Fitting Invariants in Equivariant Iwasawa Theory

Takenori Kataoka

Abstract.

The main conjectures in Iwasawa theory predict the relationship
between the Iwasawa modules and the p-adic L-functions. Using a cer-
tain proved formulation of the main conjecture, Greither and Kurihara
described explicitly the (initial) Fitting ideals of the Iwasawa modules
for the cyclotomic Z,-extensions of finite abelian extensions of totally
real fields. In this paper, we generalize the algebraic theory behind
their work by developing the theory of “shifts of Fitting invariants.”
As applications to Iwasawa theory, we obtain a noncommutative ver-
sion and a two-variable version of the work of Greither and Kurihara.

81. Introduction

The main concern of this paper is, in various situations of equivariant
Iwasawa theory, how to compute the Fitting ideals (or more generally
“Fitting invariants”) of Iwasawa modules via main conjectures. We start
with reviewing a work of Greither and Kurihara [12] which we generalize
in this paper.

Review of a result of Greither and Kurihara

Let p be an odd prime number and K a totally real number field.
We denote by K%° the cyclotomic Z,-extension of K. Let K’ be a
totally real finite abelian p-extension of K which is linearly disjoint with
K¢ over K, namely K' N K° = K (the assumption that K'/K is a
p-extension is not essential; see [12, Note after Theorem 3.3]). Put L =
K'K%¢, which is the cyclotomic Z,-extension of K’. Then the Galois
group G = Gal(L/K) is the direct product of Gal(L/K’) ~ Z,, and the
finite abelian group A = Gal(L/K%°). Put R = Z,[[G]]. Choosing

Received December 25, 2017.

Revised November 12, 2018.

2010 Mathematics Subject Classification. 11R23, 16E05.

Key words and phrases. Fitting invariants, Iwasawa modules, Tate
sequences.



2 T. Kataoka

a topological generator v of Gal(L/K’), we have an isomorphism R ~
Zp[[T)[A] which sends v to 1 + T. Let ¥ be a finite set of places of
K containing the primes above p and primes which are ramified in the
extension K'/K.

As an algebraic object, we consider the -ramified Iwasawa module
Xx(L), which is defined as the Galois group of the maximal abelian
pro-p extension of L which is unramified outside . It is known that
X5 (L) is a finitely generated torsion R-module. Here the torsionness of
an R-module means that it is torsion as a Z,[[T]]-module. On the other
hand, as an analytic object, we have the equivariant p-adic L-function
Or/k,x € Q(R)*, where Q(R) denotes the ring of fractions of R (see, for
instance, [12, Section 3] or [16, Definition 5.16]). The main conjectures
claim that the structure of Xx(L) is closely related to Ok 5. In our
abelian situation, there are several formulations of main conjectures and
they are proved under the hypothesis that the p-invariant of Xx(L)
vanishes ([28, Theorem 11], [16, Theorem 5.6]).

One of the main objectives in [12] is to compute the Fitting ideal
of X5(L) as an R-module. Here we recall the definition of the Fitting
ideals (see [24, Section 3.1] or [7, Section 20.2]). For a finitely generated
R-module M, take a presentation

RC R M 0

with h regarded as an a x b matrix over R. Define the Fitting ideal of
M by

Fittgr(M) = (det(H) | H is an a X a submatrix of h)g,

which does not depend on the choice of the presentation h. If a > b,
then we have Fittpr(M) = 0. To ease the notation, we write F(M) =
Fittg(M) for a while. The following observation will be important. Let
P be a finitely generated torsion R-module with pd(P) < 1, where pdp
denotes the projective dimension over R. Then F(P) is principal and
invertible as a fractional ideal of R since P fits into an exact sequence
of the form 0 - R* — R®* — P — 0 (see also Subsection 2.2).

Now, by the philosophy of main conjecture, our object F(Xx(L))
should be related to the principal ideal (O x x). But the problem is
that the various existing formulations of the main conjectures do not
directly tell us the precise description of F(Xx(L)).

Greither and Kurihara [12] overcame such difficulties. In order to
state their result, fix a decomposition A = [[;_; A® where A®) is a
cyclic p-group. Then we can construct an exact sequence

s(s+1)

S AT B AT Bz, (AP B 7,[A] 5 Z, -0
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(see Subsection 4.3). Let Ba be the cokernel of ds, so we have an exact
sequence

(1) 0= Ba — Zp[A]* B Z,[A] — Z, — 0.

Letting T act trivially, we regard this sequence as a sequence of R-
modules.

Theorem 1.1 ([12, Theorem 3.3(a)], [13, Theorem 4.1]). Suppose
that the p-invariant of Xx (L) vanishes. Then we have

.F(XE(L)) = @L/K7ET178]:(BA).

Here, we already know that Ba has the presentation ds over Z,[A].
So the Fitting ideal of BA over R can be computed, though it is com-
plicated when s is large. In fact, one of the topics in [12] is to compute
F(Ba), and in [14] a set of explicit generators is obtained.

The main ingredient of the proof of Theorem 1.1 is the existence of
an exact sequence

(2) 0—>Xs(L) > P =P, —7Z,—0

of finitely generated torsion R-modules with pdp(FP;) < 1 for ¢ = 1,2.
Moreover P, can be chosen as P ~ Z,[A]. The existence of such a se-
quence (reproduced in Proposition 5.3) is used to formulate the equivari-
ant main conjecture by Ritter and Weiss [28]. Then basically Theorem
1.1 is proved by comparing the sequences (1) and (2), though the method
is technical and complicated. Note also that [12] uses the character-wise
main conjecture of Wiles [36] and does not depend on the result of Ritter
and Weiss [28].

Algebraic Results: Shifts of Fitting Invariants

Keep the above notations. The first result in this paper clarifies the
algebraic theory behind Theorem 1.1 as follows.

Theorem 1.2. Let M be a finitely generated torsion R-module. For
any n > 0, take an exract sequence

(3) 0O>N—->P—---—P,—-M-=0

of finitely generated torsion R-modules where pdp(P;) <1 forl <i<mn.
Then the fractional ideal

Fr) = (H f(P»“Ui) F(N)

of R is independent of the choice of the sequence (3).
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We call FI"! the n-th shift of F. The proof of Theorem 1.2 is given by
Theorem 2.6 and Proposition 2.7. In fact, Theorem 1.2 is valid for any
commutative noetherian ring R (with the definition of torsion modules
clarified).

We can easily deduce Theorem 1.1 from Theorem 1.2 as follows.
Applying Theorem 1.2 with n = 2 to the sequence (2) yields F(Xx (L)) =
F(P)F(Py)~ ' FRl(Z,). More impressively, this equality can be written
as

F(Xs(L)) = ]:((I)L/K,E)]:[Q](Zp)

where @,k 5 = [P1]—[P%] is regarded as an element of the Grothendieck
group of the exact category of finitely generated torsion R-modules of
projective dimension < 1. (F actually factors through that Grothendieck
group: see Remark 2.5(3).) Since F(Z,[A]) = (T'), Theorem 1.2 ap-
plied to the sequence (1) yields F12/(Z,) = T'=*F(Ba). Finally, Rit-
ter and Weiss [28, Theorem 11] proved the equivariant main conjec-
ture F(®r/x x) = (O1/k, ) assuming the vanishing of the y-invariant.
These prove Theorem 1.1.

In this paper, we further generalize the concept of the shifts of F
in several directions. One direction is to consider a noncommutative
ring R. In that case, an analogue of the Fitting ideals is not defined in
general. However, for certain rings R, such as R = Z,[[T]][A] with A
a noncommutative finite group, Nickel [21] defined the noncommutative
Fitting invariant Fittz™ (we recall the definition in Subsection 2.3). In
order to treat the commutative case and the noncommutative case si-
multaneously, we will introduce an axiomatic Fitting invariant (called
simply a Fitting invariant). The usual Fitting ideals and the noncom-
mutative Fitting invariants of Nickel are certainly examples of Fitting
invariants as we will show in Propositions 2.7 and 2.11, respectively.
Then Theorem 2.6 asserts that the shifts of any Fitting invariant are
well-defined by the same formula as in Theorem 1.2.

Another direction of the generalizations of the theory of shifts is
to define the n-th shift for a negative integer n. To that end, we will
impose Assumption 3.3 and use a duality on a certain category C of
finitely generated torsion R-modules. We will also have to introduce
another slightly different axiomatic Fitting invariant (called a quasi-
Fitting invariant). A quasi-Fitting invariant is defined only on C, but
satisfies an apparently stronger axiom than a Fitting invariant. The
previous examples of Fitting invariants indeed give rise to examples of
quasi-Fitting invariants. We will also propose a quasi-Fitting invariant
for the Iwasawa algebra of a compact p-adic Lie group as considered in
[4].
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For a quasi-Fitting invariant F, in Theorem 3.19 we will define a
well-behaving n-th shift F{ (M) for any integer n and any module M
in C. (The reader can now take a look at the statement of Theorem 3.19
to see the analogy with the definition of F1™.) Moreover, by Theorem
3.20, the definition can be extended to any integer n and any finitely
generated torsion R-module M (not necessarily contained in C).

As we will see in Subsection 4.2, one useful application of nega-
tive shifts is the simplified proofs (and the generalizations) of the alge-
braic propositions ([3, Lemma 5], [16, Proposition 7.3] and [21, Propo-
sitions 5.3.2 and 6.3.2]) claiming the relation between the “typical” Fit-
ting invariants of modules in certain four term exact sequences. From
our point of view, their assertions can be written as the simple form
F(2(M) = F(M*) as in Propositions 4.7 and 4.12.

Applications to Iwasawa Theory

In Section 5, we apply our theory of shifts to various situations
in Iwasawa theory. We now sketch the results without explaining the
precise notations. The first application is a non-commutative version of
Theorem 1.1.

Theorem 1.3 (Theorem 5.4). Let K be a totally real number field,
L a totally real, Galois extension of K which is a finite extension of
K¢, Let 3 be a finite set of places of K containing all primes above p
and primes ramified in L/K. We denote by O i 5 the equivariant p-
adic L-function. Suppose that the u-invariant of Xs (L) vanishes. Then
for F =Fitty™ where R = Z,[[Gal(L/K)]], we have

F(Xs(L)) = Or/x nF2NZy).

Though Theorem 5.4 uses F(?)(Z,) instead of FI?(Z,), they are
equal by Remark 3.25 and the fact that Z, € C. We also note that
Fl (Z,) should be computed by constructing an exact sequence of the
form (1), but the construction seems difficult in general and we do not
study the problem in this paper.

The following is a result about a finite CM Galois extension of num-
ber fields. See Remark 5.9 for the relation with previous works.

Theorem 1.4 (Theorem 5.8). Let K be a totally real number field,
K' a CM, finite Galois extension of K containing p,, the group of p-th
roots of unity. Let X2 be a finite set of places of K containing all primes
above p and primes ramified in K'/K. We denote by 0k k x(s) the
equivariant zeta function. Put L = (K')%¢ and G' = Gal(L/K'). Sup-
pose that the p-invariant of X, (L") vanishes. Then for Fr = Fittp™
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where R’ = 7Z,[Gal(K'/K)] and any n € Z, r > 2, we have
]_-1<%7}> (XZ(L+)(—7“)G/) = eK’/K,Z(l — ’I")(_l)n./—"1<{}+2> (ZP(_T)G’)y

where (—r) denotes the Tate twist.

The following result has been proved by Greither [10, Theorem 3].
In this paper we reprove it via a systematic use of the (—1)-st shift
F,

Theorem 1.5 (Theorem 5.12 and Lemma 5.13). Consider the sit-
uation of Theorem 1.3, and assume that L/K is abelian. Let ¥, denote
the set of primes above p and we consider Xx (L). Let 1) be a non-
trivial character of G of order prime to p and the subscript i denote the
w-part. Then for F = Fittr, we have

F(Xs,(L)s) = O/xs)e ] (NN 1>¢'

’UEE\ZP Oy — m(v)

Here oy, is a lift of the Frobenius element, M(v) is the order of the residue
field at v, Ny, is the norm element of the group ring associated to the
inertia group I,,.

As the final result, we give a two-variable version of Theorem 1.1.

Theorem 1.6 (Theorem 5.16). Let K be an imaginary quadratic
field in which p splits into two primes p,p. Let L be an abelian extension
of K which is a finite extension of K, the Zg—efctension of K. Let X be
a finite set of places of K containing all primes above p and primes
ramified in L/K. Put X9 = X\ {p} and we shall consider Xz, (L).
Then for F = Fittg where R = Z,[[Gal(L/K)]], we have

F(Xso (L) = F(rr.n0) F (L),

where ®p i 5, is the K-theoretic invariant defined via the sequence in
Proposition 5.15.

In our forthcoming paper, we hope to study an expected main con-
jecture relating @,/ s, with a certain p-adic L-function.
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§2. Fitting Invariants
2.1. Shift

Let R be a (not necessarily commutative) ring with unity, which is
(both left and right) noetherian. Let S be an Ore set of R consisting
of non-zero-divisors. In other words, S is a set of non-zero-divisors of R
satisfying the following conditions:

e lcS.
o If f,ge S, then fge S.
e If feS,ac R, then fRNaS # 0 and Rf N Sa # 0.

Note that the final condition is trivial if R is commutative or, more
generally, S is central in R. A typical example to keep in mind is the
following.

Example 2.1. Let p be a prime number. Let G be a profinite group
containing an open central subgroup G’ which is isomorphic to Zg with
d > 0. Put R =7Z,[[G]],A = Z,[[G']] and S = A\ {0}. Then S is indeed
an Ore set since G’ is central. It is known that A is isomorphic to the
ring Zy[[Th, . .., Ty]] of formal power series in d variables.

In this section, a module basically means a left module. However,
every argument is also valid for right modules by symmetry. An R-
module M is said to be S-torsion if every element of M is annihilated
by an element of S. Let M = Mp s be the category of all finitely
generated S-torsion left R-modules.

For a left R-module M, we denote by pdg(M) the projective di-
mension of M over R, which can be defined by

pdg(M) = sup{i € Z | Ext’s(M, N) # 0 for some left R-module N}.

If Ext’% (M, N) = 0 for any N and i, which happens only when M = 0,
then we put pdr(M) = —oo. Hence pdz(M) is a nonnegative integer
or oo. Now we define a full subcategory P = Pgr g of M by

P={PecM|pdy(P)<1}.



8 T. Kataoka

Lemma 2.2. Let 0 - M’ — M — M"” — 0 be an ezact sequence
of R-modules.

(1) M is in M if and only if M' and M" are in M.

(2) Suppose that M" is in P. Then M is in P if and only if M’ is
mn P.

Proof. (1) Clear.
(2) This can be proved by taking the extension groups of the given
short exact sequence. Q.E.D.

Lemma 2.3. (1) For any f € S, the R-module P = R/Rf is
contained in P.

(2) For any M € M, there are a module P € P and a surjective
homomorphism P — M.

Proof. (1) P is S-torsion by the Ore property of S. Then the exact

sequence 0 — R ﬂ R — P — 0 of left R-modules shows that P € P.
(2) Let x1, ..., x, be a set of generators of M and choose f; € S such

that f;z; = 0. Then we obtain a surjective map P = @_, R/Rf; — M

induced by (a;); — >_._, a;x;, and P € P follows from (1). Q.E.D.

As mentioned in Section 1, to treat simultaneously the Fitting ideals
in the commutative case and the noncommutative Fitting invariants de-
fined by Nickel, we introduce a kind of axiomatic Fitting invariants as
follows.

Definition 2.4. A Fitting invariant is a map F : M — Q where
is a commutative monoid, satisfying the following conditions:

e If PeP,then F(P) € Q*, the group of invertible elements of
Q.
e If0 - M — M — P — 0is an exact sequence in M with
P € P, then F(M) = F(P)F(M").
Here, even though M is a category, a “map” merely means that F
defines an element F(M) of Q for each object M of M. Since the
second condition implies in particular that isomorphic objects are sent
to the same element, F also can be regarded as an actual map from the
set of the isomorphism classes of objects of M. In this paper, we will
often similarly abuse the word “map”.

Remark 2.5. (1) We can see that F(0) is the identity element of
). (Here 0 denotes the zero module.)

(2) By a standard argument, it can be shown that there is a unique
universal Fitting invariant F : M — Qin anatural sense. Namely, Fisa
Fitting invariant such that, for every Fitting invariant F : M — €, there
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is a unique monoid homomorphism ¢ : Q — Q such that F = ¢o F. It
seems an interesting question to what extent we can distinguish modules
by the values of F. See Example 2.9.

(3) Consider the Grothendieck group Ko(P) of the exact category
P. By the properties of a Fitting invariant, the restriction F|p of F to P
induces a group homomorphism Ky(P) — Q*. So F cannot distinguish
modules in P which represent the same element in Ko(P).

The following is the fundamental theorem in this paper.

Theorem 2.6. Let F : M —> Q be a Fitting invariant. Then for
any n > 0, the following map F™ : M — Q is well-defined. For each
M € M, take an exact sequence

O=N—=-P = =P, —+M—=0

in M with Py,..., P, € P and define

Fl(pm (H]: (1)1> F(N).

Moreover, FI"l : M — Q is again a Fitting invariant.

Before the proof, we note that F"(P) = F(P)(=1" for any P € P,
as long as the well-definedness of F["( P) is established. This is shown
by taking N =P =.--- =P, 1 =0,P, = Pif n > 1, and by taking
N = P if n = 0. We also note that we have defined FI°(M) = F(M)
for any M € M, and it is obviously well-defined.

Proof. The existence of such an exact sequence follows from Lem-
mas 2.2(1) and 2.3(2). First we show that it is enough to show the
assertion for n = 1. The case n = 0 is obvious. Suppose n > 2, then
by induction we may assume that FI"~ is well-defined and is a Fitting
invariant. By the case n = 1, the Fitting invariant (]—' [”_11)[1] is well-
defined. Then for a sequence defining FI™ (M), letting L be the kernel
of P, - M, we have

(Fir=hary = Flir=t(p,) =t F (L)

= F(P, - (h]: ( 1)’) F(N)
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This shows Fll = (.7:[”71])[1]

whole assertion.

Now let us show the assertion for n = 1. Take two exact sequences
0> N—->P—>M-—=>0and0 > N — P - M — 0in M with
P, P’ € P. Then we can construct a commutative diagram with exact
rows and columns

. Thus the assertion for n = 1 implies the

where L is defined as the pull-back of P and P’ over M. We have L € M
and

F(P)TUF(N) = F(P) I F(P)UF(L) = F(P)F(N),

which shows the well-definedness of FU.

To show that FIU is a Fitting invariant, let 0 — M’ — M — P — 0
be an exact sequence in M with P € P. Take an exact sequence 0 —
N — P — M — 0in M with P’ € P. Then we can construct

0 M’ M P 0
0 p” P P 0
N=—7==N

where P is defined as the kernel of P’ — M — P. Since P" € P, we
obtain

FU(M) = F(PYYF(N) = F(P) " F(P") ' F(N) = FI(P)FI ().
This completes the proof. Q.E.D.

2.2. Fitting Ideals over a Commutative Ring

As the most fundamental example, when R is commutative, we show
that the (initial) Fitting ideal can be regarded as a Fitting invariant.
Let R be a noetherian commutative ring and .S a multiplicative set of R
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consisting of non-zero-divisors. Recall that the Fitting ideal Fittz(M)
for a finitely generated R-module M is defined as in Section 1. The
definition is valid over any noetherian commutative rings.

Proposition 2.7. Let Q be the commutative monoid of finitely gen-
erated R-submodules of ST'R. Then the map F : M — Q defined by
F(M) = Fittg(M) is a Fitting invariant.

Proof. We first show that F(P) € Q* for P € P. Finitely gen-
erated R-submodules of S~!R will also be called fractional ideals of R
with respect to S. Therefore Q is the monoid of fractional ideals of R
with respect to S.

At first we suppose that R is a local ring. Then P € P implies

that there is an exact sequence 0 — R M Re & P 0. Since P is
S-torsion, h is an invertible matrix as a matrix over S™'R. Therefore
Fittg(P) = (det(h)) is a principal ideal generated by an element which
is invertible in S~'R. In particular it is invertible as a fractional ideal
of R with respect to S.

We consider general R. For any prime ideal q of R, we take the image
Sq of S under the canonical map R — R, as a fixed multiplicative set
of Rq. Then it can be shown that an ideal I of R is invertible as a
fractional ideal of R with respect to S if and only if IR, is invertible
as a fractional ideal of R, with respect to Sy for any prime ideal q of
R. For any q, the local case implies that Fittr(P)R, = Fittg, (Py) is
invertible as a fractional ideal of R, with respect to S;. Consequently
Fittg(P) is invertible.

Finally, let us confirm the second condition to be a Fitting invariant.
By localization, we may assume that R is a local ring and hence P has
a presentation of the form 0 — R* — R* — P — 0 as above. Then the
condition follows from, for example, [5, Lemma 3]. Q.E.D.

Remark 2.8. Relating to Remark 2.5, we consider whether F|p :
Ky(P) — Q% is injective for this Fitting invariant F = Fittg. We can
illustrate the map using the following commutative diagram

K1(R) — K1(S7'R) —2> Ky(P) — Ko(R) — Ko(S™'R)

Rx( (S—lR)x Ox
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where the upper row is the localization exact sequence in K-theory (see
[35, Theorem IIIL. 3.2]). The map (S™'1R)* — Q* is defined by corre-
sponding the principal fractional ideal generated by the element, which
makes the lower sequence also exact.

By diagram chasing, if 9 is surjective and det : K;(S™!R) —
(S71R)* is an isomorphism, then F|p : Ko(P) — Q* is injective. We
shall show that these two assumptions hold for the situation in Exam-
ple 2.1 with G commutative. The fact that R is a direct product of
local rings shows the surjectivity of 0 (see also Lemma 2.12). The ring
S~IR is a finite extension of the field S™'A = Q(A). Hence S7'R is
an artinian ring and consequently a direct product of local rings. Then
[31, Corollary 2.2.6] implies that det : K;(S™'R) — (STIR)* is an
isomorphism.

Example 2.9. Let R = Z,[[T]][A],S = Z,[[T]] \ {0} with A a
finite cyclic group generated by § of order m. Consider the R-modules
M=7,®Z,=R/6-1,T)®R/(6§ —1,T) and N = R/(6 — 1,T)?,
which are not isomorphic to each other. For the Fitting invariant Fittg,
we have

Fittg(M) = (6§ — 1,T)* = Fittg(N).

Observe that N fits into an exact sequence 0 — Z,/mZ, ® Z, — N —
Z, — 0 of R-modules, where the first map sends (1,0), (0,1) to6—1,T €
N. This is because, putting 7 =§ — 1,

N ~Z,[[T[7]/((t + 1)™ = 1,7%, 7T, T?) = Z,[r,T]/(m7, 72, 7T, T?).

Suppose p divides m. It is clear that Fittz 7)) also gives a Fitting
invariant for R. Since pdy, i7y)(Zp) = 1, we have

Fitty, ) (N) = (m, T)T? # (T?) = Fitty, 1 (M)

and in particular the universal Fitting invariant (Remark 2.5(2)) distin-
guishes M and N.

Suppose p does not divide m. Then Z, € Pr g. Therefore the exact
sequence 0 — Z, — N — Z, — 0 implies F(N) = F(M) for any Fitting
invariant . Namely, the universal Fitting invariant does not distinguish
M and N.

2.3. Noncommutative Fitting Invariants

First we briefly review the noncommutative Fitting invariant intro-
duced by Nickel [21] and developed by Nickel and Johnston [18]. There
are several slightly different formulations, and we will basically follow
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the survey article [23, Section 2]. Let A be a commutative noether-
ian complete local domain and Q(A) its fraction field (see [23, Remark
2.15]). Let A be a separable Q(A)-algebra and R a A-order of A.

For any positive integer a, the matrix ring M, (A) is also a separable
Q(A)-algebra and hence one has the reduced norm map

Nrd : M,(A) = Z(My(A)) = Z(A),
where Z(—) denotes the center. Put
Z(R) = (Nrd(H) | H € Ma(R),a 2 1) z(r),

which is a subring of Z(A) containing Z(R).

Let M be a finitely generated left R-module. For a finite presen-
tation R® %% R® — M — 0 of M, identifying h with an a x b matrix,
define the Fitting invariant of h by

Fittp(h) = (Nrd(H) | H is an a x a submatrix of h)z(g),

which is an ideal of Z(R). Define the maximal Fitting invariant
Fitt ™ (M) of M to be the unique maximal Fitting invariant of a fi-
nite presentation of M among all the presentations. If P is a finitely
generated R-module which admits a quadratic presentation, i.e., a pre-
sentation of the form R® %% R* — P — 0, then it is known that
Fitt ™ (P) = Fittr(h) ([23, Proposition 2.17]).

Now we get back to the main discussion. Suppose that an Ore set
S of R is given so that S C A\ {0}, which is necessarily central in R.
Also we need the following.

Assumption 2.10. Any P € P has a quadratic presentation.

In the situation of Example 2.1, Assumption 2.10 holds as we will
show in Proposition 2.13. But in general Assumption 2.10 can fail to
hold (Example 2.14).

We denote by S the image of S under the map Nrd : R — Z(R).
Then S is a multiplicative subset of Z(R) consisting of non-zero-divisors.

Proposition 2.11. Suppose that Assumption 2.10 holds. Let
be the commutative monoid of finitely generated I(R)-submodules of
gilI(R). Then the map F : M — Q defined by F(M) = Fitt 5> (M)

is a Fitting invariant.

Proof. For any P € P, there is a presentation 0 — R® M Re
P — 0 by Assumption 2.10. Since h € M,(R) N GL,(S™'R), there are
f e Sand M € My(R) N GLy(S™'R) such that hh/ = h'h = f1,.
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Then we have Nrd(h)Nrd(h') = Nrd(f)* € S. Therefore F(P) =
(Nrd(h))z(g) is invertible in €2.

Let us confirm the second condition of a Fitting invariant. Let
0 —- M — M — P — 0 be an exact sequence in M with P € P.
The inclusion F(M) D F(P)F(M') is already known (|21, Proposi-
tion 3.5.3]). In order to show the other inclusion, take a presentation
R' % R 5 M — 0 such that Fittg(h) = Fittp™*(M). Construct a
commutative diagram with exact rows and columns

0 M’ M P 0
0 N ——~ R P 0
b s
Rt ——R?

where N is defined as the kernel of R* — M — P. Since P admits a
quadratic presentation, N must be a stably free module. Hence adding a
free module to N, R®, R® allows us to assume that N is a free R-module
of rank a. We identify h,h’,h” with the representation matrix with
respect to a fixed isomorphism N ~ R*. Then

F(M) = Fittg(h) = Fittg(h'h") = Nrd(h') Fittg(h") C F(P)F(M').
This completes the proof. Q.E.D.

Let us discuss the validity of Assumption 2.10.

Lemma 2.12. Recall the localization exact sequence
Ki(R) — K1(S'R) % Ko(P) — Ko(R) = Ko(S™'R).

Then Assumption 2.10 is equivalent to the surjectivity of the map 0.

Proof. If Assumption 2.10 holds, then for any P € P, we have

a presentation 0 — R M Re - P - 0. Since P is S-torsion, h is
invertible as a matrix over S™!R. Therefore [P] € K(P) is the image
of [h] € K1(S7!'R) under d and hence 9 is surjective. The converse can
be shown similarly. Q.E.D.

Proposition 2.13. Consider R = Z,[[G]] D A = Z,[|G']],S =
A\ {0} as in Ezample 2.1. Then A = S7'R = Q(R) is actually a
separable algebra and Assumption 2.10 holds.
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Proof. The assertion that A is a separable algebra is proved in [29,
Proposition 5(1)] when d = 1, and the general case can be proved by
exactly the same method as follows. Since Q(R) is a finite dimensional
Q(A)-algebra, it is enough to show that Q(R) does not contain any
nilpotent left ideals other than zero. Suppose that I is a nilpotent left
ideal of Q(R). Then I N R is also a nilpotent left ideal of R. For each
open subgroup U of G/, the image (INR)Z,[G/U] is a nilpotent left ideal
and hence zero, since Q,[G /U] does not contain any nilpotent left ideals
other than zero. Therefore I N R itself is zero and I = 0, as desired.

Now the proof of Assumption 2.10 is a direct generalization of [21,
Lemma 6.2] and [29, Lemma 13], where d = 1. If G is abelian, then R is
a direct product of local rings and Assumption 2.10 follows immediately,
as mentioned in Remark 2.8. For general G, put A = G/G’. For each
cyclic subgroup Ag of A, the inverse image Gg of Ay under the map
G — A is abelian, so we obtain the commutative diagram

Ko(Pz,(icoll,s) —5> Ko(Zp[[Gol]) = Ko(Zp[Ao]) —Ko(Qp[Ao])

| T | T

Ko(Py,[ic),5) — Ko(Zp[[G])) — Ko(Zp[A]) ——Ko(Q,[A])

Here the 0 comes from the abelian case with Lemma 2.12 and the injec-
tivities come from [6, Proposition 6.20, Theorem 32.1]. Moreover, the
map Ko(Qp[A]) = [[a, Ko(Qp[Ao]) is injective, where Ag runs over
cyclic subgroups of A. Therefore the map Ko(Pz,[ic)),s) — Ko(Zp[[G]])
is also 0, which completes the proof. Q.E.D.

Example 2.14. Assumption 2.10 fails for the ring

R= {(ﬁ Z) € My(Z,) | cEpr}

and S = Z, \ {0}. More generally, Assumption 2.10 fails if R is a
hereditary, non-maximal order over a complete discrete valuation ring.
This fact follows from [6, Theorem 26.28]; the author thanks Andreas
Nickel for pointing this out.

Remark 2.15. Suppose that Assumption 2.10 holds. Similar to
Remark 2.8, we have the commutative diagram with exact rows

Ky(R) — Ki(S7'R) —2> Ko(P)

W s

I(R)*C— (5 'Z(R))* 0
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as mentioned in [23, Remark 2.18]. Here the surjectivity of 0 comes
from Assumption 2.10 and Lemma 2.12. The injectivity of F|p appears
to be a difficult problem.

83. Quasi-Fitting Invariants

3.1. Duality

In this subsection, we will exhibit a duality (Proposition 3.11) on
a certain category C. Let R,S be as in Subsection 2.1, namely, R is a
noetherian ring and S is an Ore set of R consisting of non-zero-divisors.
It becomes more important to distinguish whether a module is a left
module or a right module in this section than in the previous section, so
we will sometimes clarify it. But by symmetry, every argument about
left modules is applicable to right modules, and vice versa.

Definition 3.1. For a left (resp. right) R-module M and ¢ € Z,
we put EL(M) = Extz(M, R), which is a right (resp. left) R-module.
We formally put E4(M) = 0 if i < 0. Moreover, put M+ = E%(M) =
Homp (M, R) and M* = EL(M).

The functors Ef.% have already played important roles in Iwasawa
theory (see [17, 33], for instance). However, the author did not find a
suitable reference for our aim, so we will develop a self-contained theory.

Since R is noetherian, if M is finitely generated then the module
E% (M) is also finitely generated for any i. As a variant of pdg(M),
whose definition is recalled in Subsection 2.1, we put

pdi (M) = sup{i € Z | E(M) #0}.
Then clearly pdz (M) > pdj(M). Under Assumption 3.3 below, we can
show that pdj;(M) = —oo if and only if M =0 (see Remark 3.12(1)).

Lemma 3.2. Let M be a finitely generated R-module. If pdp(M) <
00, then pdgp (M) = pdji(M).

Proof. The assertion is trivial if pdp(M) = —oo. Putting d =
pd (M) # oo, we shall show that E4(M) # 0. Suppose to the contrary
E4(M) = 0. Take an exact sequence

O—-Fi—Fi 41— =>Fp—-M=0

of finitely generated R-modules with Fp, ..., Fy projective. The assump-
tion E4(M) = 0 implies that Ext%(M, F;) = 0. On the other hand, the
definition of Ext implies

Ext% (M, Fy) ~ Cok(Hompg(Fy_1, Fy) — Hompg(Fy, Fy)).
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Therefore we obtain a splitting of the injective map Fy — Fy_1 and
we can construct a projective resolution of M of length d — 1, which
contradicts d = pdp(M). This proves the lemma. Q.E.D.

The following assumption will be crucial.

Assumption 3.3. There is an integer d(R) such that pdj(M) <
d(R) for any finitely generated (left or right) R-module M.

The next Proposition 3.4 will show that the existence of a certain
subring A of R is sufficient for Assumption 3.3 to hold. In fact, the
existence of A holds in all example in this paper. However, since the
choice of such a ring A is non-canonical, the statement of Assumption
3.3 has the advantage that it depends only on the ring structure of R.

Proposition 3.4. Suppose that R contains a subring A such that

e R is finitely generated and projective as a left A-module and as
a right A-module.

e There are isomorphisms Homp (R, A) ~ R as (R, A)-bimodules
and as (A, R)-bimodules.

e The global dimension of A is finite, namely, there is an integer
d(A) such that pdy (M) < d(A) for any finitely generated (left
or right) module M over A.

Then the following are true.
(1) For any left (resp. right) R-module M and i > 0, we have

ER(M) ~ Ey(M)

as right (resp. left) A-modules.
(2) R satisfies Assumption 3.3.

Proof. (1) For any (left or right) R-module M, we have functorial
isomorphisms

Hompg (M, R) ~ Hompg (M, Homy (R, A))
~ Homp (R®pr M, A) ~ Homp (M, A)

depending on the choice of an isomorphism Homy (R, A) ~ R. Since a
projective R-module is projective over A by the assumption, the claim
Ext% (M, R) ~ Exti(M,A) follows from the construction of the Ext
functor using a projective resolution of M as an R-module.

(2) Putting d(R) = d(A), we can immediately show Assumption 3.3
by (1). Q.E.D.
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Using Proposition 3.4, we can verify Assumption 3.3 in the situation
of Example 2.1. More generally, the following is true. (It is essentially
[17, Corollary 2.4].)

Proposition 3.5. Let G be a compact p-adic Lie group and put
R =1Z,[[G]]. Then R satisfies Assumption 3.3.

Proof. Note that R is known to be noetherian [19, V.2.2.4]. Take an
open subgroup G’ of G such that G’ is a pro-p group without p-torsion.
Putting A = Z,[[G"]], we check the conditions in Proposition 3.4. The
first two conditions can be easily shown (see also [17, Lemma 2.3]).
For the third condition, [1, Theorem 4.1] (or [20, Corollary (5.2.13)])
shows pd, (M) < 1+ cdy(G’) for any A-module M, where cd, denotes
the p-cohomological dimension. Moreover, it is known that, since G’ is
p-torsion free, cd,(G’) coincides with the dimension of G’ as a p-adic
Lie group, which is finite ([19, V.2.2.8] and [32]). Hence we can apply
Proposition 3.4 to confirm Assumption 3.3. Q.E.D.

Recall that we are given an Ore set .S and in Subsection 2.1 we de-
fined the categories P = Pr g C M = Mg g. Define full subcategories
C= CR,S and Q = QR,S of M by

C = {M e M |pdy(M) < 1)

and
Q={MeM|pdp(M) < cc}.

When necessary, we write ' (resp. C*8"*) and so on to stress that the
modules are left (resp. right) modules.

Note that Assumption 3.3 implies that pd; (M) < oo for any M €
M. Lemma 3.2 shows that P = C N Q, meaning that a module is
contained in P if and only if it is contained both in C and in Q.

Proposition 3.11 will show that (—)* gives a duality between C'*ft
and C"'&" under Assumption 3.3. Before going to the general case, we
give some special cases (Example 3.7).

Lemma 3.6. Suppose that R contains a subring A as in Proposition
3.4. Then C ={M € M | pdy(M) < 1}.

Proof. For any M € M, by Lemma 3.2 applied to A instead of
R, we have pd, (M) = pdi(M). Moreover, Proposition 3.4(1) shows
pdi (M) = pdi(M). These prove the lemma. Q.E.D.

Example 3.7. Consider R = Z,[[G]], A = Z,[[G']] with G’ isomor-
phic to Zg7 and S = A\ {0} as in Example 2.1. By Proposition 3.5,
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Assumption 3.3 holds. Note that the categories M,C, P, Q do not de-
pend on the choice of G’. By Lemma 3.6, we have C = {M € M |
pdy (M) < 1}

Suppose d = 0, namely G is a finite group and R = Z,[G], A = Z,,.
Then we have C = M, which is the category of all R-modules of finite
order. For M € C, Proposition 3.4(1) shows that M* ~ Ext%p (M, Z,).
Using the exact sequence 0 — Z, = Q, — Q,/Z, — 0, we have

M* ~ Homgz,(M,Q,/Z,),

which is nothing other than the Pontryagin dual.

Suppose d = 1. Tt is known that pd, (M) < 1 if and only if M does
not contain a nonzero finite A-submodule ([20, Proposition (5.3.19)(i)]).
In this case, the duality (—)* on C is nothing other than the Iwasawa
adjoint. If M € C is finitely generated and free over Z, (namely the
p-invariant of M vanishes), then we have another description

M* ~ Homg, (M, Zy).
We come back to the general case.

Lemma 3.8. Let 0 - M' — M — M"” — 0 be an ezact sequence
of R-modules.

(1) If two of M, M’', M" are in Q, then the other is also in Q.

(2) Suppose that M" is in C. Then M is in C if and only if M’ is
in C.

Proof. These assertions are shown similarly as in Lemma 2.2.
Q.E.D.

Lemma 3.9. (1) For any f € S, we have an isomorphism
(R/Rf)" ~ R/fR. |

(2) For any M € M™% we have M* € Mr8ht,

(8) For any P € P*, we have P* € Pright,

Proof. (1) The exact sequence 0 — R SR R/Rf — 0 of left

R-modules and BT ~ R induce an exact sequence 0 — R 7 R —
(R/Rf)* — 0 of right R-modules. Thus (R/Rf)* ~ R/fR.

(2) Construct a surjective homomorphism P = @,_, R/Rf; — M
as in the proof of Lemma 2.3(2). Since P is S-torsion, the kernel N of
P — M is also S-torsion and thus N* = 0. Hence we obtain an injective
map M* — P*. Since P* ~ @;_, R/fiR by (1), we have M* € Mrisht,

(3) P* € M"elt follows from (2). Take an exact sequence 0 —
F, — Fy — P — 0 of left R-modules with Fi, Fy finitely generated and
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projective. It induces an exact sequence 0 — F(;r — F1+ — P* =0
of right R-modules. Since FO+ and F1Jr are projective, we conclude that
p* ¢ prisht, Q.E.D.

In the rest of this subsection, we assume Assumption 3.3.

Lemma 3.10. Suppose that a finitely generated R-module M fits
into an exact sequence

0—-+M—>Fy—F —---

with F; a finitely generated free R-module. Then pdx(M) < 0.

Proof. Let d(R) be the integer as in Assumption 3.3 and let L be
the image of Fypy—1 — Fyr). Then E' (M) ~ E+4R)(L) = 0 for
i > 0. QE.D.

Proposition 3.11. For any M € C'*, we have M* € C*&8P, The
functors (—)* : Cleft — cright gpg (—)* . Crieht — Cleft gre contravariant
equivalences of categories such that (—)** ~id.

Proof. Take an exact sequence
o= - Fy > Fy—>M—0

with F} a finitely generated free R-module. Let N be the image of the
map F; — Fy. Then the exact sequence 0 - N — Fy - M — 0
and M € C imply that pdj(N) < 0. Therefore the exact sequence
-+ — Fy — F; — N — 0 induces an exact sequence

0Nt FF - Ff — ...

Now Lemma 3.10 implies that pdj(N*) < 0. Since 0 — F,m — Nt —
M* — 0 is exact, we obtain pdjp(M*) < 1. Combining with M* €
MEEht from Lemma 3.9(2), we get M* € C*ight. Moreover, 0 — N*+ —
Fyt — M** — 0 is exact.

Now Lemma 3.10 implies that, if we divide the sequence 0 — N* —
F" — F; — .- into short exact sequences, every term satisfies the
vanishing of E'. Therefore we obtain an exact sequence

e Bt s BT S NTE 0.
Consequently we have an exact sequence
s Y s BT S BT M 0.

Finally F;** ~ F; yields M** ~ M. Q.E.D.
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Remark 3.12. (1) In the proof, we essentially showed that, if N
is a finitely generated R-module with pdj(N) < 0, then N*+ ~ N. In
particular, if pdj(N) = —oo, then N = 0 shows N = 0, as already
mentioned before Lemma 3.2.

(2) When R is Auslander regular, then Proposition 3.11 is a special
case of [33, Proposition 3.9]. In this paper, the situation that R is not
Auslander regular is important, so we cannot directly apply that result.
However, the author thinks that a similar proof as in [33] is possible.

Using this duality on C, we can prove the following lemmas.

Lemma 3.13. Let 0 - M’ — M — M" — 0 be an exact sequence
m C. If two of M', M, M" are in P, then the other is also in P.

Proof. By Lemma 2.2(2), we only have to consider the case where
M’, M € P. The given sequence induces an exact sequence 0 — (M")* —
M* — (M')* — 0. We have M*,(M’)* € P by Lemma 3.9(3), so
(M")* € P by Lemma 2.2(2). Finally Lemma 3.9(3) and Proposition
3.11 show M" ~ (M")** € P. Q.E.D.

Lemma 3.14. Let M be a module in C.

(1) There is an exact sequence 0 - N — P — M — 0 in C with
PecP.

(2) There is an exact sequence 0 — M — P — N — 0 in C with
PecP.

Proof. (1) This follows from Lemma 2.3(2) and Lemma 3.8(2).
(2) Construct an exact sequence of (1) with M* instead of M, and
take the dual. Q.E.D.

Recall that Z(R) denotes the center of the ring R. We denote by
Annz gy (M) the set of elements of Z(R) which annihilate M. We record
here a lemma.

Lemma 3.15. For M € C, we have Anny(g)(M*) = Annyg)(M).

Proof. By the duality, it is enough to show one inclusion. We take
any a € Anngp)(M) and we will show that a annihilates M*. Let
0 —- N — F — M — 0 be an exact sequence of finitely generated R-
modules with F free, which induces an exact sequence 0 — F* — Nt —
M* — 0. We regard N, F* as submodules of F, N*, respectively. For
any ¢ € NT, let us show that ¢a € FT. Choose a basis ey,...,¢e, of
F. Since M is annihilated by a, we have ae; € N for 1 < ¢ < r. Let
¢’ : F — R be the unique R-homomorphism which sends e; to ¢(ae;).
Since a is central, ¢ satisfies ¢'(z) = a¢(x) for any € N. In fact, if
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z =Y., be; for b; € R, then

' (z)=¢ (Z biei> = Z bip(ae;) = ¢ (Z biael) = ¢(ax) = ag(z).
Then for any x € N, we have

(¢a)(x) = d(z)a = ap(z) = ¢'(z).
This shows ¢a = ¢’ € FT, which completes the proof. Q.E.D.

3.2. Shift

Let R,S be as in Subsection 3.1 satisfying Assumption 3.3. We
define a kind of axiomatic Fitting invariants which is slightly different
from Subsection 2.1.

Definition 3.16. A quasi-Fitting invariant is a map F : C —
where 2 is a commutative monoid, satisfying the following conditions:
If P € P, then F(P) € Q*.
Ifo— M — M — P — 0is an exact sequence in C with
P e P, then F(M) = F(P)F(M').
e If0 - P — M — M — 0is an exact sequence in C with
P e P, then F(M) = F(P)F(M').

While a Fitting invariant is defined on M, a quasi-Fitting invariant
is defined only on C. On the other hand, the third condition of a quasi-
Fitting invariant is additional. Note also that similar remarks as in
Remark 2.5 are valid.

Here we explain the reasons why we introduce quasi-Fitting invari-
ants. First of all, the axioms of a quasi-Fitting invariant F is exactly
what we need to construct n-th shift 7 for any n € Z. It should
be remarked that, if we only consider F = Fittp or F = Fitt3™* as in
Subsection 2.2 or 2.3, then the restriction of F to C is a quasi-Fitting
invariant as we will show in Proposition 3.17. Hence in that case, es-
sentially we do not have to introduce quasi-Fitting invariants. However,
we are also interested in Iwasawa theory for p-adic Lie extension [4].
In that case, we will construct a quasi-Fitting invariant in Subsection
3.3, but the construction is only valid for modules in C. Thus we have
to deal with quasi-Fitting invariants which are not induced by Fitting
invariants.

Proposition 3.17. Suppose that S is central in R. Then the third
condition of a quasi-Fitting invariant is implied by the others. In par-
ticular, for a Fitting invariant F : M — §, the restriction Flc : C — Q
s a quasi-Fitting invariant.
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Proof. Let 0 — P — M — M’ — 0 be an exact sequence in C with
P € P. Since S is central, there is an element f € S which annihilates
M and thus P. By Lemma 3.13 and observing the proof of Lemma
3.14(2), we can construct an exact sequence 0 - P — P’ — P” — 0 in
P with P’ ~ (R/Rf)" for some r. Now construct a diagram with exact
rows and columns

0 If Z\f M’ 0
0 P’ N M’ 0
‘Pi// J— ‘Pi//

Here N is defined as the push-out of M and P’ over P, which is in C by
Lemma 3.8(2).

Now we show that the middle row splits. Since f is central, P’ is
annihilated by f as is M, so by the construction, IV is also annihilated
by f. Therefore the middle row can be seen as a sequence of R/Rf-
modules, where R/Rf is a ring as f is central. Then taking the dual,
0— (M")* - N* = (P')* — 0 is an exact sequence of R/fR-modules
with (P')* free by Lemma 3.9(1). Hence it splits and taking the dual
we obtain a splitting of the original sequence 0 — P’ — N — M’ — 0,
as claimed.

Therefore, by the second condition of a quasi-Fitting invariant and
P’ € P, we have F(N) = F(P')F(M'). Consequently we can compute

F(M) = F(P")"'F(N) = F(P") "' F(P")F(M') = F(P)F(M'),
as desired. Q.E.D.

Therefore Subsections 2.2 and 2.3 give examples of quasi-Fitting
invariants. The author is not sure about the validity of Proposition 3.17
without the hypothesis that S is central in R.

Remark 3.18. In the situation of Subsection 2.2, the validity of
the third condition of a quasi-Fitting invariant is a generalization of [12,
Proposition 2.3], which was a key proposition to prove Theorem 1.1. The
original proof was rather technical and, in particular, cannot be directly
generalized to the noncommutative situations.

We obtain the shifts of a quasi-Fitting invariant as follows. Compare
it with Theorem 2.6.
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Theorem 3.19. Let F : C — () be a quasi-Fitting invariant. Then
for any n € Z, the following map F™ : C — Q is well-defined and,
moreover, F™ is again a quasi-Fitting invariant.

(1) Suppose n > 0. For each M € C, take an exact sequence

O+N—-P—---—-P,-M—=0

in C with Py, ..., P, € P and define

Fim (M (H]-' <1>> F(N).

(2) Suppose n < 0. For each M € C, take an exact sequence
0O—-M-—-P,— =P =>N=0

in C with Py,...,P_, € P and define

(H]—' <1>’> F(N).

Proof. (1) This is proved similarly as in Theorem 2.6. Namely, we
can reduce to the case where n = 1, and show that F(! is well-defined
and satisfies the first and the second conditions to be a quasi-Fitting
invariant. To show the third condition, let 0 — P — M — M’ — 0 be
an exact sequence in C with P € P. Take an exact sequence 0 — N —
P’ — M’ — 0 in C with P’ € P. Then we can construct

0 P M M 0
0 P p” P’ 0
N=—=N

where P is the pull-back of M and P over M’. Since P” € P, we obtain
FO(M)=F(P")'F(N)=F(P) ' F(P)'F(N)=FU(P)FD (M.

(2) We can prove (2) in a similar way. Alternatively, using the
duality, we can deduce (2) formally from (1) as follows. If F : Clf* —
Q, then a quasi-Fitting invariant F* : C"8" — Q can be defined by
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F*(M) = F(M*). The axioms are easily checked. By (1), the quasi-
Fitting invariants (F*){~™ : C"&" — Q are well-defined for n < 0.
Then for M € C'*ft it is easy to see that (F*){~™(M*) is nothing but
F)(M). Therefore F™ (M) is well-defined and F(™ is a quasi-Fitting
invariant. Q.E.D.

The maps F™ : C — Q are characterized by the following proper-
ties:
o F{9 coincides with F : C — Q.
e If0 - N - P — M — 0 is an exact sequence in C with
P € P, then we have F™ (M) = F(P)=)" F»=1U(N) for any
n € Z.
e F(" is a quasi-Fitting invariant for any n € Z.
Next we extend the shifts to modules in M.

Theorem 3.20. Let F : C — () be a quasi-Fitting invariant. Then
there is a unique family {F™ : M — Q},cz of maps satisfying the
following:

FO is an extension of F :C — Q.
If P € Q, then F™(P) € Q% for any n € Z.
If0 - N —- P — M — 0 is an exact sequence in M with
P € Q, then we have F™ (M) = F{"(P)F"=1(N) for any
n € 7.

e If0O— M — M — P — 0 is an exact sequence in M with
P € Q, then F™ (M) = F (P)F™ (M') for any n € Z.

e If0—- P — M — M — 0 is an exact sequence in M with
P € Q, then F™ (M) (PYF™ (M) for any n € Z.

(

(n)
It is easy to see that F™ (P) = F{O(P)=D" for P € Q. The next
corollary immediately follows.

Corollary 3.21. These maps F™ satisfy the following. If
O-N—-P— - —=PFPi—-M—=0
s an exact sequence in M with Py, ..., P; € Q, then
d
F(M) = (H Flna (H)) FmO(N)
i=1
for any n € Z.

Remark 3.22. Using the interpretation of F|p as a group homo-
morphism Ky(P) — Q* and the resolution theorem Ko(P) ~ Ko(Q) in
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K-theory (see [31, Theorem 3.1.13]), the maps F*)|» can be extended to
the additive map F(9|g : Ko(Q) — Q* immediately. This F{?|g can
be regarded as a generalization of MacRae’s invariant (see [24, Section
3.6]).

Now we begin the proof of Theorem 3.20. By Theorem 3.19, we
have already defined F (M) for M € C and n € Z. For d > 1, let
Cq (resp. Pg) be the subcategory of M consists of module M (resp.
P) with pdR(M) < d (resp. pdgr(P) < d). Note that C = C; (resp.
P = P1) and M = |J,Cq by Assumption 3.3 (resp. Q = U, Pa)-
Moreover, Py = C4N Q by Lemma 3.2. Then Theorem 3.20 follows from
the following.

Lemma 3.23. Letd > 1. Suppose that we are given a family {F ™)
Ca — Q}nez of maps satisfying the following.
If P € Py, then F™(P) € Q% for any n € Z.
If0 - N - P — M — 0 is an exact sequence in Cq with
P € Py, then we have F™ (M) = F™ (P)F"=V(N) for any
nez.
e If0 - M — M — P — 0 is an exact sequence in Cq with
P € Py, then F™ (M) = F(P)F™ (M) for any n € Z.
e If0O—> P — M — M — 0 is an exact sequence in Cq with
P € Py, then F™ (M) = F(P)F™ (M’ for any n € Z.
Then there is a unique family {F : Cyp1 — Qlnez which is an ex-
tension of {f<”> : Cqg — Qlnez and satisfies the analogous properties
replacing d by d + 1.

Proof. For M € C441, take an exact sequence 0 > N — P — M —
0in M with P € Py, N € C4 and define F{ (M) = F")(P)F{—1(N).
In order to show the well-definedness, take another sequence 0 — N’ —
P’ — M — 0 and construct a commutative diagram with exact rows
and columns

0 N P M 0
0 N L P 0
]\\I/ Jj\;/

where L is defined as the pull-back of P and P’ over M. Then N, P’ € Cq4
implies L € C4. Note that, by the second property, we have ("~ (P) =
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F(P)=' and F=1(P') = F™ (P')~! Thus, by the third property,
Fm(pyFr=1(N) = F(P)Fm (P)Fr=1(L)
— FONP)FOD (),

which proves the well-definedness. This F™ : Cgy 1 — Q is clearly an
extension of F™ : C; — Q. Tt is easy to see that if P € Pgy1 then
Fim(P) e Q*.

In order to show the other properties on F{™ in Lemma 3.23, let
00— M — M — M"” — 0 be an exact sequence in Cqyq1 such that at
least one of M, M’ , M" is contained in Pyy1. We claim that there is a
commutative diagram with exact rows and columns

0 M’ M M 0
0 P’ P p” 0

where the middle row is in Py and the lower row is in C4. To construct
such a diagram, first take surjective homomorphisms P’ — M’ and
P" — M with P’, P” € P using Lemma 2.3(2). Putting P = P'@P", we
obtain a trivial exact sequence 0 — P’ — P — P” — 0 from which there
is a surjective map to the exact sequence 0 - M’ — M — M" — 0.
Letting 0 — N’ — N — N’ — 0 be the kernel of that map, we obtain
the desired diagram.
If M € Pyi1, then N € Py and we have

F(M") = F (P FrU(NT)
= F () Fr-b(PHYF(N)F=2(N)
= FM (M)Fr ().
The other conditions can be confirmed similarly. Q.E.D.

Example 3.24. Suppose that R is a regular local ring, so C =
P and M = Q. Then for the Fitting invariant F = Fittg, we have
F) (M) = charg(M)=D" for any M € M. Here charg denotes the
characteristic ideal.

Proof. We may assume that n = 0. Since M admits a P-resolution
of finite length and both F{% and charp are additive with respect to ex-
act sequences, it is enough to show that () (P) = Fittz(P) = charg(P)
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for every P € P. Let P — €, R/(fi) be a pseudo-isomorphism of R-
modules where f; are nonzero elements of R. For every prime ideal q of R
of height one, localization at q induces an isomorphism Py ~ @, Rq/(fi),
and thus

Fittp(P)Rq = Fittg, (Py) = (] [ £i)Rq = charg(P)R,.

This proves Fittg(P) = charg(P). Q.E.D.

Remark 3.25. Suppose that S is central in R. By Proposition 3.17,
a Fitting invariant F induces a quasi-Fitting invariant. Thus we have
F™ 2 M — Q for n € Z by Theorem 3.20 and also F™ : M — Q for
n > 0 by Theorem 2.6. For n > 0, the definitions imply F™|c = FIM|c.
Moreover, if M € Cq, then it can be seen that F™ (M) = FI"l(M) for
n > d — 1 using an exact sequence

O—-N—-P--—=>PFP,—-M—=0

in M with P, € P and N € C. But we have to mind that in general
F £ FIl for n > 0. As a counter-example, when R = Z,[[T]],
F = Fittg, and M = F,, Example 3.24 shows

FOF,) = charg(Fp) = (1) # (p,T) = F(F,) = FOUE,).

Let us mention the following property of shifts in a special case. See
Remark 4.10 for an application.

Lemma 3.26. Suppose that R is commutative and contains a sub-
ring A such that
e R = A[A] for a finite cyclic group A generated by 4.
o The global dimension of A is finite.

Let F : C — Q be a quasi-Fitting invariant and n € Z. Then we have
F = Fn+2) on M.

Before the proof of Lemma 3.26, we make some observations. For
R-modules M and N, we define an R-module structure on the A-module
M ®@p N by

p(m @n) = pm® pn
for p € A,m € M,n € N. We denote by M the R-module which is
isomorphic to M as A-module but A acts on MY trivially. Then we have
an isomorphism R ®5 M°® ~ R®, M of R-modules given by

Zp@mpHZp(@pmp.

pEA pEA
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Proof of Lemma 3.26. The assumptions in Proposition 3.4 are sat-
isfied. Consider the exact sequence

03ASRS RSAS0

of R-modules (A acts trivially on A). For M € M, since A @y M ~ M
as R-modules, we obtain an exact sequence

0—-M—>RRINM —>RIM—-M-—0

of R-modules. Since pd, (M) < oo, we can take a projective resolution
of finite length of M as a A-module. The resolution can be regarded as
a resolution of M? as an R-module. Since R@a A ~ R and R®y MY ~
R®p M as R-modules, we obtain a projective resolution of finite length
of R®p M as an R-module. Therefore R @y M € Q. Consequently
the above sequence and Corollary 3.21 show F(™ (M) = F+2) (M) for
n € 7Z as desired. Q.E.D.

3.3. Modules over a Compact p-adic Lie Group

So far we were basically considering the setting of Example 2.1. But
motivated by the work of [4], it is also interesting to treat more general
Iwasawa algebras of compact p-adic Lie groups. In this subsection, we
construct a quasi-Fitting invariant over such a noncommutative ring.

Let G be a compact p-adic Lie group containing a normal closed
subgroup H such that the quotient group I' = G/ H is isomorphic to Z,,.
A typical example (as studied in [4]) is the case where G = GL2(Z))
and H is the unique normal closed subgroup containing SLs(Z,) such
that G/H ~ Z,. More generally, for a finite group A, we can treat G =
GL3(Z,) x A and similarly defined H. Such situations naturally occur
when we consider the extension of a number field obtained by adjoining
the coordinates of p-power torsion points of a fixed elliptic curve without
complex multiplication, with H corresponding to the cyclotomic Z,-
extension.

We return to the general G with I' = G/H ~ Z,,. Put R = Z,[[G]],
which satisfies Assumption 3.3 by Proposition 3.5. In this situation, [4,
Section 2] defined the canonical Ore set

6 ={f € R| R/Rf is finitely generated over Z,[[H]]}.

This Ore set satisfies the property that a finitely generated R-module is
G-torsion if and only if it is finitely generated over Z,[[H]] ([4, Propo-
sition 2.3]). Also [4, section 3] defined &* = |J,,~,p" 6, which is again
an Ore set of R. Then a finitely generated R-module M is G*-torsion if
and only if M /M (p) is G-torsion where M (p) denotes the submodule of
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M consists of all elements of finite order. We use S = G&* rather than
& as the fixed Ore set.

At first we assume that G is one-dimensional, namely H is a finite
group. In this case, S-torsion means Z,[[G']]-torsion for any central
open subgroup G’ of G isomorphic to Z,. Put Cg = Cz, (a5 and
Pa = Pz,jic),s- Then by Propositions 2.11 and 3.17, we constructed a
quasi-Fitting invariant Fg = Fitt%;a[’[‘cﬂ :Ca — Qq.

We go back to the general case. Put C = Cgr,g and P = Prs. As
in the proof of Proposition 3.5, take any open normal subgroup G’ of G
such that G’ is pro-p and p-torsion free. Put A = Z,[[G]]. Let U be the
set of open subgroups U of H NG’ which is normal in G. Note that U
is a basis of open neighborhoods of the identity element of H.

For each U € U, since G/U is one-dimensional, we can consider
the categories Cq,y and Pg y and the quasi-Fitting invariant Fg/y :
Ca/u — Qayu. We will construct a quasi-Fitting invariant F for R
taking the inverse limit of Fg /¢y as follows.

Lemma 3.27. Let U € U.
(1) For each M € C, we have H1(U, M) =0 and My € Cqy.
(2) For each P € P, we have Py € Pgy.

Proof. (1) First we show that My € Mg/, namely My is a torsion
module over Z,[[G/U]]. Since M is &*-torsion, the exact sequence 0 —
M(p) - M — M/M(p) — 0 with M/M(p) finitely generated over
Zy[[H])] yields an exact sequence

M(p)U — MU — (M/M(p))U —0

with (M/M(p))y finitely generated over Z,[H/U]. This proves My €
Mau.

Lemma 3.6 implies that pd, (M) < 1. Since A is a local ring, we
have a presentation 0 — F} — Fy — M — 0 over A where F}, F, are
finitely generated and free. Let b, a be the ranks of Fy, Fy, respectively.
We have an exact sequence

0— H(U,M)— (F)y — (Fo)y = My — 0,

which shows b > a. On the other hand, the dual M* € Cg has a
presentation 0 — (Fp)* — (F1)T — M* — 0. Repeating the above
argument, we obtain a > b and consequently a = b. Now the above exact
sequence shows that Hq(U, M) is a torsion module over Z,[[G'/U]]. But
(F1)u is torsion-free, so we obtain Hy(U, M) = 0 and pd, , (My) < 1,
from which My € Cq/p follows using Lemma 3.6.

(2) Choose an exact sequence 0 — Fy — Fy — P — 0 over Z,[[G]]
with Fy, Fp finitely generated and projective. By (1) we obtain an exact
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sequence 0 — (F1)y — (Fp)u — Py — 0 with (Fy)y, (Fp)y finitely gen-
erated and projective over Z,[[G/U]]. This proves Py € Pg/y. Q.E.D.

If U,U" € U with U’ C U, then we have the natural surjective
map Z,[[G/U']] = Z,[|G/U]], which induces the natural surjective map
Q(Z,[[G/U"]) — Q(Z,[|G/U]]). Since both sides are semisimple alge-
bras, this surjective map induces a commutative diagram

GL(Q(Z,[[G/U"])) —= GL.(Q(Z,[[G/U))

Nrdys i NrdUi

2(QZ,[[G/U))) " ——= Z(Q(Z, [[G/U]]))*.

Therefore we obtain a canonical map Qg 0 — Qa/u-

. Proposition 3.28. Put Q = @UGU Qgu and define F : C — Q
)

F(M) = (Fou(Muy)),, -
This map F is well-defined and is a quasi-Fitting invariant.

Proof. For U,U’" € U with U" C U, let @ : Qg/ur — Qg/u be the
natural map. We have to show that @ (Fq,u(My')) = Fau(My) for
MecC.

Take a presentation Z,[[G/U"]]® N Z,[G/U'* % My, — 0 over
Zy[[G/U"]] such that Fg,u (My:) = Fittz, g uq(h). It induces an
exact sequence Z,[[G/U]|® A Zy[|G/U]” % My — 0 over Z,[|G/U]].
Therefore
w(Fau(Myr)) = w(Fitty c/0(h) = Fitty, /o (h) C Fayo(My).

In order to show the other inclusion, take a presentation Z,[[G /U ]]bi
Z,[[G/UN)* & My — 0 of My over Z,[[G/U]] such that Fe/u(My) =

Fittz,jc/u)(h).  We shall show that this sequence can be lifted to

Z,[[GIU 2 Z,[[G/U)* % My — 0 over Z,[[G/U"]], which would
prove

w(Fau (Myr)) D w(Fittg, 1q/u(h)) = Fittz, ¢ o (h) = Fao(Mu),

as desired. In order to construct a lift, first take a lift ¢ : Z,[[G/U']]* —
My of G, whose existence if guaranteed by the freeness of Z,[[G/U’]]°.
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Then g is surjective by Nakayama’s lemma. Putting N = Ker(g) and
N = Ker(g), we have a commutative diagram with exact rows

0—> N ——7,[[G/U]]* —— My 0

I

0 —= N — 7, [[G/U')]* —= My 0

Since H1(U/U’, My+) = 0 by Lemma 3.27(1), the lower sequence yields
an exact sequence 0 — Ny — Z,[[G/U]]* — My — 0. Therefore the
left vertical map N — N is surjective. Next, take a lift Z,[[G/U"]]® — N
of Z,[[G/U)]® — N, which is again surjective by Nakayama’s lemma.
Composing with N — Z,[[G/U]]* gives a lift h of h, as desired.

We show that F is a quasi-Fitting invariant. If P € P, then Py €
Pgu for U € U implies F(P) € Q. Let 0 = M' - M — P — 0
be an exact sequence in C with P € P. For any U € U, by Lemma
3.27(1), it yields an exact sequence 0 — (M')y — My — Py — 0.
Therefore Fg v (My) = Fayu(Pu)Fau((M')y) since Fgu is a quasi-
Fitting invariant. Thus F(M) = F(P)F(M’). The other condition can
be confirmed similarly. Q.E.D.

84. Properties

4.1. Functoriality

In this subsection, we observe a functoriality of shifts. As an appli-
cation, in Subsection 5.3, we will deduce a result about a finite Galois
extension of number fields from a result about an infinite Galois exten-
sion, which is a typical method in Iwasawa theory. As a technical remark,
such a reduction theory does not work well on M, and it is important
to treat only modules contained in C. In other words, the category C is
fine not only for the duality theory but also for the reduction theory.

First we show an abstract proposition. Let R, S and R’,S’ be as
in Subsection 3.1 satisfying Assumption 3.3. Let 7 : R — R’ be a ring
homomorphism. We often denote ®p just by ®.

Proposition 4.1. Suppose that for any M € Cr g, we have R' ®p
M € Cr g and Torf(R’,M) = 0. Let Fg : Cr,s — Qg and Fr :
Cr,sr — Qg be quasi-Fitting invariants for R, S and R, S’, respectively.
Let w : Qr — Qg be a monoid homomorphism such that w(Fr(M)) =
Fr (R @rM) for M € Crg. Then we have w(.}’-'I(?")(M)) = F}grf)(R’®R
M) for M € Cr,s and n € Z.
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Proof. The case n = 0 is trivial. First we show that if P € Ppr g
then " ® P € Pris». R @ P € Cp/ g is already assumed. Take an
exact sequence 0 — F; — Fy — P — 0 of R-modules with Fy, F}
finitely generated and projective. Then Torf(R/,P) = 0 implies that
0 - R®F - R®Fy - R®P — 0is also exact. Therefore
pdp (R @ P) < 1.

Consider an exact sequence 0 -+ N — P — M — 0 in Cr g with
P € Prs. We have

n41

D(FH (M) = w(Fr(P)D" FLY(N)
= Fr(R @ P)CD" " (FIM(N).

On the other hand, since 0 - R*®@ N - R'® P - R'® M — 0 is exact
and R ® P € Py s/,

Fu (R © M) = Fp/(R @ P) V" F(R @ N).

Hence the assertion for n is equivalent to that for n + 1, which proves
the proposition. Q.E.D.

We apply this proposition to Iwasawa algebras. Application to F
in Proposition 3.28 is immediate. Namely, for any U € U, letting w :
Q — Qg be the natural map, we obtain w(F{™ (M)) = ]:gl/)U(MU)
for M € C and n € Z.

As another application, let R = Z,[[G]], A = Z,[[G']] be as in Ex-
ample 2.1 with d > 1, but S is chosen as follows. Put R’ = Z,[G/G’]
and let 7 : R — R’ be the natural surjective map. Put S’ = Z, \ {0} and
let S be the inverse image of S” under the augmentation map A — Z,.

Proposition 4.2. For any M € Cgr,s, we have R’ g M = Mq €
Crr.s and Torf(R', M) = H,(G', M) = 0.

Proof. Choose a Z,-basis g1, ..., g4 of G’ and put G} = (g1, ..., 9:)
C G’ for 0 < i < d. Moreover put R; = Z,[[G/G!]] and let S; be the
inverse image of S’ under the augmentation map Z,[[G’/G']] — Z,,.

Since M € Cgg, we have an exact sequence 0 — Z,[[G']]* —
Zy[[G']* = M — 0 over Zy[[G']]. Let us show inductively that the
reduction 0 — Z,[[G'/G}]]* = Z,[[G'/Gi]]* — Mg, — 0 is also ex-
act. The case ¢ = 0 is trivial. Suppose ¢ > 1 and the assertion
holds for i — 1. By applying the snake lemma to the exact sequence
0 — Zp[[G'/G_4]]* = Zp[[G"/ G} _1]]* = Mg:_, — 0, we obtain

0= (Mg;_,)¥ = Z,[[G"/G{]]* = L,[[G'/Gi])* = Mgy — .
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Observe that the module Mg is S;-torsion since the image of S under the
map R — R; is S;. Therefore we have (MG;,1)<gi> = 0, which makes the
induction step work. Now the exactness of 0 — Loy = Ly = Mg — 0
shows the assertions. Q.E.D.

Example 4.3. Suppose that G is commutative. By Proposition
3.17, we know that Fr = Fittp : CR75 — Qpr and Fr = Fittgp :
Cri,s» — Qg are quasi-Fitting invariants. The natural surjective map
S7'R — (S')7'R’ induces a natural homomorphism @ : Qr — Qg
By the fundamental property of Fitting ideals concerning base change,
Proposition 4.1 can be applied and we obtain w(flgm (M)) = ]'—1%@ (Mgr)
for M € Cr,s and n € Z.

Example 4.4. To treat the case where G is noncommutative, as-
sume that d = 1 and that G contains a finite subgroup H such that
I' = G/H is isomorphic to Z,. Consider the noncommutative Fitting
invariant Fg = Fittrlgax : CR,S — Qg and Fr = Fittgzax : CR’,S” — Qg
as in Proposition 2.11.

Here we recall a result of Nickel. In the proof of [21, Theorem 6.4],
the commutativity of the diagram

Nrd
Mo (R) —" > 7(R)

M, (R') Z(R)

NrdQ(R/)

is shown for any a > 1. Here, the left vertical arrow is the natural reduc-
tion map and the right vertical arrow 7, which is a ring homomorphism,
is defined by 7(2) = X, c1rr(G/c) @U8r ©Jx(2)ey using the notations in
[21, Theorem 6.4]. The well-definedness of 7 : Z(R) — Z(R’) also follows
by the argument there.

Let S (resp. S7) be the image of S (resp. S”) under Nrdgpg) : R —
Z(R) (resp. Nrdggr) : R' = Z(R')). Then by the commutativity of the
above diagram, we have 7(S) C S’. Therefore we can define a natural
homomorphism @ : Qr — Qg.

We shall show that w(Fr(M)) = Fr(Mg/) for M € Crg. The
inclusion w(Fr(M)) C Fr(Mg) is already proved in [21, Theorem 6.4]
(this is true for any M € Mg s). In order to show the other inclusion,

take a presentation (R')" M (R — Mg — 0 such that F'(Mg/) =

Fittg/(h). Using Hy(G’, M) = 0 by Proposition 4.2, a similar argument
as in the proof of Proposition 3.28 shows that this sequence can be
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lifted to an exact sequence R’ M RY - M — 0. Then by the above
commutative diagram, we have

’(D(.FR(M)) D) w(FlttR(h)) = FittR/(h) = ./—"1-?/(]\4&/)7

as desired.
Consequently, Proposition 4.1 can be applied to this situation and
we obtain w(F ™ (M)) = F'" (Mg) for M € Cr.s and n € Z.

Before closing this subsection, we mention a compatibility between
duality and reduction as follows. It is a generalization of [15, Lemma
5.18]. Recall that we are studying the case R = Z,[[G]], A = Z,[[G"]]
and S as chosen before Proposition 4.2.

Proposition 4.5. For M € Cg s, we have a canonical isomorphism
(M*)gr ~ (Mg)*, namely, ER(M)g ~ Ek (Mg).

Proof. Take an exact sequence

o= 5 F—-M—=0

with F; a finitely generated free R-module and let N be the image of
F} — Fy. On the one hand, as in the proof of Proposition 3.11,we obtain
an exact sequence

0Nt FF - Ff —....

If we divide this sequence into short exact sequences, every term is free
as a A-module by Lemma 3.10. Therefore this sequence induces an exact
sequence

0= (NN = (Fe = (FHar — -+

On the other hand, each term of the long exact sequence
o= (B — (F1)gr = Ngv — 0
satisfies pd%, < 0. Hence it induces an exact sequence
0= (No )™ = (F)a)* = (Fa)ar)™ — -+

Since there is a canonical isomorphism (FT)g ~ (Fg/)" for a finitely
generated free R-module F', we conclude (N1)g ~ (Ng/)*. Finally,
the exact sequences 0 — ((Fo)T)er — (NN)er — (M*)gr — 0 and
0 = (Fo)er)t = (Ng/)t — (Mg)* — 0 given by Proposition 4.2
imply the assertion. Q.E.D.
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4.2. Dual and Shift

In this subsection we observe that, if F is a “typical” quasi-Fitting
invariant, then the formula

Fn=2(M) = Flom (M)

holds for M € C and n € Z. Here we have to be careful about whether
the module is a left module or a right module. In order to state such
a formula, F must be defined on both C*8" and C'f* and the target
monoid {2 is the same.

4.2.1. Setup of Subsection 2.2 Consider the situation of Subsection
2.2. Recall that we have the quasi-Fitting invariant F = Fittg : C — Q.
Theorem 3.19 allows us to define the shifts 7™ : C — Q for n € Z (we
also constructed F™ : M — Q but we do not consider them in this
subsection).

Lemma 4.6. For P € P we have F(P*) = F(P).
Proof. At first we suppose that R is a local ring. In that case, we

T
have a presentation 0 — R® M R 5 P —0over R. Then0— R* ™
R* — P* — 0 is exact, where h” is the transpose of h. Therefore we
have

Fittg(P) = (det(h)) = (det(hT)) = Fittg(P*),
as desired. Next we consider general R. For any q € Spec(R), we have
pdp, (Py) < 1 and ER(P) ® Ry ~ E}%q (Py). Therefore the local case
implies

Fittp(P)R, = Fittr, (Py) = Fittr, (Eg, (Py))
= Fittg, (ER(P) ® Ry) = Fittg(ER(P))Ry.
Thus we have Fittg(P) = Fittg(ER(P)) as claimed. Q.E.D.
Proposition 4.7. For M € C, we have F'=2) (M) = F(M*).

Remark 4.8. By the definition of F(~2) (M), Proposition 4.7 claims
that, if 0 - M — P, - P, - N — 0 is an exact sequence in C with
P, P, € P, then

F(P)F(N) = F(P)F(M").

This assertion is a generalization of [3, Lemma 5] and [16, Proposition
7.3] (to compare with those results, we need the interpretation of the
dual as the Pontryagin dual and the Iwasawa adjoint as in Example
3.7). Our proof of Proposition 4.7 simplifies the original proof because
we already know the well-definedness of (=2 and hence we can choose
any exact sequence of the above form.
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Proof of Proposition 4.7. Take f € S which annihilates M and an

h,
exact sequence R® = R® — M* — 0. We can construct an exact
sequence

0—>M—>(R/f)“E—T>(R/f)b—>N—>O

in C. Then (™' | f1,) € My 445(R) is a presentation of N over R, where
1, denotes the identity matrix of size b. On the other hand, since h
is a presentation matrix of M* over R/f, (h | fl,) € My et+s(R) is a
presentation of M™* over R. Therefore

F(N) =Fittg(hT | f1,) = fo7Fitt(h | fl,) = fo°F(M*),
which proves F(=2) (M) = F(M*). Q.E.D.

Corollary 4.9. We have F"=2/ (M) = F="(M*) for M € C and
n € Z.

Proof. The case n = 0 is Proposition 4.7. Let 0 - N — P —
M — 0 be an exact sequence in C with P € P. We have an exact
sequence 0 = M* — P* — N* — 0. Then

n—2

.7-'<"*2>(M) — ]:(p)(*l) F(n=3) (N) = ]:(p)(*l)"”]:((n*l)ﬂ) (N)

and
Fl=m) (M*) = f(p*)(*l)fn']:(*"+1>(N*) — ]:(p)(*l)fn']:(*("*m(N*)’

which prove that the assertion for n is equivalent to that for n — 1. This
completes the proof. Q.E.D.

Remark 4.10. Consider R = A[A] as in Lemma 3.26 and F =
Fittgz. Then we have

for M € C by Lemma 3.26 and Proposition 4.7. This gives an alternative
proof of [11, Theorem A.8], whose proof is bothering, in the rank one
case. However, our proof of F(M) = F(M*) does not depend essentially
on the shifting theory. In short, we constructed an exact sequence 0 —
M —- R\ M - Ry M - M — 0 in Lemma 3.26 and applied the
known formula in Remark 4.8 to it.



38 T. Kataoka

4.2.2. Setup of Subsection 2.3 Consider the situation of Subsec-
tion 2.3, under Assumption 2.10, and the quasi-Fitting invariant F =
Fittp™ : C — Q.

Lemma 4.11. For P € P we have F(P*) = F(P).

Proof. This is a generalization of [21, Propositions 5.3.1 and 6.3.1].
Since we are assuming that P has a quadratic presentation, a similar
argument as the first part of the proof of Lemma 4.6 yields the assertion.

Q.E.D.

Proposition 4.12. For M € C, we have F'=2) (M) = F(M*).

Remark 4.13. This proposition can be written down similarly as
in Remark 4.8. It is a generalization of [21, Propositions 5.3.2 and 6.3.2].

Proof of Proposition 4.12. Take f € S which annihilates M. Let
RIS Re = M* = 0 with b > a be a presentation such that Fitt(h) =

Fitt™(M*). Then (R/f)® LN (R/f)* — M* — 0 is exact. If we define
N € C as the dual of the kernel of h, we have an exact sequence

0= M= (R/f)*S (R/f)> = N = 0.

Put hy = (hT | 0pp—a) € My(R). Then hy is a presentation matrix of
N over R/f and thus (h; | f1p) is a presentation matrix of N over R.
Therefore

Fitt™**(N) D Fitt(hy | f1,) = Fitt(h | £1,)
= Nrd(f)P " Fitt(h | f1q) = Nrd(f)?~¢ Fitt™>(M*),
where the final equality comes from
Fitt™®(M*) = Fitt(h) C Fitt(h | f1,) C Fitt™*(M™).

This proves that F{=2)(M) > F(M*).

In order to prove the other inclusion, take an exact sequence 0 —
M — P — P, - N — 0in C with P,P, € P. Since 0 - N* —
Py — P — M* — 0 is exact, applying the above result to N* yields
F=2(N*) D F(N), which is equivalent to

F(M*) > F(P))F(P5) "' F(N) = F(P)F(P) ' F(N) = F=2(M).
This completes the proof. Q.E.D.

Corollary 4.14. We have F"=2(M) = F(M*) for M € C
andn € Z.

Proof. The argument of Corollary 4.9 works. Q.E.D.
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4.2.3. Setup of Subsection 3.3 Consider the situation of Subsection
3.3 and the quasi-Fitting invariant F : C — Q constructed there.

Proposition 4.15. We have F"=2) (M) = F=™ (M*) for M € C
andn € Z.

Proof. For any U € U, let @ : 2 — Qg y be the natural map. A
similar discussion as in Proposition 4.5 gives a canonical isomorphism
(M*)y ~ (My)*, namely, EL(M)y =~ E%p[[G/U]] (My). By Lemma
3.27(1), the assumptions of Proposition 4.1 hold. Then

w(F (M) = FOB (My) = FEO (My)”)
= FM (M )y) = w(FEW (M),

where the first and forth equalities follows from Proposition 4.1, second
from Corollary 4.14, and third from (M*)y ~ (My)*. Varying U, we
get the desired equality. Q.E.D.

4.3. Computation

Let A be a finite abelian group and put R = Z,[[T1, ..., T4]][A], S =
Zy[[Th,- .., Ty]] \ {0} with d > 0. Consider the Fitting invariant F =
Fittr. As explained in Section 1, it is important to compute F2 (z,)
when d = 1. The method of computation is already indicated in The-
orem 1.1. Let us extend the method to compute FI" (z,) for general
n > 0 when d = 1. This method is also applicable for general d > 1: see
Examples 4.19 and 4.20.

Put R = Z,[[T]])[A]. Fix a decomposition

A= H AW®
=1

where A( is cyclic and choose a generator §; of A®. For each i, we
obtain a complex

) NG N )
C o 5 Z[AD] A 7, [AD) O3 7, [AD] 5 0

(with the final 0 at degree —1), which is acyclic except for degree 0 and
Ho(C8) ~ Z,. Here N denotes the norm element in the group ring.

Hence the tensor product Cy = Cfl) Q- CES) is a complex which is
acyclic except for degree 0 and Hy(C,) ~ Z,. Moreover, for each j > 0,

Cj is a free Z,[A]-module of rank w and the presentation
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matrix of the boundary map d; : C; — C;_; can be written down. In
this way, for each n > 0, we obtain an exact sequence

0—=N,—=Ch1 = —=Co—=Zyp—0

with C; € P. Thus we obtain

n—1

J—_-[n] (Zp) — (T)tf(Nn), L = Z(_l)n+j S(S + ].) . j'(S +] — 1)

Jj=0

Since the boundary map d,11 is a presentation of N,, over Z,[A], we
obtain a presentation of N,, over R, and the Fitting ideal F(N,,) of N,
can be computed. Consequently FI™(Z,) can be computed.

Now we present several examples of explicit computations.

Example 4.16. Consider the case s = 1, namely, let R = Z,[[T]][A]
with A cyclic generated by an element §. Then the above computation
shows

Finl(z,) = (6 =1,T) (n>0,even),
Finl(z,) = </\;A 1> (n > 0,0dd).

Moreover, Lemma 3.26 implies

F"(Z,)=(6—-1,T) (n€ Z,even),

Fn(z,) = (Ajf? 1) (n € Z,0dd).

Alternatively, we can use the observation in Example 4.18.

Example 4.17. Consider the case s = 2, namely, let R = Z,[[T]][A]
with A = AM x A®) and A® cyclic. Choose a generator §; of A and
put 7; = d; — 1 for short. Then a computation shows

“F[O] (Zp) = (7—17 T2, T),
1y Na
FlZy) = T7NA(1)7NA(2)77—177—2;T :
f[Q] (Zp) = (T127 T1T2, T22; TINA(Z) ) T2NA(1) ) (7—17 7—27NA(1) 7NA(2) )T7 T2) .

Of course, the last formula of F12/(Z,) coincides with the computation
of [12]. The description of F["(Z,) for general n seems difficult.
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Example 4.18. Let R = Z,[[T]][A] with A a finite abelian group.
Forn < —2, using Z} ~ Z,, Corollary 4.9 implies ]-'<">(Zp) :.7-'<*2*”>(Zp)
= FI=2=7)(Z,). Hence if we were able to compute FI"(Z,) for all n > 0,
we would also obtain F{™(Z,) for all n < —2.

To compute F(~1(Z,), consider the homomorphism v : Z,[A] —
Zp|A] defined as the multiplication by Na. Then the image of v is iso-
morphic to Z, and thus we have an exact sequence 0 — Z, — Zy[A] —
Cok(v) — 0. Since Cok(r) has the presentation v over Z,[A], it has the
presentation matrix (Ma,T) over R. Consequently we obtain

FW(Z,) =T YN, T) = (Azf?,l) .

Example 4.19. Let R = Z,[[Th,T»]][A] with A cyclic. Take a
generator § of A. We shall show that

Fz,) = F(z,) = (6 — 1,11, T»),
6_17NA7T17T2) (7121)’
(5—17./\[A,T1,T2) (TLGZ)

The first line is confirmed easily. Next we compute F(Z,) and
Fla (Z,). Taking the tensor product of the complexes

6—1

= 2, A] ™S Z,[A] S Z,[A] = 0

and
0 — Zy([T1]] B Z,[[Th]] — 0,

we obtain a complex
Coiio 0B, B0, 100
where Cy ~ Z,[[T1]][A] and C; ~ Z,[[T1]][A]? for j > 1 and

0 6—1 T 6—1
dy = (0 —1,T1), d2=<NA —T1>’ d3:(N1A 0 )

The complex C, is acyclic outside degree 0 and Hy(C,) =~ Z,,. Therefore,
for n > 1, we have an exact sequence

0=+Np,—=Ch1—--—=Co—=2Z,—0

and thus
FUN(Zy) = (To) 7' F(Ny).
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Since N7 has a presentation ds over Z,[[T1]][A], N1 has a presentation
0 -1 T» O
Na =T 0 T

f(Nl) = TQ((S_ 1;NA7T17T2)

over R. Thus

and consequently
F(Zy) = (6 — 1,Na, T1, Ta).

Similarly, N5 has a presentation

hn 6—1 T, 0

Na 0 0 Ty
over R and we obtain FI2/(Z,) = (§ — 1, Na,T1,Ts). Finally, Remark
3.25 and Lemma 3.26 imply the other formulas.

Example 4.20. Let R = Z,[[T1, To]][A] with A = AM x A®) and

A cyclic. Choose a generator §; of A® and put 7; = §; — 1. Then a
long computation as in Example 4.19 gives

]:<2> (ZP) = (7-1?T27T17T2)(T13TQ7NA(1)’NA(2)7T17T2)2 + (NA)2

§5. Applications to Iwasawa Theory

5.1. Tate Sequences

In this subsection, we recall a general construction of an arithmetic
exact sequence which is suitable to our algebraic theory. Let K be a
finite extension of Q and p an odd prime number. Let X be a finite set
of places of K containing all primes above p and all archimedean primes.
Let Kx be the maximal extension of K unramified outside ¥ and put
Gky = Gal(Kx/K). Let L be a p-adic Lie extension of K contained in
Ks and put G = Gal(L/K). Let D ~ (Q,/Z,)" be a representation of
Gk x. We denote by (—)¥ the Pontryagin dual.

Theorem 5.1 ([25, Lemma 4.5]). Suppose H?(Kyx,/L, D) = 0. Then
we have an exact sequence

0— H' (Ks/L,D)Y - F, — Fy - H*(Kx/L,D)" — 0

of finitely generated Z,[|Gl]|-modules with pdy, jjc(F1) <1 and F» free.
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Remark 5.2. The hypothesis H?(Kx/L, D) = 0 is conjectured to
be true as long as L contains the cyclotomic Z,-extension of K (known
as the weak Leopoldt conjecture [25, p.565], [8, Conjecture 5.2.1]). It
is actually known to be true if moreover Gal(Kx /L) acts on D trivially
(see [20, Theorem (10.3.25)]).

5.2. Totally Real Fields

In this subsection, we give a noncommutative extension of Theorem
1.1. Let K be a totally real number field and p an odd prime number.
Let L be a totally real, Galois extension of K which is a finite extension
of the cyclotomic Z,-extension K¢ of K. Put G = Gal(L/K), which
is a p-adic Lie group of dimension 1. Also take a finite extension K’ of
K contained in L such that L is the cyclotomic Z,-extension of K’ and
put G’ = Gal(L/K'). We can apply the algebraic theory to R = Z,[[G]]
and S = Z,[[G’']] \ {0}, so put C = Cr,s and P = Prgs. Let ¥ be a
finite set of places of K containing all primes above p, primes ramified
in L/K, and archimedean primes. The following proposition is known
as mentioned in Section 1, but we give a proof for completeness.

Proposition 5.3. There is an exact sequence
0—>Xs(L) > P =P, —7Z,—0

in C with P, Py € P.

Proof. Applying Theorem 5.1 to D = Q,,/Z,, equipped with trivial
Galois action yields an exact sequence

0—-Xs(L) > F - F,—7Z,—0

over R as stated in Theorem 5.1. Note that Z, € C and in particular
Z,, is S-torsion. By taking some quotient of F, F» by a free module, we
obtain an exact sequence

0—>Xs(L) > P —Po—7Z,—0

of finitely generated R-modules such that pdz(P1) < 1, pdg(P) < 1,
and P, is S-torsion. It is known that Xx(L) is an S-torsion module
by the weak Leopoldt conjecture (see [20, Theorem (10.3.25)] or [34,
Theorem 13.31]). Thus P; is also S-torsion and we have P, P, € P.
Now X5 (L) € C also follows. Q.E.D.

Now we review the equivariant main conjecture of Ritter and Weiss
[28], reformulated by Nickel [22, Conjecture 2.1]. Using the sequence in
Proposition 5.3, put

Pr/x s = [P1] = [P] € Ko(P).
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Let ©p/ky € Z(Q(R))* be the equivariant p-adic L-function, which
corresponds to ®g in [22]. Consider the Fitting invariant F = Fitt{™*
(Proposition 2.11) and recall the diagram in Remark 2.15. Then the
equivariant main conjecture (without uniqueness assertion) claims that
.7-'(<I>L/K_’2) is generated by ©p, /s This conjecture is proved to be true
in [30], under the vanishing of the p-invariant of Xx(L).

Recall that F = Fittp™ is also a quasi-Fitting invariant by Propo-
sition 3.17. Then Corollary 3.21 immediately yields the following, which
is the noncommutative variant of Theorem 1.1.

Theorem 5.4. If the p-invariant of Xx(L) vanishes, then for the

max

quasi-Fitting invariant F = Fitty*" and any n € Z, we have
Fm (X5 (L)) = (@L/1<,2)(71)n]:<wr2> (Zp)-

In particular,
F(Xs(L)) = Ok s F P (Zy).

Remark 5.5. If L/K is commutative, instead of [30], one may use
[16, Theorem 5.6] to obtain Theorem 5.4. When L/K is noncommuta-
tive, 22, Theorem 3.3] gives a generalization of [16, Theorem 5.6], which
also gives Theorem 5.4, but the proof of [22, Theorem 3.3] relies on [30].

5.3. Result at Finite Level

Using the results in Subsection 5.2 and reduction theory in Subsec-
tion 4.1, we shall obtain a result for finite Galois extensions of number
fields.

Let K be a totally real number field and p an odd prime number.
Let K’ be a CM-field which is a finite Galois extension of K and put
A = Gal(K'/K). Suppose that K’ contains u,, the p-th roots of unity.
Let X be a finite set of places of K containing all primes above p and
primes ramified in K'/K.

We have the equivariant zeta function

Ok i n(s) = Z Ly (s, x ey € Z(C[A]),
x€Irr(A)

where Irr(A) denotes the set of irreducible characters of A, Ly (s, x™!)
denotes the ¥-truncated Artin L-function, and e, denotes the idempo-
tent. For an integer r > 2, a result of Siegel implies that

Or /(1 —1) € Z(Q[A])

(see, for example, [22, Subsection 1.3]).
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Let L be the cyclotomic Z,-extension of K’. We denote by j the
complex conjugation and let LT = L) be the maximal totally real
subfield of L. Put G = Gal(L/K),G* = Gal(LT/K) = G/{j),G' =
Gal(L/K') ~ Z,,T' = Gal(K“°/K) ~ Z,, so A = G/G'. Put R =
Zy|[Gl], Rt = Z,[[GT]]. Then R is naturally the direct product of Rt =
%R and %R.

Since L contains ji,e, we have the cyclotomic character k : G — Z;,
which is decomposed as k = (k)w with (k) : G = 1+ pZ, and w : G —
tip—1, the Teichmuller character. In general, if p: G — Z; is a character
of a profinite group G, then we define the continuous automorphism p?
of Z,-algebra Z,[[G]] by p*(g) = p(g)g for g € G. For an integer r, put
t, = (k")* : R — R and, for a G-module M, we denote by M (r) the r-th
Tate twist of M.

As a result at infinite level, we have the following.

Proposition 5.6. Let r be an integer. If the p-invariant of Xs (L)
vanishes, then for the quasi-Fitting invariant Fr = Fittg™ and any

n € Z, we have
F (XL (1) = t:(Op+ /5.5) TV F 2 (Z,(—1)).

Proof. 'We have .FI(%M(XE(L‘*‘)) = (@L+/K,z)(_1)”.7:1<3n+2>(Zp) by
Theorem 5.4. We apply Proposition 4.1 to the ring homomorphism
m=1t_,.: R — R, the monoid homomorphism w : Qr — Qg induced
by t., and quasi-Fitting invariant Fr. As in [27, Lemma 3.1 i], the
property t,(Fr(M)) = Fr(M(—r)) can be checked. This completes the
proof. Q.E.D.

Next we want to deduce a result for the finite extension K’/K. Put
R’ = Zp|A]. Recall that we have the natural map 7 : Z(R) — Z(R’) in
Example 4.4 defined by m(z) = X, crp(a) 2U8p 0y (7)ey. We need the
following.

Proposition 5.7. For an integer v > 2, we have ot (Op+ /i x) =
Ok 2(l—1).

Proof. This is implicitly used in [22, p.1245]. For any character x
of A, what we need is the equality

augp 0jy © tT'(®L+/K,E) =Ls(1—rx).

If the parities of x and r are different, then the both sides vanish and
we have nothing to do. Assume that the parities of x and r the same.
By definition, ©+ x5 can be characterized by

augp o((k)")f 0 js(Or+ ke s) = Lps(l —1,¢) = L(l —r,¢w™")
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for an integer > 2 and an even character ¢ of A, where L, 5 denotes
the p-adic L-function. Then letting ¢ = yw"” shows the assertion since

o tr = Gy o ()7 0 () = (()7)F 0 fxr-
Q.ED.

We obtain the following by applying Example 4.4 to Proposition 5.6,
using Proposition 5.7.

Theorem 5.8. Let v > 2 be an integer. If the p-invariant of

X5 (L") vanishes, then for the quasi-Fitting invariant Fr = Fitth™
and any n € Z, we have

.7:;%7}) (XZ(L+)(—7“)G/) = eK’/K,E(l — T)(_l)n./—"1<%7}+2> (Zp(—’l“)G/).

Remark 5.9. Put e, = w Note that in Proposition 5.6 and
Theorem 5.8, we only see at e,-parts. Let Ok s be the ring of 3-integers
in K’ and H:, (O x,Zy(r)) denote the etale cohomology groups. Then
as in [16, Proposition 6.18], there are isomorphisms

(Xn(LY)(=r)a) = e, HZ (O 5, Zp(r)),

\%

where (—)Y is the Pontryagin dual, and

ZP(T)G/ ad eTH;t(OK’,Ev Zp(r))tor
Therefore the assertion of Theorem 5.8 can be restated as

erF i (H2(Orcr 2.2y (r))Y)
= O prem (=) F P (H (O 2, Zp () ion) )
In particular, by putting n = —2 and using Proposition 4.12, we obtain
erFr (H2 Ok 5. Lp(r)) =0k 1, s (1=1) Fre (Hey(Okr 5, Zp(1)vor) ¥ )
This is nothing but [22, Corollary 5.13], which is a noncommutative ver-
sion of [16, Theorem 6.11], and they are refinements of the cohomological

Coates-Sinnott conjecture. In those articles, they used the concept of
abstract 1-motives, but our argument in this paper does not use it.
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5.4. XY,-Ramified Iwasawa Modules

Consider the situation in Subsection 5.2, but we assume that G
is abelian. Take a subset ¥’ of ¥ containing all primes above p, but
not necessarily containing all primes which are ramified in L/K. For
example ¥ = ¥, the set of primes above p. In this subsection, we
consider Xy (L) as an R-module.

For v € ¥\ ¥, put

U,(L) = lim((Or /v)* ©2Z,),
F

where F' runs through all intermediate number fields of L/K. The struc-
ture of U, (L) is described as follows. Fix a place w of L above v. Let
F,, E, be the decomposition field, inertia field of w in L/K, respec-
tively, which are independent of the choice of w. Put G, = Gal(L/F,)
and I, = Gal(L/E,), which are the decomposition group and the in-
ertia group, respectively. Then Gal(E,/F,) is pro-cyclic generated by
the (arithmetic) Frobenius element o,. On the other hand, I, is a finite
group contained in Gal(L/K%°). Let N(v),9(w) be the orders of the
residue fields. Then the following is easily shown.

Lemma 5.10. Ifpt ((w) — 1), then U, (L) = 0. If p|(M(w) — 1),
then
Uy (L) = Zp[[G]] @z, (1G]] Zp(Kv),

where K, is the character of G, defined as G, — Gal(E,/F,) — v/
where the last map sends o, to N(v).

Note that the module written down on the right is nothing but the
induction of Z,(k,) from G, to G, often denoted by Indgv (Zp(Ky)). In
particular, U, (L) is free of finite rank [F, : K] as a module over Z,.
By class field theory and the weak Leopoldt conjecture, we have the
following.

Proposition 5.11. There is an exact sequence

0= P U(L)— Xx(L) = Xs(L) =0
vET\Y
in C.
There is a possibility that none of the three terms is contained in
P, in which case we cannot apply the algebraic theory. To avoid such
an obstruction, we consider only nontrivial character parts.

Put A = Gal(L/K®°), which is the torsion part of G. Note that,
since G is commutative, G can be decomposed into the product of A
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and a group isomorphic to Z,. Let A, (resp. Ay) be the subgroups of
A consisting of elements of p-power order (resp. order prime to p). Put
G = G/A,, which is the pro-p quotient of G.

Let 9 be a nontrivial character of A, and put Oy = Z,[Im1)]. Since
the order of ¢ is prime to p, taking ¢)-parts denoted by (—), is an exact
functor. Thus we have an exact sequence

0— @ UU(L)w — XE(L)U) — Xg/(L),l/, — 0
vEX\X/

over Oy[[G]], and hence over R = Z,[[G]]. Moreover, by Proposition 5.3,
Xz(L)w € P and [XE(L)w] = ((PL/K,E)w n Ko(P), where (CI)L/K,E)w
has the obvious meaning. Consequently, we obtain the following.

Theorem 5.12. For any quasi-Fitting invariant F, we have

F(Xw(L)y) = F(@p/ks)e) FU | €D Us(L)y
veES\E"

In particular, consider the case F = Fittg and we compute the right
hand side. As seen in Subsection 5.2, the equivariant main conjecture

claims F(®r/xx) = (Orn/x,5)-

Lemma 5.13. Let F = Fittg. Take a lift o, of o, to Gal(L/F,).
Then we have

o[ @ wm) = I1 (F%)n
vED\Y vesyy NIV T (v)

Proof.  Observe that F satisfies F(M; & M) = F(M1)F(Ms) (this
formula for the noncommutative case is unknown; see [23, Remark 5.11]).
Then we clearly have

Fl @D ww | = [T 77w w).
VET\ X/ vET\X/
By Lemma 5.10,
_ —1 _ 1
FEDUALY) = FL iy Tl R = () (FL k) (Z0)) R

Here we used Proposition 4.1 twice, applied to the inclusion map Z,[[G,]]
— R and to the automorphism (k;1)f : Z,[[G.]] — Z,[[Go]]-
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fép_ﬁé‘v]](zp) is computed in Example 4.18. Put m, = [E, : F¥°],
which is prime to p. Then we have a decomposition Gal(L/F,) =
Gal(L/F%°) x (a,"). By Example 4.18, we have

N
(—1) ~(Naar/ree)
Fa, 6.0 Ze) = ( G 1 ’1> ‘

Note that each element of Gal(E,/F%°) is congruent to o) modulo
oy — 1 for a unique 0 < j < m,,. Therefore

(NGal(L/F,Sy“) 1) B <N11,(1+35+--‘+35m”1) 1) _ ( Ni, 1)
My, ) - o ; - .

o, v =1 0o oy, —1’

Since r, 1(0,) = N(v) ™!, the assertion follows. Q.E.D.

5.5. Imaginary Quadratic Fields

We consider a two-variable analogue of Theorem 1.1. Let K be an
imaginary quadratic field and p be an odd prime number which splits into
two primes p,p in K. Let L be an abelian extension of K which is a finite
extension of K, the Z2-extension of K. Put G = Gal(L/K). Let X be a
finite set of places of K containing all primes above p and primes ramified
in L/K. Tt is known that the YX-ramified Iwasawa module X5 (L) is not
a torsion module ([20, Theorem (10.3.25)]). Instead, put X9 = ¥\ {p}
and we shall study the ¥g-ramified Iwasawa module Xx, (L), which is
known to be torsion. Let X (L) be the unramified Iwasawa module of L.

Take an open subgroup G’ of G which is isomorphic to Zg. We can
apply the algebraic theory to R = Z,[[G]], A = Z,[[G"]], and S = A\ {0}.
Put M = MR75,C = CR,S, and P = Prs.

For a finite place v of K, we define an R-module U, (L) as follows.
If v { p, then it is defined as in Subsection 5.4. If v|p, then it is defined
by

Uy(L) = lim U, (F)

—
F

where F runs over intermediate number fields of L/K and U, (F') denotes
the principal semi-local unit group of F' above v. Put

E(L) = Im(Of @2 Z,).
F
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Consider the commutative diagram with exact rows

L) Up (L) x Us(L) x T],em 5, Un(L) —— X5o(L) —= X(L)

| |

e(L)

E(L)———=Up(L) x [[yex\z, Us(L) ——— X, (L) —> X(L)
where the injectivity follows from the p-adic Leopoldt conjecture ([2]
and [20, Theorem 10.3.16]). Then we obtain an exact sequence

0— Uf(L) — XE(L) — XEU (L) — 0.

Lemma 5.14. We have pdg(Us(L)) < oco.

Proof. Let Gy be the decomposition group of p in G. It is crucial
that Gy is isomorphic to the direct product of Zf, and a finite abelian
group of order prime to p. To show that, first observe that G can be
regarded as the Galois group of an two-dimensional abelian p-adic Lie
extension of K ~ Q,. As p is odd, the local class field theory shows
that the Galois group of the maximal abelian pro-p-extension of Q, is
isomorphic to Zf,. Therefore the pro-p quotient of G must be isomorphic
to ZZ. This implies the claim.

Fix a prime B of L above p. Then we have U(L) ~ Z,[[G]] ©z, [jc,])
Usz(L), where the definition of Ugp(L) is clear. By the structure of Gy
described above, the global dimension of Z,[[G5]] is finite. Therefore we
have pdg(Us(L)) < oo (at most two actually), as desired. Q.E.D.

Proposition 5.15. There is an exact sequence
0— Xy, (L) > PL— Po—7Z,—0
in M with Xx,(L) € C and P1, P, € P (Note that Z,, is not contained
in C because pdy(Zy) =2).

Proof. First we show Xy, (L) € C. It is already known that Xy, (L)
€ M, so it is enough to show that pd, (Xx, (L)) < 1. This is essentially
proved in [26, Theorem 23] and the preceding remarks there. Alterna-
tively, we can apply a result by Greenberg [9, Proposition 4.1.1].

Applying Theorem 5.1 to D = Q,/Z,, yields

0—-Xs(L) > F - F,—7Z,—0

of finitely generated R-modules, where pd(F1) < 1 and F; free. Since
Z, is a torsion module, by taking the quotient of F, F; by a free module,
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we can construct an exact sequence
0= Xs(L) > F{ > P, —Z,—0

of finitely generated R-modules, where pdg(Fy) <1 and P, € P.

Let P; be the cokernel of the composition map Us(L) — X5 (L) —
F|, which satisfies pdg(P1) < oo by Lemma 5.14. Then we obtain an
exact sequence

0= Xsy(L) > P = Po—7Z,—0

in M. Since pd,(Z,) =2 and X5, (L) € C, we have pd,(P;) < 1. Thus
P € CN Q =P, which completes the proof. Q.E.D.

Using the sequence in Proposition 5.15, put ® /x5, = [P1] — [P] €
Ko(P).

Theorem 5.16. For any quasi-Fitting invariant F and n € Z, we
have

Fi (X5, (L)) = F(®pyk.5,) " F2(2,).
In particular,
F(Xsy(L)) = F(@r/x,50)F P (Zp).

Moreover, the argument in Subsection 5.4 can be applied. Take a
subset X{, of ¥y containing {p}. As in Proposition 5.11, we have an
exact sequence

0= P Ul(L)— Xx,(L) = X5 (L) =0
vEX\ X

in C and the structure of U, (L) is described as in Lemma 5.10.

Decompose A = Gal(L/K) = A, x A, and let ¢ be any nontriv-
ial character of A,. Then as in Theorem 5.12, for any quasi-Fitting
invariant F for R, we have

F(Xsy(L)y) = F(@p/k5)0) FU [ @ U(D)y
vEXo\XG

If F = Fittg, then as in Lemma 5.13

vEX\ X v€X\ 3G

where the notations are similar to those in Subsection 5.4.
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