Cyclicity of adjoint Selmer groups
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Abstract.

We study the universal minimal ordinary Galois deformation pr
of an induced representation Ind%gp from a real quadratic field F'
with values in GLy(T). By Taylor—Wiles, the universal ring T is
isomorphic to a local ring of a Hecke algebra. Combining an idea of
Vatsal-Cho [CV03] with a modified Taylor-Wiles patching argument
in [H17], under mild assumptions, we show that the Pontryagin dual
of the adjoint Selmer group of pr is canonically isomorphic to T/(L)
for a non-zero divisor L € T which is a generator of the different 0,5
of T over the weight Iwasawa algebra A = W/[[T]] inside T. Moreover,
defining (g) := (1 + T)8p(®)/108,(14P) for a fundamental unit & of
the real quadratic field F', we show that the adjoint Selmer group
of Ind% @ for the (minimal) universal character ® deforming ¢ is
isomorphic to A/({e) — 1) as A-modules.

Pick a prime p > 3. Let F = Q[V/D] be a real quadratic field

with discriminant D > 0 and integer ring O. Assume that (p) splits
into (p) = pp’ in O with p # p’. In our article [H17], we have studied
the cyclicity question of Iwasawa modules over the anticyclotomic Z,-
extension over an imaginary quadratic field. In this paper, combining
with an idea of Cho-Vatsal [CV03], we explore what a similar technique
produces for a real quadratic field F. Though the fundamental idea of
applying the patching method of Taylor—Wiles to the cyclicity problem
is similar to [H17], the execution is different, and we show that the
annihilator L of the adjoint Selmer group is always non-trivial having
the factor (¢) —1 as it covers A/({(e) —1) # 0 (<= T|({e) —1)). We discuss

this point more after stating Theorem A.
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Let ¢ be the generator of Gal(F/Q). Take an anticyclotomic branch

character ¢ : Gal(Q/F) — Q. Here ¢ “anti-cyclotomic” means that for
any lift ¢ € Gal(Q/Q) with ¢|r = ¢, we have ¢(cT¢ 1) = ¢(7)~1 for all
7 € Gal(Q/F). Regard it as a finite order idele character ¢ : F/F* —
Q" such that ¢(z°) = ¢~ 1(z). Often we find a finite order character ¢
of F'/F* such that ¢ = p~, where ¢~ () = p(z)p(z°)~*. Note that
¢ =@~ < ¢|ax = 1. Suppose
(h1) We have ¢ = ¢~ for a character ¢ of order prime to p ram-
ifying at one infinite place of F' and of conductor f such that
@*|Ga1(@p/@p) # 1 and c|f|cp for ¢ prime to p,
(h2) N := DNp/q(c) for an O-ideal ¢ prime to D with square-free
Nr/g(c) (so, N is cube-free),
(h3) pis prime to N[, (I — 1) for prime factors [ of N,
(h4) the character ¢~ has order at least 3,
(h5) the class number hp of F' is prime to p,
(h6) the class number hp(, -y of the splitting field F'(¢™) = @Ker(w )
of ¢~ is prime to p.

We study the local ring of the Hecke algebra associated to Ind?,i ©.
We write Z,[¢] for the subring of @p generated over Z, by the values
of ¢. As a base ring, we take W = Z,[p]. Put I := 1+ pZ, as a
p-profinite cyclic group. We identify the Iwasawa algebra A = W/[[[]]
with the one variable power series ring WI[T]] by I' 3 v := (1 + p) —
t =1+ T € A. Take a Dirichlet character ¢ : (Z/NpZ)* — W*, and
consider the big ordinary Hecke algebra h (over A) of prime-to-p level N
and the character ¢ whose definition (including its CM components) will
be recalled in the following section. We just mention here the following
three facts

(1) h is a reduced algebra flat over A interpolating p-ordinary
Hecke algebras of varying level Np"*1, weight k 4+ 1 > 2 and
Neben characters;

(2) Each prime P € Spec(h) has a unique (continuous) Galois
representation pp : Gal(Q/Q) — GLa(k(P)) for the residue
field x(P) of P;

(3) pp restricted to Gal(Q,/Qp) (the p-decomposition group) is
isomorphic to an upper triangular representation whose quo-
tient character is unramified.

By (2), each localization T of h has a mod p representation p = pm, :
Gal(Q/Q) — GLa(F) for the residue field F = T/my. If p = Ind%@ for
the reduction ¥ modulo p of ¢, we have an involution o € Aut(T/A)
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w) For a subscheme Spec(A) C

Spec(T) stable under o, we put Ay := {z € Alo(z) = £x}. Then
A, C Ais asubring and A_ is an A;-module.

such that oo pp = pp @ x for x := (

We prove

Theorem A: Let Spec(T) be a connected component of Spec(h) associ-
ated to the induced Galois representation p = Ind%@ for the reduction
@ of ¢ modulo my for the mazimal ideal my, of W. Suppose (h1-6).
Then the following two equivalent assertions hold:

(1) The rings T and T4 are both local complete intersections free
of finite rank over A.

(2) The T-ideal I = T(oc—1)T C T is principal and is generated by
a non-zero-divisor 0 € T_ = T_ with 6> € T,. The element 0
generates the Ty -module T_ which is free over Ty, and T =
T, [0)] is free of rank 2 over T.

The relative different 97, for T over T (defined by Tate in [MR70,
Appendix]) is generated by 6 as a T-ideal.

The implication (1) = (2) follows from a ring theoretic lemma [H17,
Lemma 13.4], and the converse is a consequence of [H17, Lemma 7.5
because T/(6) = T, /(6?) is isomorphic to the group ring W[H] as in
Corollary 2.3; so, we do not directly deal with the equivalence of the two
assertions in this paper. An assertion slightly weaker than Theorem A
is given in [CV03, Theprem 2.1 (2)] in the case where f = 1.

The condition (h4) combined with (p) = pp° implies an assumption
for “R = T” theorems of Wiles and Taylor et al [Wi95] and [TW95]:

(W) p restricted to Gal(Q/M) for M = Q[+/(—1)®~1/2p| is abso-
lutely irreducible,

and the main reason for us to assume (h4) is the use of the “R = T” theo-
rem for the minimal universal deformation ring R of p (see Theorem 2.1).
The universal representation pr : Gal(Q/Q) — GL2(R) = GLo(T) is ob-
tained patching together the representations pp associated to arithmetic
primes P € Spec(T). The condition (W) is equivalent to the condition
that the representation p is not of the form Ind(]%[ & for a quadratic field
M # F and a character ¢ : Gal(Q/M) — F* by Frobenius reciprocity.
Then the implication: (h4) = (W) follows from [H15, Proposition 5.2].
For a deformation p : Gal(Q/Q) — GLa(A) of p, we let Gal(Q/Q) act on
slo(A) by o+ p(7)xp(7) "t and write this 3-dimensional representation
as Ad(p).

We actually prove a stronger fact than (1) which asserts that T =
A[[T-]]/(S+) and T4 = A[[T?]]/(S4) for a one variable power series ring
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A[[T_]] over A with S, € A[[T?]] and @ is given by the image of T_ in
T. Here the variables satisfy o(T_) = —T_ and o(S;+) = S4. This
switching of the sign o(1_)/T- = —o(S+)/S+ (see Proposition 6.4)
appears innocuous but has a substantial effect (of forcing non-trivial
ramification of T over Ty) resulting the infinity of the Selmer group
Selg(Ad(pr)) without exception. This is something like the exceptional
zero phenomenon observed in [MTT] as the divisibility of the standard
p-adic L-function of GL(2) by the cyclotomic variable but in our case,
the weight variable T" always divides the characteristic ideal of the Pon-
tryagin dual of the Selmer group (as described in Corollary B below).

In [H17] dealing with the anticyclotomic Iwasawa module over an
imaginary quadratic field, we studied the universal deformation ring
of an induced representation of the imaginary quadratic field. Writ-
ing (R,T,7 € Aut(T/A)) in the imaginary case for the objects corre-
sponding to (R, T, o) in the real case as above, we have two significant
differences in the situation:

(1) Spec(T) has a big component Spec(7¢y,) with dim 7, = dim A
fixed by the involution 7 corresponding to o (existence of large
CM components);

(2) Under an appropriate hypothesis similar to (h1-6), we proved
in the imaginary case that T = A[[T_]]/(S-) with 7(T) =
—T_ and 7(S_) = —S_ (so, no switching of the sign).

The fact (1) asserting to have a big closed subscheme Spec(7er,) fixed
by 7 forces 7(S_) = —S_ (see [H17, Example 6.8 and Theorem 6.7]),
and the non-triviality of the Selmer group is equivalent to (7_-) 2 (S-)
(i.e., non-triviality of the Selmer group would be rare when we vary
the prime p in the imaginary case). Write ¥ for the mod p quadratic
character corresponding to F' and @ for the mod p Teichmdiller character.
A technical reason for the switch of sign in the real case is a consequence
of the fact (by Kummer theory) that the dual Selmer group Sel™ (x@) is
one dimensional when F is real, while Sel* (¥@) vanishes for imaginary
F' (see Proposition 6.4 and its proof), as long as the class number of F'
is prime to p.

Though the use of the patching argument to study cyclicity was first
done in [H17] and again in this paper, to pin down the subtle difference
of the two cases described above, we go through each step of the argu-
ment in detail. There is one more case of expected cyclicity where the
residual representation is a modulo p reduction of an exceptional Artin
representation (of tetrahedral, octahedral and icosahedral type). In this
case, we do not have the involution (stemming from reducibility of Ad(p)
in the dihedral case), and the setting is again different.
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Under (h5), the universal deformation of the character  for defor-
mations with prime-to-p-conductor ¢ is isomorphic to A/({e) — 1) for a
fundamental unit ¢ € O* (see [CV03] and Corollary 2.3 in the text).
We write ® : Gal(Q/F) — (A/({e) — 1)) for the universal character.

By a theorem of Mazur (Theorem 7.4), the differential module Q5
has a description as (the Pontryagin dual of) an adjoint Selmer group,
and by Theorem A, one can prove cyclicity of Qr/ as T-module. After
stating a cyclicity result on our Selmer group (and €t/ ), we recall our
definition of the Selmer group which could be slightly smaller than the
usual Greenberg’s Selmer groups when either ¢~ is unramified at p or
@_\Gal(@p/Qp) has order 2. Sine T is shown to be a quotient of A[[T_]]

by Theorem A, we obtain a cyclicity result for the adjoint Selmer group:

Corollary B: Let the notation and the assumptions be as in Theorem A
and as above. Put

() — 1 :=tlogn(e)/ 1o, (14P) _ 1 (1 =14 T € A)

for a fundamental unit € of F. Then we have

(1) a canonical isomorphism (0)/(0)> = T/(0) = A/({e) — 1) for
6 € T in Theorem A (2),

(2) the Pontryagin dual module Selg(Ad(pr))Y of the adjoint
Selmer group Selg(Ad(pr)) is cyclic isomorphic to T/(L) as
T-modules for a non-zero divisor L with () D (L),

(3) The Selmer group Selg(Ad(Ind% ®))¥ = A/((e) — 1) = T/(9)
which has natural surjection of T-modules from Selg(Ad(pr)).

Moreover we have dp/p = (L) for the different Op/a relative to the ex-
tension T/A, and the above surjection comes from the natural surjection
T/or/n — T/op/r, by the transition formula dr/n = Op/p d7, /A of
different with T/or/r, = T/(0) = A/({e) — 1).

By Corollary B, the p-adic L-function L always has zero at t = 1 &
T =0, and if L = () — 1 up to units, the derivative “|,_; is equal to
log,(¢)/log,(1 + p) up to units (which plays the role of the L-invariant
in the cyclotomic theory of Mazur—Tate-Teitelbaum). In any case,
log,,(€)/log, (1 + p) is a factor of 4[,—;.

By the “R = T” theorem, T is the minimal universal deformation
ring for Ind% ©, and this implies

Selg(Ad(pr))Y @ T/(0) = Selg(Ad(Ind% @))
= (0)/(6%) = T/(0) = A/((e) — 1),
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which means Selg(Ad(pr))Y = T/a by Nakayama’s lemma. To show
that the annihilator a in T is principal and is equal to the different 0t /4,
the theory of dualizing modules of complete intersection rings given by
Tate in the appendix to [MR70] plays an important role (see Section 7).
Plainly for each irreducible component Spec(I) of Spec(T), the adjoint
Selmer group Selg(Ad(pr))Y (which is equal to Selg(Ad(pr))Y @1 1) is
again cyclic isomorphic to I/(L,(Ad(pp)) for L,(Ad(p,)) € I interpolat-
ing the adjoint L-values (see [H16, §6.4.4 and 6.5.3]). Thus by Corol-
lary B, the projection of L to I coincides with L,(Ad(p;)) up to units in
I.

We could speculate whether cyclicity of the Selmer group remains
true under some milder ramification assumption (i.e., studying non-
minimal deformations). For example, we could ask what happens if we
allow ramification at a single prime [ outside Np. If I 21 mod p, even
if we allow ramification at [, the p-ordinary deformation ring of prime-
to-p level N1 and the minimal deformation ring of level N are equal; so,
there is no difference of the corresponding Selmer groups. Therefore we
can assume that [ =1 mod p. Writing Selg) (Ad(Ind% ®)) for the new
Selmer group with [-ramification allowed, we would have factorization
Selg)(Ad(Ind% D)) = Selg)(x)GBSelg)(Indg &), where (A, ®) is the uni-
versal pair deforming » unramified outside I¢poo and the Selmer group
Selg)(x) is isomorphic to Clg(l) ®z A} for the ray class group Clp(l)
modulo [ and the Pontryagin dual A}" of A;. Tt is likely that, under suit-
able adjustments of our assumptions, the induced part Sel(g,) (Ind?;i o)
would remain cyclic (non-trivial). If [ is a Taylor—Wiles prime of our
choice, one can prove that Clg(l) is trivial if p t hr, and hence one
expects the cyclicity of the entire adjoint Selmer group to be true un-
der suitable assumptions. If Clp(l) ®z Z, # 1, plainly the cyclicity for

Selg)(Ad(Ind% ®)) fails (and hence also for the adjoint Selmer group I-
ramification allowed). Since the structure of Clp(l) depends highly on
under the assumption of p 1 A, the problem of cyclicity would be sub-
tler if one allows extra ramification (and hence we do not touch upon
this question in the present paper).

As a historical note, an intricate relation between the fundamental
unit and the congruence between Hecke eigenforms with real Neben type
was first noticed by Shimura in [Sh72]. A close relation of T and ¢ is then
conjectured in [H98] predicting that § = y/(e) — 1, and by Corollary B,
we come close to the conjecture under (h1-6). Just before the theory of
h was established in [H86a] and [H86b], we had given an example of a
geometrically irreducible quadratic extension of A appearing as a quo-
tient of h (see [H85, (10a,b)]). The fact 2| dimg Frac(I) (K = Frac(A))
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for each irreducible component Spec(I) of Spec(T) is proven in [BD15],
and there is another series of examples of different nature in [Ral4] and
[KR15] with degree arbitrarily large over A. Assuming N = D for the
discriminant D of the real quadratic field F' and the Gorenstein property
for the subring T4 of T, Cho and Vatsal [CV03] proved 2| dimg Frac(I)
essentially, after some work by the author [H85] and [H98], though in
[CV03], the phenomenon: I # A is not much emphasized.

Keeping in mind the fact that the Galois representation pr is the
universal minimal ordinary deformation of p (by the “R = T theorem
of Taylor-Wiles), here we define the adjoint Selmer groups for a min-
imal ordinary deformation p in the following way (assuming (hl) and
(h3)). For such a deformation p : Gal(Q,/Q) — GL2(A) of Ind%@
with p\Gal(@p/Qp) = (§3) and (e mod my) = P, regarding Ad(p) as
a subspace of trace zero A-linear endomorphisms End4(p) which con-
tains Hom x4 (d,€) = {T € Ad(p)|T'(e) = 0} C End4(p) canonically. Put
Fi(p) := Homyu(6,€). Then F,(p) is stable under Gal(Q,/Q,) which
acts on it by the character €¢/0. Then we have a filtration Fy(p) C
F_(p) C Ad(p) so that the Galois action on F_(p)/F4(p) is trivial.
Thus F(p) (resp. F_(p)) is made of upper nilpotent (resp. upper tri-
angular) matrices under a choice of the basis of Ad(p) so that p is upper
triangular over Gal(@p /Q,) with quotient character is given by §. For
a Galois A-module M, define M* := M ®4 A for the Pontryagin dual
AY of A. The Galois group acts on M* though the factor M. Define

Sel(Ad(p))

H'(Qyp, Ad(p)*)
Fy HY(Qp, Ad(p)*)

= Ker(H(Q, Ad(p)*) — < [[H' (1, Ad(p)"),

itp

where F{ H'(Q,, Ad(p)*) is defined as follows. The classes in the sub-
module F H'(Q,, Ad(p)*) come from local cocycles with values in
F_(p)* whose restriction to I, have values in F (p)*. Thus we have

Py H' @y, Ad(p)") = Resp! , (H' (I, i (0)°)) € H @y - (p)°).

From the cohomology sequence attached to the exact sequence Fy (p*) <

* * * Hl(@vad(P)*) 3
Ad(p)* — Ad(p)*/Fy(p)*, we can replace Foa(GyAdp)) ™ the above

definition of the Selmer group by H'(I,, ?i(f;)**)
cycle upper nilpotent with values in Fly (p)* over I, has to have values in

upper triangular matrices over Gal(Q,/Q,) as Gal(Q,/Q,) normalizes

). Indeed, any global co-
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I,; so, we have

Dy
(0.1)
Sel(Ad(p)) = Ker(H'(Q, Ad(p)*) — H(I,, éd((‘;))*)) < [[ (1. Ad(p)*).
+ ltp
CONTENTS
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2. The R =T theorem and an involution of R 13
3. The Taylor-Wiles system 20
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§1. Big Hecke algebra

We briefly recall the theory of h. We assume that the starting prime-
to-p level N is as in (h2); in particular, N is cube-free and its odd part
is square-free. We assume that the base discrete valuation ring W flat
over Z, is sufficiently large so that its residue field F is equal to T/mr for
the maximal ideal of the connected component Spec(T) (of our interest)
in Spec(h).

We consider the following traditional congruence subgroups

Lo(Np") :={vy=(2Y) € SLy(Z)|c=0 mod Np"},

(L) Di(Np") :={y=(25) €eo(Np"))[d=1 mod Np"}.
A p-adic analytic family F of modular forms is defined with respect to
the fixed embedding i, : Q < C,. We write |a, (« € Q) for the p-
adic absolute value (with |p|, = 1/p) induced by i,. Take a Dirichlet
character ¢ : (Z/Np"Z)* — W* with (p t N,r > 0), and consider
the space of elliptic cusp forms Sy 1(To(Np™t1),4) with character ¢ as
defined in [TAT, (3.5.4)].

For our later use, we pick a finite set of primes @) outside Np. We
define

(R :
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Let I‘g) be the subgroup of I'g(Q) containing I'1 (Q) such that I‘O(Q)/Fg)
is the maximal p-abelian quotient of T'o(Q)/T1(Q) = [[,co(Z/qZ)*. We
put

q€Q

(1.3) g, =W NTo(Np"),

and we often write I'g for I'g » when r is well understood (mostly when
r =0,1). Then we put

(1.4) Aq = (Lo(Np") NTo(@))/Tq.r,

which is canonically isomorphic to the maximal p-abelian quotient of
I'o(Q)/T1(Q) independent of the exponent r. If @ = (), we have ', =
To(Np"),and if ¢ #1 mod pfor all ¢ € @, we have I'1 (Ngp”™) C T'g, =
Lo(Ngp") for Ng := N [[,cq -

Let the ring Z[¢] C C and Z,[¢)] C Q,, be generated over Z and Z, by
the values 1), respectively. The Hecke algebra over Z[¢)] is the subalgebra
of the C-linear endomorphism algebra of Si4+1(T'g.r, %) generated over
Z[vY] by Hecke operators T'(n):

h=Z[Y)[T(n)ln =1,2,---] C Ende(Sk11(L.r, ),
where T'(n) is the Hecke operator as in [IAT, §3.5]. We put

hqipyw = hi(Lqr ;W) = h @zy) W.

Here hi(Tg,», ;W) acts on Si41(T'q,r, ¥; W) which is the space of cusp
forms defined over W (under the rational structure induced from the
g-expansion at the infinity cusp; see, [MFG, §3.1.8]). More generally for
a congruence subgroup I' containing 'y (Np"), we write hy (T, ¢; W) for
the Hecke algebra on I" with coefficients in W acting on Si41 (T, 1; W).
The algebra hy(T",1; W) can be also realized as W[T'(n)ln =1,2,---] C
Endw (Sg+1(T, ¢; W)). When we need to indicate that our T'(1) is the
Hecke operator of a prime factor [ of Np”, we write it as U({), since
T(l) acting on a subspace Si41(Lo(N'), 1) C Sip41(To(Np"), ) of level
N’|Np prime to ! does not coincide with U (1) on Si4+1(To(Np”), ). The
ordinary part hqg k. y/w C hQ kg w is the maximal ring direct sum-
mand on which U(p) is invertible. If Q = ), we simply write hy, ,/w
for hy .y /w. We write e for the idempotent of hq j 4/w, and hence
e = lim,_,o, U(p)™ under the p-adic topology of hq kpw- The idem-
potent e not only acts on the space of modular forms with coefficients in
W but also on the classical space Siy+1(I'g,r, %) (as e descends from

Se1Tgr 1, Q,) to Sit1(Pg,r, ¥, Q) and ascends to Sii1(Lo,r, ).
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We write the image M°™ := e(M) of the idempotent attaching the
superscript “ord” (e.g., ngl).

Fix a character ¢ modulo Np, and assume now io(—1) = —1.
Let w be the modulo p Teichmiiller character. Recall the multiplicative
group I' := 1+ pZ, C Z,; and its topological generator 7 = 1+ p. Then
the Iwasawa algebra A = W[[']] = lim WL/T?"] is identified with the
power series ring W[[T]] by a W-algebra isomorphism sending v € T" to
t:=1+4+T. As constructed in [H86a], [H86b] and [GME], we have a
unique ‘big’ ordinary Hecke algebra h® (of level I'g.00). We write h for
h’.

Since Np = DNpg/q(c)p > Dp > 4, the algebra h® is characterized
by the following two properties (called Control theorems; see [H86a]
Theorem 3.1, Corollary 3.2 and [H86b, Theorem 1.2] for p > 5 and
[GME, Corollary 3.2.22] for general p):

(C1) h9 is free of finite rank over A equipped with T'(n) € h® for

all 1 <n € Z prime to Np and U(l) for prime factors [ of Np,

(C2) if k> 1 and €: Z) — ppe is a finite order character,

h9/(t — €(v)7v")h? 2 hg pey, (v =1+ p) for ¢y, == thow ™ F,

sending T'(n) to T'(n) (and U(1) to U(1) for I|Np).
Actually a slightly stronger fact than (C1) is known:

Lemma 1.1. The Hecke algebra h? is flat over A[Ag] with a
canonical isomorphism: hQ/QlAQhQ =~ h? for the augmentation ideal
Q[AQ C A[AQ].

See [H89, Lemma 3.10] and [MFG, Corollary 3.20] for a proof. Abusing
the notation, even if k = 0, we put hg k ey, := h%/(t—e(7)7*)h® which
acts on p-ordinary p-adic cusp forms of weight k& and of Neben character
€. By the above lemma, hq j ey, is free of finite rank d over W[Ag]
whose rank over W[Ag] is equal to ranky hy ; ¢y, (independent of Q).

Since Ng is cube-free, by [H13, Corollary 1.3], h® is reduced. Let
Spec(I) be an irreducible component of Spec(h®@). Write a(n) for the
image of T'(n) in I (so, a(p) is the image of U(p)). If a point P of
Spec(I)(Q,) kills (£ — e(y)v*) with 1 < k € Z (i.e., P((t —€(y)7*)) = 0),
we call P an arithmetic point, and we write ep := ¢, k(P) :== k > 1
and p" (") for the order of ep. If P is arithmetic, by (C2), we have a
Hecke eigenform fp € Sk11(I'q,r(p)+1, €¥x) such that its eigenvalue for
T(n) is given by ap(n) := P(a(n)) € Q for all n. Thus I gives rise
to a family F = {fp|arithmetic P € Spec(I)} of Hecke eigenforms. We
define a p-adic analytic family of slope 0 (with coefficients in I) to be
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the family as above of Hecke eigenforms associated to an irreducible
component Spec(I) C Spec(h®?). We call this family slope 0 because
lap(p)|p, = 1 for the p-adic absolute value | - [, of @, (it is also often
called an ordinary family). This family is said to be analytic because the
Hecke eigenvalue ap(n) for T'(n) is given by an analytic function a(n) on
(the rigid analytic space associated to) the p-profinite formal spectrum
Spf(I). Identify Spec(I)(Q,) with Homy a14(I, Q,) so that each element
a € I gives rise to a “function” a : Spec(I)(Q,) — Q, whose value at
(P:1— Q,) € Spec(I)(Q,) is ap := P(a) € Q,. Then a is an analytic
function of the rigid analytic space associated to Spf(I). Taking a finite

covering Spec(Il) of Spec(I) with surjection Spec(I)(Q,) — Spec(I)(Q,),
abusing slightly the definition, we may regard the family F as being

indexed by arithmetic points of Spec(I)(Q,), where arithmetic points

of Spec(I)(Q,) are made up of the points above arithmetic points of

Spec(I)(Q,). The choice of T is often the normalization of T or the
integral closure of I in a finite extension of the quotient field of I.

Each irreducible component Spec(I) C Spec(h®?) has a 2-dimensional
semi-simple (actually absolutely irreducible) continuous representation
pr of Gal(Q/Q) with coefficients in the quotient field of I (see [H86b]).
The representation py restricted to the p-decomposition group D, is re-
ducible with unramified quotient character (e.g., [GME, §4.2]). As is
well known now (e.g., [GME, §4.2]), pr is unramified outside Ngp and
satisfies

(Gal) Tr(pr(Froby)) = a(l) (11 Np), pr([v*,Qp)) ~ (% 1)
and pi([p, Qpl) ~ (0§ an) ) »

where v* = (1 +p)* = Yo" (2)p" € Z) for s € Z;, and [z,Q,] is the
local Artin symbol. As for primesin ¢ € Q, if ¢ =1 mod p and p(Frob,)
has two distinct eigenvalues, we have

(Gal,) ol Q) ~ (47 ,5.)

with characters a; and B, of Q; for z € Qg , where one of o, and 5,
is unramified (e.g., [MFG, Theorem 3.32 (2)] or [HMI, Theorem 3.75]).
For each prime ideal P of Spec(I), writing x(P) for the residue field of
P, we also have a semi-simple Galois representation pp : Gal(Q/Q) —
GL2(k(P)) unramified outside Ngp such that Tr(pp(Frob;)) is given
by a(l)p for all primes [ { Ngp. If P is the maximal ideal my, we
write p for pp which is called the residual representation of p;. The
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residual representation p is independent of I as long as Spec(I) belongs
to a given connected component Spec(T) of Spec(h®@). Indeed, Tr(pp)
mod my = Tr(p) for any P € Spec(T). If P is an arithmetic prime, we
have det(pp) = € pwky;f for the p-adic cyclotomic character v, (regarding
ep and Y as Galois characters by class field theory). This is the Galois
representation associated to the Hecke eigenform fp (constructed earlier
by Shimura and Deligne) if P is arithmetic (e.g., [GME, §4.2]).

We describe how to construct residue rings of h? whose Galois rep-
resentation is induced from a quadratic field F' (see [LFE, §7.6] and
[HMI, §2.5.4]). Here we allow F to be imaginary also. We write ¢ for
the generator of Gal(F/Q) as before. Let ¢ be the prime-to-p conductor
of a character P as in (h1-2). Put € = ¢N¢°. Assume that ¢ is a square
free integral ideal of F' with ¢+ ¢ = O (i.e., (h2)). Since @ is outside N,
@ is a finite set of rational primes unramified in F/Q prime to €p. Let
Q™ be the subset in Q made up of primes split in . We choose a prime
factor q of ¢ for each ¢ € Q™ (once and for all), and put QF := HqEQJr q.
We put €+ := CHq€Q+ q. We simply write € for €y. Consider the ray
class group Cl(a) (of F') modulo a for an integral ideal a of O, and put
(1.5)

Cl(eQtp™>) = T&nCl(cQerT), and Cl(Cqg+p™) = @CZ(CQ+pT).

On Cl(€q+p>), the automorphism ¢ acts as an involution.

Definition 1.2. An abelian extension K/F Galois over Q is called
anticyclotomic if 71 = 771 forallT € Gal(K/F). Let Q be a finite set
of rational primes in F/Q prime to Np. Let QT be the subset of primes
in Q split in F'. Write Kq for the ray class field over F of conductor
€p> [[yeq+ q for €:=cNe, and let K [F (resp. K, ) be the mazimal
p-abelian anticyclotomic sub-extension of Kq/F (resp. the intersection
of Kg with the ray class field over F' of conductor p quQ+ q). Put
Hg = Gal(Kg/F) and Cq = Gal(KgQ/F). When Q is empty, we drop
the subscript Q (so, H = Hy and K~ = K ).

Note here Hy = Hg+ by definition and that Hg (and hence Cg) is a
finite group.

Let Zg+ (resp. 3¢g+) be the maximal p-profinite subgroup (and
hence quotient) of Cl(¢Q*p>) (resp. Cl(€q+p™)). We write Z (resp.
3) for Zy (resp. 3y). We have the finite level analogue Cp+ which is the
maximal p-profinite subgroup (and hence quotient) of Ci(¢QTp). We
have a natural map of (Op x O,%) into Cl(€q+p™) = lim Cl(Cq+p")
(with finite kernel). Let Z,, = 3¢+ /32;11 (the maximal quotient on
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which ¢ acts by —1). We have the projections
T3+ > Zo+ and T 3+ = Zg,y

Recall p > 3; so, the projection 7~ induces an isomorphism Bé?f =
{227°|2 € 3g+} = Z5+. Thus 7~ induces an isomorphism between the
p-profinite groups Zé+ and 31ij. Similarly, 7 induces 7 : :’)é)f = Zo+-
Thus we have for the Galois group Hg in Definition 1.2

(1.6) v Zgv = Zg, = Hg

by first lifting z € Zg+ to Z € 3o+ and taking its square root and then
project down to 7~ (2'/2) = z(1=9)/2. Here the second isomorphism
Zé+ = Hg is by Artin symbol of class field theory. The isomorphism
¢ identifies the maximal torsion free quotients of the two groups Zg+
and Z&r which we have written as I'_. This ¢ also induces W-algebra
isomorphism W ([Zg+] = W[Z,,]| which is again written by ¢.

Let ¢ be the Teichmiiller lift of % as in Theorem B. Recall N =
Np/g(c)D. Then we have a unique continuous character ® : Gal(Q/F) —
W[Zg+] characterized by the following two properties:

(1) ® is unramified outside ¢Q"p,

(2) ®(Frob;) = ¢(Froby)[l] for each prime [ outside Np and Q7
where [[] is the projection to Zg+ of the class of [ in Cl(¢QTp).

The character ® is uniquely determined by the above two properties

because of Chebotarev density. We can prove the following result in the

same manner as in [H86¢, Corollary 4.2]:

Theorem 1.3. Suppose that G(Frobg) # @(Frobgs) for all q|QT.

Then we have a surjective A-algebra homomorphism he’ - W(Zg+]
such that

)

E) )= (1) + ®(1°) if I = U with [ #1° and 1 { Ng+p;
2
(3)
(4)

E 1) = 0 if I remains prime in ' and is prime to Ng+p;
(q) — ®(q°) if q is a prime ideal with q|Q"¢;

(p) = ©(p°).

If F is real, the above homomorphism factors through the weight 1 Hecke
algebra hQ+/(t”m — 1)hQJr for a sufficiently large m > 0.

T
T
U
U

§2. The R =T theorem and an involution of R

Hereafter, we assume that F' is a real quadratic extension over Q
and that the residue field of W is given by F = T/my. Let T be as in
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Theorem A. We fix a weight k& > 0. Let 0(p) € S1(T'o(Np),v) for the
corresponding theta series (see [HMI, Theorem 2.71]). Then ¢ = o,
where we define 1), to be given by v, = x@|sxw™* for the Teichmiiller
character. Recall the identity w;gu;f mod my, = det(p) for the p-adic
cyclotomic character v,; so, ¢ is the Teichmiller lift of det(p). By
the existence of a lift of Hasse invariant, we can find a Hecke eigenform
f € Sk4+1(To(Np),¥x) congruent to 6(¢) modulo p, and hence the Hecke
algebra Ty = T/(t—~*)T (resp. T?/(t—~*)T?) is a local ring of hy 1 .,
(resp. hq k. )-

Writing ¢ for the prime-to-p conductor of @, by (h2), Np/g(c)D = N
for the discriminant D of F (cf. [GME, Theorem 5.1.9]). By (h2), the
conductor ¢ is square-free and only divisible by split primes in F/Q.
Since p = Ind% @, for I[N, the prime [ either splits in F' or ramified
in F. Write [ for the prime factor of (1) in F. If (I) splits into II, we
may assume that the character % ramifies at [ and is unramified at I,
and hence plqu g, /) = P @ P I (1) = (2 ramifies in F, we have

Plr, 2 1@x with ¥ = (x mod p) for the quadratic character xy = (ﬂ)
Here I; is the inertia subgroup of Gal(Q;/Q;).

Write C'Lyy for the category of p-profinite local W-algebras with
residue field F := W/my, whose morphisms are local W-algebra ho-
momorphisms. Let Q(N?) ¢ Q be the maximal extension of Q un-
ramified outside Npoo. Consider the following deformation functor
D:CLw — SETS given by

D(A) =D (A) :=
{p:Gal(QWP) /Q) — GLy(A):a representation satisfying (D1-4)}/22 .

Here are the conditions (D1-4):
(D1) p mod my = 7p (i.e., there exists a € GL2(F) with the property
ap(c)a™t = (p mod myu) for all o € Gal(Q/Q)).
(D2) p|Ga1(@p/Qp) = (§5) with the character § unramified and

3([p, Qp)) = v*([p, Qp]) mod my,

where we define ¢ (7) := (757 !) for 7 € Gal(Q/F).

(D3) det(p)|z, is equal to ¢4 oty for the I-part ), of ¢ for each prime
[N, where 14 : W — A is the morphism giving the W-algebra
structure on A and v¢; = 9|, regarding v as a Galois character
by class field theory.

(D4) det(p)|s, = 1|1, mod my (which is equivalent to |7, = 1|z,
mod my).
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If we want to allow ramification at primes in a finite set ) of primes
outside Np, we write Q(@NP) for the maximal extension of Q unramified
outside Q U {I{|Np} U {oo}. Consider the following functor

D?(A) = {p: Gal(Q"?)/Q) — GLy(4)|
a representation satisfying (D1-4) and (UQ)}/ =,

where

(UQ) det p is unramified at all ¢ € Q.
We may also impose another condition if necessary:

(det) det(p) = 14 o vFey, for the p-adic cyclotomic character v,
and consider the functor

Dq e (A) = {p : Gal(Q M) /Q) — GLa(A)]
a representation satisfying (D1-4) and (det)}/ = .

The condition (det) implies that if deformation is modular and satisfies
(D1-4), then it is associated to a weight k + 1 cusp form of Neben char-
acter 1y; strictly speaking, if k¥ = 0, we allow non-classical p-ordinary
p-adic cusp forms. We often write simply Dy y, for Dp i 4, When Q is
empty. For each prime ¢, we write DZ),k,wk for the deformation functor
of ﬁ|Ga1(@q /Qy) satisfying the local condition (D2-4) which applies to g.

By our choice of p = Ind?;i P, we have E|Gal(@q /) = (gg goq ) for two

local characters €,,d, for all primes g|Ngp. If 6, # €, and &,(Frob,) #
04(Frob,) for all ¢ € @, the functors D, D9, Dy, and Dq .y, are
representable by universal objects (R, p) = (R?, p?), (R%, p%), (Ry, py)
and (Rq, pg), respectively (see [MFG, Proposition 3.30] or [HMI, The-
orem 1.46 and page 186]).

Here is a brief outline of how to show the representability of D.
It is easy to check the deformation functor D°*¢ only imposing (D1-2)
is representable by a W-algebra R°* . The condition (D4) is actually
redundant as it follows from the universality of the Teichmiiller lift and
the conditions (D1-2). Since N is the prime-to-p conductor of detp
(h1-2) and p is unramified in F'/Q, if [ is a prime factor of IV, writing p|7’
for its semi-simplification of p over Ij, we see from (h3) that (p|;,)®* =
€;D0; for two characters ¢, and ¢; (of order prime to p) with ¢; unramified
and € = 1|5, mod m,. Thus by the character ey := H”Nq of In =
H” ~ 11, A is canonically an algebra over the group algebra W[Iy]. Then
R is given by the maximal residue ring of R on which Iy acts by
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YN = H”N ¥|1,; 80, R = Rord®w[1N],¢LN W, where the tensor product
is taken over the algebra homomorphism W ([Iy] — W induced by the
character ¢; n. Since p is an induced representation, p|, is semi-simple
and pl;, = & @ &;. Similarly one can show the representability of DR
and IDQﬁkﬂﬁk .

Let T be the local ring of h = h? as in Theorem B whose residual
representation is p = Ind% . The ring T is uniquely determined by
(h1-3), as the unramified quotient of p at each {|N is unique. At p, to
have a universal ring and to have uniquely defined T, we need to specify
in the deformation problem the unramified quotient character and for
T, the residue class of U(p)-eigenvalue given by $(p°). The unramified
quotient is unique if ¢ ramifies at p. However if ¢ is unramified at p, we
need to fix the resideu class of U(p) as above because of the existence of
companion forms.

Since p is irreducible, by the technique of pseudo-representation, we
have a unique representation

pr : Gal(Q™VP) /Q) — GLy(T)

up to isomorphisms such that Tr(pr(Frob;)) = a(l) € T for all prime
I 1 Np for the image a(l) of T(I) in T (e.g., [HMI, Proposition 3.49]).
This representation is a deformation of 7 in D? (T). Thus by universality,
we have projections m : R = R? — T. such that 7 o p = pr. Here is the
“R = T” theorem of Taylor, Wiles ét al:

Theorem 2.1. Assume (h1-4). Then the morphism m : R — T is
an isomorphism, and T is a local complete intersection over A.

See [Wi95, Theorem 3.3] and [DFGO04] for a proof (see also [HMI, §3.2]
or [MFG, Theorem 3.31] for details of how to lift the results in [Wi95] to
the (bigger) ordinary deformation ring with varying determinant char-
acter). These references require the assumption (W) which is absolute
irreducibility of ﬁ'Gal(@/M) for M = Q[/p*] with p* := (—1)P=1/2p,

We will recall a proof of Theorem 2.1 in the following Section 3 to
good extent in order to facilitate a base for a finer version (in Section 6)
of the patching argument by Taylor—Wiles we study there.

Since p = Ind(}Q; @, for x = (w), P ®X = p. By assumption, p
splits in F'; so, x is trivial on Gal(Q,;/Q;) for prime factors [ of PNF/g(c)

and ramified quadratic on Gal(Q,;/Q;) for I|D. Thus p = p ® x is an
automorphism of the functor D and Dq ki, and p = p ® x induces
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automorphisms og of Rg and R?. We identify R and T now by The-
orem 2.1; in particular, we have an automorphism o = oy € Aut(T) as
above.

We write T for the subring of T fixed by the involution . More
generally, for any module X on which the involution o acts, we put
Xy = X* = {z € X|o(z) = £z}. In particular, we have

Ty :={z € T|z° = £x}.

We now study the closed subscheme Spec(T)¢ fixed by G := (o) C
Aut(T,, ). Consider the functor Dp, DF : CLy — SETS defined by

Dr(A) = {\: Gal(Q/F) — AX|

A=% mod my has conductor a factor of cp},

and

DE(A) = {\: Gal(Q/F) — AX|

A=% mod my has conductor a factor of ¢p™}.

Let F,, be the maximal abelian p-extension of I inside the ray class
field of conductor ¢p. Put C' = Cy := Gal(F,/F). Similarly, write Fpoo
for the maximal p-abelian extension inside the ray class field over F' of
conductor ¢p>. Put H := Gal(F.p~/F). Note that Fipe /F is a finite
extension as F' is real. Then Dp is represented by (W][C],®) where
®(z) = p(x)z for z € C, where p is the Teichmiiller lift of 3 with values
in W*. Similarly D% is represented by W[H].

In Definition 1.2, we defined H as the anticyclotomic p-primary part
Gal(K~/F) of the Galois group of the ray class field K of conductor
(¢ N ¢*)p*>°. The present definition is a bit different from the one given
there. However, the present H is isomorphic to the earlier Gal(K~ /F)
by sending 7 to 7(17)/2 = /rer—1c1 (see (1.6)). Thus we identify
the two groups by this isomorphism, as the present definition makes the
proof of the following results easier. We have the following simple lemma
which can be proven in exactly the same way as [CV03, Lemma 2.1]:

Lemma 2.2. Assume (h1-4) and p > 3. Then the natural transfor-
mation \ — Ind% A induces an isomorphism Dp = D% and Dy = DY,
where

DY(A) = {p e D(A)|p® x = p}
and DF(A) = {p € DI(A)|(C(det p)) > (Np)}
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for the conductor C(det p) of det(p).

Proof. Since the proof is essentially the same for the two cases, we
only deal with D% = DY. By [DHI98, Lemma 3.2], we have p ® x = p
for p € D(A) is equivalent to having A : Gal(Q/F) — A such that
p = Ind?,i A. We can choose A so that A has conductor a factor of ¢p> by
(D4) and C(det(p))|Np>. Then A is unique by (D2-3) and (h3). Thus
we get the desired isomorphism. Q.E.D.

Since DY, (resp. DY) is represented by T/(TT 4 I) = T/I @4 A/(T)
(vesp. T/I) for I = T(oc — 1)T, this lemma shows

Corollary 2.3. Assume (h1-4). Then we have T/I @y A/(T) =
WIC] and T/I = WI[H] canonically. If further p { hp (h5), we have
WIH] = A/((e) = 1).

In the proof of Theorem 2.1, Taylor and Wile considered an infinite
sets Q made up of finite sets () of primes ¢ =1 mod p outside Np such

that p(Frobg) ~ (Og’ BO ) with @, # B, € F. Over the inertia group I,

p? has the following shape by a theorem of Faltings
8, 0
(2.1) p®|1, = ( j 5;)

for characters 4, 8;, : Gal(Q,/Q,) — (RP)* such that 8,1, = 5(}—1 and
d4([g, Qq]) =@, mod mry (e.g., [MFG, Theorem 3.32 (1)] or [HMI, The-
orem 3.75]). Since p is unramified at ¢, d4 factors through the maximal
p-abelian quotient A, of Z; by local class field theory, and in fact, it
gives an injection §, : Ay — R® as we will see later. Note that p — p®x
is still an automorphism of D? and hence induces an involution o = o¢
of R9.

We can choose infinitely many distinct Qs with p(Frob,) for ¢ €
Q@ having two distinct eigenvalues. We split @ = QT U Q™ so that
Q* = {q € Q|x(q) = £1}. By choosing an eigenvalue @, of p(Frob,)
for each ¢ € @, we have a unique Hecke algebra local factor Tq of the
Hecke algebra hg .4, , whose residual representation is isomorphic to
p and U(g) mod mye is the chosen eigenvalue @,. This follows in the
following way: We choose @, for ¢ € Q. For ¢ € Q™, we choose a
unique prime factor qlg so that @(Frobgs) = @,. In this way, we get
a local factor T? of h% which covers the local ring W[Zg] as in [H17,
Corollary 1.3]. Define

To =T9/(t —+*)T¢
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which is a local factor of hg j 4, as in (C1) in Section 1 with the pre-
scribed mod p eigenvalues of U(q) for ¢ € Q.

By absolute irreducibility of p, the theory of pseudo representation
tells us that the Galois representation pre in Section 1 can be arranged
to have values in GLa(T?) (e.g., [MFG, Proposition 2.16]). The iso-
morphism class of pre as representation into GLo(T®) is unique by a
theorem of Carayol-Serre [MFG, Proposition 2.13], as Tr(pre (Frob;))
is given by the image of T(I) in T® for all primes I outside Ngp by
(Gal) in Section 1 (and by Chebotarev density theorem). We need to
twist ppe slightly by a character 6 to have pre ® § satisfy (UQ). This
twisting is done in the following way: By (Gal,), write pro ~ (661 [1))
as a representation of the inertia group I, for ¢ € Q. Then ¢; = 1
mod myq as p is unramified at g. Thus €, has a p-power order factoring
through the maximal p-abelian quotient A, of Z;; so, it has a unique
square root /€; with /€, = 1 mod mpe. Since A, is a unique quo-
tient of (Z/qZ)* = Gal(Q(uq)/Q), we can lift |/e; to a unique global
character of Gal(Q(xq)/Q). Write /e := [[ o /€ as a character of

Gal(Q(pq)eeq/Q) = quQ(Z/qZ)X. Then we define

(2.2) p? = pra @ Ve .

Then p@ satisfies (UQ) and p@ € D?(T?). In the same manner, we can
define a unique global character & : Gal(Q(pq)qe0/Q) — (R?)* such
that 8|y, = d, for all ¢ € Q.

By local class field theory, we identify A, with the p-Sylow subgroup
of Z;. Define Aq = [[,coA¢ By Lemma 1.1, the inertia action
I, = R9 — T? makes T? free (of finite rank) over W[Ag], and hence
Ag = R? and Ag = T9. The character §, : I, — RP* (resp.
6;1 : I; — R9X) extends uniquely to 8, : Gal(Q,/Q,) — RY (resp.
d, : Gal(Q,/Qq) — R?) so that

5, 0
(2.3) leGal(@q/Qq) = ( 0 5;)

with 6q<¢i) mod mpe = @, (resp. 8;(¢;) mod mpe = Bq) for any
¢q € Gal(Q,/Q,) with ¢, mod I, = Frob, (e.g., [MFG, Theorem 3.32]
or [HMI, Theorem 3.75]).

We choose qlq for ¢ € QT so that (Frobg) = @,, and define Q. by
the product over ¢ € Q% of q thus chosen. Define the functor Dig -
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CLw — SETS by

Do(A) = {\: Gal(@/F) — A%|

A=% mod my has conductor a factor of Q,cp™}.

Hereafter we simply write Zq for Zg+. Then plainly D3y is repre-
sentable by W[Zg] & W[Hg]. Here is a generalization of Corollary 2.3:

Proposition 2.4. Assume (h1-4). Let I® = R%(ocg —1)R?. Then
we have

R9/I® =2 WI[Hg] and RP/I? @, A/(T) = WI[Cq]
for Cg as in Definition 1.2.

Proof.  Since the proof is basically the same for Hg and Cg, we
shall give a proof for Hg. If a finite group G acts on an affine scheme
Spec(A) over a base ring B, the functor Spec(A)% : C + Spec(4)(C)¢ =
Homp_aig(A, C)¢ sending B-algebras C to the set of fixed points is a
closed subscheme of Spec(A) represented by Ag := A/ 3 5 A(g—1)A;
i.e., Spec(A)Y = Spec(Ag). Thus we need to prove that the natural
transformation A +— Ind?;i)\ induces an isomorphism D, = (D9)9,
where (D?)9(A) = {p € D?(A)|p® x = p}. If p € DY(A), we have a
unique algebra homomorphism ¢ : RY — A such that p = ¢ o p® and

(0081, 0O T )
plr, = ( o <¢oa|1q)*1>' This implies p ® (¢ 0 8)|1, ~ (§7) for the

global character § : Gal(Q(14)qeq/Q) — (R?)*, and hence its prime-
to-p conductor is a factor of Ng. On the other hand, for p = Ind(% A
in DQ(A), if p ramifies at ¢ € Q, the g-conductor of p ® (¢ o §) is
Npolg) = ¢*, a contradiction as ¢* f Ng. Thus A is unramified at
q € Q7, and we may assume A € DF,(A). Indeed, among A, A; for
A (o) = Msos™1t), we can characterize A uniquely (by (h3)) so that A
mod my = P. Thus DF,(4) — (D%)9(A) is an injection. Surjectivity
follows from [DHI98, Lemma 3.2]. Q.E.D.

83. The Taylor—Wiles system

In their proof of Theorem 2.1, Taylor and Wiles used an infinite
family Q of finite sets (Q made of primes ¢ = 1 mod p outside N. We
can choose infinitely many distinct Qs with p(Frob,) for ¢ € @ having

two distinct eigenvalues. Recall x = (F—/Q) and p = Ind%@ for real

quadratic F as in Theorem A. We split Q = Q1 U Q™ so that Q* =
{q € Q|x(q) = £1}. By fixing a weight k& > 0 and choosing an eigenvalue
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@, of p(Frob,) for each ¢ € Q, we have a unique local factor T? (resp.
Tg) of the Hecke algebra h® (resp. hq .y, ) as in [H17, (1.9)], whose
residual representation is isomorphic to p and U(g) mod mr, is the
chosen eigenvalue a,.

To describe the Taylor—Wiles system used in the proof of The-
orem 2.1 (with an improvement due to Diamond and Fujiwara), we
need one more information of a Tg-module Mg in the definition of
the Taylor-Wiles system in [HMI, §3.2.3] and [MFG, §3.2.6]. Here we
choose Mg := T which is the choice made in [MFG, §3.2.7] (and [HMI,
page 198]).

The Hecke algebra hy(I'g,¥; W) has an involution coming from the
action of the normalizer of I'g. Taking v € SLy(Z) such that v = ({ ')
mod D? andy =1 mod (Ng/D)? putn:=~ (% ?). Then n normalizes
I, and the action of n satisfies n? = 1, nU(\)n~! = x(1)U(I) for each
prime {|[Ng/D and nT(l)n~' = x(I)T(l) for each prime I { Ng (see
[MFM, (4.6.22), page 168]). Thus the conjugation of  induces on T an
involution compatible with g under the canonical surjection Rg — Tq.
Note that og(U(q)) = —U(q) for ¢ € Q~; so, the role of &, will be played
by —@4 = 3, This affects on the inertia action of Ag at g by dg — 8,
for ¢ € @7, because the action is normalized by the choice of @, with
a, = U(q) mod mr, (see Lemma 3.1 and [HMI, Theorem 3.74]). Since
T< is the local component of the big Hecke algebra of tame level I'g
whose reduction modulo t—+* is Tq, again T% has involution o induced
from 7. We write Tg (resp. Tg) for the fixed subring of T9 (resp. Tq)
under the involution.

Since we follow the method of Taylor—Wiles for studying the local
complete intersection property of Ry = T4, we recall here the Taylor—
Wiles system argument (which proves Theorem 2.1) formulated by Fu-
jiwara [Fu06] (see also [HMI, §3.2]). Identify the image of the inertia
group I, for ¢ € Q in the Galois group of the maximal abelian extension
over Q, with Z; by the g-adic cyclotomic character. Let A, be the
p-Sylow subgroup of Z;, and put Ag = quQ Agjasin (14). Ifg=1
mod p™ for m > 0 for all ¢ € Q, Aq/AfI’n for 0 < n < m is a cyclic group
of order p". We put A, = Ay, g =[] cq Ag/AP". By Lemma 1.1, the
inertia action I, - Z; — Rq — T¢q makes Tq free of finite rank over
W[Ag]. Then they found an infinite sequence Q = {Q,,|m =1,2,...}
of ordered finite sets Q = @, of primes ¢ (with ¢ =1 mod p™) which
produces a projective system:

(31) {((Rn,m(n)7 o = an)v En,m(nﬁ (fl = fl(n)a R fT = fﬁn)))}n
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made of the following objects:

(1) Rum = Tq, /(0" 6" — 1)4eq,.Tq,, for each 0 < n < m.
Since the integer m in the system (3.1) is determined by n,
we have written it as m(n). In [HMI, page 191], R, ,, is de-
fined to be the image of Tq,, in Endy(a,|(Mn,m) for My, m :=
Mo, /", (55" —1)4eq,, Mg, but by our choice Mg = T, the
image is identical to Tqg,, /(p", 5{;” —1)4e0..Tq,,. An impor-
tant point is that R,, ., is a finite ring whose order is bounded
independent of m (by (Q0) below).

(2) Rum = Ryum/(6g — 1)gequm,

(3) an : Wy[A,] = Ry for Wy, := W/p"W is a W[A, ]-algebra
homomorphism for A, = A, g,, induced by the W[Aq, |-
algebra structure of Tg,, (making R, ., finite W[A,]-algebras).

) (fi=Ff", ... f. = ") is an ordered subset of the maximal
ideal of Ry, .

Thus for each n > 0, the projection 77! : Ryi1,mm+1) = Bomm)
is compatible with all the data in the system (3.1) (the meaning of
this compatibility is specified below) and induces the projection 77+! :
Rn+1,m(n+1) — én,m(n)~ There is one more datum of an algebra ho-
momorphism 3 : Ry, — Endr, (M m) C Endwia,(Mn,m) given in
[HMI, page 191]. Since we have chosen Mg to be Tg, M, ,,, is by defi-
nition R, ,; so, B is just the identity map (and hence we forget about

it). The infinite set Q satisfies the following conditions (Q0-8):

(Q0) Mg,, =Tg,, is free of finite rank d over W[Ag,, | with d inde-
pendent of m (see Lemma 1.1 and the remark after the lemma
and [HMI, (tw3), pages 190 and 199] taking Mg, = Tqg,,).

(Q1) |Qm| =1 > dimrDg,, iy, (Fle]) for r independent of m [HMI,
Propositions 3.29 and 3.33], where ¢ is the dual number with
€2 = 0. (Note that dimp Dg,, k., (F[e]) is the minimal number
of generators of Rq,, over W.)

(Q2) ¢ =1 mod p™ and p(Froby) ~ (f;’ BO) with @, # B, € F if
q € Qm (50, |Ay| =: p® > p™). Actually as we will see later in
Lemma 4.1, we can impose a slightly stronger condition: ¢ =1
mod Cp™ for C' = Np/g(c).

(Q3) The set Qm = {q1,.-.,q-} is ordered so that

o A, C Ag,, is identified with Z/p“iZ by 6, + 1; so,
A =00 Quiny = (Z/p"Z)@mm

o A, = (Z/p"Z)%ne is identified with A, 41 /AP | which
is ((Z/p"+'Z)/p"(Z/p" 1 Z))@mem,
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e the diagram

AOn+1

Wn+1 [An-&-l} — RnJrl,m(nJrl)

l lﬂ-:ﬁ—l

Wn [A7J L Rn,m(n)

is commutative for all n > 0 (and by (QO), «, is injective

for all n).
(Q4) There exists an ordered set of generators { fl(n), cee ﬁ”)} C
Mg, o Of Ry m(ny over W for the integer r in (Q1) such that

ntlop(ntl)y _ o(n) C_
(S )=1[; foreachj=12,...,r

(Q5) R := l'gln Ry, m(n) is isomorphic to W{[T1, ..., T;,]] by send-
ing T} to f;oo) = @nn f;") for each j (e.g., [HMI, page 193]).

(Q6) Inside Roo, lim Wy, [A,] is isomorphic to W([[S1,...,S]] so
that s; := (1+.5;) is sent to the generator d,; Ag: of qu/Ag:
for the ordering ¢y, ..., g, of primes in @Q,, in (Q3).

(Q7) Roo/(St,...,Sy) = lim Ryym(n) = Ry =2 Ty, where Ry is the
universal deformation ring for the deformation functor Dy j, .,
and Ty is the local factor of the Hecke algebra hy ; ,, whose
residual representation is isomorphic to p.

(Q8) We have Rq,, = Tq,, by the canonical morphism, and Rq, =

yeos

of W[[S1,...,5:]] is a local complete intersection.

All the above facts (Q0-8) follows, for example, from [HMI, Theo-
rem 3.23] and its proof. Since m(n) is determined by n, if confusion
is unlikely, we simply drop “m(n)” from the notation (so, we often write
R, for Ry, ,ny). For ¢ € Q = Qn,, we write S; for the one of the
variables in {Si,...,S,} in (Q6) corresponding to g.

F/Q

Lemma 3.1. Let x := ) as before. Then the involution

0qQ,, on Tq, acts on d,]1, (the image of s4 = 1+ 8,) for ¢ € Qn,
by 0q,, (0q]1,) = (841,)X. In particular, the ideal (p", 62" —1)geq,, of
Tq,. is stable under oq,,, and the involution oq,, induces an involution
o =0y, of Ry = Ry .

Proof. For each ¢ € Q, by (2.1), the restriction of p% to the in-

ertia group I, C Gal(Q,/Q,) has the form (60" 591) and the choice
of the eigenvalue @, determines the character d, (i.e., @4-eigenspace of
p(Frob,) is the image of 5;1—eigenspace in p by (2.3); see also [MFG,
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Theorem 3.32 and its proof] or [HMI, Theorem 3.75]). By tensoring x,
@ is transformed to x(g)og = Bq, and hence d, will be transformed
to 63;(”) under og,,. Thus, we get the desired result as the canonical
morphism Rq, — Tq,, is W[Ag,,]-linear.

Since (5;?" —-1= —5;1’” (55n —1), the ideal (p™, 5{1’n —1)geq,, of Tq,,
is stable under oq,,. Therefore og,, € Aut(Tg,,) induces an involution
onon Ry, =Ry =Tog,, /(0" 6{1’" —1)geq,,- Q.E.D.

We will prove in Lemma 6.1 that we can add the following compat-
ibility (Q9) to the above list of the conditions (Q0-8):

(Q9) "t oo,y1 =0, 0Tt and the set {fl(n)7 . fy(,n)} is made
of eigenvectors of o, for all n (i.e., O’n(f](n)) = :tf;n)).

We reformulate the ring A[[S1,...,S;]] in terms of group algebras.
Let Aps =[] cox Agand A =] o= Ag/AE" 50, Ay = A x AL
Define p-profinite groups A and Ay by A = @n Ap =27y and Ay =
lim AF = 7% for ri = |QE|. Here the limits are taken with respect
to 7T restricted to A, 1.

Set

32) 5= AlA] = EmWIA/AT] = VA,

for the p-profinite group A = lgln Ay, =7, with A=A xA_and A
be a local S-algebra. By identifying A /AP " with A, we get an identifi-
cation § = WJ[[Sy,...,Sy]]. The image S,, := W,[A,] (W,, = W/p"W)
of S in R,, is a local complete intersection and hence Gorenstein. We
assume that the ordering of (Q3) is given as @, := {q1,...,¢,_} and
Qb = 1 =4, ,q}, =}

84. Taylor—Wiles primes

We recall the way Wiles chose the sets Q as we compute later co-
homologically the + eigenspace of the tangent space of Rg using the
Wiles’s choice here. Write Ad for the adjoint representation of p acting
on sl (F) by conjugation, and put Ad* for the F-contragredient. Then
Ad*(1) is one time Tate twist of Ad*. Note that Ad* = Ad by the trace
pairing as p is odd. Let @ be a finite set of primes, and consider

Bq : H'(Q@N)/Q, Ad*(1)) — [ H"(Qg, Ad*(1)).
q€Q
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Here is a lemma due to A. Wiles [Wi95, Lemma 1.12] on which the

existence proof of the sets @, is based. We state the lemma slightly

different from [Wi95, Lemma 1.12], and for that, we write K = @Ker Ad

(the splitting field of Ad = Ad(p)). Since Ad = ¥ @ Ind2 %, we have
Kl = F(Qﬁi)

Lemma 4.1. Assume (W). Pick 0 # x € Ker(Bg), and write
fo : Gal(Q@NP) /Ky (1)) — Ad*(1)

as an element ofHomGal(Kl(Mp)/Q)(Gal(Q(QNp)/Kl (p)), Ad* (1)) for the
restriction of the cocycle representing x to Gal(Q@NP) /K, (u,)). Let
p be the composite of p with the projection GLo(F) — PGLo(F), and
pick a positive integer C' which is a product of primes | # p split in
F/Q. Then, f. factors through Gal(QWP)/K\(u,)), and there exists
0. € Gal(QWNP) /Q) such that

(1) plow) #1 (so, Ad(oz) # 1),

(2) o4 fixzes Q(ucypm) for an integer m > 0,

(3)  f2(c2) #0 for a:=ord(p(o,)) = ord(Ad(o)).

Strictly speaking, [Wi95, Lemma 1.12] gives the above statement
replacing K7 by the splitting field K of p. Since the statement is about
the cohomology group of Ad*(1), we can replace K in his argument by
K;. We note also Ker(Ad(p)) = Ker(p) as the kernel of the adjoint rep-
resentation: GL(2) — GL(3) is the center of GLy (so it factors through
PGL,).

Proof. Since z € Ker(8g), f. is unramified at ¢ € Q; so, f, factors
through Gal(Q"?) /K (u,)). We have two possibilities of the field F’ :=
K1NQ(pepm); ie., F' = Q or a quadratic extension of Q disjoint from F'.
Indeed, the maximal abelian extension of Q inside K7 is either F' (when
ord(p~) is odd > 1) or a composite F'F’ of the quadratic extensions
F and F’ over Q (if ord(®™) is even 2n > 2). If ¥~ has odd order,
F' = Q(ucpm) N K = Q as it is a subfield of F and Q(pucpm) (because
(C,D) = 1 and FNQ() = Q).

Assume that ord(p~) = 2n > 2. Let D := Gal(K;/Q) and C :=
Gal(K/F). Then C is a cyclic group of order 2n. Pick a generator g € C.
Then D = C LUCS for a lift ¢ of ¢, and we have a characterization Cs =
{r € D|rgr=! = g~ 1,72 = 1}. For the derived group D’ of D, we have
D% .= D/D' = (7,/27)%. We have KP' = FF’, and Gal(K;/F’) is equal
to C2x (s) (a dihedral group of order 2n). If n. > 2 (so, 2n > 4), Ind2 @~
restricted to Gal(K;/F’) is still irreducible isomorphic to Ind?j rp . If
n = 2, F’ is a unique quadratic extension in K7 " unramified at D. In
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any case, F’ # F which is quadratic over Q. Since F' = Q(pcpm) N K1
is at most quadratic disjoint from F, we can achieve (1)-(2) by picking
up suitable o, in C? x () because Ad =¥ @ Ind2 5.

Let M, := @Ker(fw). Then Y := Gal(M,/K1(u,)) is embedded into
Ad*(1) by f, and f, is equivariant under the action of Gal(K1(u,)/Q)
which acts on Y by conjugation. Since Ad =X & Indg ©»~, we have two
irreducible invariant subspaces X C Ad*(1): X = xw and Ind%(@’w).
Thus f,(Y) contains one of X as above. By (1), we have p(c) ~
(8‘ g) with o # . By (2), we have aff = det(ﬁ)|Ga1(@/@(ucpm))(a) =
Xw' (o) = X(o) for some ko (since det(P)|a@/q(ue,m)) 18 equal to X
up to a power of @). The eigenvalue of Ad*(1)(o) is therefore given by
a®x(0),1,a=2x(0) with o? # X(0).

If f,(Y) D X, we claim to find o satisfying (1) and (2) and having
eigenvalue 1 in X. If X = Xw, the splitting field of X is F'(u,). Note
that F(ucpm) is abelian over Q. Thus choosing o fixing F(pucpm) with
o € C?|k, and having ord(g~ (0)) > ord((%)?) = |C?| > 2, we have o
having eigenvalue 1 on X = Yw.

IfX = Ind%@‘@, we just choose o € Gal(K1(pcpm)/Q(pcpm))
inducing the non-trivial automorphism on F' (i.e., the projection to the
factor (s) of C? x () is non-trivial). Since o fixes Q(ucpm), we have
w(o) = 1; so, we forget about w-twist. Then on Y, Ad(o) has eigenvalue
—1, and hence Ad(c) has to have the eigenvalue 1 on Ind%(% ™).

Since f,(Y) D X[1] = {v € X|Ad(o)(v) = v}, we can find 1 #
7 € Y such that f,(7) € X[1]; so, fz(7) # 0. Thus 7 commutes with
o € Gal(M,/Q). This shows (07)% = 0%%, and f,((o7)%) = f(c%T*) =
afy(T) + f(o®). Since afy(7) # 0, at least one of f(c%7%) and f(c?)
is non-zero. Then o, = o or o, := o7 satisfies the condition (3) in
addition to (1-2). Q.E.D.

Let Q = () and choose a basis {z}, over F of the “dual” Selmer group
Sely (Ad*(1)) inside H'(QWYP)/Q, Ad*(1)) (see (4.1) below for the defi-
nition of the Selmer group). Then Wiles’ choice of @,, is a set of primes
g so that Frob, = o, on M, as in the above lemma. By Chebotarev
density, we have infinitely many sets Q,, with this property.

Corollary 4.2. Let the notation be as in Lemma 4.1 and its proof.
If0 # f.(Y) C Ind(% @~ w, the field automorphism o in Lemma 4.1

satisfies (%) = —1. Otherwise, we can choose o so that <F7/Q) =1.

Proof.  In this case, we can have X[1] C Ind% P~ w # 0;s0,Ad(0)(1)
= Ad(o) (as w(o) = 1) must have two distinct eigenvalues {1,—1} on
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Ind} 7, which implies (F/ Q) —1 as o has to have eigenvalues —1
with multiplicity 2. Q.E.D.

Definition 4.3. Recall K~ defined in Definition 1.2. Let ¢ :
Gal(Q/F) — W™ be a character of order prime to p whose image
generates Zp[¢p] C W. Let Y~ (resp. );,) be the Galois group over
K~ F(¢) of the maximal p-abelian extension of K~ F(¢) unramified out-
side p and totally split at p¢ (resp. totally splits at all prime factors of
p°N). Regarding Gal(F(¢)/F) as a subgroup of Gal(K~F(¢)/F) =
Gal(F(¢)/F) x Gal(K~ /F), define

V() =Y Qz,calF(9)/F)],¢ Lp(D)
and Y., (9) == Vs, ®z,[(Gal(F(#)/F)].¢ Lp(D)-

Here Z,(¢) is the Z,(¢)-module free of rank 1 on which Gal(F(¢)/F)
acts by ¢. More generally write Vg, for the Galois group over K oF (9)
of the maximal p-abelian extension Lq of K F'(¢) unramified outside p
and @ and totally splitting at p*. Then define

Vo (8) =Yg ®z,caiF(e)/F)].6 Lp(9)-

Hereafter, more generally for a Z,[Gal(F(¢)/F)]-module X, we write
X[¢] == X ®z,[cai(F(¢)/F),¢ W (the maximal quotient on which the
Galois group acts by ¢ after extending scalar to W containing the values
of ¢). The base ring W will be clear in the context.

Let Dg :=Dg i, and DlQ for the corresponding local functor at a
prime /| Ngp defined below (det) in Section 2. Regard D¢ (F[e]) for the
dual number € as a subspace of H 1((@q, Ad) in the standard way: For
p € Djy(Fle]), we write pp~ " = 1+e€u,. Then u, is the cocycle with values
in 5l3(F) = Ad. Thus we have the orthogonal complement D¢, (Fleh)t
H'(Qq, Ad*(1)) under the Tate local duality. We recall the definition of
the Selmer group giving the global tangent space Dg(F[e¢]) and its dual
from the work of Wiles and Taylor-Wiles (e.g., [HMI, §3.2.4]), writing

Gq = Gal(Q@?) /Q):
(4.1)

Selq(Ad) := Ker(H'(Gq, Ad) — [ DZQ“Ad)) (= Dq (Fle])),

i DL

Sel(Ad* (1)) == Ker(H'(Gq, Ad* (1))
ST M x TT H"(@Qq, Ad*(1))).

[INp ) qeQ
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Since Ad = y@Indg @~ fory := (x mod p), the Selmer groups Selg (Ad)
(resp. Selé(Ad*(l))) is the direct sum of the Selmer groups Selg(X)
(resp. Selé‘g (xw)) and Selg (Indg @) (resp. Sel$ (Ind% P~ w)). To give a
sketch of this direct sum decomposition (first noticed in [CV03, The-
orem 3.1]), consider Sely (Ad*(1)) (whose decomposition as above is
equivalent to (4.2) below). Then Dg)(F[e]) is made of classes of cocycles
such that u,|r, is upper nilpotent with values in F; (p) in the introduc-
tion and Up|Ga1(©p /@) is upper triangular. Thus we confirm for [ = p
that

(4.2)

DY (Fle])* = (D, (Fle))* 1 H (@1, x@)) @ (Dl (FId)* N H(Q1, Ind% 5 )),

and D¢, (Fle) N HY(Qp, nd% %~ ©) is made of upper nilpotent matrices

in Ad*(1) (since Indg @ (1) is the direct sum of the upper nilpotent Lie
algebra and the lower nilpotent Lie algebra). This implies

(Dp) the Selmer cocycle u for Ind?;i @ w is possibly ramified at p
with u(¢r¢™!) = o~ w(¢)u(r) for 7 € I} but trivial over the
decomposition group at p°, where ¢ € Gal(@p/Fp) and Iy” C I
is the wild inertia subgroup.

If ¢~ is non-trivial over I, € # 6, and the given filtration € < p — 0
determines F' (p). Thus the triviality at p° of the Selmer cocycle is au-
tomatic as Gal(Q,/Q,) leaves stable F. (p), and hence any deformation
local at p of p having values in F (p) over I, has values in F_(p) over
the entire decomposition group Gal(Q,/Qy).

Note here that I fixes F'(¢~w) by (h1), and hence u,|rw : I}" — @~
is a homomorphism, and the decomposition group acts by such a homo-
morphism by inner conjugation. Thus the condition (D,) requires in
particular that u,|r» is a F[Gal(Q,/F},)]-homomorphism (where we re-
gard u,

1 as having values in the subspace F'; (p) which is isomorphic to
the Gal(F(¢p~w/F)-module ). If $~ is ramified at p, the conjugation
action of the p-inertia subgroup Iy, of Gal(Ly/F) on its wild iner-
tia subgroup I}ﬁ /o determines the action of the decomposition subgroup
Dy /p at p as the inertia eigenspace of Hom(I%’ /p,a_) is automatically
an eigenspace under the decomposition group, and the specification of
the filtration € < p — ¢ is automatic so that € is ramified. In any case,
Dy (Fle) - N HY(Qy, Ind% % w) is the direct factor H'(Fy, 7 @) of

HY(F,,nd%7 @) = HY(F,,p ) ® H'(F,,5 ),

since o7 (1) =% (st 1) = (7)1 (7).
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Since Y is trivial on Gal(Q,/Q,), we have

HI(QWW) = Hl(@wﬂp) = Q;/(Q;)p

by Kummer theory. Since @ ramifies at p, we have H%(I,, xw) = 0, and
by inflation and restriction sequence, we have an exact sequence:

0 = H'(FrobZ, H (I, x@)) = H'(Q,, X@) —
H' (I, pp)™0P»=! — H?(Froby, H(I,,x@)) = 0.

This implies all non-zero classes in H'(Q,,Xw) is ramified. Similarly,

since Y is unramified and Z has cohomological dimension 1, we have a
commutative diagram with exact rows:

H'(Frob,,x) ——— HYQ,X) ——— HY(I,,x)P»=!

| | |
7 rob, —
Hom(Frob,, F) — Hom(Qys, IF) — Hom(Z, F)Frobr=L,
By the requirement of the cocycle in Dg(F[e]) being upper nilpotent
over I, and being upper triangular over D, := Gal(@p/(@p), we have
Dy (Fle]) N HY(Qp,x) = Hom(Frob%,IF) whose p-local Tate dual is the
quotinet of H'(Qp, w)®r, F = (Q) /(Q))?)®zF induced by the valuation
ord, ®1 : (Q; /(Q;)?) ®z F — F, by Kummer theory. Since F-dual of
Hom( ;,IF) is (Q;/(Q; )P) @z F = HY(Qp,w) ®@r, F, we have

D (Ele)" N HY(Qp x@) = H' (L, )™= = (25 /(Z))") @2 F.

So, it is ramified, and hence

(Km) the Selmer cocycle u in Selé (Xw) for xw can ramify at p and is

a Kummer cocycle in (Z) /(Z,;)?) @, F C (Q;/(Q,)?) ®r, F

projecting down trivially to F by sending 2z € Q, to its p-adic
valuation modulo p.

For a prime I|Np/g(c), Ad=Xx®p & (p ) ! and Ad*(1) = xw &

P wd (p) 'w over Gal(Q,/Q)) (as Fy = Q; ® Q;). Write @ (resp.

X') for = and P~ w (resp. for ¥ and Xw) in order to treat the two

cases at the same time. We normalize Ad so that the character ¥ is

realized on F (6 91) and P~ appears on the upper nilpotent matrices

and (" )~! acts on lower nilpotent matrices, and we also normalize
Ad*(1) accordingly.
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Since HO(I;, %) = 0, we have H'(Q;, %) = H'(I;, @' )F™™=! by the
restriction map. Since @ is unramified at [, we have o~ w|;, = @ |1,. We
have the following exact sequence

0—H P (L),?) = H'(1,,%)
— Homg 1,y (Ker(¢'|,), @) — H*(@(I),7).

Since @'(I;) has order prime to p, we have H’(%'(I;),%’) = 0 for all
j > 0. Thus H'(I;,%') = Homg (1, (Ker(¥|;,), ). Since any elements
in Homg 1,y (Ker(%'|1,), @) factors through the tame quotient of I; which
is abelian, the conjugation action of @'([;) on Ker(%'|;,) is trivial, while
¢ is non-trivial; so, we conclude H*(I;,%') = Homg (1) (Ker(¥'|1,),9’)
vanishes. Thus we get H'(Q;, Ad) = Hom(Gal(Q,/Q;),F (§ %)) = F
and H'(Q, Ad*(1)) = HY(Q,F(} %) ®w) = H'(Frob,,F(} %) ®
w) = F, which is the Tate dual of H'(Q;, Ad). This tell us that the
Selmer cocycle u,, giving a class in D}, (F[e]) for Ad has values in F (§ )
over Gal(Q;/Q;) and is unramified. In other words, we have Df, (F[e]) =
H'Y(Qy, Ad); so, again the direct sum decomposition (4.2) holds, and we
find D}, (Fle])*- = H'(Q;, Ad)* = 0.

At U|D, ©7 g, k) i trivial. Thus we have Ad = X @ nd% 71 =
X®1®X over Gal(Q;/Q;). The first factor X is realized in F (§ % ), the
last factor  is realized on F ( % §) and the middle factor 1 is realized on
Ad' =F (9}). Arguing in the same way as we showed H'(Q;,7) =0,
replacing o~ by X, we find that H'(Q;,%) = 0. By Shapiro’s lemma, we
have Hl(@l,lnd% 1) = H'(F;,F) = Hom(F*,F) 2 F by (h3). Thus the
cohomology classes in H'(Q;, Ad) is represented by cocycles with values
in F(93). Therefore we get H'(Qq, Ad) = Hom(Gal(Q;/Q;),F(9})),
and p € D}, (Fe]) if and only if u, has image in Ad(F)"* = F (9 §) and is
unramified. In particular, Df,(Fle]) = H'(Q;, Ad) = F and D}, (F[e])* =
0. Thus we get

(Dn) Cohomology classes in Selé (Ad®@w) is trivial at all primes [|N.

By the same argument applied to Ad*(1)|gaiq,/q,) = X& © @ & X&
with H'(Qy, Yw) = 0, Kummer’s theory tells us that H*(Q;, Ad*(1)) =
Q /(Q))? ®p, F = F, which is represented by cocycle with values in
F(93) on which Gal(Q;/Q;) acts by @ as a factor of Ad*(1). Therefore
the direct sum decomposition (4.2) holds, and

D (Fle]) ™ = H' (Qi, Ad)™ = 0.
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Thus, for the dual Selmer groups of Ind?;i P~ w and Xw, triviality at I|N
is imposed (by (Dy)). In particular, for the splitting field K of yw,
writing Cly,, (p™) = lim Cly(p™) for the ray class group Cly,,(p")
modulo p™ (n =0,...,00) of K, we have

Selj (Xw) — Hom(Cl,,(p™),F)[xw],

where Hom(Cl,, (p™°), F)[xw] is the xw-eigen space of Hom(Cl,, (p>°), F)
under the action of Gal(F(xw)/Q). Note that ~ ramifies both at two
primes [ and [ over [|Np/g(c). Since ¢~ is anti-cyclotomic, any prime
[|D is completely split in F'(p~)/F.

Let F? be the maximal extension of K{ unramified outside @ and
p. By (h3), all deformations of p = Ind%@ satisfying (D1-4) factors
through Gal(F?/Q). Write Lg’ for the maximal p-abelian extension of
F(¢p~w) inside F? totally split at p N and unramified outside Q and p.
By (h3), Ly /F(¢~w) is unramified at all [|N. Thus we conclude

Self (Ind2 %~ @) = Selj (7~ w)
= HomGal(F(gp*w)/F) (G&l(L%p/F(¢7w)), @75) [p,Fp]:T([ppr])_

Here the condition [p, Fy] = @~ ([p, Fp]) = @ w([p, F}]) is automatic if
¢~ ramifies at p as already explained. Since p { hp, the extension K~ /F
(in Definition 1.2) is fully wild pc-ramified, while F(p~w) is at most
tamely p°-ramified. Therefore the inertia subgroup of p* for the exten-
sion K~ F(p~w)/F (¢~ w) is the whole group Gal(K~ F(p~w)/F (¢~ w)).
This tells us that L;” N K~ F(p~w) = F(¢~w). Thus, we have the van-
ishing of the ¢~ w-eigenspace

Coker(Yg, Res, Gal(Lap/F(cp_w)))[gp_w]
= Coker(Y;, Res, Gal(Ly" /F(¢~w))) @z, [Gal(F(o-w)/F)]o-w W =0,

anj we find Gal(Ly"/F (¢~ w))[¢~w] = Vo, (¢~ w)g = Ho(H, Vg, (¢~ w))

Homgai(p(p-w)/r)(Gal(Ly” /F(p~w))

P W)
= Hom(YV;,(¢"w)a, F) = Homyy 1] (Vs (07 w), F).

Proposition 4.4. Let Cl,, = {z € Clg+|c(z) = x71}, and write
Clg(xw)(p™) for the class group of the splitting field of xw. Then, under
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(h1-4), we have Yo (™) =V~ (™) for Q € Q,

(4.3)

Selg(Ad) = Hom(Cl, ,F) & Homy (1) (V™ (¢7), F) including Q = 0,

Sely (Ad* (1)) 2 Sely (xw) @ Homyy (1)(Vs, (¢~ w), F),

and
Selg (x) = Hom(Cly,. ,F) including Q = 0,
(4.4) Selg (Ind% 7 ) = Homp (Y~ (¢7),F) including Q =0,
Sely (xw) — Hom(Clo(yw) (p™), F) [x]
)

where the cocycles in the image of Sely (X@) in Hom(Clg(yw) (p™°), F) [xw]
give rise to locally at p a Kummer cocycle coming from Z, /Z;p.

This is almost identical to [H17, Proposition 4.2] which is stated for
imaginary quadratic F. Since the proof is similar but a bit different,
we recall it for the reader’s convenience. Since F' is real, H is a finite
p-abelian group.

Proof. We have already proven the last two identities of (4.4) and
the second identity of (4.3). Thus we deal with the rest. The subspace
Dp)(Fle]) is made of classes of cocycles with values in Ad = sly(FF) such
that u, |7, is upper nilpotent with values in F' (p) in the introduction and
up|p, (Dp = Gal(Q,/Q,)) is upper triangular. Similarly D'(Fle]) for
I|N is made of classes of unramified cocycles u, with values in diagonal
matrices over D;. Then by the same argument proving (4.2) (or by the
dual statement of (4.2)), we note that

Selq(Ad) = Selg(¥) @ Selg(Ind} 77 ),

where Selg () = Ker(H'(Q(@N?) /Q, ) Res, [~y H'(I;,%)) and

(4.5)  Selg(Ind% ™)

H'(Q;,Ind}: 57)

= Ker(H*(Q®VP) /Q, Ind2 77) =% H DL(F[e])

lINp
= Ker(H'(Q@?) /Q, nd2 37) =5 H' (Fye,77) x [ [H' (1, Ind 2 57).
1IN

)



Cyclicity of adjoint Selmer groups and fundamental units 33

By the inflation restriction sequence,

SelQ (7) =~
Ker(Homgay(r/g)(Gal(F9/F), x) = [[ H' (I, x)) = Hom(Clg

5 F).
l|Np

However the order of Ker(Cly,, Cl, ) is a factor of [

is prime to p; so, we conclude

Selg(X) = Hom(Cly,, F) = Hom(Cl,

geo-(¢+1), which

F).

Again by the inflation restriction sequence, identifying Gal(@p /Qp)
with the decomposition group at p°, we have an exact sequence

H(Frobl, HO(Iye 7)) = H'(Fye.37) = H' (Ipe, B(@ )™= = 0,

If o~ is ramified at ps, H(Iy<, ) = 0 and Hl(Frob%, HO(I,<, 7)) =0.
If o~ is unramified at p°, we have

H'(FrobZ, H(Iys, 7)) = F/( (Frob,) — )F = 0

as @~ (Frob,) # 1. Triviality over Gal(Q,/Fy<) (total splitting condi-
tion at p° for Vsp(™)) is equivalent to unramifiedness at p*. Thus we
conclude Ker(H (Fye, ™) ~= H(I«, 7)) = 0, and Selg (Ind% ) is
actually given (by replacing H'(Fps, %) by H'(Iys, ) in (4.5))
(4.6)
Ker(H Q@) /Q, nd2 57) == H'(Iye,77) x [[H' (L1, nd3 %)
1IN

if ¢~ is ramified at p. By the inflation-restriction sequence, we have
an exact sequence H!(Frob?, (p~)1) < HY(D;, o) — H'(I;, %) with
(@)% = 0 for I|N, and hence by Shapiro’s lemma (and (h3), we can
rewrite, recalling G := Gal(Q(@NP)/Q),

Selg(nd%3™) =

Ker(Hl(GQﬂOi) — HI(IP‘GE?) X H[|N Hl(IIaai)) lf 807‘1.9 7é ]-7
Ker(H'(Gq,¢™) = H'(Fys, 77 ) x [[yy H'(I,77))  if 7|1, =1,

where [ running over all prime factors of N in F. Thus, restricting to
the Galois group over F'(@~), by the restriction-inflation sequence, we
have

SelQ (Ind(g‘ a_) = HomW[HQ] (yé (6_ )7 F) .
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Similarly, Selg(Y) = Homgai(r/g)(Gal(Q9NP)/F),X) = Hom(Cl,, F).
Therefore the first identity of (4.3) follows if we prove

Vo7 ) @wiag F=Y (¢7) @wm F.

To prove Vg (¢7) @wiag) F = Y~ (¢7) @wm F, writing Igab for the
maximal p-abelian quotient of the inertia group I C Gal(Q/K, oF(¢7))
of a prime Q|q in K F(¢™), we have an exact sequence

H Igabeyéﬁy_eo
Qlq,9€Q

as Ker(Y, — Y7) is generated by the image Igab & Zp. The surjec-
tivity of the restriction map: Vo =Y~ follows from linear-disjointness
of Lg and K, F(p~) over K~ F(p7) as at least one of ¢ € @ ramifies
in any intermediate field of K, F(¢~)/K~F(¢~). Note that ¢ € Q™
totally splits in Ko F(¢7)/F. Thus I = [[q, Igab for g € Q7 is
isomorphic to

ZG (@) )

= Lp[[Gal(Ky F(p™)/F)]] = Zp[Hq|[Im(¢™)]

as Zyp|[Gal(Kq F(¢~)/F)]]-modules. Since Igab &~ Z, is the quotient of
the maximal g-tame quotient of Iy, Frobg (for the prime gql¢ € @ in
F) acts on it via multiplication by ¢?. Since ¢~ (Frobg) = 1, the map
I7 ®z,tm(e- )~ W — yé(go’) factors through

I, (¢7) =17 @z, [m(e- .o~ W = WIHQ]/(¢" - 1).

Thus Z, (¢7) ®w(a,] F = F(»~) (1-dimensional space over I on which
Gal(F(¢7)/F) acts by ¢~). Note that Frob, acts on Z, (¢™) @way) F
via multiplication by ¢, which is trivial as ¢ = 1 mod p. Thus the
image of 7,7 (¢™) ®@w(a,) F in Vg is stable under Frob, = ¢, and hence
stable under Gal(F(3~)/Q). The Gal(F(¢~)/Q)-module Tnd% ¢~ is
absolutely irreducible by (h4). Since 7 (¢7) @win, F = F(p™), if
the image is non-trivial, it must contain the irreducible Gal(F(¢~)/Q)-
module Ind% ¢~ , which is impossible as the image has dimension < 1.
Thus the image of Z, (¢7) ®@w(m,) F in Yo (¢7) is trivial.

The set QF of primes Q in K, F(¢~) above glg € QT is a fi-
nite set on which the Galois group Gal(K, F'(¢~)/F) acts by permuta-
tion. Then, writing D(Q/q) C Gal(K F(¢™)/F) for the decomposition
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group of £, we have

= ] ™ =2 = z,[Cal(k, F(e)/F)/D(2/q)]
Neqd

on which Frobg acts by oD(Q/q) — gqoFrobyD(Q/q) = qoD(Q/q)
for o € Gal(K5F(¢™)/F) and Ay C Hg act trivially. Thus putting
IHe™) == I} ®z,1p-),0~ W, we conclude from ¢ =1 mod p

) 0 if o~ (Froby) # 1
I+ F= ? 7
q (SO ) ®W[HQ] {]F if go_(FI‘Obq) = 17

since ¢=1 mod p (i.e., after tensoring F, the Frobenius element Frob,
acts on F[Gal(K, F'(¢7)/F)/D(Q/q)] by multiplication by ¢=1 mod p).
By our choice of @ € Q, p(Frob,) has two distinct eigenvalues, and hence
¢~ (Frobg) # 1. Thus we get the following isomorphism: Yo @wing F =
Y~ @wm F which implies

Vo (7)) Owiag F =Y (¢7) @wm F
as desired. Q.E.D.

The primes ¢, € @y, is indexed by a basis {z}, of the Selmer group
Sela‘ (Ad*(1)) so that f, as in Lemma 4.1 has non-trivial value at Frob,, .
Thus writing QFf, := {q¢ € Qm|x(q) = £1}, we get from our choice in
Corollary 4.2
(4.7)

|Qpn| = dimg Homyy 11y (Y5, (9™ w), F) and Q| = dimg Sely (x@).

85. Galois action on unit groups

We use notation introduced in Definition 1.2 for abelian extensions
of the real quadratic field F. As before, for any W[Gal(F(¢~)/F)]-
module X, we write X[p~] for the ¢~ -eigenspace:

XleT]={zx e X|jre=¢ (1)x forall7e Gal(F(¢~)/F)}.

Proposition 5.1. Recall that F is real quadratic over Q. Let R be
the integer ring of F(p~). Write a for the order of ¢~. Then a is even

with a = 2b for 0 < b € Z, and we have R* ®7Q = X@@?;l Ind% ()%
as Gal(Q/Q)-modules.
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Proof. Since det(Indg ¢)(c) = —1 for complex conjugation, ¢ ram-
ifies at only one infinite place. Therefore ¢~ ramifies at the two infinite
places of F; so, a = [F(¢~) : F] has to be even, and hence a = 2b.
In particular, complex conjugation ¢ in the cyclic group Gal(F(p~)/F)
has order 2 and is in the center of the dihedral group Gal(F (¢~ )/Q).
Thus F(¢™) is a CM field with maximal totally real field F'((¢™)?) [IAT,
Proposition 5.11]; so, ¢ acts trivially on R* ®7 Q and as Galois mod-
ules, we have 1 ® (R* @z Q) = Ind?;(((‘p,)Q) 1 for the identity character
1. Then the assertion is clear from this expression. Q.E.D.

Consider the subgroup E of totally positive units in O* to study
Sely (X@). Define

E(a):={e€ FEle=1 mod a}
and E_ = EN (14 p°Op)? = E(p*) = E(p?).

Proposition 5.2. Let the notation be as above, and assume that
p > 3. Then we have

dimg Hom(Clg(yw), F)[xw] > dimg, E(p®)/E(p)?

with equality if the class number hr is prime to p, and E(p?)/E(p)? is
canonically embedded into Hom(Clg(yw), Fp)[Xw]. Similarly, assuming
further (h3),

dimy Sely (x@) > 1

with equality if the class number hg is prime to p, and E @z F = E/EP
is canonically embedded into Sely (X@).

Proof. We write a for the exponent of £ modulo the radical ¢ of
(pN) in O (i.e., a is the minimal positive integer so that € =1 mod t
for all e € E). Since —1 € E (and p > 2), a is even, and a is prime to p
by (h3). Let E := {e”|e € E}. Note EL C E(t). Since p splits in F/Q,
F, = Q, for each prime factor p|p in F', and hence 1+p20, = (1+pO,)P.
By (h3), E+ C (O[)P for all prime factors [|N; so, Fi[u,][¢/€] = Filup)
for all e € E4 at all [|[N (i.e., total splitting at {|N).

Take e € Ey. If £ represents a non-trivial element in E(p?)/EY,
e€ E.\ EY and ¢ € B4 (p?) = E4 N (1 +p*0,). Consider a Kummer
extension F'(u,)[¢/c]/F(1p). In this proof, we let the Galois group act
on field elements from the left (in order to get left modules under Galois
action). Pick a p-th root € := ¢z. Then u =wu, : 0 — 7 le =%¢/e € p,
is a cocycle of Gal(F'(up)[¥/€]/F) representing the cohomology class of
e € F*/(F*)P =2 HY(F,p,). First of all, (“¢)? = %¢ = ¢; so0, 7" te €
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p. Indeed, for o,7 € Gal(F(u,)[¢/]/F), we have u(or) = 7" le =
or=oto—le = oy (1)u(o).

Fix a p-th primitive root ¢, of unity, and identify p, with F, by
Gp' = m € Fy,. In this way, we regard ue as a cocycle U = Ue with values
in Fp,(1) so that u.(o) = gﬂ“"). Then U, satisfies U(o7) = w(o)U(7) +
U(o). Thus the Galois action on the subgroup V = Fz% generated by

¢ and (, (a primitive roots of unity) inside F'(u,)[¥/e]* /(F (1p)[¥/€])P
is given by n = n. : 0 — (‘6’ [{6 ), which is a Galois representation
Gal(F(up)[¢/€]/F) — GL2(F,). Note that u.1(0) = 17% = u(o)~?
and that for any p-th root ¢ of unity, uce = 77 1(Ce) = 771¢7 e =
7 1uc(0); so, Use(o) = (1 — w(o))b + Uc(o) with ¢ = Cp’b. Thus we
conclude

nee = a(b)mea(b) ™

for a(b) = ({%). Since uce = uf, we have Ueca = aU. for a € Z prime to
p. Since Uea only depends on a mod p, we write Uea := aU, for a € F
The set of conjugates of € over Q is given by {(:Evc/f_l}g,g'e#p(@)
as ¢(g) = e~ Thus L := F(u,)[e] is a Galois extension over Q and
Gal(L/F) < Gal(L/Q). Thus for any lift v € Gal(L/Q) of the generator
s of Gal(F/Q), we can think of /(o) := n(yoy~!) which is a represen-
tation of Gal(L/Q) into GLy(F,) with values in the mirabolic subgroup

P:={(8?%) € GLy(Fp)|a,b e F,}.

-1 ’
In other words, the isomorphism P — Gal(L/F) -+ P induces an

automorphism in Autgeup(P). Since any automorphism of P is inner,
we have 1/ o n=(z) = grg~! for ¢ € P. Taking z to be n(c), we
find 1'(0) = gn(o)g™t; so, i and 7 is equivalent as representations.
Write g := (§ %), we find 7/ = (% *UT(1=%)) " Replace € by ¢, ’e® (this
modification does not change L). Then we may assume that 7' = 7,
and under this choice of €, we find that v commutes with the elements
in Gal(L/F) C Gal(L/Q). Since Gal(L/Q) = Gal(L/F) U Gal(L/F)~,
~ must be in the center Z of Gal(L/Q). Since P = Gal(L/F) has
trivial center, the intersection Z N Gal(L/F) = {1} is trivial. Thus
Z = Gal(F/Q) and Gal(L/Q) = Gal(L/F) x Z.

Thus we may lift the generator ¢ of Gal(F'/Q) uniquely to a central
element v € Gal(L/Q). Then Ve = (e~ ! for some ¢ € p,(L) as ‘e =1,
which implies Ye~! = (~'e. Then "*!e¢ = (. Since 7?2 is the identity, we
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find that "¢ = "+te = 7+le = (. We honestly compute

Tue(o) =70 e = (077

=77 (¢e ) = ¢TI0 = (U (o)
Taking o such that u.(0) = (, and w(o) =1 (i.e., n(c) = (1)), we have
TG=¢
Thus 7 acts on Q(u,) as complex conjugation and on F' by ¢. Therefore

(5.1) F(up)? := H(Z, F(p)) = Q(xw).

Hence we have a cyclic extension Q./Q(xw) which is the subfield of
L fixed by ~. Since € is a unit, only possible ramification of L over
F(u,) at finite places is at a prime over p. Since € € 1+ p?0O,, € is a
p-power at all place PB|p of F, and L is a p-cyclic extension unramified
everywhere over F(u,). Since p > 2, Q./Q(xw) is a p-cyclic extension
unramified everywhere, as Q. at each real place of Q(yw) has a real
embedding. By the above construction, for Ey(p?) = E; N (1 + pO,)?,
We get E(p?)/E? = E(p®)/E% and injective homomorphisms

(1) E(p*)/EP — Hom(Clg(yw), Fp) [X@,

(2) E/EP = E/EY — Hom(Clg(yw) (p™), Fp) [Xe]
by sending € t0 Ue|gayg/g(ye)) Which in Case (1) factors through the
Galois group Clg(yw) = Gal(H(xw)/Q(xw)) for the Hilbert class field
H(xw) over Q(xw) and in Case (2) factors through Clg(yw) (p™).

Let L/F(u,) be a p-abelian extension unramified everywhere. Then
we can choose & € F(u,)™ so that L = F(u,)[¢/€] by Kummer’s the-
ory (i.e., Flup)*/(Flup)*)? = HY(F,u,)). Suppose that L/Q is a
Galois extension such that the conjugation action of Gal(F[u,]/Q) on
Gal(L/F[up)) = F, is given by xw. Then we have Fu,]™ /(F[pp)* )P [w] =
H'(Fppl, p)[w]. The action of 7 € Gal(F|[u,]/F) on a cocycle u :
Gal(Q/F) — pp is "u : 0 = 7(u(7 tor)) for a lift 7 € Gal(L/F) of
T € Gal(F[up]/F). Thus we have

(7N Y/E) = PO (/).

On the other hand, we may choose 7 so that ™(¥/€) = ¥/7€. Under this

choice, we have
(7)) = (V7).
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Thus we get (7~ (/7€) = =D (§7€); s0, £7 = & mod (Fpy] )P
Thus 7 — "~ !¢ is a cocycle with values in (F[u,]*)P. The exact sequence

1 — HO(Fluy)/F, Flup)* /) “=5 HO(Flpy) /F, Flyip)*)
— HO(Fup)/F, Flip)* /(Flup)*)P) = HN(Flp)/F, Fluy)™ /1)

combined with the fact that H'(F[u,]/F, Flupy)*/pp) is killed by the
degree [F'[pp] : F] prime to p, we find that

H(Flpy/ F, Flpy]™ [ (Flpp))") = F*/(F*)P.

Thus we can choose £ € F*.

Suppose that L/F[u,] is everywhere unramified. Then (§) is a p-
power as an ideal in F'[u,]. Since F[up] only ramifies at p with ram-
ification index prime to p, (£) is a p-power as an ideal of F, write
(&) = TI,w°O for prime ideals [ of F. Since Gal(F|[u,]/Q) acts on
Gal(L/Fu,]) by X@, we have ({/7€) = (¢/£)X(") modulo p-power ideals.
Thus e(l) = —e(I°) mod p for the generator ¢ of Gal(F/Q). In particu-
lar, [ is split in F/Q if e(l) # 0. This implies for h = hy, (10 ee))h =
(wi) for w; € F*. If p{ hp, we can replace ¢ by ¢ without changing
L. Thus we may assume that (§) = (£')? for & := [I1¢)1/cai(r/0) (@1)
with @ € F as above. Write £ = ', Then ¢ € O*. Since L/F|u,]
and F/Q are unramified at p, we find e =1 mod p?. Regard 7+ "~ ¢
be a cocycle with values in O*. The exact sequence

1 - H(F/Q,0% ® x) =2 HO(F/Q,0% ® X)
— HO(F/Q, (0% /(0*)?) ® x) = H'(F/Q,0% & y),

combined with the fact that H'(F/Q,0* ® ) is killed by [F : Q] = 2
prime to p, we find that H°(F/Q, (0*/(0O*)P) ® x) = O*/(O*)P =
E/EP. Thus we may assume that e = ¢~! in F; so, ¢ € F, and {/z
generates L over Q. Since a is prime to p, we may assume that ¢ € E .
Since ¢ = 1 mod p?, we find that & gives rise to a non-trivial class of
E.(p*)/EY D €®z, Fp. Thus we conclude dim Hom(Clg e, Fp) [xw] =
dimg, B, (p*)/EY , which finishes the proof.

For the second assertion, we argue in the same way as above replac-
ing L by a p-abelian extension L’ of F[u,] allowing ramification only
at p as allowed in (Km). Though ¢ has to be in O[3]*, by (Km) (i.e.,
locally at p, L), = Qp(up)[ /€] with ¢ € Z)), we find e € O*, and we
get the result as Ker(Clp(p) — Clr) has order prime to p. Q.E.D.
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Consider € := Ker(Np(,-y/p : B* — O*) to study Selj (7~ w) =
Homyy (V™ (¢~ w),F) for H as in Definition 1.2. Define

E(a):={c€€e=1 mod a}
for an ideal a of F(p~) over p.

Proposition 5.3. Let the notation be as above, and assume that
p > 3. Then we have

Sely (7~ @) = Homyy () (Vs (9~ w), F) = 0

if (Clpp-) @z F)[p~] = 0.

The action of v € Gal(F(¢~)/F) on ¢ € Homyg)(Vs, (¢~ w),F)
is given by vé(z) = ¢(y'z) = ()" (y)é(x). We also note that
¢ (AS71) = (¢7) 71 (7); so, by applying ¢, we have (Clp(,—)@2F)[p ] =
0= (Clp-y@zF)[(® )" =0.

In the following proof, we write a for the exponent of & modulo
the radical ¢ of p* in R (i.e., a is the minimal positive integer so that
e* =1 mod t° for all € € €). Since —1 € € (and p > 2), a is even,
and plainly @ is prime to p. Let €_ := {¢%|e € &}. Note that all
e € €_ is positive at each real places of F, and €_ C &(z¢). For each
prime factor |p° in PR, we consider its P-adic completion Ryz. Then we
define € := €_ N ([Top)pe (1 +PRyp)? x [[ ¢ (R )P inside [[g)pe v Rop-
By definition € D (E_)P.

First Proof: We first give a proof very similar to the one for Proposi-
tion 5.2 assuming that $~ has values in I, = Z/pZ, and after doing this
we shall give a shorter cohomological proof for general ¢~. We record
here the longer proof as it is somehow more constructive; so, if the reader
prefers the short-cut, she or he can ignore this first proof. Thus we only
deal with the case where @~ has values in F,. Take ¢ € €,. Sup-
pose that e € €, represents a non-trivial element in (€, /& )[(z) 7.
Consider a Kummer extension F(¢~)(up)[¢/€]/F(¢~)(1p). Again, we
let the Galois group acts on field elements from the left. Pick a p-
th root € := /. Since (“€)? = % = ¢, we have 7 te € u,(Q).
Then v = ue : 0 — "l = %/e € p, is a cocycle with values
in p1,(Q) of Gal(F (¢~ )(pp)[¢/]/F(¢~)) representing the cohomology
class ofEEF( N(F ( ) ~ HYF(¢™), pp). Indeed, for o,7 €
Gal(F (¢ )(up)[¥/E]/F(¢7)), we have u(or) = 77 le = o7—oto-1l¢ =
"u(T)u(J).

Fix a p-th primitive root (, of unity, and identify u, with F, by
¢p' = m € F;,. In this way, we regard ue as a cocycle U = U, with values
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in Fp,(1) so that u.(o) = g?‘("). Then U, satisfies U(o7) = w(o)U(7) +
U(o). The Galois action on the subgroup V IF?, generated by € and ¢,
(a primitive roots of unity) inside F(¢ ™) (up)[ /2] /(F (o7 ) (pp)[ /] )P
is given by n = n. : 0 — (‘6’ [{6 ), which is a Galois representation
Gal(F (o7 ) (up)[¥/]/F(¢7)) — GLa(F,). Note that u—1(o) =17% =
ue(0)~! and for any p-th root ¢ of unity, uce = 77 1(Ce) = 771¢7 e =
7 1uc(0); so, Use(o) = (1 — w(o))b + Uc(o) with ¢ = Cp’b. Thus we
conclude
nce = a(b)nea(b) ™!

for a(b) = (§ ). Since uce = u?, we have Uea = aU, for a € Z prime to
p. Since Uea only depends on a mod p, we write Uee := aU, for a € F

The set of conjugates of € over F'is given by {C€” }rcai(F(o-)/F).cepn,
as7(e) =¥ () mod €. Thus L := F (™ )(1p)[e] is a Galois extension
over F' and Gal(L/F(¢~))<Gal(L/F). Thus for any lift v € Gal(L/F)
of the generator vy of Gal(F(¢~)/F), we can think of ' (c) := n(yoy™1)
which is a representation of Gal(L/F') into GLo(F,) with values in the
mirabolic subgroup

P={(§7) € GL2(Fp)|a,b € Fp}.

—1 ’
In other words, the isomorphism P ~— Gal(L/F(p~)) - P induces

an automorphism in Autg,(P). Since any automorphism of P is inner,
we have 1/ o n~!(z) = gzg~! for ¢ € P. Taking = to be n(o), we
find 7'(c) = gn(o)g~?'; so, n’ and 7 is equivalent as representations.
Write g := (&%), we find o/ = (£ *UP17%)). Replace € by ¢, ’e® (this
modification does not change L). Then we may assume that n’ =7, and
under this choice of €, we find that v commutes with the elements in
Gal(L/F (7)) C Gal(L/F). Since Gal(L/F) = |_|?:1 Gal(L/F (o)),
~ must be in the center Z of Gal(L/F). Since P = Gal(L/F(¢~)) has
trivial center, the intersection Z N Gal(L/F(p~)) = {1} is trivial. Thus
Z 2 Gal(F(¢™)/F) and Gal(L/F) = Gal(L/F(p~)) x Z.

Thus we may lift the generator vy of Gal(F(¢~)/F) uniquely to a
central element v € Gal(L/F). Write [¢~ (7)] € Z representing the mod
p class of (1) € (Z/pZ)*; so, [p~(7)]~! is the inverse of the mod
p class [p~(7)] in Z/pZ. Then define, for x € L*, 2¥ (7) := gle” (7]
mod z7Z and z¥ (M = zl¢ MI"" mod zPZ. This makes sense only
modulo p-power of . Then

Te = <6W7(70)71 mod
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(as €’Z = %) for some ¢ € p,(L) since e = ¥ ()" mod €. Then
7=¢~(10)""¢ = ¢ mod £%. The element v — ¢~ (7o) " is in the center of
the group algebra Z,[Gal(L/F')], we have

(ol = (=D=¢ () e

= (=" (0) e e = (=27 (0) Dy () mod 2.
Taking o such that u.(0) = {, and w(o) =1 (i.e., n(c) = a(1)), we have
¢, = C;)o*('m)*l_
Thus 7 acts on F(u,) as w(¢~(v))~!. Therefore

(5.2) F(o7)(pp)? == HY(Z, F(¢7)(1p)) = F(p~w).

Hence we have a cyclic extension F./F(p~w) which is the fixed sub-
field of L by ~. Since € is a unit, only possible ramification of L over
F(¢~)(pp) at finite places is at a prime over p. Thus we get an injective
homomorphism

(5.3) (€4+/€)[(@7) "] = Hom(C(p~w)(p™), Fy) [ &]

sending ¢ to UE|G31(@/F(W,W)) which factors through factors through
C(e~w)(p™). The ray class group C(p~w)(p™) is the Galois group
of the maximal abelian extension of F'(¢~w) unramified outside p and
0o. Since € € €, is locally a p-power at B|p*N by the definition of
€, the corresponding Kummer cocycle is trivial at p* N. Therefore, by
(D,) and (Dy), the image of (€,/¢”)[(z~)"!] lands in the image of
Sely (7~ @) in Hom(C(p~w)(p™), Fy)[p ).

We now prove the equality: (€/€P)[(7")~!] = Sely (p @). Let
L/F(¢~)(pp) be a p-abelian extension unramified outside p. Then we
can choose & € F(¢™)(up)™ so that L = F (¢~ )(up)[¥/€] by Kummer’s
theory; i.e.,

F(o ) [up) /(F () p] )P =2 H (F(07 ) [tp), 1p)-

Suppose that L/F is a Galois extension such that the conjugation action

of Gal(F(¢~)[1p]/Q) on Gal(L/F(¢™)[up]) = Fp is given by ~w. By
Kummer’s theory, we have

F(o7)lp) /(F (7)) )P [@] 2= H (F (7 ) p), 1) ).

The action of 7€ Gal(F (¢ ) [up]/F(¢ ™)) on a cocycle u of Gal(Q/F (¢ 7))
with values in p, is Tu : o+ 7(u(71oT)) for alift 7 € Gal(L/F(¢™)) of
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7 € Gal(F(¢™)[up)/F(¢7)). For the Kummer cocycle ug(r) = 71 /€
giving rise to an w-eigen class in H'(F(¢™)[up], 11p)[@], we have

(7T HR/E) = Tue (7o)
= w()ug(0) = “MD(R/€) mod (F(o™)[up)* )P

On the other hand, we may choose 7 so that ™ (/) = ¥/7€. Under this

choice, we have o
(T () = (/7).
Thus we get 7((7~D (7€) = @M=D (g/7€). This shows

§7=¢ mod (F(e7)lupl )",

and 7 — 771¢ is a cocycle with values in (F(p7)[u,]*)P. The exact
sequence

1— HO(F(@_)[NP]/F(S@_)vF(‘P_)[Mp]x/,up)

o—z?

=== H(F(¢ 7)) /F(7), F(7)[1p] ™)
= BP0l /P67, G tss)
— H' (F( 7 )[up) /F(@7), F(7 ) [1p) ™ /11p)

combined with the fact that H'(F (o) [upl/F(p™), Fo ™) [1p]* /11p) is
killed by [F(¢7)[pp] : F(¢7)] prime to p, we find that

FleDpl™ | o
(F(p7) [pp) )
Thus we can choose £ € F(p™)*.

By the inflation-restriction sequence combined with Kummer’s the-
ory produces an isomorphism

HP(F (o) upl /F(e7), Fo™)*/(F(p™) )P,

(5.4) H'(F, % @)= H(F(p7)/F,H (F(¢™),w))
= HO(F(o7)/F,F(¢7) ®@2F,) = (F(p™)* @z Fp)[(® )7,

as HY(F(™)/F, H°(F(¢~), M)) = 0 (j > 0) for any F[Gal(Q/F(¢™))]-
module M because of p { [F(¢~) : F]. Thus we may assume that the
class [¢] of € is in the (™) '-eigenspace (F(¢™)* @z F,)[(®~)~']. Here
the action of Gal(F(¢~)/F) on cohomology is the contravariant action;

so, we get (@ )_1—eigen vector.
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Suppose that L/F (¢~ )[pp| is trivial at prime factors in N and un-

ramified outside p. Then Eiﬁ[%] is a p-power as a fractional %[%]—ideal in
F(¢7)[ppl]- Since F(p~)[pp only ramifies at p with ramification index
prime to p, (§) is a p-power as a fractional D‘i[%}-ideal of F(p~). Write
(&) =TI, O for prime ideals [ of iﬁ[%] If h = hp(,-) is prime to p, we
may replace & by £ without changing F(¢™)[up][¥/€], and then T, P¢()
becomes a p-power of a principal ideal (¢'); i.e., & = &&'* for e € %[%]X.
Thus we may replace £ by € € ‘ﬁ[%]x.

We now show that we can replace £ by € € D‘i[%]x under the as-
sumption: (Clp,-y ®z Fp)[@~] = 0 milder than p { hp,-). Since

Gal(F (¢~ )[pp)/F) acts on Gal(L/F(p~)[up]) by §~ @, we have

[0 = (/76) = (/B @1 = [ e )1
[

[

modulo p-power of fractional %[%]—ideals. Thus we conclude e(l) =
[0~ (7)7e(”) mod p for the generator v # 1 of Gal(F(p~)/F). In
particular, [ is completely split in F(p~)/F if e(l) # 0, since g~ () # 1.
Write Cl'y for the ideal class group of O X[%] for a number field X with
integer ring Ox. Note that Cl%(¢,) is the surjective image of Clp(,-).
If

ClF(Lp’) Rz ]FP[E_] =0
(= Clipp-y @z Fp[p~] = Clip,-y @z Fp () '] = 0),

(Clyp(p-y ®2 Zp)[7~]) = 0 by Nakayama’s lemma, and J]j_, ¥ qle™ (7))
for a =[], (¢ is principal generated by £’. Replacing & by the (¢~ )~
projection [[j_, 7 ele” (] with no effect on the corresponding Kummer

extension, we may assume that & = ¢£’?. Then ¢ € SR[%]X.
By construction, the p-th root ¢/ generates L over F (¢~ )[up]. In

F(p™)*/(F(e™)*)P,e™ = e# (7). Regard ¢ as an element in 9%[%] *QF,.
For a Z[Gal(F(¢~)/F)]-module M, we write M ® ¢~ a new twisted
module with underlying Z,[¢~|-module M ®z, Z,, having Galois action
given by M @ ¢~ 3z — ¢ (7)7(x) € M ® ¢~ for the original action
x — 7(x) for x € M ®z Z,. The exact sequence

1o 1) il @ o) 22 o ) il e )
- 1 @) - L s ep)
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combined with the fact that Hl(F(go*)/F,ER[I%]X ® @) is killed by
[F(¢7) : F] prime to p, we find that

HO(F(™)/F, m[;ﬁ} X/(%é}*)f’) ® ) = (9%[})]X/(%[};}X)pn@*)*l}.

Therefore the class of ¢ in SR[%]X ®z F is in the ()~ !-eigenspace.
Since p splits in F/Q, the divisor group of Spec(R) generated by

primes over p is isomorphic to Indg Z|Gal(F(¢™)/F)/D] for the decom-

position group D = D(B/p) of a prime Plp in F (¢~ ). We have an exact

sequence of Gal(F(¢~)/F)-modules:

1— R - m[l]x — d% Z[Gal(F(¢7)/F)/D] = C =0
p
with C' having order prime to p (because C' — Clp(,-)). Since the

induced module Ind% Z[Gal(F(p~)/F)/D] is Z-free, after tensoring with
F, we still have an exact sequence:

1
0= R @z F = R[=]* @z F - IndR Z[Gal(F(p~)/F)/D] @z F — 0.
p

Taking (@‘)_1-eigenspace, we have one more exact sequence

0 (A% ez F)[(F) Y - m[}y 22 (7)Y
5 (nd2 Z[Gal(F(¢™)/F)/D] &z F)[(7~) "] 0.

Note that Q[Gal(F(p~)/F)/D] contain only characters trivial over D
as a sub-quotient. Since D = ¢~ (Gal(Q,/Q,)) is non-trivial by (h1),
Z|Gal(F(¢~)/D][g"] =0 as Gal(F(¢~)/F) 2 Im(p~) by ¢~. Thus we
may assume that € € €, by (D,) and (Dy). By Proposition 5.1 (1), we
have R*[(¢~)71] = 0, and hence R* ®zF[(¢~)~!] = 0. This shows that
Homyy 1(V5, (¢~ w), F) = 0, which conclude the proof when F =T,

Second proof: Now we deal with the general case cohomologically. We
may assume that I is generated by the values of ¢~ over IF,. By the
inflation-restriction sequence combined with Kummer’s theory produces
an isomorphism

(5.5) H'(F.p w) = H(F(¢™)/F,H' (F(¢~),w®s, F))
> H(F(p7)/F,F(¢7)* @z F) = (F(p7)* @2 F)[(@ )7,
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as HY(F(¢™)/F,H*(F(p~),M)) = 0 for any F[Gal(Q/F (¢~ ))-module
M because of p t [F(¢~) : F|. The last 1dent1ty follows from the
fact that "u(g) = Tu(r7lgr) = ¢ (7)u(r~'gr) for cocycle u giving
rise to a class H'(F,p w) for 7 € Gal(F(¢~)/F). By Kummer’s the-
ory, non-zero elements in the right-hand-side of (5.5) correspond, up to
scalar multiples, bijectively to p-abelian extensions L' of F(p~w)[u,]
with Gal(L'/F (¢~ )[pp)) = F such that Gal(F (¢~ w)[u,)/F) acts on
Gal(L'/F(p~w)[up]) by @@ by conjugation. Let EXT)p(,-.) (resp.
EXT)p(s-)u,)) be the set of p-abelian extensions L (C Q) of F(¢~w)
(xesp. F(g™) 1)) with Gal(L/F(p~w)) = F (resp. Gal(L'/F (™) [1,))
= F) such that Gal(F(¢~w)/F') (resp. Gal(F(¢~)[up)/F')) acts on the
normal subgroup Gal(L/F(p~w)) via g @ by conjugation. Non-zero
elements in the extension group H'(F, g w) = Exty jcai@/r) (F. @ ©)
correspond, up to scalar multiples, bijectively to extensions p~w —
X — F. As an F-vector space, X is two dimensional, and choosing
a basis x1,22 of X over F so that on Fz;, Gal(Q/F) acts by p @.

For 7 € Gal(Q/F), (r(x1),7(x2)) = (x1,22)p(T) with p = <¢;w’1‘)
for a 1-cocycle u representing X. Since X is a non-trivial extension,
the class [u] of u is non-trivial in H'(F,% w). Then the splitting field
L of X gives rise to an element in EXT)p(,-.). Since cohomologous
relation on cocycles u corresponds equivalence relations on p by conju-
gation inside the mirabolic subgroup P, we again conclude that non-
zero elements in the left-hand-side of (5.5) correspond, up to scalar
multiples, one to one onto to elememnts in EXT)/p,-.). Therefore
EXT/F(@WU) 5L+ L[[Lp] S EXT/F(Lp*w)[;LP] is a bijection.

Since F(¢7)[up]/F (™) only ramifies at p, L € EXT)p(,-) is un-
ramified outside p if and only if L{u,]/F (¢~ )[up) is unramified outside p.
If every prime factor of p¢ in F'(¢~)[up] totally splits in L{w,]/F (¢ ™) 1],
it has to totally split in L/F (¢~ w), since in F(¢~)[up]/F (¢~ w), there
is no residual extension p0351ble for prime factors in p.

Thus writing EXTp N bp for the subset of EXT)p(,-) made up of
extensions unramified out81de p in which every prime factors of p¢N
splits totally, we need to show that EX T/”FI(V f‘; corresponds to bijec-

tively non-zero elements of (€, /€ @g, F)[@~] up to scalar multiples.
By definition, EXT f'F](V ip) embeds (up to scalars) into the subgroup
of H'(F(¢™),w ®p, F) spanned over F by the class of Kummer co-
cycles unramified outside p. Consider the sum of Galois conjugates
o = @TeGal(F/Fp)(¢’)*7. Then @ is defined over F, and is an F,-
irreducible representation. Since €, /€ is an F, vector space on which
Gal(F(¢~)/F) acts, we can consider ®-isotypical subspace (€ /€" )[®]
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which is isomorphic to (€4 /€” ®p, F)[(~) '] as Fy-vector spaces by

projecting down to ()~ !-cigenspace in (€ /€ )[®] @5, F as
(€1/€”)[0] @x, F = (D)€ /€ @x, F)(Z) 7).

Similarly, for X = F(¢™)*/(F(¢™)*)? = F(¢™)* ®@zFp, Clp,-)®@zF,
and Cl%(w,) ®z Fp, we have

X[®] = (X @r, F)[(7)7Y]

A Kummer cocycle (] = £€®1 € F(p™)* @z F, with £ € F(p™)* is
unramified outside p if its image in F(¢ 7)) ®z [, vanishes at all fi-
nite places v { p of F(¢~). Thus the principal ideal 59““[%] is a p-power
aP. Suppose [£] € (F(p~)* ®z F,)[®]. Since (C’l%(@,) ®z Z,)[®] = 0
by our assumption (Clp(,~) ®z F)[%~] = 0, the projected image [a]s
in Cllp,—) @z Fp[®] of the class [a] € Clj -, is trivial. Thus replac-
ing a and & by its ®-projection (in the fractional ideal group of ER[%])
which is principal, we find that & = &¢’? for € € ER[%]X. Then repeat-
ing the same argument in the case of F = F,, we conclude ¢ € &_
and Selg(Ind2 %) = (€, /€ )[®] as F,-vector space. Then we have
Selg(Ind% 3~) = (¢, /¢ @r, F)[(®7) '], and thus Selg(Ind% %) = 0
as (p~)7! does not appear in R* ®z Q by Proposition 5.1. Q.E.D.

86. Proof of Theorem A

We give a proof of Theorem A uner p { hp(,-) at the end of this
section. We first show that we can add the compatibility (Q9) to the
list of the conditions (Q0-8) in Section 3:

(Q9) ™+ 00,1 = o, 071, and the set { £, ..., £} is made

of eigenvectors of o, for all n (i.e., an(f;")) = :i:f;n)).

Lemma 6.1. We can find an infinite family Q@ = {Qum }m of r-sets
of primes outside Np satisfying (Q0-9).

Proof. Pick an infinite family Q satisfying (Q0-8). We modify Q
to have it satisfy (Q9). Since p > 2, plainly, R,, is generated over W by
op-eigenvectors {O'n(f;n)) + f;n) }j=1,....r. Since r is larger than or equal
to the minimal number of generators dimgty < dimp Dq,, &y, (Fle])
for the co-tangent space tj := mg,/(m% + my), we can choose r

generators among {an(f;")) + f;”)}. Once compatibility 7t 0 0,41 =
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op o is shown, we get
T o () £ £Y) = o (£1) £ £

for each j from WZ*l(f]("H)) = f;"); S0, we may assume that the set of
generators is made of eigenvectors of the involution (and is compatible
with the projection 77*+1).

We now therefore show that we can make the system compatible

with the involution. The triple with 0 < n < m(n):

((Rn,m(n)a 04)7 En,m(n)v (f17 CER fr))

in the system (3.1) actually represents an isomorphism class
of infinite triples

ZI'W made

{((Rn»m’ Ck)7 Rn,my (fh ceey fr))}mZn

satisfying (Q0-8) with m varying in the choosing process of Q (of Taylor—
Wiles; see [HMI, page 191] or [MFG, §3.2.6]). Then m(n) is chosen to
be minimal choice of m in the class ZI'"; so, we can replace m(n) by
a bigger one if we want (as ZI"W is an infinite set). In other words,
choosing m appearing in ZI'" possibly bigger than m(n), we would like
to show that we are able to add the datum of the involution ¢ induced
by 0q,,. Therefore, we look into isomorphism classes in the infinite set
of (0-added) quadruples (varying m)

{((Rn,m; 04)7 En,ﬂ% (fh ceey fr))a Un,m}m2n+1

of level n in place of triples {((Rn,m, @), Rnm, (f1,---, fr))}m>n, where
On,m indicates the involution of R, ,, induced by og,, (which is com-

patible with the projection R, ., — Enm)

We start an induction on n to find the projective system satisfying
7t o 0,41 = 0, o T The projection mg,, @ Rg, — Ry (for any
m > 1) of forgetting ramification at @,, is o-compatible (by definition)
for the involution oq,, and oy coming from the y-twist, which induces
a surjective W-algebra homomorphism 7Té Ry = Rip for Rig =
Ty /pTy satisfying i ooy = ogony. Thus the initial step of the induction
is verified. In the same way, the projection R, ,,, — Ién}m is compatible
with the involution.

Now suppose that we find an isomorphism class Z,, of the (o-added)
quadruples (indexed by r-sets Q,, € Q satisfying (Q0-9) varying m

with m > n) containing infinitely many quadruples of level n whose
reduction modulo (p"‘%éffﬁl — 1)4eq is in the unique isomorphism
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class Z,,_1 (already specified in the induction process). Since the subset
of such Q € Q of level m > n+1 (so ¢ =1 mod p"*! for all ¢ € Q)
whose reduction modulo (p™, 5}1’" — 1)4eq falls in the isomorphism class
T, is infinite, we may replace Z,, by an infinite subset Z], C Z,, coming
with this property (i.e., m > n), and we find an infinite set Z,, of
{((Rn,m+1, %) Rpm+1, (f1, - -5 fr)s Onymt1) bm>n+1 which surjects down
modulo (p", 8, — 1)4eq isomorphically to a choice

((Rn,m,a)a fin,mv (fla ceey fr)a Un,m) € I’;L

at the level n. Indeed if all ¢ € Q satisfies ¢ = 1 mod p"*t!, as we
now vary m so that m > n (rather than m > n), we can use the same
Q = Qn to choose the isomorphism class of level n + 1. Therefore,
for Rg; = Tq/(p?, 08 — 1)4eq, the projections Ry, ntl = Rg., and
RQ,n+1 Rq/(p"*! 5pn+1 —1)geq — RQ n=Rq/(p",0) —1)¢eq are
compatible with the 1nvolut10ns induced by og, and hence for the same
set of generators {f;};, the two quadruples

{((Rg.j,a), Rqj, (fro-- 1), 04)}

of level j = n + 1,n are automatically o;-compatible.

Since the number of isomorphism classes of level n + 1 in Z), is
finite, we can choose an isomorphism class 7,11 of level n + 1 with
|Z,4+1] = oo inside Z], whose members are isomorphic each other (this is
the pigeon-hole principle argument of Taylor-Wiles). Thus by induction

on n, we get the desired compatibility 77! o 0,41 = 0, o 7?*! for
reduction

Tyyr;ie, Inyy —— Iy = Lo — -~ — Iq with |Z;| = oo for all
j=1,2,...,n+ 1. We hereafter write m(n) for the minimal of m with

((Rn,m, @), ﬁmm, (fis--+, fr), On,m) appearing in Z,. Q.E.D.

Lemma 6.2. Suppose that the family Q@ = {Qn|lm = 1,2,...}
satisfies (Q0-9). Define QL = {q € Qum|x(q) = £1}. Then |Q;,| (and
hence |Q;|) is independent of m for Qu, € Q.

Proof. By Proposition 4.4 |Q..| = dimp Homy (Vg (¢~ w),F),
and therefore it is independent of m. Q.E.D.

By (Q9), we have the limit involution o4, on Ry = l&ln Ry mm(n)-

We may assume that the generators (fl("), e fﬁn)) to satisfy an(f](")) =

+ f;"). Therefore we may assume that

o ) = (R S )
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with aoo(f;l)) = :l:fj(ni) for r = dy +d_, and hence, we may assume that
Roo 2 WI[Ty 4y, Tuy 4Ty Tu ]

with variables T; 1 satisfying 0o (Tj,+) = £T} 4 for r = dy +d_, and
|
—1);:

(61) ROO/QLQ = WHTL"!‘? s aTd+,+aT1,—a R 7Td,,—]]/2[Q = TQ

we have the following presentation for 2g := (s ; 9

Strictly speaking, we may have to modify slightly the isomorphism class
7, of tuples for each n to achieve this presentation (see the argument
around (6.5) in the proof of the following Theorem 6.5).

Since T%/(t — *)T? = Ty, we can lift, as is well known, the above
presentation over W and the involution o to that of T9 over A to
obtain:

AT+, Tay +, T =5 Ta ]

6.2 ~ 9,
( ) Q‘QA[[TLJH'"7Td+,+aT1,—a"-aTd,,—H

where 000 (T}, +) = £7; + intact. We write simply
R = Roo = A[[Tl,+a ce ,Td+7+,T1,_, o 7Td_,—H-

Here is a brief outline how to lift the presentation (cf. [MFG,
§5.3.5]): Let fj(oo) = mn f;n). Since f;n) is an eigenvector of oy,

f](oo) is an eigenvector of 0. Let R := A[[T1,...,T,]] and define an

involution o on R by o(T}) = +T, & 0so(f°) = £ Choose
f; € R such that f; mod (t — %) = f1° and g; € T = T such that
g; mod (t —~*) giving the image of f;oo) in Tg. We can impose that
these f; and g; are made of eigenvectors of the involution. By sending
T; = f; to g;, we have R/AyR = T, R* /Ay = T+, R/(t — +*) = R
and RT/(t — %) = R¥.

We reformulate the ring W{[S1,...,S;]] in terms of group algebras.
Let Aps =[] cox Ag and A =[] o Ag /AP 50, Ay = AF XA
Define p-profinite groups A and Ay by A = @n Ap =27, and Ay =
lim AF = 7% for ri = |QF|. Here the limits are taken with respect
to 7T restricted to A, 1.

Set

(6.3) S = W[A]] = lim W[A/A”"] = lim W[A,,]

n
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for the p-profinite group A = lgln A, = Z;, with A = A, x A_ and
A be a local S-algebra. Thus by identifying A/AP" with A,,, we have
the identification S = W/[[Sy,...,S;]]. The image S,, := W, [A,] (W, =
W/p"W) of S in R, is a local complete intersection and hence Goren-
stein. Recall that the ordering of (Q3) is given as Q. :={q1,...,¢_}
and Qf = {qp_11 = ¢ ,...,q¢ = gt }. We now write sji for the
generator of A corresponding to § gk

Definition 6.3. Write sji for the generator of AL corresponding
+ _ o+ - i o —\—1
to (qui. Then define ST = sj — 1 and S; = s; —(s;)~". Thus
0o (SF) = £S5

For the ideal a,, := Ker(W[[AL] — W,[A}]) for W,, := W/p"W,
we put

n n

Wy =an+ ((s7)" —1,...,(s;7 )P —1) = Ker(S = W, |[A/AP ) c S

as an S-ideal. Then 2, is stable under o. Via the natural projection
A — Ag,, sending sjt to 6+, we get g, = Ker(S — W[Aq,,]).

For Q € Q, recall r_ = |Q~| with
Q™ :={q € Q|q is inert in F/Q} and Q" := {q € Q|q is split in F/Q}.

Proposition 6.4. If pt hp, thenr =d_ =r_+1, dy =0 and
ry = 1. In particular tg = tg- If further p{ hphp(,-y, we have r_ =0
(so, d_ = 1). Therefore we have a presentation T = A[[T_]]/(S+) for
T_ =Ty and Sy = ST if pt hrhpe-)-

Proof. By construction, we have R/(S],.. .,S;:,Sf, ST
T, and R/R(c — 1)R has dimension d; + dimA = d; + 2, since R =
AT, T T, Ty and R(o = )R = (T ..., Ty ).

Suppose p1 hr = |Clp|, by Proposition 5.2, we have

7y = dimg Selj (xw) = 1.

Ifd, >0, wehave0 <dy <ry =1, wehavedy =r;y =landd_ =r_.
Then we get

(6.4) (T ,....T; )NS =R(e—1)RNS > S(c—1)S = (S ..... 57 ).
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This means (7} ,..., T, ,S7) D (Sy,..., S ,S) and T/T(c — 1)T =
R/(Ty ..., (;,Sf'),and hence

2> dimT/T(oc — 1)T = dimR/(Ty ..., T, ,ST)

= — — - - - + - ’
(T ..., T; ,SF)

The last inequality follows from the fact that the height of the ideal
(Ty,..., T, , S1F) is less than or equal to d_+1 = r_ +7r, = r by [CRT,
Theorem 13.5]. This is a contradiction. Therefore, we have d; = 0, and
fromd, +d_=r=ry+r_,wegetd =1+r_. If further p{hp.,-),
by Proposition 5.3, we have r_ = 0. Q.E.D.

Now we would like to prove

Theorem 6.5. Suppose (h1-6). Let Q be the family satisfies (Q0-9).
Let Q € Q or Q =0. Then the following two assertions holds.

(1) The Tg—module T is generated by a single element over TE.

(2) The rings T4 = Tg_ and T are both local complete intersec-
tion over A with presentation T = A[[T_]]/(S+) and T4 =
A[[T?])/(S+) such that o fives Sy and o(T_) = —T_. More
generally, for Q € Q, the rings Tg and T® are local complete
intersection.

Proof. By (Q9), o is compatible with the projective system of tu-
ples _
(Rnsa), Rny (f1,-- -5 fr),00) € Tn.

We have the limit involution o, acting on R, which is uniquely lifted
to an involution ¢ := 0, acting on R := R, for R, defined just below
(6.2). Put

Ry :={z € Rlo(z) = £z}
Let Io = R(oc — 1)R = RR_. Note that r := |Q4] is independent of
Q@ by Corollary 6.2.

Let Sy = S®wA = A[[A]]. Then plainly Sy is flat over S{ := S,
and R_ is generated over R by a single element ¢ with o(d) = —4J. By
Proposition 6.4, we have R = A[[T_]] and T®m = A[[T,]]/(SLFAQ*"‘ —1).
If a power series ®(7T_) is fixed by o, by equating the coefficients of the
identity:

O(T) = o((T)) = &(-T.),
we find that ® is actually a power series of (T2). Thus the fixed part
R :=RY for G = {id, 0} is still a power series ring, and we have R, =
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A[[T?]]. Since Ty = lim R, by the original Taylor-Wiles argument
(e.g., [HMI, page 194]), lifting it to A, we get

T =T = R/%R = A[T_]}/(S+), T4 = A[[T2]}/(54)

and T_ is the surjective image of R_. Since R_ is generated by one
element ¢ over Ry (which can be given by T_), its image T_ in T is
generated by one element 6 over T;. This proves the assertion (1) for
Q = 0 and the assertion (2) for T and T.

For a given Q = Qp,, # 0, we take ng such that p"° = max,eq(|Aq]).
Then we restart the Taylor-Wiles argument from Tq in place of Ty. In
other words, we consider the projective system for n > nq:

(6.5) (Rps @), R,y (fiy-- s f1)s0ns é0) € Ty

for EQJL =R, /((p™) +AQ)Ry. Then by the same argument, we get

Tg = @ EQ,R = ROO/QlQ.

n>ngo

Thus again lifting over A, we get T? = R/AgR. Since R_ is generated
by one element § over R, < (which is a surjective image of R_) is
generated by a single element g over Tf. We may assume that the
projection maps send 7_ — 6¢ +— 6 in T_. This finishes the proof of
the assertion (1).

We now prove (2) for general Q € Q. Sinced_ =1=7r,r_ =0
and 7. = 1 by Proposition 6.4, we can write Q" = Q) = {¢= ¢} and
Q™ =Q;, = 0. Recall Sy = S®wA = A[[A]], and write s, = 1+, for
the basis of A corresponding to lim 8qr- Since d_ =1, Ry = A[[T?]]
and 5o = g N Sy is generated by sl®al — 1, Tf = Ri/sqgR+ is a
local complete intersection (e.g., [CRT, Exercise 18.1]). Similarly, T9 =
A[[T_H/(slf"l — 1) is a local complete intersection. Q.E.D.

Here is an example.
Example 6.6. We consider A[[T_]] and S; = T2 —T for T =t — 1.
Then if one specializes T' to 0, we have
WIT-)/((1+ 547" = 1) = W[T-]]/((1 + T2)"" — 1)

S WT /@) < [  WKIV-1]
1£¢eupn (Qy)
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with
WT- /(14 S4)P" =1, T2) = W([[T_/(1+T2)P" —1,T_) = W.

This tells us that Tg/(Tq(c — 1)Tg) = W for all Q even if Q;}, # 0
consistent with Chevalley’s theorem.
If one specializes T' to a non-zero non-unit w € W, we have

WIT-])/((1+ S4)P" = 1) = WT_]]/(1 + T2 — @)?" —1)
= J] WwWlVe+¢-1]
CEpn (Qy)
with

wiT-]] _ wiT-]] ~ R
187" — L1 (T2 —wpr — 17y - == =1

Without specializing, we have

AllT-]] A[[T_]]
sy §-arZ-tpr -5~ Ll MVT+c-1]

Ceﬂp" (@p)

with

Al[T-]] _ A[[T_]] N .
1+ S —1,T) o (1 +T2 - TP —1,T) =A/((1-T)P —1).

In this setting, for exterior derivative f — df having values in
bR /(14547 —1)/A = tra = Mra/(MEe +mp) = my, /(7 +my),
we have
A1+ 8P = 1) =d(1+T% —T)"" —1)
=p"(1+T? —T)P" "1 (2T_dT_- — dT).

Taking n = 0, this shows that T_dT~ € my and hence dSy = 27T_dT_ =

0 in the cotangent space 7, e For Q # ), we still have T_dT_ = 0 as

T_ € mpe and mye kills 174 /A and hence compatible with the vanishing
Sely(¥) = 0 = Selo ().

Proof of Theorem A: By Proposition 6.4, hereafter we write

(6.6) R = A[[T_]] and S = A[[S,]].
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The primes giving rise to S, is made of Q' ; so, Q;}, = {¢;, } is a singleton
by Proposition 6.4. By Proposition 6.4, we find d_ = r_ +1 = 1, which
shows by Theorem 6.5 that R_ is generated by 7 over R4 and hence
T? = T_ is generated by its image 6. This proves the assertion (2). The
assertion (1) follows directly from Theorem 6.5 as d_ = 1. Q.E.D.

87. Proof of Corollary B

Throughout this section, we assume (h1-6). We now start the proof
of Corollary B. In this proof, we give an argument which applies to T
and T/(t —~*) at the same time. So we write for simplicity T for either
T or T/(t — +*) (choosing k > 0), and put

B A=) =Ww HT=T/t—~%) (k>0),
A if T=T,
which is the base subalgebra of T. Similarly, we write A for R or R,
according as T = T or T = T/(t — 7). By Proposition 6.4, A, :=
A9 = B[[T_]]°=! = B[[T?]]. To make notation simple, we just write Y’
for T?2; so, Ay = BJ[[Y]]. We have a unique variable S, = S} € A,

Proposition 7.1. Let € be a generator of O*. Then we have
S, = f(¥)
with a power series 0 # f € B[[Y]]. Moreover, if B = A, we have
(f(0)) = ({e) — 1) as principal ideals of A, and hence
A/((e) = 1) if B=A,
klogp<s>/‘1/ovg,,<1+p>,1) if B=A/(t—~"),

where I = T(o —1)T and Xy = X9 for X =T, 1. In particular, f is a
non-unit.

Proof. We have S; € Ay; so, Sy = f € B[[Y]], and we find, if
B = A,

AJ({e) =1) = T/(T(e = 1)T) = A/((T-) + (f)) = A/(£(0)).
This shows (f(0)) = ({g) — 1). Q.E.D.

TP . =T/ =T, /I, = {
(v

Proposition 7.2. Let the notation be as above, and recall T?Y :=
T/I for I = T(o —1)T. Then we have an isomorphism of T**-modules

A/((e) = 1) if B = A,

ab ~ 2 ~
Qp/p@r T =1/1 —{W/(,yklogp(a)/logy(l-i-p)_1) ifB=W.
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Proof. By Proposition 7.1, f(0) = 0if k = 0 and B = W. First
suppose either B = A or B = W with £ > 0. Then the annihilator
of I = T(0c — 1)T regarded as an ideal of T is the zero ideal (since
T ®p Frac(B) = I ®p Frac(B)).

We have an exact sequence (e.g., [CRT, Theorem 25.2]):

I/1? 5 Qpyp @1 T — Qpan/p — 0.

Thus I/1? % Qp,p @1 T is surjective. By Proposition 7.1, () — 1 =
S, +T2g(T?) for g(Y) € A[[Y]]. Thusin T = A[[T_]]/(S4), () -1 € I?,
and therefore ANT? = ANT = ({e) —1). This means that the projection
7 : T/I? - T/I has a section s : T/I = A/((¢) —1) = T/I? sending a €
A/(e)—1) = A/(ANI?) into T/I? by the structure morphism A < T mod
I?. Then D(t) = t—s(m(t)) gives a derivation over A. The universality of
Qr/p O T2 gives a unique morphism ¢ : Qr/p BT T*> — I/I? inducing
D. Since ¢ is onto by construction, io¢: Qp/y @t T2b Qr/p O T2b is
an onto T?P-linear map, which must be an isomorphism. Thus we have
Qp/a @p TP = 1/1%,
From the exact sequence

(71)  0—(54)/(S4)* =T -dSy = T -dT- — Qg5 — 0,
tensoring with T?> = T /I over T, we get another exact sequence
(7.2) T dSy — T* - dT- — (Qp/p @1 T*) = (I/1%) = 0.

We may assume that f(7_) = ({(g) — 1) + > oo aaY®. Since we have
D = 20(T_ )21, df(Y)|r =0 = (9|7 —0)dT- = 0. Therefore, we

get
T2b . 4T
I/1%) = Coker(T® . dST — T . dT_ )= —————— =T .4T_.
( / ) ( + ) df(Y))|T,:O
This shows
(7.3)
A/({e) — 1) if B=A,

ab ~ 2 ~
QT/B QT T 2 J/I° = {W/(,yklogp(e)/logp(l-i-p) -1) fB=W,

as desired. Q.E.D.

Thus we have again proven Theorem A in a slightly different way:

Corollary 7.3. The ideal I = T(oc — 1)T is a principal ideal gen-
erated by an element € T~, and TT is a local complete intersection
over B.
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Theorem 7.4 (B. Mazur). Assume (h1-6). We have a canonical
identity Qr /5 = Selg(Ad(pr))".

Proof. By Theorem 2.1, the couple (T, pr) is the universal cou-
ple for the deformation functor D. Thus we need to prove g,z =
Selg(Ad(p)) for the universal couple (R, p) of D. For the Teichmiiller
lift ¢ of det(p) and & : Gal(Q/Q) — A* given by

K‘,(O’) = Q/}(o’)tIng(VP(U))/ Ing(1+p)

for t = 1+ 7T and the p-adic cyclotomic character v, the couple (A, k) is
the universal couple of minimally ramified deformation outside p. Since
det(p) for p € D(A) is such a deformation, we have a unique W-algebra
homomorphism ¢4 : A — A such that t4 ok = det(p). In this way, R is a
A-algebra by tg, and the unique W-algebra homomorphism 7 : R — A
with m o p = p becomes A-algebra homomorphism under the A-algebra
structure induced by t4. Note also that the identification R = T in
Theorem 2.1 sends the A-algebra structure of R to the weight A-algebra
structure of T.

Let X be a finite R-module. Then R[X] is an object in CLyy,
and write ®(A) for A € CLyw, the set of deformations with values in
GL2(A) giving rise elements in D(A); so, D(A) = ®(A)/ 2. For each
p € D(R[X]) with p mod X = pg, we have tg;x] : A = R[X]. Since p
mod X = pg, tprx] mod X = (g (so, the R-module structure combined
with ¢p induces the A-module structure on X), and the projection of
7 : R — R[X] inducing p is a A-derivation of R with values in X. We
consider the W-algebra homomorphism £ : R — R[X] with £ mod X =
id. Then we can write £(r) = r@®d¢(r) with d¢(r) € X. By the definition
of the product, we get de(rr’) = rde(r’) +r'de(r) and de(W) = 0. Thus
d¢ is an W-derivation, i.e., d¢ € Derw (R, X). For any derivation d :
R — X over W, r — r@®d(r) is obviously an W-algebra homomorphism,
and we get

(74) {r e ®RIX])|r mod X =p}/~x
~{re (I)(R[XD‘T( mod X = p} / =
= {¢ € Hompag(R, R[X])|¢ mod X =id}
= Derp(R, X) = Homp(Qg/a, X),

where “~x” is conjugation under (1 ® M, (X)) N GLy(R[X]).
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Let 7 be the deformation in the left-hand-side of (7.4). Then we
may write w(o) = p(o) ® ul. (o). We see

p(o7) & uz(o7) = (p(0) ® ur(0))(p(T) & ur (7))
= p(o7) & (p(0)ur (1) + ur(0)p(7)),

and we have
o1) = p(o)ur (1) + uy (o) p(7).

(
Define u, (o) = vl (c)p(c)~t. Then, z(c) = m(c)p(c)~! has values in

SLy(R[X]) as tr(det(p)) = tgxj(det(m)), and z =1 Qur—u=x—1
is an isomorphism from the multiplicative group of the kernel of the
reduction map SLa(R[X]) — SLa(R) given by

!/
uﬂ'

{z € SLy(R[X])Jxr =1 mod X}
onto the additive group
Ad(X) = {z € My(X)|Tr(z) =0} = Ad(p) ®r X.
Thus we may regard that u has values in Ad(X) = Ad(p) ®r X.
We also have
(7.5) (o) =u (o7)p(o7) ™"
— p(), ()p(o7) ™+l (0)p(r)p(o7) ™" = Ad(p)(0)uir (7) + un(0).

Hence u, is a 1-cocycle unramified outside Np. It is a straightforward
computation to see the injectivity of the map:

{r e ®R[X])|r mod X ~p}/~x— HY(F, Ad(X))

given by m — [ur]. We put F (X)) = Fy(p) ®r X for F,(p) as in the
introduction. Then we see from the fact that Tr(u,) = 0 that

(7.6) ur(Ip) C Fr(X) e ul(l,) C Fi(X) & 6,(1,) = 1.
Over the decomposition group D), := Gal(Q,/Q,), we have
(7.7) un(Dy) C F_(X) (D) € F_(X),

where Dy, acts trivially on F__(X)/F(X) (i.e., F_(p) is upper triangular
in Ad(X) under p|p, made upper triangular). Thus the conditions (7.6)
and (7.7) is equivalent to requiring [u,] € H'(Q, Ad(X)) under restric-
tion map to D, to be inside ResBi/Ip(Hl(Ip, Fi(p)) C H'(D,, F_(p)).



Cyclicity of adjoint Selmer groups and fundamental units 59

If € ramifies, this is equivalent just to asking that u.|;, has values in
Fi(p).

For primes [ t Np, 7 is unramified at [; so, u, is trivial on [;. If
[N, we have p|;, = ¢ ® 1 and 7|5, = ¢, @ 1. Thus 7|;, factors through
the image of I; in the maximal abelian quotient of Gal(Q,/Q;) which
is isomorphic to Z;*. Thus u.|;, factors through Z;. Since p t ¢(N),
p 11— 1, which implies u,|j, is trivial; thus u, unramified everywhere
outside p.

Since R = lim R/mf, for the finite rings R/mp, we have RY =
lim (R/m%)Y. Since H' and Hom(Qp/a,?) commute with injective lim-
its, taking X := (R/m’)" and then passing to the limit, we get

(7.8) Q\é/w = Homp (Qgr/a, RY) = Selg(Ad(p))
as desired. Q.E.D.

Corollary 7.5. We have Selg(Ad(Ind} @))" = Qp/y @r W[C] =
T/I, where C is the p-primary part of Clp(cp™) and ® : Gal(Q/F) —
WIC)* given by ®([x, F)) = ¢~ ([z, F))[z] ofr the Artin symbol [z, F]
with © € Clp(cp™) with projection [x] € C. If hp is prime to p, we have
Qp/p @ WIC] =T/IT = A/((e) = 1).

Proof. By Corollary 2.3, T/I = W[C] with pr = Indg ®. Then
we obtain this result replacing the R-module X in the above proof of
Mazur’s theorem by a T/I-module X. The last assertion is the restate-
ment of (7.3) and Corollary 7.3. Q.E.D.

Proof of Corollary B: Since the assertion (1) is already proven in
Propositions 7.1 and 7.2, we prove the assertions (2) and (3). By the
presentation A[[T_]]/(S+) = T, we have an exact sequence

0 — TdSy — TdT— — Qr/p — 0.
We apply a theorem of Tate [MR70, A.3] for
(C7 R7 A’ f17gl) = (T7 A’ A[[T_]] = R? S+7 T_ - 9)

under the notation there. Define § € R @ T = T[[T_]] by S} = 6(T- —
0), and write 5 : R@AT = T[[T-]] — T for the projection; so, 8(T—) = 6.
Then we have dS, = 6dT_ + (T_ — 0)dé. This shows Qr 5 = T/(5(4)).
Thus by Theorem 7.4, Selg(Ad(pr))Y = T/(L) with L := B(d) is cyclic
over T. Since dp/p = (L) for the different dr/4 by [MR70, Appendix],
L is a non-zero divisor as T is reduced and free of finite rank over A.
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Then Qp/y ® T/(#) is in turn isomorphic to I/I? = T/(0) = A/({e) — 1)
by Corollary 7.3 and Proposition 7.2. Thus

T/(8(8)) @1 T/(0) = Qryp @1 T/(0) = T/ (0);

so, (B(0)) C (0). Indeed, evaluating Sy = 6(T- — 6) at T_ = 0, we
)

get () —1 = —6(0)0. By Corollary 7.5, we have Qp/y @ T/(0) =
Selg(Ad(Ind% @))V.
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