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ABSTRACT. Let p be an odd prime number and My p a quadratic twist by a
square-free integer D of an F,-valued representation of Gal(Q/Q) attached to a
modular form f. Putting K; p as a number field cut out by My p, we study the
ideal class group Clg, ,, of K p. We give a condition that Clg, , ®F, has My p as
its quotient Gal(K p/Q)-module in terms of Bloch-Kato’s Selmer group of My p.
This is a generalization of the result of Prasad and Shekhar on elliptic curves for
modular forms of higher weight.

1. INTRODUCTION

The ideal class groups of number fields, the Tate-Shafarevich groups and the Selmer
groups of elliptic curves are central objects to study in number theory. Various
relations between them have been studied by many people. For example in [23],
Washington considered a specific elliptic curve defined by the equation of the simplest
cubic, and studied a relation between its 2-Selmer group and the class group of its
2-division field. In [14], Nekovaf studied a relation between the ideal class groups of
certain quadratic fields and the Tate-Shafarevich groups of twists of the cubic Fermat
curve. We note here that they studied the ideal class groups of abelian number fields
over Q. Recently, non-abelian number fields over Q have been also studied well. Let
E be an elliptic curve over Q and p an odd prime number. Hiranouchi [10] studied
the class number of the p"-th division field Q(E[p"]) in terms of the Morell-Weil
group F(Q), where the extension Q(E[p"])/Q is non-abelian in general. Ohshita [17]
further generalize Hiranouchi’s result for a number field F' cut out by a general p-adic
Galois representation. He studied the class number of F' using the Selmer group of
the p-adic representation.

On the other hand, Prasad and Shekhar [19] studied the structure of the ideal class
group of the p-th division field Q(E|p]) as a Gal(Q(E[p])/Q)-module rather than the
class number. Here we briefly introduce their result.

Theorem (Prasad-Shekhar). Let pg, : Go — GLa(F,) be a Fy-valued Galois rep-
resentation associated to E[p] where Gg denotes the absolute Galois group of Q.

Suppose that the following conditions on E hold:
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(1) E has good reduction at p.

(2) In the case that E has good ordinary reduction at p, a,(E) =1 (mod p), and
E has no CM over an extension of Q,, then pg, is wildly ramified at p.

(3) For every finite prime { # p, the Tamagawa number c¢,(E/Qy) of E/Qy is a
p-adic unit.

(4) The F,-representation pg, of Gq is irreducible.

Then dimg, (Sel(Q, E[p])) > 2 implies that the Fy-representation Clggpy)) ® F, of
Gal(Q(EIp|)/Q) has E[p] as its quotient representation.

In this article, we study a higher weight analogue of the above theorem of Prasad
and Shekhar. In other words, we consider [F,-valued representations attached to
modular forms rather than those associated to elliptic curves. Here we describe the

details. Let f(z) = > ", a,q" be a normalized Hecke eigen newform of even weight

k > 2 and level I'\(N) where ¢ := €>™~1* and the parameter z is in the complex

upper half plane. We fix p again as an odd prime number and assume p splits
completely in the Hecke field of f. Then there is an associated p-adic representation
P} Gg — Autg, (V) = GLy(Q,) where V) denotes its representation space. Note
that we take V7 as the one with the Hodge-Tate weight {0,k — 1}. FiXing a Galois
stable Z, lattlce Ty of VP, we put A} := VP/T?, M} := TP/pT} and p} : Gg —
Autyp, (M, 0) = GL2( F,) as a group homomorphlsm correspondlng to Mj. 9. We take
twists of these representations to make them self-dual. Let xcyc (resp. wcyc) denotes

the p- adlc (resp. mod p) cyclotomic character. We define py := pf ® chc , Pf =

p f®wcyc . Next we consider various quadratic twists of p; and py. Taking a quadratic
discriminant D and corresponding quadratic character xp of Gg, we put prp =
Pt @ Xp, pr.p = ps @ xp and write Vi p, My p as their representation spaces. We
take Tt p as the Galois stable Z,-lattice of V;p which is the same as TJ? as a Zy,-
module and put Ay p := Vyp/Tsp. Let Kyp be the Galois extension of Q cut out
by psp. Note that we consider the representation psp and the number field Ky p
as analogues of pg, and Q(E[p]) in the theorem of Prasad and Shekhar respectively.
The main theorem of this article is the following.

Theorem 1.1. Under the above setting, we further assume the following conditions
are satisfied.

(1) ptN.
(2) If f is supersingular at p, then k < p+ 1.

If f is ordinary at p, then p—11 k—1 and the conditions in Proposition 5.11
do not occur.

(3) (7)) > SLy(F,)

(4) ¢(Qg, Ay p) =1 for all prime £ | N.
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Then dimg, (H}(Q, Myp)) > 2 implies that the F,-representation Cly, , @ F, of
Gal(Kyp/Q) has My p as its quotient representation. Here ¢(Qq, Ay p) denotes the
Tamagawa factor of Ayp at € and H}(Q, My p) is Bloch-Kato’s Selmer group of
M;p.

Remark 1.2. Due to Bloch and Kato’s conjecture, the order of HIEK(Q,AﬁD) is
related to the central value L(k/2, xp, f) of twisted L function of f if it does not van-
ish. Here HIfK(Q, Ay p) denotes the p-part of Bloch-Kato’s Tate-Shafarevich group
of Asp. Especially, if p divides the algebraic part L9 (k/2, xp, f) of L(k/2,xp, f),
then we have leK(Q,Af,D) # 0 assuming the conjecture. On the other hand, we
know that if IPX(Q, Af,p) # 0, then we have dimg, (H}(Q, My,p)) = 2 because of
the existence of the generalized Cassels-Tate pairing for Ay p. Hence, under Bloch
and Kato’s conjecture, if p divides L*9(k/2, xp, f), we can see that the class group
Clk, ,, has the representation My p as its quotient from our main result. Thus we
congectually obtain an Herbrand-Ribet type phenomenon for a representation associ-
ated to a modular form.

At the end of this section, we write the outline of this paper. In section 2, we
recall the definition of Bloch-Kato’s Selmer groups and Tate-Shafarevich groups for
p-adic representations and write a sketch of the proof of Theorem 1.1 dividing it into
3 steps. In section 3, we prove the first step of the proof. In section 4, the basic
notions of Tamagawa factor are explained and the second step is proved. In section
5, we prove the third step and complete the proof. Finally in section 6, we introduce
two numerical examples of Theorem 1.1.

Acknowlegement. The author would like to thank his supervisor Professor Masato
Kurihara heartily for his continued support, guiding the author to the topic in this
paper and helpful discussions. He also would like to express his sincere gratitude
to Professors Dipendra Prasad and Sudhanshu Shekhar for valuable comments on
his previous paper [3]. Thanks are also due to Dr. Ryotaro Sakamoto who teaches
him the basic properties of Tamagawa factors which are used in Section 4. He is
also grateful to Professor Neil Dummigan for introducing his paper [4] kindly to the
author, which was really helpful to make some numerical examples in Section 6.

2. A SKETCH OF THE PROOF

In this section, we describe a sketch of the proof of Theorem 1.1. We mainly follow
the strategy used in [3] in which we gave a condition that Clggp)) ® F, has other
irreducible Gal(Q(E|p])/Q)-representation than E[p] as its quotient representation
in the same setting as [19]. In [19], they used the classical p-Selmer group Sel,(E/Q)
for an elliptic curve but, to treat representations coming from modular forms, we
have to deal with Bloch-Kato’s Selmer group H} which we first recall.
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2.1. Bloch-Kato’s Selmer groups and Tate-Shafarevich groups. For a field
F, GF denotes its absolute Galois group Gal(F'/F). For every prime number ¢ and
the p-adic representation V¢ p which we define in Section 1, we fix a local condition

H}c(@g, Vf7D) in Hl(Qg, VﬁD) as

H{(Qe, Vy.p) := H}(Q¢, Vip) := Ker (H'(Qe, V,p) = H'(Q}", Vip)) (£ #p),

H}(Qpa Vip) == Ker (Hl(Qpa Vip) = Hl((@pa Vip @ Berys)) (£ =p).
Here Q)" is the maximal unramified extension of Q; and B,y denotes Fontaine’s crys-
talline period ring which is defined in [1, Section 1]. We also define H}(Qe, Ayp) :=
7 (H}(Qg, Vf,D)) for every ¢, where 7 : H'(Qy, V;p) — H'(Qq, Afp) is a homomor-
phism induced by a natural map 7= : Vyp — Ay p.

Definition 2.1. For V;p and Ay p, we define Bloch-Kato’s Selmer groups as

Hl (@fﬂ Vf,D)
H}‘(@ea Vf,D) ’

1 _ 1 [1Loc, H'(Qu, Afp)
Hf(QaAf,D) = Ker (H (Q)Af,D) 1;[ H}(Qg,AﬁD)) 5

where for every prime number ¢, Loc, denotes the restriction of cohomology classes
to the decomposition group at £ and the products run over all prime numbers.

Loc
H(Q,Vyp) = Ker <H1(@, Vip) [Loce, H

14

The p-part of Bloch-Kato’s Tate-Shafarevich group for A p which we write as
1% (Q, Ay,p) is defined in [1, Section 5] as follows.

Definition 2.2. We define the p-part of Bloch-Kato’s Tate-Shafarevich group for
Af}D as

H} (Q’ Af,D)
m(H}(Q, Vyp))’
where ©: HY(Q, Vy.p) — HY(Q, A p) is a homomorphism induced by a natural map
7w :Vip — Asp. In other words, IHEK(Q, Ay p) is defined by an exact sequence

0 = m(H}(Q,Vyp)) = Hi(Q, Ay p) — HIZ*(Q, A p) — 0.

We note that 7(H(Q, Vy,p)) is the maximal divisible subgroup of H}(Q, Ayp), so
their quotient IHfK (Q, Asp) is always finite which is a well-known conjecture for
classical Tate-Shafarevich groups for elliptic curves.

We also define Bloch-Kato’s Selmer group for the finite module My p. We have an
exact sequence of Gg-modules

75 (Q, Arp) =

0— MﬁD L) AﬁD g AﬁD —0



from which we obtain an exact sequence
(1) 0= (App)* ©F, = H'(Q,Myp) = H'(Q, As.p)[p] = 0,

where the map ¢ in the first exact sequence denotes the inclusion and the second
denotes the one which induced by the first one.

Definition 2.3. We define Bloch-Kato’s Selmer group for My p as
H(Q, My p) := 1 ' (H}(Q, As,p)p))-

The Selmer group H}(Q, My p) can be also defined by using local conditions. In

fact, we define local conditions for My p at € as H}(Qq, My p) == v (H;(Q, Afp)).
Then we have

Loc
H}«@?MLD) = Ker <H1<Q7Mf,D) L > H
J4

H'(Q, My p)
H3(Qe, My,p)

as in Definition 2.1.

2.2. A sketch of the proof of Theorem 1.1. Now we describe a sketch of the
proof of Theorem 1.1. In the following, we fix a modular form f and a quadratic
discriminant D and omit the suffixes of V; p, Ty p, Arp, Myp, K¢ p as VT, A, M, K
when no confusion occurs.

(Stepl) We show that a restriction map
Resk/q : H'(Q, M) — H' (K, M)%*/Q

is injective under the assumption (3) in Theorem 1.1.

Let F be a number field or a local field and N a Gr-module. We define the
unramified cohomology group H! (F,N) as a subgroup of cohomology classes in
H'(F, N) which are trivial on the inertia subgroup at every place of F. Assuming
the claim in (Stepl), the restriction map Resg /g induces an injective homomorphism
between unramified cohomology groups

Resgyg : Hi(Q, M) — HJ (K, M)SE/Q),

Using class field theory, we have H. (K, M)%I5/Q = Homgu ko) (Clx @ F,, M).
Every nontrivial homomorphism in Homgaix/q)(Clg ® Fp, M) is surjective since we
assume the condition (3) in Theorem 1.1 which implies that MY and so M = My, p
are irreducible. Hence every non-trivial homomorphism in Homgai(x/q)(Clx @ F,, M)
realizes M as a quotient Gal(K/Q)-module of Clx ® F,. From this observation and
the above injection between unramified cohomology groups, we obtain an implication,

H! (Q, M) # 0= Clg ® F, has M as its quotient Gal(K/Q)-module.
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We will show the existence of non-trivial elements in H! (Q, M) using Bloch-Kato’s
Selmer group of M in the succeeding steps.

(Step2) Under the assumption (4) in Theorem 1.1, we show that the image of
Hy(Q,M) in H'(Qy*, M) is zero for any £ # p. In other words, we show that

elements in H;(Q, M) are unramified outside p.

Here H} (Q, M) is the Selmer group of M defined in Definition 2.3. Assuming the
claim in (Step2), for a restriction map
Resy' : Hy(Q, M) — H'(Q)", M),

we have Ker(Res)") € H (Q, M). Thus it suffices to show that Ker(Res)") # 0 to
get the main theorem.

(Step3) We study the image of Res," and show that dimg, (Im(Res;")) < 1.
This completes the proof since we assume dimg, (H(Q, M)) > 2.

3. INJECTIVITY OF THE RESTRICTION MAP
In this section, we prove the claim in (Stepl).

Proposition 3.1. Suppose that Im(p}) contains SLy(F,) (the assumption (3) in
Theorem 1.1). Then the restriction map

Resg/q : H'(Q, M) — H'(K, M)%"*/Q
18 tnjective.
(Proof of Proposition 3.1)
It suffices to show that H'(Gal(K/Q), M) = 0. We use the following lemma.

Lemma 3.2. Let G be a finite group and N a finite dimensional representation of
G over F,,. If there is a normal subgroup H of G such that

(1) #H is prime to p

(2) N =0
then H'(G,N) =0 for all i > 0.

For a proof of this lemma, see [3, Lemma 3.2|. We divide a proof of Proposition
3.1 into two cases.

(Case 1: p = 5)

Let L = Q((,, \/5) where (, is a primitive p-th root of unity. First we show
that the image of p} : Gg — GLy(TF,) still contains SLy(IF,) when restricted to G
Let F and Fp, be the fields corresponding to the kernel of ﬁ(} and ﬁ(}\GL in Galois
theory respectively. So we have Gal(F/Q) = Im(p%}) D SLy(F,) and Gal(F./L) =
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Gal(F/FNL)=Im(p}|q,). Let F’ be the intermediate field of the Galois extension
F/Q corresponding to SLy(FF,). Then F' - (FN L)/F" is an abelian extension as
the extension F' N L/Q is. Since we assume p > 5, SLy(F,) is a perfect group. In
other words, SLy(F,) has no non-trivial abelian quotients. So we have F’ - (F' N
L) = F’" and hence Gal(F/F N L) N SLy(FF,) = SLy(F,) from Galois theory. Thus
Im(p|e,) = Gal(F/F N L) D SLy(F,). Since pfple, = ptla,, the image of gy p
also contains SLy(F,) which implies that —/ € Im(p;p) = Gal(K/Q), where I
denotes the unit matrix in SLy(F,). Let H C Gal(K/Q) be the order 2 subgroup
generated by —I. Then H satisfies the conditions (1), (2) in Lemma 3.2 and we have
H (Gal(K/Q), M) =0 for all i > 0.
(Case 2: p=3)

In this case, we know #SLy(F3) = 8 and the elements in SLy(F3) are the following:

(o 9)-C0 5 )3 ) (),
(%) (2 ) (A ) (%)
() (3 7)

Since we assume that Im(p}) D SLy(F3), we can take o € G such that p}(0) = A;.
Since both mod 3 cyclotomic character wey. and xp are order 2, we have py p(o) = A;
or Ay. We can show that there are no non-trivial elements in M which fixed by A; or
Ay by direct computation. So if A; = prp(o) € Gal(K/Q) (resp. Ay € Gal(K/Q)),
then the subgroup of Gal(K/Q) generated by A; (resp. Aj) satisfies the conditions
(1),(2) in Lemma 3.2 since every subgroup of SLy(F3) is normal and 2-group. Thus
we have H*(Gal(K/Q), M) =0 for all i > 0 from Lemma 3.2. O

Thus the restriction map Resg/q : H(Q, M) — H*(K, M)% /@ s in fact an
isomorphism although its injectivity is enough for the proof of the Theorem 1.1.

We put

4. UNRAMIFIEDNESS OF H}(Q, M) OUTSIDE p

4.1. Tamagawa factor of A;p at {(# p). First, we introduce some basic notions
on the Tamagawa factor of A. For a prime number ¢ # p, let I, denotes the inertia
subgroup of Gg, and A := A% /(A%)4,, where (A't)4;, denotes the maximal divisible
subgroup of A’. So A is a finite group.

Definition 4.1. We define the p-part of the Tamagawa factor of A at ¢ as
c(Qy, A) == #A/(Frob, — 1) A = #AMPe=1,
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Here Frob, denotes the Frobenius element in Gal(Q}*/Qy). Note that for an end-
morphism g of A, the orders of ker(g) and coker(g) are the same since A is finite,
hence the second equality in the definition holds. Roughly speaking, this Tamagawa
factor of A can be used to measure the difference H! (Qy, M) and the local condition

H}(Qfﬂ M)
Proposition 4.2. If ¢(Q, A) =1, then H}(Qg, M) = H! (Qq, M).

(Proof of Proposition 4.2)
We first consider the local condition with the coefficient in A.

HL(Qe, A)/H}(Qe, A) > coker (H}(Qe, V) = HiL(Qe, V) = HiL(Q, A))
s coker (vfe /(Froby — 1)(V1*) = Al* /(Frob, — 1)(A“))
—  A/(Frob, — 1)A.
Here we use the following identification in the second isomorphism above.
Hy(Qe, V) = HH Q)" /Qe, V) = V1 /(Frob, — 1)(V)

where the isomorphism ev is given by evaluating every 1-cocycle with Frob,. Thus
if ¢(Qg, A) = #A/(Frob, — 1)A = 1, we have H_ (Qy, A) = H;(Q¢, A). On the
other hand, since H;(Q, M) is the inverse image of H}(Qp, A) = H},(Qg, A) under
L: H}(Qg, M) — H}(QZ,A), we have

Hij(Qp, M) = ker(H'(Qp, M) — H'(Qy, A) — Hp(Q}", A)Fe>e=1)
= ker(H"(Q¢, M) — H'(Q)", M)™™=" 5 H{(Q}F, A)o=1).
Here the homomorphism g is injective. In fact, from an exact sequence of I,-modules
0> M— A5 A0,
we have an exact sequence
0 — (Al @ F,)Frobe=1 _y frL(Qur, M)Frobe=l L, Fi(Qur, A)Frobe=1,
Since A" ® F, = A® F,, we obtain
ker(g) = (A% @ F,))FoP=1 = (4 @ F,)Frobe=! = girobe=l g | — .

In the third equality above, we use the assumption c¢(Qy, A) = #A°Pe=1 =1 to get
HY(Q}*/Qy, A) = 0. Thus the homomorphism ¢ is injective and we get

H}(Q€7M> = ker(Hl(Qf7M> - Hl( er, M>Fr0bZ:1> = H&r«@% M)
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4.2. Unramifiedness of H} outside p. Now we prove the following proposition
which is the claim in (Step 2).

Proposition 4.3. If the Tamagawa factor ¢(Qq, A) of A at € is trivial for every prime
¢ with £ | N (the assumption (4) in Theorem 1.1), then the elements in Hp(Q, M)
are unramified outside p.

(Proof of Proposition 4.3)
Since p > 3, there is nothing to prove for unramifiedness at the infinite place of
Q. If £ 1 N, the inertia subgroup I, at ¢ acts on A% = VJ?/TJ? trivially. So we have

A {Af,D (VD e Qy),

A N0 (otherwise).

Hence we have ¢(Qg, A) = 1 in both cases to get Hj(Q, M) = H} (Q¢, M) from
Proposition 4.2. While for £ | N, we assume that ¢(Q, T') = 1 and obtain H ;(Q,, M) =
H,.(Qq, M). Thus elements in the Selmer group H ;(Q, M) are unramified outside p.

U
Finally, we introduce a sufficient condition on M = A[p] for ¢(Q,, A) = 1.

Proposition 4.4. For a prime number { # p, if MS% =0, then ¢(Q,, A) = 1.

(Proof of Proposition 4.3)
We have an commutative diagram of exact sequences

0 — (A%) gy Al A 0
iFrobp—l iFrobP—l lFrobP—l
0 —— (A1) gy Ale A 0.
Since we assume M%% = 0 and this is equivalent to the condition H°(Q,, A) = 0,
the middle vertical arrow is injective and so is the left vertical arrow. While (A%¢) g,

is the direct sum of finite number of Q,/Z,, the injective left vertical arrow is in
fact an isomorphism. So the right vertical arrow is injective by Snake lemma which

implies c(Qg, A) = #AMP»=1 = 1. O

5. THE IMAGE OF THE RESTRICTION MAP Res;;r

5.1. Image of the localization at p. In this section, we consider the restriction
map Res)" : Hj(Q,M) — H'(Qy", M) at p and show that its image has at most

P
dimension 1 over F, under the assumptions (2) in Theorem 1.1. We decompose the

restriction map as

ur LOCp ReS@gr /Qp ur
Resp H}(QaM)—>H1(@p7M) Hl( M)7

p
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and study the image of Loc, which is the restriction of cohomology classes to the de-
composition group at p. The image of H } (Q, M) under Loc, is in the local condition
H} (Qp, M) at p. By the definition of the local condition and the exact sequence (1),
we have an exact sequence

0— A% @F, — Hj(Q,, M) = H;(Q,, A)[p] — 0.
So we have an inequality

dimp, (Im(Loc,)) dimg, (H;(Q,, M))
(2) dimp, (A“% ®@ F,) + dimg, (H}(Q,, A)[p]) .

The dimension of H}(Qp, A)[p|] can be computed by p-adic Hodge theory. We use
the following fact.

<
<

Proposition 5.1 ([1|, Corollary 3.8.4). Let V' be a p-adic representation of Gg,,
and Dar(V) == (V@Bar) %, D (V) == (V@BJ;)%, where Bag is Fontaine’s de
Rham period ring and By is its valuation ring. If V is a de Rham representation,
then

(3)  dimg, (H}(Qy,V)) = dimg, (Dar(V)/Dg(V)) + dimg, H(Qp, V).

Since we assume p { N, the p-adic representation VJQ of Gg, is crystalline and its
Hodge-Tate weight is {0, k — 1}. So V = V}p is also crystalline with Hodge-Tate
weight {1 — k/2, k/2}, hence we obtain dimg, (Dar(V)/Diz(V)) =2 —1 = 1. Since
H}(Qp, A) is the image of H}(Qp, V') and cofinitely generated as a Z,-module, we
have dimg, (H}(Qp, A)[p]) = dimg, (H}(Q,,V)). Then by (3), we obtain
(4) dimg, (H;(Qy, A)[p]) = 1 + dimg, H°(Q,, V).

From (2), (4), we have
(5) dimg, (Im(Loc,)) < dimg, (A% @ F,) + 1 4 dimg, H(Q,, V).
In the following, we compute the first and the third terms in the above equality.
5.2. Supersingular case.
Proposition 5.2. If f is supersingular at p and k < p+ 1, then we have
A% @ F, = V% =0.
We use the following result of Fontaine and Edixhoven.

Theorem (Fontaine-Edixhoven).
If the weight k of f satisfies 2 < k < p+ 1, then ﬁ(}|GQp 15 irreducible.

Remark 5.3. Note that we cite their result as far as we use it. Their result describe
a more precise local behavior of ﬁ(} at a supersingular prime. See for example [6].
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(Proof of Proposition 5.2)

From the above result, M} and its twist M = My p are irreducible Gg,-modules.
Hence we obtain M%% = A[p]9% = 0 and A% = 0 to get A°» @ F, = 0. Since
the residual representation M is irreducible, the p-adic representation V' is also irre-
ducible as a Gg,-module which implies VG = 0. O

5.3. Ordinary case.
Proposition 5.4. Suppose f is ordinary at p. Then we have V%% = 0.

(Proof of Proposition 5.4)
We fix a basis of TJQ over Z, and this also yields a basis of Vf0 over Q,. Taking
corresponding bases {vy, vy} for its twist V = V p, we know g € Gg, acts on it as

X (@™ g)  ulg)
(6) ( 0 1/J(9)Xi;ck/2 -xp(9),

where 1 : Gg, — Z) is an unramified character and u(g) € Z,. We have a subspace
Wy == Qpu; of V' on which Gg, acts via the character X’jy/fwa—l 1 Go, > Z;. It

VY» £ 0, in other words, there is a non-trivial subspace Wy of V on which Go,

acts trivially, then that is 1-dimensional and linearly independent with W/ since

chszw_l # 1. Then the matrix (6) is similar to

k _
X (9ot (g) 0
0 1
Taking determinants of above matrices, we have

Xeye(9) = XE12(9)xp(9)¥ " (g) for all g € Gq,,

but this equality can not be hold. This is a contradiction and hence we obtain

VCu =0, a

Proposition 5.5. Suppose f is ordinary at p and p— 1t k — 1. Then we have
MY =0 if and only if the following situations depending on D do not happen:
(When pt D)

(a) M does not split as a Gg,-module and p — 1| k/2 and a, =1 (mod p).
(b) M splits as a Gg,-module and p— 11| k/2 or 1 —k/2 and a, =1 (mod p).

(When D = p* = (—1)%17)

(c) M does not split as a Gg,-module and p — 1
(d) M splits as a Gg,-module and p — 1 | k_§+1

’ k—p+1
2

k+p—3
2

and a, =1 (mod p).
and a, =1 (mod p).

or
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(Proof of Proposition 5.5)

We fix a basis of T' }) over Z, as in the proof of Proposition 5.4 and this yields a
basis of MJQ over F,,. Taking a corresponding basis {my, ms} for its twist M = M; p
over IF,,, we know g € G, acts on M as

k/2 1 _
weye (9 (g)  ulg)
(7) < 0 &(mwcl};k/z ) -xp(9),

where ¢ and u(g) € Z, are as in (6) and ¥ and u(g) are their reduction modulo p.
We show that M%% = ( if the situations described in Proposition 5.5 do not occur
by a case-by-case computation.
(Case 1: pt D)

In this case we have v/D € Q). So g € I, acts on M via a matrix

weye(g)  ulg) |
0 wgy—ckm

First, suppose M splits as a Gg,-module, in other words u = 0. For a,b € F,, an
element x = am; +bmy € M and g € I,

g9(z) = glavy + bvg) = awlZ(g)my + bwly " (g)mo.
Thus z € M* if and only if
(8) awt’?(g) = a, bWl F2(g)=1b forall g € I,

cyc cyc

Ifp—11k/2and p—111—£k/2, then conditions in (8) implies a = b = 0 and
we get M%%» C M'» = 0. If one of the conditions p —1 | k/2 or p—1 |1 —k/2
holds, then M'» = F,m; or M'» = F,m, respectively. We know that the Frobenius
element Frob, acts on F,m; and F,m, via multiplication by a,(f)™* mod p and
a,(f) mod p respectively, where a,(f) is the p-th Fourier coefficient of f. Thus
M = (M)Fo%=1 = 0 if we have a,(f) Z 1 (mod p). If a,(f) = 1 (mod p),
MCw is a 1-dimensional subspace of M.
Next, suppose M does not split as a Gg,-module, we use the following lemma.

Lemma 5.6. Suppose M does not split as a Gg,-module. If p—11k —1, then we
have E(Gng) # 0 for a suitable basis of M, where Q;b denotes the mazximal abelian
extension of Q,.

u(g)
0 1 . By

a similar argument with which we obtain the condition (8), we can show that an

We prove this lemma later. From (7), Gga acts on M via
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element © = amy + bmy € M is fixed by Gng if and only if
a=a+bu(g) forall g€ Gaga.
From Lemma 5.7, once we retake a suitable basis of M, there exist g € G@%b such

that 4(g) # 0 which implies b = 0 and we obtain M’ = (MGQ%b)IP = (Fymq)".
Since retaking the basis of M in Lemme 5.7 changes only the upper right component

u of (7) from the proof of Lemma 5.7, I, acts on F,m, still via the character wfy/f .

Hence if p — 11 k/2, then M®» C M =0. If p— 1| k/2, then M’ = F,m, and
Frob, acts on this space via multiplication by a,(f)~" mod p. Thus if a,(f) # 1
(mod p), we have M%% = (M!»)Frob»=1 = () otherwise M“% = F,m,.

(Case 2 : p| D and D # p*)
In this case, Q;r(\/ﬁ) and Q)" ((,) are linearly disjoint over Q). Hence there exists
o € Gau(g,) such that xp(o) = —1. From (7), Gqu () acts on M via

( (1) agg) ) “Xxp(9)-

Thus an element x = amy + bmy € M fixed by Gaur(c,) if and only if
9) xp(g)(a+bu(g)) = a, xp(g)b="> forall g € Gou(,)-

Putting g = o, we obtain b = 0 from the second equality in (9) since p is odd and
then we get @ = 0 from the first equality. Thus we have M%% C M%) = (.

(Case 3: D =p*)

In this case we have an inclusion Q;r(\/ﬁ) C Q,7(¢p). Suppose M splits as a
Gg,-module. As the calculation in (Case 1), an element & = am; + bmy € M fixed
by 1, if and only if

(10) awgld(9)xn(9) = a, b (g9)xp(g) = b for all g € I,
This condition is equivalent to the condition that the same equations hold for a

generator 7 of the Galois group Gal(Q}"((,)/Qp"). We have xp(7) = —1 and weyc(7)
is order p — 1. Thus (10) is equivalent to the condition

(11) —awk/2(7) =a, —bwl_k/Q(T) =b.

cyc cyc
If 21 £ k/2 (mod p—1) and 21 # 1 — k/2 (mod p — 1), then a = b = 0 from the
above condition and we get M“% C M = 0. If one of the conditions 2+ = k/2
(mod p—1) and 25! = 1—k/2 (mod p—1) holds, then M’ = F,m; and M’ = F,m,
respectively. As in the argument in (Case 1), if a,(f) Z 1 (mod p), then M % =
(M)Frobr=1 — () otherwise M@ is a 1-dimensional subspace of M.
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Finally, suppose M does not split as a Gg,-module. By the same argument in
(Case 1), we can show that an element z = amy + bmy € M is fixed by Gga if and
only if

a=a-+bu(g) forall g€ Gaga.
and this implies b = 0 from Lemma 5.7 after retaking a suitable basis of M. Then
M = (M
xr=amg € M “o* is fixed by I, if and only if
k/2

cyc

ab . k/2
%)l = (F,my)" and I, acts on F,m, via wilcxp. So we can sce that

—awdi(T) =a

as we get the condition (11). If 221 # k/2 (mod p—1), then a = 0 from this equality
and we obtain M“% C M = 0. If 25! = k/2 (mod p — 1), then M» = F,m, and
we have M %% = (M1r)Frobr=1 — (F m;)P»=1 This is trivial if a,(f) # 1 (mod p)
otherwise M = Fom;. OJ

To finish the proof of Proposition 5.5 completely, we prove the Lemma 5.7.

Lemma 5.7. Suppose M does not split as a Gg,-module. If p—11k —1, then we
have T_L(G@gb) %+ 0 for a suitable basis of M, where ng denotes the mazximal abelian
extension of Q.

(Proof of Lemma 5.7)
If M = My p does not split as a Gg,-module, then so does MY. Recall that I, acts
on MJ9 via a homomorphism ﬁ?c and the image of g € I, under this is a matrix

weve (9) 0(9)

cyc

(12) (<5 9,

where 9(g) € F,. We show that 0(Gga») # 0 which immediately implies %(Ggg») 7# 0

since v differs from u by a character w(l;ylk/ ’® xp- We use the following fact.
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Proposition 5.8 ([13], Lemma 2.2). Let p > 2 be a prime number and B C GLa(F,)
a Borel subgroup such that B contains a matrix g = ( g [é ) with a # ¢ (mod p).

Let B' := h-'Bh with h = ( (1) b/<cl_ a) )

(1) We can decompose B' which is conjugate to B as
B =B, B,

and B/|B, B] = B'/[B', B'|. Here groups B/, B are defined as

P a 0
Bd_Bﬂ{(O >
10
semn{(11)]per).
k

We put D, := p}(Gq,),Z, = p}(I,). Since we assume p — 11k — 1, wh " is not a

a,cE]F;},

(2) [B, B = By.

trivial character. Then there exist a matrix A € Z, C D, such that A = ( 8 T ) ,

and a # 1 (mod p). Thus D, satisfies the assumptions in Proposition 5.8 and we
have a decomposition of D, as in Proposition 5.8 for a suitable basis of MJ?.

D, = (Dp)d'(Dp>1

ST oeeep {(o ) reny

Since we assume that M} does not split, we have (D,); # {I}. From Proposition

5.8 (2), this means the commutator subgroup of D, is non-trivial which implies D,
is non-abelian. Thus we obtain 9(Gga) # 0 in (12). O

Thus we get conditions on which we have M%%» = (A[p])“% = 0 in Proposition
5.2 and 5.5. Under such conditions, we especially have A% F, = 0. Then from
the inequality (5), Proposition 5.2, 5.4 and 5.5, we obtain the desired inequality

dimg, (Im(Res")) < dimg, (Im(Loc,)) < 1

which is the claim of (Step 3) under the assumptions of the propositions.
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5.4. CM case. However, in the ordinary case, if £ = 2 and T'/p"T splits for all n,
we still have the above inequality dimg, (Im(Res,")) < 1 even when the situation (b)
in Proposition 5.5 occurs.

Proposition 5.9. If k = 2 and T/p"T splits as a Gg,-module for all n, then we
have dimg, (Im(Res,")) < 1.

(Proof of Proposition 5.9)

When the situation (b) occurs, we know that M@ is 1-dimensional over F, from
the proof of Proposition 5.5 which implies A% @ [F, is also 1-dimensional. Thus we
have dimg, (Im(Loc,)) < dimg, (H}(Qp, M)) =1+ 1 = 2 from (5).

For every n € Z>4, I, acts on T'/p"T via a diagonal matrix

( xﬁ%(g) (1) )

since k = 2 and we assume that 7'/p"T splits as a Gg,-module. Here X&;B; denotes
the mod p" cyclotomic character. Note that in the situation (b), we assume p t D
and hence xp is trivial when restricted to the inertia subgroup I,. So we have
(Al[p")» = (T/p"T)"» =2 Z/p"Z and A @ F, = (Q,/Z,) ® F, = 0. On the other

hand, there is a commutative diagram
0 — A% @ F, = Z/pZ — H}(Q,, M)

l i ReS@gr /Qp

0 Al @ F, =0 HY QU M).

Thus the restriction map Resgu /g, is not injective and its kernel has at least dimen-
sion 1 over F,,. Since we have a decomposition Res," = Resqu /g, © Loc,, we get the
desired inequality dimg,(Im(Res)")) <2—1=1. O

Remark 5.10. The splitting condition in Proposition 5.9 corresponds to the con-
dition (2) in the theorem of Prasad and Shekhar. Let T be an integral p-adic Tate
module of an elliptic curve E over Q and suppose E has complex multiplication over
an extension of Q,. Then T /p™T splits as a Gg,-module for every n. Thus the split-
ting condition in Proposition 5.9 holds for T. It is conjectured by Ghate that for a
modular form f which is ordinary at p, T](?/p” splits as a Gg,-module for all n if and
only if f has complex multiplication. For detail, see [9] for example.

To summarize, we obtain the following proposition.

Proposition 5.11. We assume the following:
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o If f is supersingular at p, then k < p+ 1 holds.
o If f is ordinary at p, then p— 11 k—1 and the conditions below do not occur:

(IfptD.)

(a) M does not split as a Gg,-module and p—1 | k/2 and a, =1 (mod p).

(b1) k> 2 and M splits as a Gg,-module and p —1| k/2 or 1 —k/2 and
a, =1 (mod p).

(ba) k=2 and M splits as a Gg,-module and T /p™T does not split for some
n.

(If D =p*:=(-1)"7 p)

(c) M does not split as a Gg,-module and p—1 | 2 and a, = 1 (mod p).

(d) M splits as a Gg,-module and p—1 | == 2+l op k+§_3 and a, =1 (mod p).

Then we have an equality dimg,(Im(Res,")) < 1.

This completes the proof of Theorem 1.1 as we explain in Section 2.

6. NUMERICAL EXAMPLES

We finally introduce some numerical examples of Theorem 1.1. To do this, we
consider situations in which the inequality

(13) dinng, (TE¥(Q, App)lpl) > 2

holds. This inequality implies the condition dimg, (H}(Q, M va)) > 2 in Theo-
rem 1.1. Since the p-adic representation Vyp is self-dual, the IF,-dimension of
175 (Q, Ay,p)[p] is even due to the existence of the generalized Cassels-Tate pairing
in [7]. Hence the inequality (13) holds if and only if III*(Q, Af,p) is non-trivial.
We study when this occurs assuming the Bloch-Kato conjecture.

6.1. Ratios of central L-values. In the following, we assume N = 1. For a qua-
dratic discriminant D and a modular form f(7) = > a,q", we consider a twisted
L-function of f by a quadratic character yp

faXDa ZXD

which converges absolutely when the real part of s is sufficiently large. This complex
L-function can be continued analytically to the whole complex plane and we can
consider its central value L(f, xp, k/2).

Let D, D" € Z be two quadratic discriminants. We think the ratio of central values
of twisted L-functions L(f, xp, k/2) and L(f, xp, k/2). Suppose that L(f, xp, k/2) #
0. Then the Bloch-Kato conjecture predicts such a value in terms of arithmetic in-
variants including the order of Bloch-Kato’s Tate-Shafarevich group IHEK(Q7 Asp),
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and implies an equality of the following p-adic valuations:

(14) . ( L(f.xp. k/2) ) . (#m5K<@,Af,D>> |

volo (Xp, 1 — k/2) (#Tg(Ayp))?

Here vol(xp,1—k/2) denotes certain transcendental part of the value L(f, xp, k/2)
and Tg(A;p) == H°(Q, A;p). For the precise definitions, see [5, Section2]. Note
that the product of Tamagawa factor does not appear in the above equality since we
assume N = 1.

Suppose f satisfies the conditions in Theorem 1.1. Then My;p = Ay plp] is irre-
ducible as a Gg-module which implies #I'g(Asp) = 1. Thus (14) yields

, ( L(f.Xp. k/2)
"\ volo(xp,1 — k/2)

For the transcendental factor voly(xp,1 — k/2), we have the following property.

loo(1 — K/2
Lemma 6.1 ([4], Lemma 6.1). For D > 0, we have voly(xp, 1—k/2) = vo (\/ﬁ / )
Here vol (1 — k/2) denotes the transcendental part of the L-value L(f,1,k/2) for a

trivial character 1.

(15)

) = v, (#II0"(Q, Ay p)) -

Suppose we take two positive quadratic discriminants D, D’. Using Lemma 6.1
and taking a quotient of (15) for D and D', we have

(VD L(xpk/2)\ _( #ITEQ Arp)
P\VD' L(foxonk/2) ) T T\ HIEK(Q, App) )

On the other hand, the twisted L-value L(f, xp, k/2) is studied by Kohnen and
Zagier in [12] in terms of Shimura’s theory of modular forms of half integral weight.
Shimura’s theory gives a correspondence between modular forms of half integral
weight and modular forms of even integral weight. Let Sy(SL2(Z)) be the space
of cusp forms of even weight k& on the full modular group SLy(Z) and S b1 (To(4))

(16)

the space of cusp forms of weight #51 on the congruence subgroup I'g(4). In [11],
Kohnen defined a certain subspace S}, (I'g(4)) of S k1 (I'o(4)) and showed Shimura’s
2
correspondence induces an isomorphism & : St (I'0(4)) = Sk(SLa(Z)). In [12],
2

Kohnen and Zagier gave a formula of the value L(f, xp, k/2) for f € Sk(SLy(Z)) in
terms of the |D|-th Fourier coefficient of £7*(f).

Theorem (Kohnen-Zagier). Let f € Sk(SLa(Z)) be a normalized Hecke eigenform,
g:=rf) =200 g™ € St (To(4)) the inverse image of f under the Kohnen'’s
2
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isomorphism k. Let D be a quadratic discriminant with (—1)/2D > 0. Then
2
‘o _ (k/2-1) |D|(k—1)/2L(faD:k/2)

(9.9) mh/2 (rLn
where (-,-) denotes the Petersson inner product.
Now we put f = A(z) := Y 00 7,¢" (¢ = €*™*), Ramanujan’s cusp form of

weight £ = 12 and level N = 1. Using the theorem of Kohnen and Zagier for
f=A(z),k =12 and the quadratic discriminants D, D" we take before, we have

\/E . L(A7XD76) _ CQD X (2,)5

VD' L(A xp,6) & \ D

where cp,cp are the D and D’-th Fourier coefficients of x~'(A(z)) respectively.
From (16) we obtain an equality of p-adic valuations

#UJH(Q, App) | & (D’
o v <#IHEK(@7ALD')> o (% | (5) '
The main example in [12] provides a formula
KHAR) = g (2GL(A2)0(2) - GA(12)0(:)).

T 2mi
where Gy(2) := 515 + Yoney 03(n)g" (o3(n) = > din d?) and 0(z) == 1+232 ¢~
Thus we can compute the coefficients of x71(A(z)) explicitly and hence the right-
hand side of (17).

6.2. Mod p representations attached to elliptic curves with bad reduction
at p. We set p = 11. This is an ordinary prime of A(z). We consider quadratic
discriminants which are proper multiples of 11 since we assume no conditions in (2)
in Theorem 1.1 for these cases. From the formula

60
HAR) = 5 (26,4200 (=) - G4(42)0(2)),
we compute the 11i-th Fourier coefficient of K 1(A(2)) = > 07 ¢pg" for 2 < i < 7
as follows:

v | 112 C114

2| 22 0

3133 —6480 = —2%.3%.5

41 44 —43680 = —2°-3-5-7-13
5| 55 0

6| 66 0

Continued on next page
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Table 1 — Continued from previous page
1| 1134 C11i
7T 110880 =2°-3%.5-7-11

We take 11 x 7 = 77-th and 11 x 3 = 33-th Fourier coefficients of k~!(A(2)). We
have 33,77 = 1 (mod 4), so they are both quadratic discriminants. We set D = 77,
D" = 33. From (17) for D =77, D" = 33,p = 11, we have

v (#HlﬁK(@,AA,W)) . 0_37 (§)5
#UIGE(Q, Aa 33) s \7 '

We know 11 | ¢77 and 11 1 ¢33 from the above table. Thus we have 11 | #1125 (Q, Aa 77)
which implies rkp,, (IHZX(Q, Aa 77)[11]) > 2. Now we check that p =11, f = Ak =
12, D = 77, D' = 33 satisfies the assumptions of Theorem 1.1. Since we assume
N =1, there is nothing to check for the conditions (1), (4) in Theorem 1.1. It is
known that the image of the representation p : Gg — GLg(F,) contains SLy(F,)
except for the cases p = 2,3,5,7,23 and 691. Thus the assumption (3) is now sat-
isfied. Since our quadratic discriminants D = 77, D’ = 33 are proper multiples of
11, we are not in the situations described in Proposition 5.11, and this is the as-
sumption (2). Thus we can apply our Theorem 1.1 in this situation and see that the
[F11-representation Clg, ., ® F1; has Ma 77 as its quotient representation.

We note that this IFy;-representation Ma 77 of G comes from an elliptic curve
over Q. Let E be the modular curve Xy(11) and fr = > o7, a,q" € S2(To(11)) the

n=1
corresponding cusp form. For A(z) = > 7,¢" and fg, we have a congruence of
coefficients 7,, = a,, (mod 11) which induces an isomorphism between F;; represen-
tations MY and E[11]. Thus we have an isomorphism Ma 77 = Er7[11] @ w2, as
Gg-modules where E7; denotes the quadratic twist of E by 77, and Ma 77 comes
from an elliptic curve. However, we can not treat Ma 77 by the theorem of Prasad
and Shekhar or its generalization in [3] since E77 is bad at 11 and their theorem and

ours in [3] can be used for only good primes.

6.3. Mod p representations attached to modular forms. In the second ex-
ample, we put p = 67. This is also an ordinary prime of A(z) as the first exam-
ple and we consider quadratic discriminants which are proper multiples of 67. For
i € Z, 2 < i < 43, the 67i-th Fourier coefficient of k™1 (A(z2)) = D07 caq™ is
computed as follows:



1 671 Ce7i

2 | 134 0

3 | 201 —2686320 = —2%-32.5.7-13-41
41 268 —4016160 = —2°-32-.5- 2789

5 | 335 0

6 | 402 0

7 | 469 —32215680 =27-3%-5-7-17-47
8 | 536 24612000 = 2°-3-5%-7-293

9 | 603 0

10] 670 0

11] 737 52764720 = 2*-3-5-109 - 2017
12] 804 150433920 = 27-32.5-77-13-41
13] 871 0

14| 938 0

1511005 380298240 = 210.3%.5.7.131
16 | 1072 06387840 = 28 -3%.5.2789
1711139 0

18] 1206 0

1911273 293666160 = 2% -3-5-17 - 167 - 431
20 | 1340 —197892480 = —27-3-5- 103069
21 ] 1407 0

2211474 0

23 | 1541 1340143920 = 2* - 3% . 5. 620437
2411608 122186880 = 27 - 3% -5 - 2357
25 [ 1675 0

26 | 1742 0

27 [ 1809 —67695264 = —2°.3%.72.13 - 41
28 [ 1876 —257725440 = —210.3%2.5.7.17 - 47
29 [ 1943 0

30 [ 2010 0

31 [ 2077 —1106652480 = —2°-3 .5 - 1152763
322144 —590688000 = —2% - 3%.5%.7-293
33 ] 2211 0

34 2278 0

35[2345 | —743484000 = —2°-3-5%-7-53- 167
36 | 2412 —36145440 = —2° - 31. 5. 2789
37 [ 2479 0

Continued on next page
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Table 2 — Continued from previous page
7 671 Ce7i
38 | 2546 0
39 [ 2613 || —981246240 = —2°-3%-5-13 - 23 - 43 - 53
40 | 2680 | 3359129280 =2°-3-5-13-17-71-223
41 | 2747 0
42 | 2814 0
43 2881 | —2622438960 = —2*-3-5.67- 712297

We take 67 x 3 = 201-th and 67 x 43 = 2881-th Fourier coefficients of £~ *(A(2)).
Since 201,2881 = 1 (mod 4), they are both quadratic discriminants. We set D =
2881, D' = 201. Then from (17) for D = 2881, D’ = 201, p = 67, we have

ver (#HI637K(Q7AA,2881)> ~ e Coes1 (i>5
#IIEK(Q, Aa201) Co1 \43 '

From the above table for i = 43,3, we know 67 | cogs1 and 67 1 co01 to get 67 |
#HIEX(Q, A ass1). Thus rkgy, (IEX (Q, Aa 2881)[67]) = 2. Now we check that the
assumptions in Theorem 1.1 satisfied for p = 67, f = A(2),k = 12, D = 2881, D" =
201, N = 1. As in the first example, we see that the conditions (1), (3), (4) are
satisfied. The assumption (2) is also satisfied since A(z) is good ordinary at 67 and
our quadratic discriminants 2881, 201 are proper multiples of 67. Hence we can
apply our main theorem and we can see that the Fgr-representation Clg, ,q, @ Fer
has M 28s1 as its quotient representation.

In this case, unlike the first example, we can show that the Fg;-representation
M 2831 never comes from elliptic curve over Q. In other words, M 2331 can not
be isomorphic to E[67] @ wl,. for some elliptic curve E over Q and ¢ € Z with
0 <7 < p—2. We prove this when 7 = 0 and the other cases can be proved similarly.
Since A is good ordinary at 67, elements of the inertia subgroup g € Ig; at 67 acts
on MA72881 as

(18) ( wfyé(g) a(_g5) ) - X2ss1(9)-

W

cyc
Hence Ma 2851 has a one dimensional subspace /Ny on which Ig; acts via wfyc © X2881-
Suppose this representation Ma 2531 comes from a group of 67-torsion points of an

elliptic curve E over Q. Suppose E has good reduction at 67. Then the representation
E[67] has a 1-dimensional subrepresentation when we see it as a Gg,,-module. So E is

good ordinary at 67 and the above matrix (18) is similar to ( wcy(c](g ) U(lg ) ) for all
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g € Isz where v(g) € Fgr. Then Ma 251 has a 1-dimensional subspace N on which /47
acts via weye. Since it is known that Ma 2gs1 does not split as a Gg,,-representation,
we have N; = N, which implies wfyc ©X2881 = Weye wgyc - Xoss1 = 1. However,

w2, and Yoss1 have orders 66 and 2 respectively and their product is never trivial.

cyc
This is a contradiction. Next we suppose E has bad reduction at 67. First we assume

the reduction is potentially multiplicative. Then the theory of the Tate curve says

0 1
the same conclusion as in the case E is good ordinary at 67. Finally we assume that
E has bad and potentially good reduction at 67. It is a well-known fact that for an
elliptic curve E over Q, which has potentially good reduction at ¢, E acquires good
reduction over a totally ramified extension of degree 4 or 6 over Q,. Let L be such
Weye(g) Z(g)
0 1

Z(g) € Fg7. Hence this matrix and (18) are similar for all g € Ggu:.1 and this yields a
equation wg’yc -X2881 = 1 on G 1, as in the above argument. Then, putting F as the
Galois extension of Qg; cut out by the character wg’yc - x2881 of Ig7, we have F' C L.
However we know [F': QgF] = 66 since Q5 ((s7) and Qgr(+/2881) are linearly disjoint
over Qg7. This is a contradiction and hence the representation Ma 2831 never comes
from an elliptic curve over Q.

that g € Ig; acts on E[67] via ( Weve(9)  0(9) > , where w(g) € Fg7. Hence we get

an extension. Then g € G .1 acts on E[67] via a matrix , where
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