/Q) decomposes as

BCM» ~
Py = Osyme D oaire D o1y

of dimensions 2, 2, and 1, respectively.
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Main Results of FF Whipple

Main Results-2

(c.f) [ J J - Tr p " (Frobp)

A5 |1 ap(fs.6.a.a) + P ap(fg.a.aa) + (_71) P

Y 1 e ap(fa6.aa) +P- ap(fioaaa) + (,%) P

(%, %) p? ap(fe6.aa) +P- a(fisa.aa) + (%) p?

LY | p P-ap(foaaa)+ P ap(fasaa)+ (%) p?

(2.2) | PP | p-ap(fiosaa)+ P ap(fs0s.ad)+ <_75> p?

(3.8 1P| PP ap(fanaa) + PP ap(frozaa) + <%> p?
(15:55) | P2 | PP @p(fa02.0.2) + P? - @p(fo0.2.06) + (%) P’

The Hecke eigenforms are given by their corresponding LMFDB labels.

FT Tu (LSU)
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Evaluations and Periods

Theorem (Li-Long-T.)

% % % % % % 1/2+i/2
F 1| =16 f g
65[ 111 1 1 ] //2+,/2 pesa ()
105 1 1 1 1 1 j [/
32i
Fs |2 411 2 2 2 2 2.4q| 2 —/ Tla4.aa(T/2)dT,
11111 ™ Jij2+is2

where the path is taken to be the hyperbolic geodesic from 1/ to =1/
going counter clockwise.
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Evaluations and Periods

Theorem (Li-Long-T.)

]
2
6Fs

—_ =
—_ =
—_ =
—_ =
—_ =

1/2+i/2
, —16/ fseaa T)T2d7-,
1/2+4i/2 2
where the path is taken to be the hyperbolic geodesic from % to %
going counter clockwise.
Osburn-Straub-Zudilin For odd prime p > 5,

1
6Fs

—_ =
—_ =
— N
— N
—_ N

; 1] = ap(fgp.22) mod p°.
p—1
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Main Results of FF Whipple

Hypergeometric Functions in This Talk

For a given hypergeometric datum, we consider

FF hypergeometric functions \ Galois representations

e character sum identities
e hypergeometric evaluations
e modular forms on arithmetic triangle groups

Recent relevant works include: Dembeélé-Panchishkin-Voight-Zudilin,

Osburn-Straub, and a survey and new conjectures by
Dawsey-McCarthy.
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Hypergeometric Functions over Finite Fields

In literature, there some different versions of the finite field
hypergeometric functions:

e Greene, Fuselier-Long-Ramakrishna-Swisher-T. (FF integral
expression)

e Beukers-Cohen-Mellit (BCM), McCarthy, Otsubo (FF
[(-)-functions)

e Katz (HG sums/sheaves in Daxin Xu’s talk, FF Riemann Scheme)
e Furusho (¢-adic HGS)
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Periods/Hypergeometric Functions over Finite Fields

Euler’s integral representation: When ¢ > b > 0,

N | R R /1xb_1(1—X)C‘b‘1(1—)\x)_adx
2T e B(b,c — b) Jg
where 1
_ _ r(ar(b)
B(a, b) = a1 — x)b gy = =22
(a.b)= [ %1 = ax = 28D

is the beta function, and I'() is the gamma function.

2Py

b 1
4 . /\] —/ xP1(1 — x)o7P=1(1 — Ax)~%dx
0

b
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Periods/Hypergeometric Functions over Finite Fields

Period Functions over Finite Fields

Let p be a prime, and g = pS.
o Let ﬁg denote the group of multiplicative characters on Fy.
e Extend x € ﬁg to Fq by setting x(0) = 0.
e Denote y the complex conjugation of x, ¥ = x~
Definition .
Let A € Fg,and A, B, C € Fy;. Define

1

o4

A B ] > B(x)BC(1 — x)A(1 - Ax).

x€lfg

This is a finite field analogue of

a b " ob c—b—1 _a
2P o A ::/ x*1(1 = x) (1 — Ax)%dx
0
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Periods/Hypergeometric Functions over Finite Fields

Let X[V"/41 be the smooth model of

ClVH s N = X1 = x)(1 = Ak,

kK N—i
We can choose oP; |V 2Nﬁ'_/ . \| as a period of C£ K
N

Let g be an odd prime power, and let i, j, k be natural numbers with

1 <i,j,k < N. Further, let ny € F; be a character of order N. Then for
A eFg\{0,1},

N—1
#XN ) =14 g+ Y ST R (1 = XY (1= ax)k).

m=1 x€lFq
N—-1 km —im
VIN;ij K] non "IN TIN .
#Xy T (F) ="+ g+ ) 2Py oy A]
m=1
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Periods/Hypergeometric Functions over Finite Fields

For any characters Ag, Aj, Bi,i=1,--- ,nin ﬁg, define

Ap A - Ap
P CA
n41 n[ B, --- B, ]
A Ay - A
= Z An(x Aan(1 —X) - nPp_4 [ 0 B1 Bn 1 ; )\X] .
xeFq L
When \ # 0,
Ao A - A
P DA
n+14n B --- B,
T g1 (A =\ /B B
- x€Fg
where (g) = —B(-1)J(A,B) = —-B(-1) Y _ A(HB(1 - 1).
teFq
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Periods/Hypergeometric Functions over Finite Fields

oF1-hypergeometric Functions over Finite Fields

M(a) = [;° x%e "% — g(A) == > Ax
x€lFq
B(a,b) == [; x*1(1 = x)?Tdx — J(AB):=> AX)B(1-x)
XE]Fq
Define
e |A B s |A B,
¢ T us e ¢l

which is a finite field analogue of

a b 1 a b
o F; C,A :—B(b,c—b)2 1[ C,A]
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Periods/Hypergeometric Functions over Finite Fields

r(él) © g(A)

B(a, b) = @10 & J(AB) =990 it AB #

r(a+b)

r@r(l—a)=g%. a¢Z < gA)gA) =A(-1)g, A#c

Gauss’ multiplication formula
r(ma)(2x)(M=1/2 = mm=zr(a)l (a+ 1) ---T (a+
I

Hasse-Davenport relation
— m . — m e
9(AM T, 900) = AL = 9(AX)

Xm:E Xm:E

FT Tu (LSU) FF HGS and Whipple
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Periods/Hypergeometric Functions over Finite Fields

Transformation and Evaluation Formulas

are developed theoretically by Ahlgren, Beukers, Barman , Cohen,
Evans, Greene, Katz, McCarthy, Mellit, Papanikolas, Penniston,
Tripathi,...

o Fuselier-Long-Ramakrishna-Swisher-T. We give a systematic
method to obtain certain type of algebraic transformations of
2P1-functions.

o Hoffman-T. We give a general comparison theorem that states
roughly that from a known transformation formula over C one can
deduce a transformation formula over g, up to a Galois twist.

FT Tu (LSU) FF HGS and Whipple Decl 8, 2021 28/ 46



Quadratic Formula

Theorem (Fuselier, Long, Ramakrishna, Swisher, and T.)

LetB,D € F}, and set C = D2. When D # ¢, B # D and x # +1, we
have

C B
C(1 — x) 2l

CB

Cx| .

D D¢B  —4x |
cB a—xp| 2

This is the analogue to the classical result
¢ 1+c _p _4z c b
1—-2)CF |2 2 ; ————| = 2oF -4
( ) 21[ c—b+1 (1—2)2] 21[ c—b+1 ]
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Periods/Hypergeometric Functions over Finite Fields

Theorem (Fuselier-Long-Ramakrishna-Swisher-T.)

Let q be an odd prime power, z # 1 € Fj, ¢ be the quadratic
character, and A € F; of order larger than 2. Then

A ¢A
o4 ¢']=

b

0, ifz is not a square,
A1+ vz)+ A (1 - V2), ifz is a square.

This is the analogue to the classical result

1
a agi;zl:%((1_‘_\/})—23_1_(1_\/})—221)‘
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Periods/Hypergeometric Functions over Finite Fields

Theorem (Fuselier-Long-Ramakrishna-Swisher-T.)

Let q be an odd prime power, z # 1 € F;, ¢ be the quadratic
character, and A € Fy of order larger than 2. Then

1

A ¢A
J(0A, A)

A HA
YZ )

ol = o[y , Z
¢

0, ifz is not a square,
A(1+z)+ A (1 - Vz), ifz is a square.

This is the analogue to the classical result

1
a a-+ s
2Fy 2'Z]

— (v (v ).

1
2
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Periods/Hypergeometric Functions over Finite Fields

N4 N4
2Py ;

na 7
2P

= J(na,m4) 4(1 + b) + J (14,74) ¢(1 — b)
. pP
o

= J (14,74) 6(1 + b) + J (M4, 74) ¢(1 — b).

y*=x(x —1)(x — b?)
y2 _

=x3+ (1 +b)%x

y2 = x(x — 1)(x ~ B?)

FT Tu (LSU)
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FF HGS and Whipple



Hypergeometric Galois Representations

For a given hypergeometric datum {«, 3; z},
e let z= )\ € Q* and [, be a finite field of characteristic
ptled(a, B; ).
e Fix a generator w of ]FAg. Let A; = w(@1a and B; = w(@- b1,

Al A - An;)\

P ‘A) = aPp
(aaﬁr ) ni n—1 B2 Bn

Self-dual: The pair o, 3 is said to be self-dual if it is congruent to the
pair —a, — (3 mod Z. A hypergeometric datum HD = {«, 5; A} is said to
be self-dual if the pair «, g is self-dual and X is totally real; it is defined
over Q if the pair «, g is defined over Q and A € Q*.
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Hypergeometric Galois Representations

Theorem (Katz and Beukers-Cohen-Mellit) Given a datum HD =
{a,B; AN} withaw = {ay,--- ,an} and g = {1,bo,--- , by}, set

M = lcd(aU B), G(M) := Gal (Q/Q(¢um)), and let X € Z[¢u, 1/M] ~ {0}
Let ¢ be a prime. There exists an /-adic Galois representation

pHD : G(M) — GL(W,) unramified almost everywhere such that at
each prime ideal g of Z[(m, 1/(MEX)] with norm N(p) = |kl

Tronp,e(Froby,) =(—1)"TwME)=Dar (_1)P(a, B;1/X; k)
=N(p)* - XHD( ) - FBM (e, B 1/ k),

where Frob,, stands for the geometric Frobenius conjugacy class of
G(M) at p, and xyp(p) is a character of G(M).
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Theorem (Katz and Beukers-Cohen-Mellit)-cont'd
e When \ # 1, dim@(Z W, = nand all roots of the characteristic
polynomial of ppy (Frob,,) are algebraic numbers and have
absolute value N(p)("-1/2,
o If HD is self-dual, then W, admits a symmetric (resp. alternating)
bilinear pairing if nis odd (resp. even).
e When A =1, dim@eWA =n-1.
e If HD is self-dual, then pyp , has a subrepresentation p',';’g',’j; of
dimension 2L%j whose representation space admits a symmetric
(resp. alternating) bilinear pairing if n is odd (resp. even). All roots
of the characteristic polynomial of p‘,ﬁ’g’,’g(Frobp) have absolute value
N(p)=/2.
e If the HD is defined over Q, there exits an ¢-adic representation
pEgl of Gy such that

BCM ~
PHD,¢ ’G(M)— PHD,¢-
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Hypergeometric Galois Representations

Example
e Forthe HD
{a={1/3,2/3,1/3,2/3}, B={1,1,1,1}; 1},
som, gy 1 5~ [900900° o a]?
g (’B’1)_1—p2[ o)
x€Fy
o Modularity:

FEBM(a, 8;1) = ap(fa7.4.02) + P-
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Key ideas of Whipple

FF Whipple

1 1
5 c 1—-c 5 f 1—f
6Fs | ° 3 1 X

5—C z+c¢ 1

S—f S+ £

Lemma For a fixed finite field Fq of characteristic p > 2, and C
F € F;, we have

_ _ — 2
c C F F c ¢C
6Ps ¢ — ) — Z(ﬁ 3]P’2 = Pt
oF oF ¢ ¢C ¢C = oF oF
FT Tu (LSU)
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Example: (¢, f) =(1/2,1/3)

For p=1 mod 6, let n be a primitive character of order 6,

2 -2 2 -2 2
epslcb o ¢ o n 7 ”]ZZ‘“%PZV 776 ] ;tl
t

n mn e € ¢ €
> 12 2 > 2 2
C’aése”qu(t)(zm [” ! ;t] —¢(1—t)p) AN UNSE
€ €
t£1
Clausen+ 2 4 2 =2
Int:i:uct.z¢(t)2p1 [77 n ;t] —2,0(1)(—1)-4]?3 n o ¢;1 +P2
€ e ¢
t£1
2
> 2
+ 3P> U ¢; 1] ;
€ €
2 =2 ¢
3P, | 175 . 1] = J(n, )% + (0, 7°)?.

FT Tu (LSU) FF HGS and Whipple Decl 8, 2021 37/ 46



Key ideas of Whipple

Example - Hecke Eigenforms

Forp=1 mod 6,

2 =2
=p(—1)ap(fs) — pp(—1) - 4P3 [77 775 f f; 1]
=p(—1)ap(fs) + p- d(—1)ap(fs) + 7,

where f; is the weight-4 normalized Hecke eigenform on Ng(12) (or
M0(36), and f; is the weight-6 normalized Hecke eigenform on y(4).
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Key ideas of Whipple

Example - Hecke Eigenforms

Forp=5 mod 6?7?

b ¢ (1) 9(0x)? 9(nPX) 97PX) 4

e e 1] - p- Z g(¢ at?) g(ip) oV
sem ¢(—1) = 90?90 a()* o an-3
= Z OO x(274379).
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Key ideas of Whipple

FF Clausen Formula (Evans-Greene): Assume E, K ¢ 1?; such
that none of E, K¢, EK, EK is trivial. Suppose EK = S? is a square.
When t # 0, 1, we have

E E
3Pz [(b K }—(;t
KS S KS S
=¢(1—f)<2]P’1 ¢ K;t ol ¢ R;l‘]—Q)7
When t = 1, we have
¢ E E J(EK,EK) s s
P | TR (J(SK,¢S) + J(¢SK, S) )
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Key ideas of Whipple

HD
F 72 ¢ 1-¢ B2 f 1-f
Tl 1 3¢ l4c 148 3—f L4t
1 1-p f
=C><<P'4F3 2 2p 3

Hypergeometric data:

1 1 3 1 3 1
a62{55071 _C7§afa1_f}7ﬁ6:{1a§_ ,§+C,1,§—f,§+f};

11 3 1
a4—{§,§,f,1—f},64—{1,1,§—C,§+C}.

1
a3:{%7f71_f}753:{1ag_ca§+0

FT Tu (LSU) FF HGS and Whipple
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Key ideas of Whipple

Theorem—ideas

Set g = N(gp), one has

"P(ag(c, ), Bs(c, f); 1) «— Z ¢p(t) - Tr, (Frob, (W @ Wh)) ",

tergp

"qP(aa(C, 1), Ba(C, £); 1) ¢— —to(9)qP+ Y d(t)Tr Frob,, ( Alt? Wt) K

tery

where Alt?> W; denotes the alternating square of W; and e fis an
explicit quadratic character of Gg¢,) depending only on ¢, f.

FT Tu (LSU) FF HGS and Whipple Decl 8, 2021 42/ 46



Key ideas of Whipple

Theorem (Li-Long-T.) For a fixed pair (c, f) in the list

TN (2N (1Y (1) (1A 12y (1 3
2’2)’\2’3)'\2’6)’'\33)’\6’6/’\5'5)'\10°10/"’
set N = lcd (1+2;*2C, 3%{*20) and M := Icd (a3, 5a)-
Then for any fixed prime ¢ and any X € Z[(y, 1/M], there is an ¢-adic

representation p . : G(M) — GLg, (W) such that at each prime ideal
p of Z[Cm, 1/(2N¢)] and A # 0 mod p,

T (Frobg) = ¢ (—1)P (as, f3: 1/A; k) ,

where ¢, (-) is the quadratic character of «,,.
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Key ideas of Whipple

Theorem-Cont’d

Forany A € Z[Cu(c,n] ~ {0, 1}, at a prime ideal p of Z[(n, 1/N/], we
have

Tr Al py ol gy (Froby) = ¢(1 = 1/A)N(p) - P(a, B3; 1/X; k)
and

Tr SymPp | gy (Froby,)
=P(ag, B3: 1/ X p)? — dp(1 = 1/A)N(p) - P(ag, B3 1/X; Kg).-

Further, Symsz]G(N(Cyf)) contains a 1-dimensional subrepresentation.
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Key ideas of Whipple

HDs(c, f) := {as(c, 1), Be(c, f); 1}
HDZ(Cv f) = {Oé4(f), 64(0); 1} :
Theorem (Li-Long-T.) Let M(c, f) := lcd(HD>(c, f)), and

N(c, f) := led(1+2f=2¢, 3=21=2¢) Then either N(c, f) = 2M(c, f) or
N(c, f) = M(c,f). leen any prime ¢,

PHD, (c,f).¢| GN(e.f) = (€6 @ PHDy(c,1),0)| G(N(e,f) D Tsym,es

where ¢, is the /-adic cyclotomic character, and osym is a
2-dimensional representation of G(N(c, f)) that can be computed
explicitly.
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Modularity

Theorem: Given a prime ¢ and a 2-dimensional absolutely irreducible
representation p of Gg over Q, that is odd, unramified at almost all
primes, and its restriction to a decomposition subgroup D, at /¢ is
crystalline with Hodge-Tate weight {0, r} where 1 <r < ¢ —2 and
¢+1+42r, then p is modular and corresponds to a weight r + 1
holomorphic Hecke eigenform.

Weight: determined by the zigzag procedure.

Theorem(Serre):

Suppose the trace of the representation p of Gg is Z-valued. Then the
p-exponents of the conductor of p are bounded by 8 for p = 2, by 5 for
p = 3, and by 2 for all other bad primes.
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