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Abstract.

We prove a one-sided divisibility relation for the anticyclotomic
Iwasawa main conjecture for modular forms in terms of the p-adic L-
function constructed by Bertolini-Darmon-Prasanna and Brako£evi¢.
The divisibility relation is known by Castella if p is ordinary and by
Castella-Wan for the elliptic curve case. Here we prove the higher
weight non-ordinary case with a treatment that works uniformly for
both ordinary and non-ordinary cases. In the proof, we establish
a theory of integral Perrin-Riou twist. It enables us not only to
twist systems of generalized Heegner cycles (which are not norm-
compatible) by any continuous p-adic anticyclotomic characters but
also to investigate the denominators of resulting systems explicitly.

§1. Introduction

1.1. Our setting of the main conjecture

The aim of this paper is to prove a one-sided divisibility relation
for the anticyclotomic Iwasawa main conjecture for modular forms. The
anticyclotomic Iwasawa theory has a long history and there are many
works in di�erent settings. Here we clarify our setting comparing with
others.

Let f be a normalized (elliptic) eigen newform of weight k for Γ0(N).
Let K be an imaginary quadratic �eld. We consider a factorization
N = N+N− where a prime factor of N divides N+ (resp. N−) if and
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only if it is split (resp. inert or rami�ed) in K. The arithmetic of f
over K depends signi�cantly on the condition on N− and the Iwasawa
theory also depends on the condition on a �xed prime p (ordinary or not
for f , split or not in K). For example, the classical Heegner hypothesis
is that N− = 1. Then the sign of the functional equation of the L-
function of f over K is −1 and we have special cycles called Heegner
cycles. The Gross-Zagier formula relates the derivative of the L-function
at the central point to the height of the Heegner cycle of conductor
1. The existence of such special cycles gives a special �avor in the
anticyclotomic Iwasawa theory. (We recall it in �1.2 below.) On the
other hand, if N− is a square-free product of the odd number of inert
primes, the sign of the functional equation is +1. Special cycles do not
exist directly, however, Bertolini-Darmon [4] studied the Iwasawa theory
in the ordinary case of weight 2 by considering congruences from Heegner
points on various Shimura curves. Chida-Hsieh [14] generalized their
work to the higher weight ordinary case. If f has complex multiplication
by our �xed imaginary quadratic �eld K (hence N− contains rami�ed
primes and it is not square-free), there are works by Agboola-Howard
([1], [2]).

In this paper, we assume the classical Heegner hypothesis N− = 1
and our prime p splits in K and p ∤ N but there is no condition on
the ordinarity for f . We think our method also works when N− is a
square-free product of the even number of inert primes.

1.2. Background

Here we recall the background of our work. The origin goes back to
the study of the behavior of the Mordell-Weil rank of elliptic curves in
Zp-extensions by Mazur (cf. [26]). The behavior in the anticyclotomic
Zp-extension (with the classical Heegner hypothesis) is special because
of the existence of a system of Heegner points of higher conductors.
Then Perrin-Riou [29] formulated an Iwasawa theoretic conjecture on
Heegner points, which is considered as the Iwasawa main conjecture in
this context. Since our result is intrinsically related to her conjecture,
we recall it brie�y.

Let E be an elliptic curve de�ned over Q with conductor N . Let
K be an imaginary quadratic �eld satisfying the classical Heegner hy-
pothesis. Let p be a good ordinary prime for E. Let K∞/K be the
anticyclotomic Zp-extension and put Λ := Zp[[Gal(K∞/K)]]. Let X∞
be the Pontryagin dual of the discrete p-Selmer group of E over K∞.
We also consider the projective limit of compact Selmer groups S∞ :=
lim←−n Sel(Kn, TpE), which naturally contains the limit of the Mordell-

Weil groups lim←−nE(Kn)⊗Zp (In fact, we have S∞ = lim←−nE(Kn)⊗Zp if
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the Tate-Shafarevich groups are �nite). We take a modular prametriza-
tion π : X0(N) → E and then the system of Heegner points de�nes
a Λ-submodule H∞ in lim←−nE(Kn) ⊗ Zp. We remark that the natural

system of Heegner points of p-power conductors is not norm compatible
and here we need the ordinarity condition on p for E to stabilize the
system to obtain the module H∞. We come back to this point later
when we consider the non-ordinary case.

Conjecture 1.1. (Perrin-Riou)

(1) S∞ is a free Λ-module of rank 1.
(2) There exists a �nitely generated torsion Λ-moduleM such that

X∞ is pseudo-isomorphic to Λ⊕M⊕M.
(3) We have the equation of characteristic ideals

Char(M) = c−1
π u−1

K Char(S∞/H∞)

where cπ is the Manin constant of π and uK := (]O×
K)/2.

This conjecture is a Λ-adic version of Kolyvagin's result relating the
square root of the order of the Tate-Shafarevich group to the index of
the Heegner point in the Mordell-Weil group (if the Heegner point is
non-trivial). By Cornut, Vatsal and Howard ([15], [39], [18]), now we
know (1), (2) and a one-sided divisibility for (3) under mild assumptions.
Recently, there is progress on the other divisibility for (3) (See [8], [40].)
There is also a generalization of the Perrin-Riou conjecture to modular
forms of higher weight by using (generalized) Heegner cycles or a Hida
theoretic deformation of Heegner points. See Castella [10] and Longo-
Vigni [25].

In the Perrin-Riou conjecture, the ordinary condition on p for E
is essential, otherwise, H∞ = 0 since there is no universal norm (or
norm compatible system of rational points) for E in the supersingular
case. However, the system of Heegner points of p-power conductors
satis�es a certain norm relation associated to the p-Euler factor of E.
(See [29] or [20].) One remedy is to use the idea in [19] to decompose
the system to obtain a norm compatible system non-canonically, that
is, to consider the plus/minus version of the Perrin-Riou conjecture. In
fact, if ap(E) := 1 + p − ]E(Fp) = 0, Castella-Wan [13] formulated the
plus/minus Perrin-Riou conjecture and obtained similar results known
in the ordinary case. It seems to be possible to generalize their method
to more general settings by using the idea by Sprung in [38]. However,
in this paper, we do not pursue this direction, instead, we use another
formulation of the conjecture that works for the both ordinary and non-
ordinary cases equally well.
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In general, we have (at least) two types of the formulation of the
Iwasawa main conjecture. One uses a system of �zeta elements� and the
other uses a p-adic L-function, and both formulations are important.
For example, in the classical Iwasawa theory of cyclotomic �elds, cyclo-
tomic units are used as zeta elements and played the key role to prove
the one-sided divisibility via the Euler system in the main conjecture.
On the other hand, the Kubota-Leopoldt p-adic L-function is used in
the other formulation where the divisibility in the opposite direction
is shown by using congruences of modular forms. In the Perrin-Riou
conjecture, Heegner points are considered as zeta elements and form
an Euler system. It is natural to expect the formulation of the main
conjecture in terms of p-adic L-function equivalent to the Perrin-Riou
conjecture.

Though the Perrin-Riou conjecture was formulated in 1980's, the
corresponding p-adic L-function was found almost 30 years later by
Bertolini-Darmon-Prasanna [5] and Brako£evi¢ [7]. (For simplicity, we
call it BDP-B's p-adic L-function.) Its square interpolates the special
values of the L-function of f overK twisted by anticyclotomic characters
with appropriate in�nity type. See �2.2 for details. One can then formu-
late an Iwasawa main conjecture in terms of BDP-B's p-adic L-function
following the philosophy or recipe of Bloch-Kato or Greenberg. However,
it is surprising (at least for the authors) that BDP-B's p-adic L-function
lives in the Iwasawa algebra Λ without having huge denominators even
in the non-ordinary case (though the condition p splits in K is still very
important), and the formulation of the main conjecture via BDP-B's
p-adic L-function works for the both ordinary and non-ordinary cases
equally well without any modi�cation. This phenomenon is explained
by the fact that BDP-B's case (twists of the Galois representation of f
by anticyclotomic characters with split p) satis�es the Panchishkin con-
dition even when p is non-ordinary for f . Castella [10, 11] showed that
at ordinary primes, this main conjecture is equivalent to the Perrin-Riou
conjecture (and its generalization to the higher weight case). For ellip-
tic curves with ap(E) = 0, Castella-Wan [13] showed the equivalence to
the plus/minus Perrin-Riou conjecture. In this paper, though we do not
formulate the Perrin-Riou type conjecture in terms of generalized Heeg-
ner cycles in the non-ordinary case, we prove a one-sided divisibility in
the main conjecture via BDP-B's p-adic L-function in the higher weight
non-ordinary case (cf. Theorem 1.5).

1.3. Di�culties in the non-ordinary higher weight case

Concerning the dependence on the ordinarity condition on p for
f , it is interesting to compare with the cyclotomic Iwasawa theory for



Anticyclotomic Main Conjecture 5

modular forms. In the cyclotomic case, there is a formulation of the
main conjecture by Kato using his zeta elements, which works for the
both ordinary and non-ordinary primes (even for bad primes) equally
well. On the other hand, the cyclotomic p-adic L-function (by Amice-
Vélu-Vishik) has huge denominators if p is non-ordinary and it is not
straightforward to formulate the main conjecture in terms of the p-adic
L-function. (One needs Perrin-Riou's local theory or plus/minus theory,
etc.) We explained that the anticyclotomic case was the contrary. In
fact, in the following sense, the anticyclotomic case is more subtle.

In the cyclotomic case, the obstruction of denominators comes p-
locally. That is, the p-adic L-function is the image of the Perrin-Riou
(or Coleman) map of zeta elements and the denominator comes from
the Perrin-Riou map, which is p-locally de�ned. Kato zeta elements
are integral and norm compatible in the p-power direction. The norm
compatibility plays an important role when we consider the Soulé twist.
In fact, Kato �rst constructed the system related to non-critical values
of the L-function and used the Soulé twist and the explicit reciprocity
law to obtain the system related to critical values.

In the anticyclotomic case, the obstruction of the denominator comes
globally. Since the de�ning interpolation range of BDP-B's p-adic L-
function is di�erent from that of (generalized) Heegner cycles, we need
a Soulé type twist and an explicit reciprocity law to relate these. How-
ever, the system of generalized Heegner cycles is not norm compatible
in the p-power direction, and if p is non-ordinary, we need denominators
for the stabilization. These denominators break not only the principle
of the Soulé twist but also the argument of the Euler system itself. The
problem of the Soulé twist was solved in [21] for twists of algebraic anti-
cyclotomic characters but it was not su�cient for proving the divisibility
in the main conjecture. In this paper, we consider the integral Perrin-
Riou twist generalizing the twist of [21], and it can be applied for all
continuous anticyclotomic p-adic characters. (Precicely speaking, our
twisting method is not completely identical to that in [21].)

Readers may think that the language of the analytic distribution
seems more natural to describe our integral Perrin-Riou twist. In fact,
such approach is taken in [23] to twist Beilinson-Flach elements. How-
ever, in our case, we needed more subtle calculations of denominators
to check the axiom of the Euler system at l 6= p (cf. Lemma 4.5 (2)) in
cohomology groups with huge torsion subgroups.

1.4. The conjecture and our main result

In order to state our main result precisely, we �x notation. Let
f ∈ S2r(Γ0(N)) be a normalized eigen newform of weight k = 2r ≥ 2 for
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Γ0(N). Let K be an imaginary quadratic �eld with discriminant −DK

satisfying the classical Heegner hypothesis, that is, the rational primes
dividing N split in K. Let p be an odd prime, and �x embeddings
ι∞ : Q ↪→ C and ιp : Q ↪→ Cp. We assume that p splits in K and
write (p) = pp, where p denotes the prime in K above p compatible
with ιp. Let Ff be the minimal �eld in Cp containing Qp and all the
Fourier coe�cients an of f , and let Of be its ring of integers. Let Vf ∼=
F⊕2
f be the Galois representation attached to f and Tf an Of -lattice of

Vf stable under the Gal(Q/Q)-action. Let K∞ be the anticyclotomic
Zp-extension of K and put Γ = Gal(K∞/K). We put Λ = Of [[Γ]]

and Λur = Ôur
f [[Γ]], where Ôur

f denotes the ring of integers in the p-
adic completion of the maximal unrami�ed extension of Ff . We denote
BDP-B's p-adic L-function by Lp(f) ∈ Λur, whose square interpolates
algebraic parts of L(f, χ, r) for anticyclotomic Hecke characters χ of
in�nity type (j,−j) with j ≥ r. We note that Lp(f) depends on the
choices of periods, and we refer the reader to Subsection 2.2 for details.
We put W = (Vf/Tf )(r), where (r) denotes the r-th Tate twist, and
de�ne
(1.1)

H1
∅,0(K∞,W )= Ker

H1(K∞,W )→
∏
w|p

H1(K∞,w,W )×
∏
w′∤p

H1(Kur
∞,w′ ,W )


where w (resp. w′) runs over all places of K∞ dividing p (resp. not
dividing p). Let X∅,0(K∞,W ) be the Pontryagin dual of H1

∅,0(K∞,W ).
It is a �nitely generated Λ-module for the canonical Λ-action.

Castella formulated the anticyclotomic Iwasawa main conjecture in
terms of BDP-B's p-adic L-function at ordinary primes ([10, 11].) Since
our representation satis�es the Panchishkin condition, it is natural to
expect the anticyclotomic Iwasawa main conjecture precisely in the same
form as for the ordinary primes even for non-ordinary primes:

Conjecture 1.2. (1) The Λ-module X∅,0(K∞,W ) is torsion.
(2) We have

Char(X∅,0(K∞,W ))⊗ΛΛ
ur = Lp(f)

2Λur

where Char denotes the characteristic ideal of �nitely generated
torsion Λ-modules.

Twisting by Hecke characters, the above conjecture is equivalent to
the Iwasawa main conjecture of the following form that relates the p-adic
L-function to the Bloch-Kato Selmer group.

Conjecture 1.3. Let ψ be an anticyclotomic Hecke character of

in�nity type (j,−j) such that j ≥ r and the p-adic avatar ψ̂ factors
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thorough Γ. Let H1
f (K∞,W (ψ−1)) be the Bloch-Kato Selmer group as-

sociated to the twist W (ψ−1) of W by ψ̂−1 (see Remark 2.6 and (2.6)
for details). Then, its Pontryagin dual H1

f (K∞,W (ψ−1))∨ is a �nitely
generated torsion Λ-module, and

Char(H1
f (K∞,W (ψ−1))∨)⊗Λ Λur = Twψ(Lp(f)

2)Λur

where Twψ : Λur → Λur denotes the twist by ψ̂.

Remark 1.4. (1) By de�nition, Twψ(Lp(f)
2) interpolates

the algebraic parts of L(f, χ−1ψ−1, r) for anticyclotomic Hecke
characters χ such that the in�nity type of χψ is of the form
(i,−i) with i ≥ r.

(2) Our Selmer group is pseudo-isomorphic to Greenberg's Selmer
group introduced in [17] (see Proposition 2.8 for details).

(3) Conjecture 1.2 (2) is independent of the choice of the lattice
Tf assuming Conjecture 1.2 (1). (cf. Proposition 2.9.)

The following is our main result, which gives an evidence of the
above conjecture.

Theorem 1.5. Suppose that K 6= Q(
√
−1),Q(

√
−3) and DK is

odd or divisible by 8. Assume that p ∤ 6hK where hK denotes the class

number of K. Assume also that the image of Gal(Q/Q)→ AutOf
(Tf ) ∼=

GL2(Of ) contains the subgroup consisting of the elements g ∈ GL2(Zp)
such that det(g) ∈ (Z×

p )
2r−1. Then, Conjecture 1.2 (1) holds, and we

have

(1.2) Lp(f)
2 ∈ Char(X∅,0(K∞,W ))⊗Λ Λur ⊗Zp

Qp.

We note that by twisting (1.2), we also have a similar result for
Conjecture 1.3 as follows.

Theorem 1.6. Let ψ be an anticyclotomic character as in Conjec-
ture 1.3. Under the same assumption as in Theorem 1.5, the �nitely
generated Λ-module H1

f (K∞,W (ψ−1))∨ is torsion, and we have

Twψ(Lp(f)
2) ∈ Char(H1

f (K∞,W (ψ−1))∨)⊗Λ Λur.

Recently, a similar result is obtained by K. Büyükboduk and Lei
in a slightly di�erent setting by a completely di�erent method using
Beilinson-Flach elements ([9]).

1.5. Plan of our proof

Our strategy is as follows. First, for su�ciently many continuous

characters χ : Γ → Q×
p , we compare the specialization of both sides
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of Conjecture 1.2 (2). Here we use the Euler system obtained by our
integral Perrin-Riou twist of generalized Heegner cycles by χ. Next, by
using a certain control theorem, we glue up the comparisons between
specializations to prove our main result. The key point is that in terms
of generalized Heegner cycles, a naive gluing argument does not work
in the non-ordinary case but it works in the formulation in terms of
BDP-B's p-adic L-function.

More precisely, our proof consists of the following three steps.
Step 1: For almost all height-one prime ideals P 6= pΛ of Λ, we

compare the following two quantities:

• The p-adic valuation of χP(L ) ∈ Qp, where L ∈ Λ is a gener-

ator of the ideal Lp(f)Λ
ur∩Λ, and χP : Γ→ Q×

p is the contin-

uous character induced by choosing an embedding Λ/P ↪→ Qp.
• The length of the Selmer group H1

∅,0(K,W (χ−1
P )).

By our integral Perrin-Riou twist, we obtain an Euler system related to
χP(L ) from generalized Heegner cycles. Then, by similar arguments to
those in the ordinary case (cf. [10]), we complete Step 1 (cf. Proposition
5.4).

Step 2: We prove a control theorem which says that the length of
H1

∅,0(K,W (χ−1
P )) and that of H1

∅,0(K∞,W )[Pι] (the part killed by Pι)

are the same up to a constant when P varies. Here, ι : Λ → Λ is the
involution sending g ∈ Γ to g−1, and Pι := ι(P). See Proposition 5.7
for the details.

Step 3: Let Q 6= pΛ be a height-one prime ideal of Λ, and we
take a certain sequence {P(m)}m≥0 of height-one prime ideals such that

Im(χQχ
−1
P(m)) ⊆ 1 + pmZp, where Zp denotes the ring of integers in Qp.

Since

X∅,0(K∞,W )/P(m) = Hom(H1
∅,0(K∞,W )[P(m),ι],Qp/Zp),

the control theorem above relates the asymptotic behavior of the length
of H1

∅,0(K,W (χ−1
P(m))) (as m varies) to ordQ(Char(X∅,0(K∞,W ))). On

the other hand, the asymptotic behavior of the p-adic valuation of the
evaluation χP(m)(L ) is related to ordQ(L ). Then, by using the �rst
step, we conclude that

2 ordQ(L ) ≥ ordQ(Char(X∅,0(K∞,W ))).

Step 3 is completed in Subsection 5.3.

Acknowledgements. The authors thank Francesc Castella and Ming-
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§2. The p-adic L-function and the Selmer group

In this section, we recall the p-adic L-function of Bertolini-Darmon-
Prasanna and Brako£evi¢ and basic properties of our Selmer group.

2.1. Notation and settings

Here we �x our notation and settings that are used throughout this
paper. For a number �eld or valuation �eld L, we denote by OL the
ring of integers in L. For a number �eld L and a place of v, we write
its completion at v by Lv, its adèle ring by AL, and the Galois group
Gal(Q/L) by GL. For an algebraic extension L of Q and a place v of L,
we denote by Lv the union of the completion at v of �nite extensions in
L. For a local �eld L, we denote the maximal unrami�ed extension of L

in the algebraic closure L by Lur and its completion by L̂ur.
Let f =

∑∞
n=1 anq

n be a normalized eigen newform of weight k = 2r
for Γ0(N). Let K be an imaginary quadratic �eld with discriminant
−DK satisfying the classical Heegner hypothesis for f , and let N be
an ideal of OK such that OK/N ∼= Z/NZ. We also assume that K 6=
Q(
√
−1),Q(

√
−3) and DK is odd or divisible by 8.

For a natural number c, let K[c] be the ring class �eld of K of
conductor c. We put K[cp∞] := ∪∞n=1K[cpn]. Let K∞ be the anticyclo-
tomic Zp-extension of K, that is, the unique extension of K in K[p∞]
whose Galois group Γ = Gal(K∞/K) is isomorphic to Zp. For an integer
m ≥ 0, let Km be the unique sub�eld of K∞ with [Km : K] = pm.

Let p ∤ 2N be a prime which splits in K and write pOK = pp, where
p is the prime ideal of OK above p compatible with a �xed embedding
ιp : Q ↪→ Cp. We also �x an embedding ι∞ : Q ↪→ C and denote by
τ ∈ GQ the complex conjugation induced by ι∞. Let Ff be the minimal
�eld extension of Qp in Cp containing all the Fourier coe�cients of f via

ι∞ and ιp. We denote by Vf ∼= F⊕2
f the Galois representation of Deligne

attached to f . Let Of be the ring of integers in Ff and Tf an Of -lattice
of Vf which is stable under the action of GQ.

Let O be the ring of integers in a �nite extension F of Ff containing
the roots of X2 − apX + p2r−1. In the rest of this paper, by abuse of
notation, we denote by Tf (resp. Vf ) the scalar extension Tf⊗Of

O (resp.
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Vf⊗O). We note that the scalar extension is harmless to prove the main
result (Theorem 1.5).

2.2. Hecke characters and p-adic L-functions

Let I(DK) be the group of fractional ideals of K relatively prime
to DK . Then, by [34] (see also [41]) there exists a Hecke character
ϕK : I(DK)→ C× such that

• the conductor f of ϕK is divisible only by primes dividing DK ,
• for a ∈ I(DK), we have ϕK(a) = ϕK(a),
• for α ∈ K× relatively prime to f, we have ϕK(αOK) = ±α.

(Note that K 6= Q(
√
−1),Q(

√
−3).) Let H be the Hilbert class �eld of

K and A an elliptic curve over H with complex multiplication by OK
such that j(A) = j(OK) and its Serre-Tate character ψA is given by
ψA = ϕK ◦NH/K , where NH/K is the norm map.

For a place v of Q, let Nv : (H ⊗ Qv)× → (K ⊗ Qv)× be the norm

map. We denote by ψ̃A : A×
H → K× the idelic Serre-Tate character

associated to ψA. (cf. [36, Theorem 10].) We de�ne

ψA,v : A×
H → (K ⊗Qv)×, a 7→ ψ̃A(a)Nv(av)

−1,

where av denotes the component of a in (H ⊗ Qv)×, and then ψA,v
factors through A×

H/H
×. By class �eld theory, ψA,v factors through the

Artin map artH : A×
H/H

× → Gal(Hab/H), and induces a map GH →
(K ⊗Qv)×, which is also denoted by ψA,v. For q ∈ {p, p}, we denote by
ψq : GH → K×

q the composite

GH
ψA,p−−−→ (K ⊗Qp)× → K×

q ,

where the last map is the projection induced by K ⊗ Qp = Kp ⊕ Kp.
We note that GH acts on A[pn] and A[pn] by ψp and ψp, respectively.

By identifying K ⊗ R with C via the �xed embedding ι∞ : Q → C, we
obtain a Hecke character ψA,∞ : A×

H/H
× → C×.

We denote by p0 the prime ideal of H above p compatible with ιp.
We �x a minimal Weierstrass model of A over the localization of OH
at p0 and write the Néron di�erential by ωA. We �x an isomorphism

tp∞ : Ĝm ∼= Â of formal groups over Ẑur
p and a complex uniformization

t∞ : C/OK ∼= A(C). Then, there exists (ΩK ,Ωp) ∈ C×× Ẑur
p

×
such that

ΩK2πidz = t∗∞(ωA), Ωp
dT

1 + T
= t∗p∞(ωA),

where z and T denote the standard coordinate of C/OK and Ĝm, re-
spectively.
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Now we recall the p-adic L-function constructed in [5, 7]. We say
that a Hecke character χ : A×

K/K
× → C× is of in�nity type (m,n)

if χ(a) = a−ma−n for a ∈ (K ⊗ R)×, where a denotes the complex
conjugation of a, and we identify (K ⊗ R)× with C× by ι∞ and put
it in the archimedean component in A×

K . We note that the sign of our
de�nition of in�nity type is the same as that in [5] and opposed to that
in [12]. We denote by Σ the set of anticyclotomic Hecke characters
whose in�nity type is of the form (j,−j). Then s = r is a critical
point of L(f, χ−1, s) for χ ∈ Σ in the sense of Deligne. We consider the

decomposition Σ = Σ(1) ∪ Σ(2) ∪ Σ(2′), where

Σ(1) = { χ is of in�nity type (j,−j) | −r < j < r } ,

Σ(2) = { χ is of in�nity type (j,−j) | j ≥ r } ,

Σ(2′) = { χ is of in�nity type (j,−j) | j ≤ −r } .

Then a character χ ∈ Σ lies in Σ(1) if and only if the sign of the functional
equation of L(f, χ−1, s) is equal to −1 (cf. [5, �4.1]).

We put K̂ = K ⊗Z Ẑ, where Ẑ =
∏
l:primes Zl. For a Hecke character

ϕ : A×
K/K

× → C× of in�nity type (m,n), we de�ne the p-adic avatar

ϕ̂ : K̂×/K× → C×
p of ϕ by

ϕ̂(a) = ιp ◦ ι−1
∞ (ϕ(a))a−mp a−np .

Here, ap and ap denote the p-component and p-component of a, respec-

tively. We note that the image of K̂× under ϕ lies in a �nite extension

of K. By class �eld theory, we obtain ϕ̂ : GK → Q×
p .

Let Gp∞ = Gal(K[p∞]/K) be the Galois group of the tower of

the ring class �elds of p-power conductor over K. Let Lp
BDP−B(f) ∈

Ôur[[Gp∞ ]] be the p-adic L-function constructed in [5, 7] characterized

by the following interpolation property: for every χ ∈ Σ(2) of in�nity
type (j,−j) such that χ̂ factors through Gp∞ , we have

(2.3)

(
χ̂(Lp

BDP−B(f))

Ω2j
p

)2

= Lalg(f, χ−1, r)ep(f, χ
−1)χ(N)23ε(f)u2K

√
DK ,

where Lalg(f, χ−1, r) ∈ Q is equal to L(f, χ−1, r)/Ω4j
K up to explicit

factors. We refer the reader to [12, Proposition 3.8] for details (the sign
of in�nity type in loc. cit. is opposed to ours). We note that the twist

of ι(Lp
BDP−B(f)) by ψ ∈ Σ(2′) coincides with Lp,ψ(f) of [12, De�nition

3.7], where ι : Ôur[[Gp∞ ]] → Ôur[[Gp∞ ]] is induced by the involution
Gp∞ → Gp∞ sending g to g−1.
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2.3. Selmer groups

In this subsection, we �x general terminologies on Selmer groups.
Let V be a �nite dimensional F -vector space with continuous GK-

action. We assume that for almost all primes v of K, the representation
V is unrami�ed at v. Let T be an OF -lattice of V which is stable under
the GK-action. We put W = V/T.

Given a Selmer structure F on V (cf. [18, De�nition 1.1.10]), by
abuse of notation, we denote by the same symbol F the Selmer struc-
tures on T and W de�ned as follows. Let L be a �nite extension of
K. For a prime v of L, we let H1

F (Lv, T ) (resp. H1
F (Lv,W )) be

the inverse image (resp. the image ) of H1
F (Lv, V ) under the natu-

ral map H1(Lv, T )→ H1(Lv, V ) (resp. H1(Lv, V )→ H1(Lv,W )). For
the maximal ideal m of O, we also de�ne Selmer structures on T/mn

and W [mn] by letting H1
F (Lv, T/m

n) (resp. H1
F (Lv,W [mn])) be the

image (resp. the inverse image) of H1
F (Lv, T ) (resp. H

1
F (Lv,W )) under

H1(Lv, T )→ H1(Lv, T/m
n) (resp. H1(Lv,W [mn])→ H1(Lv,W )).

The Bloch-Kato local condition is given by

(2.4) H1
f (Lv, V ) =

{
Ker

(
H1(Lv, V )→ H1(L, V ⊗Qp Bcrys)

)
if v | p,

H1
ur(Lv, V ) := Ker (H1(Lv, V )→ H1(Lur

v , V )) if v ∤ p.

De�nition 2.1. Let F ,G be Selmer structures on V such that for
every prime v of L not dividing p, we have H1

F (Lv, V ) = H1
G (Lv, V ) =

H1
f (Lv, V ). Let M be one of the representations V, T, T/mn,W and

W [mn]. Then we de�ne H1
F ,G (L,M) as the kernel of

H1(L,M)→
∏
v|p

H1(Lv,M)

H1
F (Lv,M)

×
∏
v|p

H1(Lv,M)

H1
G (Lv,M)

×
∏
v∤p

H1(Lv,M)

H1
f (Lv,M)

.

If F satis�es H1
F (Lv, V ) = {0} (resp. H1

F (Lv, V ) = H1(Lv, V )) for
v | p then we denote the Selmer groupH1

F ,G (L,M) byH1
0,G (L,M) (resp.

H1
∅,G (L,M)). We similarly de�neH1

F ,0(L,M), H1
F ,∅(L,M), H1

0,∅(L,M)

and H1
∅,0(L,M). We put

XF (L,W ) =
(
H1

F (L,W )
)∨
, XF ,G (L,W ) =

(
H1

F ,G (L,W )
)∨
,

where ( )∨ denotes the Pontryagin dual.

For a Zp-extension K∞ of K, we de�ne the Selmer groups over
K∞ as H1

F ,G (K∞,M) = lim−→n
H1

F ,G (Kn,M) where F , G are one of

0, ∅ and the Bloch-Kato local condition. Then its Pontryagin dual
XF ,G (K∞,W ) is a �nitely generated OF [[Gal(K∞/K)]]-module.
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Now we de�ne Greenberg's Selmer groups. Suppose that for each
v|p a subrepresentation F+

v V of V |GKv
is given. Then F+

v M is de�ned
similarly and we put

H1
Gr(Lv,M) := Ker

(
H1(Lv,M)→ H1(Kur

v ,M/F+
v M)

)
.

Greenberg's Selmer group H1
Gr(L,M) is de�ned to be H1

Gr,Gr(L,M).

The group H1
Gr(K∞,M) is also de�ned similarly.

2.4. The main theorem

Let Λur = Ôur[[Γ]], and we denote by Lp(f) ∈ Λur the image of

Lp
BDP−B(f) under the natural projection Ôur[[Gp∞ ]] → Λur. We put

Λ = O[[Γ]] and W = (Vf/Tf )(r). We now state the anticyclotomic
Iwasawa main conjecture.

Conjecture 2.2. (1) The Λ-module X∅,0(K∞,W ) is torsion.
(2) We have Lp(f)

2Λur = Char(X∅,0(K∞,W ))⊗Λ Λur.

We assume the following.

Condition 2.3. (1) p ∤ 6hK . Fixing an Of -basis of Tf , the
image of GQ → AutO(Tf ) ∼= GL2(Of ) contains

{g ∈ GL2(Zp) |det(g) ∈ (Z×
p )

2r−1}.

Remark 2.4. If f is non-CM, then Condition 2.3 is satis�ed for
almost all primes p ([33]). The condition p ∤ hK is assumed in [18], and
we use it only when we use results in in [18].

Our main theorem is the following.

Theorem 2.5. We assume Condition 2.3. Then

(1) Conjecture 2.2 (1) holds.
(2) We have

(2.5) Lp(f)
2 ∈ Char(X∅,0(K∞,W ))⊗Λ Λur ⊗Qp.

Remark 2.6. For ψ ∈ Σ(2), the Hodge-Tate weights of V (ψ−1)|GKp

are all positive, and those of V (ψ−1)|GKp
are less than or equal to zero,

where V (ψ−1) denotes V (ψ̂−1), and in our convention the Hodge-Tate
weight of Qp(1) is 1. In particular, for n ≥ 0 we have

H1
f (Kn,p, V (ψ−1)) = H1(Kn,p, V (ψ−1)), H1

f (Kn,p̄, V (ψ−1)) = {0},
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whereKn,v (v ∈ {p, p}) denotes the completion ofKn at any prime above
v. Hence the Bloch-Kato Selmer group H1

f (K∞,W (ψ−1)) is explicitly
written as

Ker

H1
∅,∅(K∞,W (ψ−1))→

∏
w|p

H1(K∞,w,W (ψ−1))

 ,(2.6)

and twisting (2.5) by ψ̂ yields a similar result for Conjecture 1.3. This
also explains why the Selmer structure on X∅,0(K∞,W ) is natural.

In [17], for Galois representations satisfying the Panchishkin con-
dition, Greenberg has formulated Iwasawa main conjectures (without
precise formulation of p-adic L-functions). We note that by Remark 2.6,
for ψ ∈ Σ(2), the Galois representation V (ψ−1) satis�es the Panchishkin
condition. In the rest of this subsection, we compare the Bloch-Kato
Selmer group with Greenberg's Selmer group with F+

v V (ψ−1) = V (ψ−1)
for v|p and F+

v V (ψ−1) = {0} for v|p. Explicitly, our Greenberg's Selmer
group is given by

H1
Gr(K∞,W (ψ−1)) = Ker

H1
∅,∅(K∞,W (ψ−1))→

∏
w|p

H1(Kur
∞,w,W (ψ−1))

 .

We also de�ne H1
Gr(K∞,W ) by twisting the above.

Lemma 2.7. For a place w of K∞ dividing p, H0(K∞,w, V ) = {0},
and H0(K∞,w,W ) is �nite.

Proof. Assume that V0 := H0(K∞,w, V ) 6= {0}. Then, by the ex-
istence of a GQ-equivariant, non-degenerate paring V × V → F (1), we
have dimF (V0) = 1. Let E be an elliptic curve with complex multiplica-
tion by OK de�ned over a �nite �eld Fq of characteristic p. We denote by
α, β the roots of the p-Euler factor of E. Since V0 is a one-dimensional
crystalline representation of Gal(K∞,w/Kv), it is a power of the anti-
cyclotomic character up to a �nite character. Hence, if we denote by
Dcrys(V0) the �ltered ϕ-module associated to V0, then a non-zero power
of the eigenvalue λV0

of the Frobenius on Dcrys(V0) is equal to (α/β)m

for some m ∈ Z. By the Weil conjecture for E, α and β are q-Weil num-
bers. Hence, λV0 is a 1-Weil number. However, the Weil conjecture for
f implies that λV0 must be a p-Weil number, which is a contradiction.
Hence, H0(K∞,w, V ) = {0}.

We next prove that H0(K∞,w,W ) is �nite. We denote by G∞,w the
absolute Galois group of K∞,w. Assume that H0(K∞,w,W ) is in�nite.
Then, for m ≥ 1, by identifying W [pm] = T/pm, the group (T/pm)G∞,w
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has an element of order pm. Hence, for n ≥ 1

Tn := lim←−
k≤n

(
T/pk \ {0}

)G∞,w ×
∏
m≥n

T/pm

is non-empty, closed subset of
∏
m≥1 T/p

m. Since Tn ⊇ Tn+1, the family

{Tn}n≥1 has the �nite intersection property. Hence, by the compactness
of
∏
m≥1 T/p

m, we have ∩n≥1Tn 6= ∅, and then

TG∞,w \ {0} = lim←−
m

(T/pm)G∞,w \ {0} 6= ∅,

which contradicts that H0(K∞,w, V ) = {0}. Q.E.D.

Proposition 2.8. The following assertions hold.

(1) The Λ-modules X∅,0(K∞,W ) and H1
Gr(K∞,W )∨ are pseudo-

isomorphic.
(2) The Λ-modules H1

f (K∞,W (ψ−1))∨ and H1
Gr(K∞,W (ψ−1))∨

are pseudo-isomorphic.

Proof. Since

H1
∅,0(K∞,W )(ψ−1) ∼= H1

f (K∞,W (ψ−1)),

H1
Gr(K∞,W )(ψ−1) ∼= H1

Gr(K∞,W (ψ−1))

as Λ-modules, the assertion (2) follows from (1). We prove (1). By
de�nition, we have an exact sequence

0→ H1
∅,0(K∞,W )→ H1

Gr(K∞,W )→ ⊕w|pH
1(Kur

∞,w/K∞,w,W
Iw),

where Iw denotes the inertia subgroup of Gw. Hence, it su�ces to show
that for each w | p the module H1(Kur

∞,w/K∞,w,W
Iw) is �nite.

We denote by Frw ∈ Gw/Iw the Frobenius map of w, which topo-

logically generates Gw/Iw ∼= Ẑ. Then, there exists an exact sequence

0→ H0(K∞,w,W )→W Iw →W Iw → H1(Kur
∞,w/K∞,w,W

Iw)→ 0,

where the map W Iw →W Iw is given by Frw− 1. Hence, by Lemma 2.7,
the group H1(Kur

∞,w/K∞,w,W
Iw) is �nite. Q.E.D.

Proposition 2.9. Assume that Conjecture 1.2 (1) is true. Then
Conjecture 1.2 (2) is independent of the choice of the lattice Tf .
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Proof. First, by construction, the p-adic L-function Lp(f) is inde-
pendent of Tf . (The complex period related to the interpolation prop-
erty is the CM period of K and not the period of f .) For the charac-
teristic ideal, the choice of the lattice a�ects only the µ-invariant. Since
our Selmer group is pseudo-isomorphic to Greenberg's one, we can use
Perrin-Riou's formula in [30, �1] to calculate the di�erence. Suppose
that T1 and T2 are lattices of Vf (r) stable under the Galois action such
that T1 ⊆ T2. We denote by µi the µ-invariant of the Selmer group
associated to Vf (r)/Ti. Then the theorem in [30, �1] implies that

µ2 − µ1 = ordp(#H
0(C, C))−

∑
v|p

ordp(#(FvC)),

where C := T2/T1, v ranges over all primes dividing p, and the �ltrations
FvC on C are given by FpC = C and FpC = {0}. Hence, µ2−µ1 is equal
to ordp(#C)− ordp(#C) = 0, and hence the µ-invariant is independent
of the choice of the lattice. The case where T1 is not contained in T2 is
reduced to the above case by considering T1 ∩ T2 ⊆ Ti. Precisely speak-
ing, the Galois representation in [30] is assumed to be ordinary and the
ordinary �ltration is used to de�ne the Greenberg Selmer group. How-
ever, we checked that the proof therein works for any local �ltration over
p if the associated Greenberg Selmer group and its contragredient are Λ-
cotortion. In particular, since our V is self-dual, if we assume Conjecture
1.2 (1), Perrin-Riou's formula works for our �ltration. Q.E.D.

§3. Integral Perrin-Riou twists

In this section, we give a generalization of the Perrin-Riou twist with
integral coe�cients which works also for global Galois representations
(cf. Proposition 3.7). Although a global generalization of Perrin-Riou
twist is given by Loe�er-Zerbes ([23]), our advantage is to construct
twisted elements with explicit expression, which enables us to investigate
the denominators of twists precisely. This expression is crucial to study
the images of generalized Heegner classes in the local cohomology groups
with huge torsions.

Since this section is independent of the other sections of this paper
and we consider general cases, we start with �xing notation.

3.1. Setup

Let p be a prime. Let L be a �nite extension of Q or of Ql for
some prime l, which is allowed to be p. Let L∞/L be a Zp-extension
and Ln the n-th layer. We put Γ = Gal(L∞/L) and �x a topological
generator γ ∈ Γ. Let F be a �nite extension of Qp with the integer ring
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O, and let V be a �nite-dimensional F -vector space with continuous
GL-action. Let ρ : Γ → O× be a non-trivial, continuous character such
that Im(ρ) ⊆ 1+2pO. Let T be an O-lattice stable under the GL-action.

For m ≥ 0 and h ≥ 1 we put

ωm,h,ρ(X) =
∏

0≤i≤h−1

(ρ(γ)−ip
m

(1 +X)p
m

− 1).

When there is no fear of confusion, to simplify the notation we write
ωm,h = ωm,h,ρ. For a positive integer i and an element a of a commuta-
tive Q-algebra, we put(

a

i

)
=
a(a− 1)(a− 2) · · · (a− i+ 1)

i!
.

We also put
(
a
0

)
= 1.

For a continuous character χ : Γ → C×
p , we denote by O(χ) the

representation ofGL whose underlying space is the completion of the ring
of integers in F (Im(χ)) and whose GL-action is given by χ. We denote
by eχ the basis of O(χ) corresponding to 1 ∈ F (Im(χ)). For a topological
O-module M with continuous GL-action, we put M(χ) = M ⊗O O(χ),
and we note that there is a canonical isomorphism of Γ-modules

H1(L∞,M(χ)) ∼= H1(L∞,M)(χ).

By this isomorphism, we often identify the two Γ-modules.
For h ≥ 1 and a sub�eld H ⊆ Cp, we put

(3.7) Hh,H(Γ) =

∑
n≥0

an(γ − 1)n ∈ H[[γ − 1]]

∣∣∣∣∣∣ lim
n→∞

n−h|an|p → 0


where | · |p denotes the multiplicative valuation on Cp normalized by
|p|p = p−1. We put H∞,H(Γ) = ∪m≥1Hm,H(Γ) and

H1
Iw(L, T ) = lim←−

m

H1(Lm, T ), H1
Iw(L, V ) = H1

Iw(L, T )⊗Qp.

For a continuous character χ : Γ→ C×
p , we de�ne

prn,χ : H1
Iw(L, T )→ H1(Ln, T (χ))

as the composite

H1
Iw(L, T )→ H1

Iw(L, T )(χ)
∼=−→ H1

Iw(L, T (χ))→ H1(Ln, T (χ)),
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where the �rst map is x 7→ x⊗ eχ, the second map is due to [35, Propo-
sition 6.2.1], and the third map is the projection. By abuse of notation,
we denote by

(3.8) prn,χ : H1
Iw(L, T )⊗O[[Γ]] H∞,F (Γ)→ H1(Ln, V (χ))

the scalar extension.
Now, we brie�y explain the idea of the Perrin-Riou twist. Given

a system as in Proposition 3.7 below, one can construct an element
of H1

Iw(L, T ) ⊗O[[Γ]] H∞,F (Γ) (see Remark 3.13), and then its image
under prn,χ is the twist of the given system by χ. The main result
(Proposition 3.7) of this section gives the twist without constructing
elements of H1

Iw(L, T )⊗O[[Γ]] H∞,F (Γ).

3.2. The integral twist

Lemma 3.1. Let χ : Γ → C×
p be a continuous character and k an

integer such that χ(γ)p
k ∈ 1 + pOCp

. Then, for n ≥ 1, we have

ordp

(
(χ(γ)− 1)n

n

)
≥ n

pk
− logp n,

where ordp : C×
p → Q denotes the additive valuation such that ordp(p) =

1, and logp denotes the real logarithmic function with base p.

Proof. Since χ(γ)p
k ∈ 1+ pOCp , we have (χ(γ)− 1)p

k ∈ pOCp , and

hence ordp(χ(γ)− 1) ≥ 1/pk. Combining this with ordp(n) ≤ logp n, we
obtain the inequality. Q.E.D.

Lemma 3.2. For m ≥ 0, h ≥ 1 and a continuous character χ :
Γ→ C×

p ,

ωm,h,ρ(χ(γ)− 1) ≡ 0 mod ph(m+B(χ))O(χ),

where we de�ne B(χ) as the maximal integer m such that for every
0 ≤ i ≤ h− 1 and n ≥ 1, m ≤ ordp

(
(ρ(γ)−iχ(γ)− 1)n/n

)
.



Anticyclotomic Main Conjecture 19

Proof. The lemma is proven by using the congruence

ρ(γ)−ip
m

χ(γ)p
m

− 1 = (ρ(γ)−iχ(γ)− 1 + 1)p
m

− 1

=

pm∑
j=1

(
pm

j

)
(ρ(γ)−iχ(γ)− 1)j

=

pm∑
j=1

pm
(
pm − 1

j − 1

)
(ρ(γ)−iχ(γ)− 1)j

j

≡ 0 mod pm+B(χ)O(χ).

Q.E.D.

For µ ∈ R>0 and g =
∑
n≥0 an(g)X

n ∈ Cp[[X]], we put

v(g, µ) = inf
n≥0
{ordp(an(g)) + nµ} ∈ R ∪ {±∞}

with the convention that ordp(0) = +∞. For a sub�eld H of Cp, we
de�ne

LH [µ,+∞] =

∑
n≥0

anX
n ∈ H[[X]]

∣∣∣∣∣∣ lim
n→+∞

(ordp(an) + nµ) = +∞

 .

Lemma 3.3. Let µ > 0 be a real number and `(X) =
∑
n≥0 an(`)X

n

an element of LH [µ,+∞]. Let ω =
∑s
n=0 an(ω)X

n ∈ H[X] be a poly-
nomial of degree s which is µ-dominant, that is,

v(ω, µ) = ordp(as(ω)) + µs.

Then, there exist a power series g ∈ LH [µ,+∞] and a polynomial P =∑s−1
n=0 an(P )X

n ∈ H[X] such that ` = ωg + P. Moreover, P and g are
uniquely determined by these properties, and we have

v(P, µ) ≥ v(`, µ),(3.9)

v(g, µ) ≥ v(`, µ)− v(ω, µ).(3.10)

Proof. This is [22, Lemme 1]. Q.E.D.

For j ∈ Z, we put

(3.11) `ρ,j(1 +X) =
log(1 +X)

log(ρ(γ))
− j = 1

log(ρ(γ))

∑
n≥1

(−1)n−1Xn

n
− j.



20 S. Kobayashi and K. Ota

Lemma 3.4. For an integer m ≥ 0, there exist a polynomial Pm ∈
Qp(Im(ρ))[X] and a power series gm =

∑
n≥0 an(g)X

n ∈ Qp(Im(ρ))[[X]]
such that

(1) deg(Pm) < hpm,
(2) `ρ,0(1 +X) = ωm,h(X)gm(X) + Pm(X),
(3) for µ > 0, we have gm ∈ LQp(Im(ρ))[µ,+∞].

Moreover, Pm and gm are uniquely determined by the properties above,
and the following holds.

(4) If we write Pm =
∑hpm−1
n=1 an(Pm)Xn ∈ Qp(Im(ρ))[X], then

for n ≥ 1 we have

ordp(an(Pm)) > −ordp(log(ρ(γ)))− logp(h)−m,(3.12)

ordp(an(gm)) ≥ −ordp(log(ρ(γ)))− logp(h)−m− logp(n+ 1).(3.13)

Remark 3.5. If Im(ρ) ⊆ Z×
p , then Pm ∈ Qp[X] and

ordp(an(Pm)) ≥ −ordp(log(ρ(γ)))− logp(h)−m+ 1.

Proof. We �rst verify the assumptions in Lemma 3.3. We note
that for all µ > 0, we have `ρ,0(1 + X) ∈ LF [µ,+∞]. We also note
that the roots of ωm,h(X) are of the form ρ(γ)jζapm − 1, where ζpm is a
pm-th root of unity, 0 ≤ j ≤ h − 1 and a ∈ Z. Hence, by [22, (2.7')], if
0 < µ ≤ 1/(pm−1(p− 1)), then the polynomial ωm,h(X) is µ-dominant.
For such µ, Lemma 3.3 implies that there exists a unique pair (Pm, g)
such that we have (1), (2) and that g ∈ LF [µ,+∞]. By the uniqueness,
Pm and g are independent of µ. Hence, the assertion (3) also holds.

It remains to prove the assertion (4). We note that for µ > 0, if we
de�ne a real-valued function ν(x) = µx− logp x, then

(3.14) min
x>0
{ν(x)} = ν

(
1

µ ln(p)

)
=

1

ln(p)
+ logp (µ ln(p)) ,

where ln denotes the natural logarithm function. Since

log(1 +X) = ωm,h(X) log(ρ(γ))g + log(ρ(γ))Pm,

if 0 < µ ≤ 1/(pm−1(p− 1)) and 0 ≤ n ≤ hpm − 1, then by (3.9)

ordp(log(ρ(γ))an(Pm)) + µn ≥ inf
k≥0
{ordp(1/k) + µk}

≥ inf
k≥0
{− logp(k) + µk}

≥ ln(p)−1 + logp (µ ln(p)) ,(3.15)
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where the last equality follows from (3.14). Let µ be h−1p−m ln(p)−1,
which is less than 1/(pm−1(p− 1)). Then, by (3.15) we have

ordp(log(ρ(γ))an(Pm)) ≥ −h−1p−m ln(p)−1n+ ln(p)−1 − logp(hp
m)

> − logp(h)−m,

where the last inequality follows from n < hpm.
We next consider gm. By (3.10), for a non-negative integer n and

0 < µ ≤ 1/(pm−1(p− 1)), we have

ordp(log(ρ(γ))an(gm)) + nµ ≥ ln(p)−1 + logp(µ ln(p))− v(ωm,h(X), µ)

= ln(p)−1 + logp(µ ln(p))− hpmµ,

where the equality follows from the fact that ωm,h(X) is µ-dominant. If
we take µ = (n+ 1)−1h−1p−m ln(p)−1, then we have

ordp(log(ρ(γ))an(gm)) =
n(hpm − 1)

(n+ 1)hpm ln(p)
− logp(n+ 1)− logp(h)−m

≥ − logp(n+ 1)− logp(h)−m,

which implies (3.13). Q.E.D.

For m ≥ 1, we denote by ϕm the isomorphism of F -algebras

ϕm : F [γ − 1]/ωm,h(γ − 1) ∼= ⊕h−1
i=0 F [Γm](ρi)

that sends γ − 1 to ((ρ(γ)iγ − 1)⊗ eρi)i.

Lemma 3.6. Let M be an O-module and b0, b1, . . . , bh−1 elements
in M . We put

d =

h−1∑
j=0

j∑
k=0

(−1)j−k
(
j

k

)
bk ⊗

(
Pm(γ − 1)

j

)
∈M ⊗ F [γ − 1].

Then, we have ϕm(d) = (bi ⊗ eρi)i, where by abuse of notation, we
denote by the same symbol ϕm the homomorphism M ⊗ F [γ − 1] →
⊕h−1
i=0M ⊗ F [Γm](ρi) induced by ϕm.

Proof. First we claim that ϕm(Pm(γ−1)) = (i⊗eρi)i. We note that
for 0 ≤ i ≤ h− 1 there exists an injective homomorphism of F -algebras

F [Γm](ρi) ↪→
∏pm−1
j=0 Cp(ρi) sending γ to (ζjpm ⊗ eρj )j , where ζpm is a

primitive pm-th root of unity. We note that the image of ϕm(Pm(γ−1))

in
∏pm−1
j=0 Cp(ρi) is given by

(Pm(ρ(γ)iζjpm − 1)⊗ eρi)j .
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By letting X = ρ(γ)iζjpm − 1 in Lemma 3.4 (2), for j ∈ Z, we have

Pm(ρ(γ)iζjpm − 1) = i,

which implies that the i-th component of the element ϕm(Pm(γ− 1)) in∏h−1
i=0 F [Γm](ρi) is i⊗ eρi . Then, the claim follows.

By the claim, the image of ϕm(d) in M ⊗ F [Γm](ρi) is

h−1∑
j=0

j∑
k=0

(−1)j−k
(
j

k

)
bk ⊗

(
i

j

)
eρi =

 ∑
k,l,m≥0,
k+l+m=i

(−1)ℓ i!

k!`!m!
bk

 ⊗ eρi .

This is the coe�cient of ti/i! of the product of power series et · e−t ·∑∞
k=0 bk

tk

k! , that is, bi. Q.E.D.

For m ≥ n, we put

Nm/n =

pm−n−1∑
j=0

γjp
n

∈ Z[Γ].

For n ≥ 0 or n = ∞ and for a �nitely generated O-module M with
continuous GLn

-action, we put

H̃1(Ln,M) = Im
(
H1(Ln,M)→ H1(Ln,M ⊗ F )

)
.

We note that if H1(Ln,M) is torsion-free (e.g. H0(Ln,M ⊗ F/O) =

{0}), then we may identify H̃1(Ln,M) and H1(Ln,M).

Proposition 3.7. Let h ≥ 1 and α ∈ F× an element such that
|ph/α|p < 1. Suppose that for 0 ≤ i ≤ h− 1, we have a system (cn,i)n ∈∏
n≥0 H̃

1(Ln, T (ρ
i)) satisfying the following conditions:

(a) Corn+1/ncn+1,i = αcn,i for n ≥ 0, where Corn+1/n denotes the
corestriction map relative to Ln+1/Ln,

(b) for 0 ≤ i ≤ h− 1, we have

i∑
k=0

(−1)i−k
(
i

k

)
Res∞(cn,k)⊗ e⊗−k

ρ ≡ 0 mod pin,

where Res∞ denotes the restriction maps H̃1(Ln, T (ρ
k)) →

H̃1(L∞, T (ρ
k)).
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Let Pm(X) ∈ F [X] be the polynomial as in Lemma 3.4. Then, for a
continuous character χ : Γ→ C×

p and n ≥ 0, the sequence

1

αm
Nn+m/n

(
h−1∑
i=0

(
Pn+m(χ(γ)− 1)

i

) i∑
k=0

(−1)i−k
(
i

k

)
Res∞(cn+m,k)⊗ eρ−kχ

)

(m = 1, 2, . . . ) in H1(L∞, V (χ)) converges to an element cχn that satis�es
the following conditions.

(1) For n ≥ 0, we have cχn ∈ H0
(
Γp

n

,H1(L∞, V (χ))
)
. In par-

ticular, if H0(GL∞ , T ) = {0}, then cχn is the restriction of an
element in H1(Ln, V (χ)), which we denote by the same symbol
cχn.

(2) For n ≥ 0, Nn+1/nc
χ
n+1 = αcχn.

(3) For n ≥ 0, we have

(h− 1)!p(h−1)δ(h)(logh−1 ρ(γ))αmax{0,1−B(χ)}cχn ∈ H̃1(L∞, T (χ)),

where we put δ(h) = min
{
a ∈ Z≥0

∣∣ a ≥ logp(h)
}
. Moreover,

if n ≥ 1−B(χ), then we have

(h− 1)!p(h−1)δ(h)(logh−1 ρ(γ))cχn ∈ H̃1(L∞, T (χ)).

Remark 3.8. If Im(ρ) ⊆ Z×
p , then for n ≥ 0 we have

(h− 1)!p(h−1)(δ(h)−1)(logh−1 ρ(γ))αmax{0,1−B(χ)}cχn ∈ H̃1(L∞, T (χ))

(see Remark 3.9 below for details). In particular, if p is odd and Im(ρ) =
1 + pZp, then

(h− 1)!p(h−1)δ(h)αmax{0,1−B(χ)}cχn ∈ H̃1(L∞, T (χ)).

Proof. By Lemma 3.4 (4), for 0 ≤ i < h we have

(3.16)

(
Pm(X)

i

)
∈ 1

i!(pδ(h) log(ρ(γ))pm)i
O[X].

For m ≥ n, if we put

dm =

h−1∑
i=0

i∑
k=0

(−1)i−k
(
i

k

)
Res∞(cm,k)⊗ eρ−k ⊗O

(
Pm(γ − 1)

i

)
,

then by (3.16) and the assumption (b), we have

(3.17) (h− 1)!Ch−1
ρ dm ∈ H̃1(L∞, T )⊗O O[γ − 1],
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where Cρ := pδ(h) log(ρ(γ)). Under the isomorphism of Γ-modules

ϕm : H1(L∞, T )⊗O F [γ − 1]/ωm,h(γ − 1)

∼=
∏

0≤i≤h−1

H1(L∞, V )⊗F F [Γm](ρi),

by Lemma 3.6 we have

ϕm(dm) = (Res∞(cm,i))i ∈
∏

0≤i≤h−1

H1(L∞, V (ρi))Γ
pm

(3.18)

⊆
∏

0≤i≤h−1

(
H1(L∞, V )⊗F F [Γm](ρi)

)Γpm

.

Here, we identify H1(L∞, V (ρi))Γ
pm

with a subspace of the vector space(
H1(L∞, V )⊗F F [Γm](ρi)

)Γpm

by the map induced by the natural in-
clusion F → F [Γm]. Hence, since ωm,h(X) ∈ O[X] is monic up to a unit
in O×, we have

(3.19) (γp
m

− 1)dm ∈ (h− 1)!−1C1−h
ρ H̃1(L∞, T )⊗ Jm.

Here we put Jm = ωm,h(γ − 1)O[γ − 1]. For simplicity, we put Mm =

(h− 1)!−1C1−h
ρ H̃1(L∞, T )⊗ Jm. By (3.19), we have

Nm+n+1/ndm+n+1 ≡ Nn+m/nNn+m+1/n+mdn+m+1 mod Mn+m+1.

By the assumption (a), we also have ϕm
(
Nm+1/mdm+1

)
= ϕm(αdm),

and hence

(3.20) Nm+1/mdm+1 − αdm ∈Mm.

Therefore we also have

Nn+m/nNn+m+1/n+mdn+m+1 ≡ αNn+m/ndn+m mod Mn+m.

Hence, we have

Nm+n+1/ndm+n+1 ≡ αNn+m/ndn+m mod Mn+m.(3.21)

Let

evχ : H̃1(L∞, T )⊗ O[γ − 1]→ H̃1(L∞, T )(χ)
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be the evaluation map by O-algebra O[γ−1]→ O(χ) sending γ to χ(γ),
which is Γ-linear. Then, by (3.21) and Lemma 3.2, we obtain

evχ

( 1

αm+1
Nm+n+1/ndm+n+1

)
≡ evχ

(
1

αm
Nn+m/ndn+m

)(3.22)

mod
ph(n+B(χ))

(h− 1)!Ch−1
ρ α

(
ph

α

)m
H̃1(L∞, T )(χ).

Hence, by |ph/α|p < 1 the sequence{
evχ

(
1

αm
Nn+m/ndn+m

)}
m

converges to an element cχn of H1(L∞, V (χ)).
We next prove that

(3.23) cχn ∈ H0(Γp
n

,H1(L∞, V (χ))).

Since (γp
n − 1)Nn+m/n = γp

m+n − 1, by (3.19) we have

(γp
n

− 1)Nn+m/ndn+m ∈Mm+n.

Combining this with Lemma 3.2 implies (3.23).
It remains to verify the properties (2) and (3). By (3.19) and (3.20),

we have

Nn+1/nNm+n+1/n+1dm+n+1 − αNm+n/ndm+n

≡Nm+n/n

(
Nm+n+1/m+ndm+n+1 − αdm+n

)
≡ 0 mod Mm+n.

By combining this with Lemma 3.2 and taking the limit as m→∞, we
conclude (2).

We next prove (3). For m ≥ 0 and 0 ≤ i < h, by (3.16) we have

pi(m+n)

(
Pn+m(χ(γ)− 1)

i

)
∈ (i!)−1C−i

ρ O(χ),

and hence evχ(dn+m) ∈ (h− 1)!−1C1−h
ρ H̃1(L∞, T (χ)). Then, the con-

gruence (3.22) implies that for n ≥ 1−B(χ)

(3.24) cχn ∈ (h− 1)!−1C1−h
ρ H̃1(L∞, T (χ)).

This implies the assertion (3). Q.E.D.
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Remark 3.9. If Im(ρ) ⊆ Z×
p , then by Remark 3.5, instead of (3.16)

we obtain (
Pm(X)

i

)
∈ 1

i!(pδ(h) log(ρ(γ))pm−1)i
Zp[X].

Then, the rest of the argument in the proof works even if we replace Cρ
above by pδ(h)−1 log(ρ(γ)), and we have the assertion in Remark 3.8.

Lemma 3.10. For elements a, b of a commutative Q-algebra and

an integer i, we have
(
a+b
i

)
=
∑i
k=0

(
a
k

)(
b
i−k
)
.

Proof. We are reduced to the case where a = X, b = Y ∈ Q[X,Y ].

Since
(
X+Y
i

)
and

∑i
k=0

(
X
k

)(
Y
i−k
)
are polynomials in Q[X,Y ], it su�ces

to prove that for all positive integers m,n,
(
m+n
i

)
=
∑i
k=0

(
m
k

)(
n
i−k
)
,

which follows from considering the coe�cient of tism+n−i in (t+s)m+n =
(t+ s)m(t+ s)n ∈ Z[t, s]. Q.E.D.

Proposition 3.11. With same notation as in Proposition 3.7, the
sequence

1

αm
Nn+m/n

(
h−1∑
i=0

(
`ρ,0(χ(γ))

i

) i∑
k=0

(−1)i−k
(
i

k

)
Res∞(cn+m,k)⊗ eρ−kχ

)

(m = 1, 2, . . . ) in H1(L∞, V (χ)) converges to the element cχn in Propo-
sition 3.7.

Proof. For g(X) ∈ F [[X]], we write χ(g) = g(χ(γ) − 1) if it con-
verges. For m ≥ 1, by Lemma 3.4 and Lemma 3.10, we have(

`ρ,0(χ(γ))

i

)
=

(
χ(gn+m)χ(ωm+n) + χ(Pn+m)

i

)
=

i∑
j=0

(
χ(gn+m)χ(ωm+n)

j

)(
χ(Pn+m)

i− j

)
.

By Lemma 3.4 (4), we have

ordp

((
χ(Pn+m)

i− j

))
≥ −m(i− j) + c0

for some constant c0 independent of m. Lemma 3.2 implies that

ordp

((
χ(gn+m)χ(ωm+n)

j

))
≥ (h− 1)jm+ c1
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for some constant c1 independent of m. Therefore, we have

(3.25) ordp

((
χ(gn+m)χ(ωm+n)

j

)(
χ(Pn+m)

i− j

))
≥ (hj− i)m+ c0+ c1.

Hence, by the assumption (b) of Proposition 3.7, we have

1

αm

(
χ(gn+m)χ(ωm+n)

j

)(
χ(Pn+m)

i− j

) i∑
k=0

(−1)i−k
(
i

k

)
Res∞(cn+m,k)⊗ eρ−kχ

∈ pjhm+c0+c1

αm
∈ H̃1(L∞, T (χ)),

which converges to 0 ∈ H̃1(L∞, T (χ)) as m → ∞ unless j = 0. Our
assertion follows from this. Q.E.D.

We show that our cχn is compatible with prn,χ. We write prn,i =
prn,ρi .

Proposition 3.12. With the same notation and assumption as in
Proposition 3.7, suppose that c∞ is an element of H1

Iw(L, T ) ⊗O[[Γ]]

Hh,F (Γ) such that for 0 ≤ i ≤ h − 1 and m ≥ 0, we have prm,i(c∞) =
1
αm cm,i. Assume that H0(GL∞ , T ) = {0}. Then, for a continuous char-

acter χ : Γ→ C×
p and n ≥ 0 we have prn,χ(c∞) = 1

αn c
χ
n.

Remark 3.13. In the case where L is a �nite extension of Qp, [32,
�1.8] implies the existence of c∞ as above. See [23, Propositions 2.3.3
and 2.4.5] for the case where L is a number �eld.

Proof. We denote by

Res′∞ : H1
Iw(L, T )⊗O[[Γ]] Hh,F (Γ)→ H1(L∞, T ⊗Hh,F (Γ))

Γ

the composite

Res′∞ : H1
Iw(L, T )⊗O[[Γ]] Hh,F (Γ) = H1(L, T ⊗ O[[Γ]])⊗O[[Γ]] Hh,F (Γ)

→ H1(L, T ⊗O Hh,F (Γ))

→ H1(L∞, T ⊗Hh,F (Γ))
Γ

= (H1(L∞, T )⊗Hh,F (Γ))
Γ,

where the �rst equality is due to Shapiro's lemma, and the second arrow
is induced by the restriction map. Let χ : Γ → C×

p be a continuous
character and Fχ the completion of the �eld F (Im(χ)). By [22, (2.7')],

the polynomial χ(γ)−p
m

(1+X)p
m−1 is µ-dominant for su�ciently small

µ > 0, and by Lemma 3.3 we have an isomorphism

HFχ
(Γ)/(χ(γ)−p

m

γp
m

− 1) ∼= Fχ[γ − 1]/(χ(γ)−p
m

γp
m

− 1)
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where

HFχ
(Γ) =

{
g(γ − 1) ∈ Fχ[[γ − 1]]

∣∣ g(X) ∈ ∩µ>0LFχ
[µ,+∞]

}
.

Then we denote by p̃rm,χ the composite

p̃rm,χ : (H1(L∞, T )⊗Hh,F (Γ))
Γ

→
(
H1(L∞, T )⊗ (Fχ[γ − 1]/(χ(γ)−p

m

γp
m

− 1))
)Γ

∼=
(
H1(L∞, T )⊗ F [Γm](χ)

)Γ
= H1(L∞, T (χ)⊗ F [Γm])Γ

= H1(L, T (χ)⊗ F [Γm]).

Here, the isomorphism is induced by Twχ : Fχ[Γ] → Fχ[Γ] sending
every element g(γ − 1) to g(χ(γ)γ − 1), and the last equality is due to
the assumption that H0(GL∞ , T ) = {0}. If we denote by

sham : H1(L, T (χ)⊗ F [Γm])→ H1(Lm, T (χ))

the isomorphism induced by Shapiro's theorem, then

(3.26) prm,χ = sham ◦ p̃rm,χ ◦ Res′∞.

We �rst consider the case where n = 0. We write

Res′∞(c∞) =

l∑
j=1

xj ⊗ fj(γ − 1) ∈ (H1(L∞, T )⊗Hh,F (Γ))
Γ.

By (3.26) with m = 0, if we denote by Res∞(pr0,χ(c∞)) the image of

pr0,χ(c∞) in H1(L∞, V (χ))Γ =
(
H1(L∞, T )⊗ F (χ)

)Γ
, then

(3.27) Res∞(pr0,χ(c∞)) =
∑
j

xj ⊗ fj(χ(γ)− 1)eχ.

As is proved in the proof of Lemma 3.3, for 0 < µ ≤ 1/(pm−1(p − 1)),
the polynomial ωm,h(X) is µ-invariant. Then, by using Lemma 3.3, we
denote by Rj,m ∈ F [X] the polynomial such that deg(Rj,m) < hpm and

(3.28) fj(γ − 1) ≡ Rj,m(γ − 1) mod ωm,h(γ − 1)HF (Γ).

Since prm,i(c∞) = α−mcm,i, (3.26) and (3.28) imply that∑
j

xj ⊗Rj,m(γ − 1) mod (ρ(γ)−ip
m

γp
m

− 1) = α−mRes∞(sha−1
m (cm,i))
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as an equality in H1(L∞, T )⊗F [Γm](ρi). Hence, by Lemma 3.6 and by

noting that Res∞(sha−1
m (cm,i)) =

∑m−1
b=0 γp

b

Res∞(cm,i) ⊗ γp
b

, we have
an equality in H1(L∞, T )⊗ F [γ − 1]/(ωm,h(γ − 1))

αm
∑
j

xj ⊗Rj,m(γ − 1)

=

m−1∑
b=0

h−1∑
i=0

i∑
k=0

(−1)i−k
(
i

k

)
γp

b

(Res∞(cm,k)⊗ eρ−k)⊗ γp
b

(
Pm(γ − 1)

i

)
.

Since ωm,h(X) is monic up to unit and deg(Rj,m) < deg(ωm,h(X)),
(3.17) implies that

αm
∑
j

xj ⊗Rj,m(γ − 1)

≡
m−1∑
b=0

h−1∑
i=0

i∑
k=0

(−1)i−k
(
i

k

)
γp

b

(Res∞(cm,k)⊗ eρ−k)⊗ γp
b

(
Pm(γ − 1)

i

)
mod (h− 1)!−1C1−h

ρ H̃1(L∞, T )⊗ ωm,h(γ − 1)O[γ − 1].

Hence, by considering H1(L∞, V )⊗ F [γ − 1]→ H1(L∞, V )⊗ F (χ), we
have∑

j

xj ⊗Rj,m(χ(γ)− 1)

≡ 1

αm
Nm/0

h−1∑
i=0

i∑
k=0

(−1)i−k
(
i

k

)
Res∞(cm,k)⊗ eρ−kχ

(
Pm(χ(γ)− 1)

i

)
mod

ωm,h(χ(γ)− 1)

αm(h− 1)!Ch−1
ρ

H̃1(L∞, T (χ)).

By Proposition 3.7, the right hand side converges to cχ0 as m→∞. We
also note that each Rj,m(χ(γ)− 1) converges to fj(χ(γ)− 1) as m→∞
(cf. [3, Proposition IV. 1]). Hence, by Lemma 3.2 and (3.27), letting
m→∞, we have

(3.29) pr0,χ(c∞) = cχ0 .

We next consider general n. Since the natural map from F [Γn] to∏
ϕ:Γn→Q×

p
F (φ) is injective, by the assumption that H0(GL∞ , T ) = {0},
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the composite

H1(Ln, V (χ)) = H1(L, V (χ)⊗ F [Γn])→ H1(L∞, V (χ)⊗ F [Γn])Γ
(3.30)

→
∏

ϕ: Γn→Q×
p

H1(L∞, V (χφ))Γ =
∏

ϕ: Γn→Q×
p

H1(L, V (χφ))

is injective. For φ : Γn → Q×
p , the map

πϕ : H1(Ln, V (χ))→ H1(L, V (χφ))

coming from (3.30) sends each x to Corn/0(x⊗ eϕ). Hence, πϕ ◦ prn,χ =
pr0,χϕ. We also note that by the explicit expression in Proposition 3.7

of cχn, we have πϕ(c
χ
n) = αncχϕ0 . By (3.29) and replacing χ by χφ, we

have pr0,χϕ(c∞) = cχϕ0 , and hence πϕ(prn,χ(c∞)) = πϕ(α
−ncχn). By the

injectivity of the composite (3.30), we complete the proof. Q.E.D.

§4. Twists of generalized Heegner classes and Selmer groups

In this section, we apply the integral Perrin-Riou twist to generalized
Heegner classes, and by following arguments as in [18], we bound the
twisted Selmer group by the resulting classes.

Unlike the previous section, we follow the notation �xed in Sub-
section 2.1. We also assume Condition 2.3 here. Let P be the set of
(rational) primes inert in K. We denote by N the set of square-free
products of primes in P. By abuse of notation, for l ∈P we denote by
the same symbol l the prime ideal of K above l.

In the following, we write

V = Vf (r), T = Tf (r), W = V/T.

4.1. Generalized Heegner classes

We �x some notation on generalized Heegner classes, which are the
images of generalized Heegner cycles (introduced in [5]) under the p-adic
Abel-Jacobi map.

For a natural number c, we put Oc = Z + cOK and we denote by
Ac the elliptic curve given by the Weierstrass model associated to the
lattice ΩKOc. By CM theory, Ac is de�ned over K[c], and the isogeny
C/ΩKOK → C/ΩKOc sending z to cz induces an isogeny πc : A →
Ac over K[c]. We �x an element tA ∈ A[N] of order N , which gives
an H(A[N])-rational point of X1(N) represented by (A, tA). Then, for
c ≥ 1 with (c,N) = 1, we have the generalized Heegner cycle ∆πc
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associated to πc (cf. [5, �2.3]), which is de�ned over K̃[c] := K[c](A[N]).
As in [12, �4.2], its image under the p-adic Abel-Jacobi map gives an

element of H1(K̃[c], Vf ⊗ Sym2r−2H1
et(AQ,Qp)(2r − 1)). We denote by

z[c] ∈ H1(K[c], Vf ⊗ Sym2r−2H1
et(AQ,Qp)(2r − 1)) its image under the

corestriction map. We note that

H1(K[c], Vf ⊗ Sym2r−2H1
et(AQ,Qp)(2r − 1))

∼=
∏

1≤i≤2r−1

H1(K[c], Vf (ψ
i
pψ

2r−i
p )).

Here the isomorphism above is given by choosing an appropriate basis
u, v of TpA (cf. Section 7 of [21].) For 1 ≤ i ≤ 2r − 1, we denote by

z(i)[c] ∈ H1(K[c], Vf (ψ
i
pψ

2r−i
p )) the i-th component of z[c] under the

decomposition. We note that the denominators of z(i)[c] are bounded as
c and i vary.

Let α ∈ O be a root of X2− apX + p2r−1 such that |p2r−1/α|p < 1.
For a positive integer c relatively prime to pN , a natural number n and
1 ≤ i ≤ 2r − 1, we put

z(i)[cpn]α = αz(i)[cpn]− p2r−2ResK[cpn−1],K[cpn](z
(i)[cpn−1])

in H1(K[cpn], Vf (ψ
i
pψ

2r−i
p )). Then, [12, Proposition 4.4] implies that for

n ≥ 1,

(4.31) Corn+1/nz
(i)[cpn+1]α = αz(i)[cpn]α,

where Corn+1/n denotes the corestriction map relative to the extension

K[cpn+1]/K[cpn].

4.2. Generalized Heegner classes and the p-adic L-function

First, we brie�y recall the explicit reciprocity law relating gener-
alized Heegner classes with the p-adic L-function (cf. [5, 12, 21]). We
mostly follow [21].

Let c be a positive integer relatively prime to pN . For 0 ≤ n ≤ ∞,
we denote by Ĥcpn the completion of K[cpn] at the prime pcpn above p

induced by ιp, and we let Wcpn be its ring of integers. We put Ĝcpn =

Gal(Ĥcpn/Kp). For i ∈ Z, we put

V 〈i〉 = V (ψipψ
−i
p ) = Vf (ψ

i+r
p ψr−ip ), T 〈i〉 = T (ψipψ

−i
p ).

We also put Λ̂c = O[[Ĝcp∞ ]], Hh,F (Gcp∞) = Hh,F (Γ)[G
′
c] (cf. (3.7)),

where G′
c is a �nite abelian group such that Gcp∞ := Gal(K[cp∞]/K) =
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Γ×G′
c. Following [31, �3.6.1], if we put H∞(Gcp∞) = ∪h≥1Hh,F (Gcp∞),

then we have a natural pairing 〈−,−〉T,c:

H1
Iw(Ĥc, T )⊗Λ̂c

H∞(Gcp∞) × H1
Iw(Ĥc, T )⊗Λ̂c

H∞(Gcp∞)→H∞(Gcp∞),

where H1
Iw(Ĥc, T ) := lim←−nH

1(Ĥcpn , T ). We note that since we have

�xed a prime of K[cpn] above p via ιp, [35, Corollary B.5.2] implies that

O[Gcpn ] ⊗O[Ĝcpn ] H
1(Ĥcpn , T 〈i〉) is canonically isomorphic to the direct

sum ⊕v|pH1(K[cpn]v, T 〈i〉), where v ranges over all primes of K[cpn]
above p. For n ≥ 0, i ∈ Z, we denote by

prn,i : H
1
Iw(Ĥc, T )⊗Λ̂c

H∞(Gcp∞)→ ⊕v|pH1(K[cpn]v, V 〈i〉)

the twisted natural projection (cf. (3.8)).

Let kc be the residue �eld of Ĥc and Ac the reduction modulo pc
of the elliptic curve Ac over K[c] introduced in �4.1. We put R̃c =∏
τ∈Gc

Rτ
c , where Rτ

c denotes the universal deformation ring for the re-

duction Aτc of Aτc . Then, R̃c is a Wc[[Gcp∞ ]]-algebra. For h ≥ r, we
denote by

Ω̃ϵV,h,c : R̃
ψ=0
c ⊗Zp

Dcrys(V |GKp
)→ H1

Iw(Ĥc, T )⊗Λ̂c
H∞(Gcp∞)

the semi-local Perrin-Riou exponential map (see [21, �5] for the details),

where ψ is the σ−1-semilinear map on R̃c introduced in [21, �4.2] (σ
is the Frobenius on Wc), and it is regarded as an analogue of ψ in [31,

1.1.3]. We note that R̃ψ=0
c is a free Wc[[Gcp∞ ]]-module of rank one (cf.

[21, Proposition 5.4]).
We denote by Dcrys(Vf |GKp

)φ=α the one-dimensional subspace of

the F -vector space Dcrys(Vf |GKp
) on which ϕ acts by α. We de�ne

Dcrys(Vf |GKp
)φ=α(r) as Dcrys(Vf |GKp

)φ=α⊗Dcrys(Qp(r)). By [21, The-

orem 4.15], there exists gc ∈ R̃ψ=0
c ⊗Zp

Dcrys(Vf |GKp
)φ=α(r) such that

if we put z[c] = Ω̃ϵV,r,c(gc) ∈H∞(Gcp∞)⊗Λ̂c
H1

Iw(Ĥc, T ), then for n ≥ 1
and −r < i < r, we have

(4.32) prn,i(z[c]) = locp(α
−nz(i+r)[cpn]α).

Here, locp : H1(K[cpn],−) → ⊕v|pH1(K[cpn]v,−) denotes the sum
of localization maps. We write as gc = Ic ⊗ η where η is a basis

of Dcrys(Vf |GKp
)φ=α(r) and Ic ∈ R̃ψ=0

c . Let e be a basis of R̃ψ=0
1

as a W1[[Gp∞ ]]-module and ω ∈ Dcrys(V ) be an element such that
[η, ω]Dcrys(V ) = 1, where [−,−]Dcrys(Vf |GKp

)(r) denotes the de Rham pair-

ing. We denote by K∞(Gcp∞) the total quotient ring of H∞(Gcp∞). We
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�x a topological generator γ of Γ and put

Ω̃ϵV,1−r,c =

 r−1∏
j=1−r

`ψpψ
−1
p ,j(γ)

−1

 Ω̃ϵV,r,c.

Then we consider the element

w = (1⊗ ι)Ω̃ϵV,1−r,1(e⊗ ω) ∈ H1
Iw(Ĥ1, T )⊗Λ̂1

K∞(Gp∞).

Then, by [21, Theorem 5.8] (a semi-local version of the explicit reci-
procity law [32, Théorème 4.2.3]), for g ∈ W1[[Gp∞ ]], we have

(4.33) 〈Ω̃ϵV,r,c(ge⊗ η),w〉T,1 ∈ O[[Gp∞ ]].

By [21, Theorem 5.7], there exists u ∈ Ôur[[Gp∞ ]]× such that

(4.34) u〈z[1],w〉T,1 = L BDP−B
p (f) ∈ Ôur[[Gp∞ ]].

4.3. Twists of generalized Heegner cycles

In this subsection, we use Proposition 3.7 in order to twist the classes
{z(i)[c]α} introduced in �4.1.

By [21, �7], there exists an integer C ≥ 0 such that for 0 ≤ i ≤ 2r−2,
n ≥ 0 and c0 ≥ 1 with (c0, pN) = 1, the element pCz(i)[c0p

n]α lies in

H1(K[c0p
n], T (ψipψ

k−i
p )) and we have

(4.35)

i∑
j=0

(−1)i−j
(
i

j

)
Res∞(pCz(j+1)[c0p

n]α)⊗ e⊗r−1−j ≡ 0

modulo pinH1(K[c0p
∞], T ) where e is the basis of O(ψpψ

−1
p ) and

Res∞ : H1(K[c0p
n],−)→ H1([c0p

∞],−)

denotes the restriction map.
We use Proposition 3.7 as Γ = Gal(K[c0p

∞]/K[c0p]), ρ = ψpψ
−1
p ,

L = K[c0p], L∞ = K[c0p
∞] and h = 2r−1. (The conditions are veri�ed

by (4.31) and (4.35).) For a continuous character χ : Γ → Q×
p and

n ≥ 0, we put

wi,n(χ) :=

i∑
j=0

(−1)j−i
(
j

i

)
Res∞(z(j+1)[c0p

n]α)⊗ eρr−1−jχ.
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Then, by Proposition 3.11, the sequence

(4.36)
1

αm
Nn+m/n

2r−2∑
i=0

(
`ρ,0(χρ

r−1(γ))

i

)
wi,n+m(χ) (m = 1, 2, . . . )

in H1(K[c0p
∞], V (χ)) converges to an element which lies in the image

of H1(K[c0p
n], V (χ)).

De�nition 4.1. For c0 ≥ 1 such that (c0, pN) = 1 and n ≥ 1, we
denote by

zχ[c0p
n]α ∈ H1(K[c0p

n], V (χ))

the element whose image in H1(K[c0p
∞], V (χ)) coincides with the limit

of the sequence (4.36). (Note that since H0(L∞, V ) = {0} (cf. [24,
Lemma 3.10]), such an element is unique.)

Proposition 4.2. Let n and c be positive integers such that (c,N) =
1. Then,

(1) CorK[cpn+1]/K[cpn]z
χ[cpn+1]α = αzχ[cpn]α.

(2) For a prime l ∈P such that l ∤ c, we have

CorK[clpn]/K[cpn]z
χ[clpn]α = alz

χ[cpn]α.

(3) We have τ(zχ[cpn]α) = wfχ(σN)σN(zχ
−1

[cpn]α), where wf ∈
{±1} denotes the eigen value of the eigenform f with respect to
the Fricke involution, τ denotes the complex conjugation, and
σa denotes the image of an ideal a of K under the classical
Artin map.

Proof. The assertion (1) follows from Proposition 3.7 (2). The
assertion (2) follows from the de�nition of {zχ[cpn]α} and the norm
relation of generalized Heegner cycles {z(i)[cpn]} (cf. [12, Proposition
4.4]). Similarly, the assertion (3) follows from [12, Lemma 4.6]. Q.E.D.

Lemma 4.3. Let Oχ be the ring of integers in F (Im(χ)) and mχ
the maximal ideal. (We give the trivial action of GK on Oχ (cf. O(χ)).)
Put T̄ (χ) = T (χ)⊗Oχ

Oχ/mχ. Under Condition 2.3, the following hold.

(1) The representation T̄ (χ) of GK is absolutely irreducible.
(2) For a positive integer c, we have H0(K[c], T̄ (χ)) = {0}.
(3) The Oχ-module H1(K[c], T (χ)) is torsion-free, and for a non-

zero ideal I of Oχ, the restriction map

H1(K,T (χ)/I)→ H0
(
K[c]/K,H1(K[c], T (χ)/I)

)
is an isomorphism.
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(4) There exists a Galois extension E/Q such that K ⊆ E, GE
acts trivially on T (χ), and

H1(E(µp∞)/K, T̄ (χ)) = {0}.

(5) For m ≥ 1, if L denotes the smallest �nite extension K(T/mm)
of K such that GL acts on T/mm trivially, where m denotes the
maximal ideal of O, then the restriction map H1(K,T/mm)→
H1(L, T/mm) is injective.

Proof. Since T̄ (χ) is isomorphic to T/m⊗Oχ/mχ as a GK-module,
in order to prove (1) and (2), we may assume that χ is the trivial char-
acter. Then, the assertion (1) follows from [6, Proposition 6.3 (1)].
To prove (2), it su�ces to prove that H0(K[c], T/m) = {0}. By [6,
Lemma 6.2], Condition 2.3 (2) implies that the image of the represen-
tation %f : GQ → AutO(T ) ∼= GL2(O) contains a subgroup of GL2(O)
which is conjugate to GL2(Zp), where we recall that T = Tf (r). Hence,
the image of the residual representation GQ → AutO/m(T/m) contains
a conjugation of GL2(Fp), which is not solvable by p ≥ 5. Then, the
assertion (2) follows from that K[c]/Q is a solvable extension.

(3) We �rst note that the torsion part H1(K[c], T (χ))tors is canon-
ically isomorphic to H0(K[c],W (χ)). Then, the assertion (2) implies
that H0(K[c],W (χ)) = {0}, and hence H1(K[c], T (χ))tors = {0}. Since
T (χ)/I may be regarded as a GK-submodule of W (χ), we have that
H0(K[c], T (χ)/I) = {0}. Hence, by the in�ation-restriction exact se-
quence the restriction map

H1(K,T (χ)/I)→ H0
(
K[c]/K,H1(K[c], T (χ)/I)

)
is an isomorphism.

(4) We put E = K∞(W ), which contains µp∞ (we note that the
determinant of T is the representation induced by the p-adic cyclo-
tomic character). Since the restriction of χ to GK∞ is trivial, GE
acts trivially on T (χ). As is explained in the proof of (2), the im-
age %f (GQ) of %f : GQ → AutO(T ) ∼= GL2(O) contains a subgroup of
GL2(O) which is conjugate to GL2(Zp). Then, via the diagonal em-
bedding, we have Z×

p ⊆ %f (GQ). Since [%f (GQ) : %f (GK)] ≤ 2, we

have µ p−1
2
⊆ %f (GK). We let %f (GQ) act on T̄ (χ) = T/m ⊗ Oχ/mχ

where the action on the second component is trivial. Since p ≥ 5, the
image of µ p−1

2
in AutOχ/mχ

(T̄ (χ)) contains {±1}, and then we have

Hi({±1}, T̄ (χ)) = {0} for i ≥ 0. Hence, by the in�ation-restriction
sequence relative to {±1} ⊆ %f (GK), we have H1(%f (GK), T̄ (χ)) =
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{0}. Since H1(%f (GK), T̄ (χ)) = H1(K(W )/K, T̄ (χ)), By the in�ation-
restriction sequence 0 → H1(E/K, T̄ (χ)) → H1(K(W )/K, T̄ (χ)), we
deduce (4).

(5) We denote by the representation %f,m : GQ → GL2(O/mm) in-
duced by T/mm. Since %f (GQ) contains a subgroup of GL2(O) which
is conjugate to GL2(Zp), %f,m(GQ) contains contains a subgroup of
GL2(O/mm) which is conjugate to GL2(Zp/pm1), where m1 is the inte-
ger de�ned by pm1Zp = Zp ∩mm. Hence, %f,m(GK) contains µ p−1

2
, and

then by the in�ation-restriction sequence relative to µ p−1
2
⊆ %f,m(GK),

we have H1(%f,m(GK), T/mm) = {0}. Since H1(L/K, T/mm) is isomor-
phic to H1(%f,m(GK), T/mm), we obtain the assertion (5). Q.E.D.

Remark 4.4. Although in [6], the Hecke �eld is assumed to be
unrami�ed at p, the assumption is not needed for [6, Lemma 6.2, Propo-
sition 6.3 (1)].

For a continuous character χ : Γ→ Q×
p , we put

qχ = (2r − 2)!p(2r−2)δ(2r−1)+Cαmax{0,1−B(χρr−1)} ∈ F×,

where we use the notation as in Proposition 3.7 (with h = 2r − 1), and
C is the integer as in (4.35). Lemma 4.3 (3), Proposition 3.7 (3) and
Remark 3.8 imply that if p | c and (c,N) = 1, then we have

qχz
χ[c]α ∈ H1(K[c], T (χ)),

where we note that ρ = ψpψ
−1
p on GK[p] satis�es Im(ρ) = 1 + pZp.

Lemma 4.5. Let c be a positive integer relatively prime to N such
that p | c. Then, the following assertions hold.

(1) For a prime l ∤ p, we have locλ(qχz
χ[c]α) ∈ H1

f (K[c]λ, T (χ)),
where λ is any prime of K[c] above l.

(2) For l ∈P such that l ∤ c, as elements of H1(K[cl]λ, T (χ)),

ResK[cl]λ,K[c]λ(Frobl ◦ locλ(qχz
χ[c]α)) = locλ(qχz

χ[cl]α)

where we denote by the same symbol λ the prime of K[cl] above
a prime λ | l of K[c], and Frobl is the Frobenius element at l
over Q. (Note that Frobl acts on the cohomology since l totally
splits in K∞/K and χ is trivial on GKl

.)

Proof. If we put

n = max{0, 1−B(χρr−1)}, b = (2r − 2)!p(2r−2)δ(2r−1)+C ,
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then by Proposition 3.7 (2) we have

CorK[cpn]/K[c](bz
χ[cpn]α) = qχz

χ[c]α,

CorK[clpn]/K[cl](bz
χ[clpn]α) = qχz

χ[cl]α.

Hence, it su�ces to show that

(4.37) locλ(bz
χ[cpn]α) ∈ H1

f (K[cpn]λ, T (χ)),

and

(4.38) ResK[clpn]λ,K[cpn]λ(Frobllocλ(bz
χ[cpn]α)) = locλ(bz

χ[clpn]α)

in H1(K[clpn]λ, T (χ)). Note that by Proposition 3.7 (3), the elements
bzχ[cpn]α and bzχ[clpn]α are integral.

Let Pm(X) ∈ Zp[X] be as in Lemma 3.4. We put

d′m[c] := b

2r−2∑
i=0

i∑
j=0

(−1)j−i
(
i

j

)
Res∞(z(j+1)[cpm]α)⊗ eψ−j

p ψ
j
p
⊗
(
Pm(γ − 1)

i

)

in H1(K[cp∞], Tf (ψpψ
2r−1
p̄ )) ⊗ O[γ − 1] where the integrality follows

from Remark 3.9 and the de�nition of C. If we denote by

evχρr−1 : H1(K[cp∞], Tf (ψpψ
2r−1
p̄ ))⊗ O[γ − 1]→ H1(K[cp∞], T )(χ)

the homomorphism induced by the map O[γ − 1] → O sending γ to
χρr−1(γ), where ρ = ψpψ

−1
p , then by de�nition, the sequence

{evχρr−1(α−mNn+m/nd
′
m+n[c])}m≥0

converges to Res∞(bzχ[cpn]). We �x a prime ideal of K[cp∞] above λ,
which by abuse of notation, we denote by the same symbol λ, and its re-
striction to K[cpn+m] is also denote by λ. Since all locλ(z

(j+1)[cpn+m]α)

lie in H1
ur(K[cpn+m]λ, Vf (ψ

j+1
p ψ2r−1−j

p̄ )) (cf. [12, Remark 4.8]), we have

locλ(α
−mNn+md

′
n+m[c]) ∈ H1

ur(K[cp∞]λ, Vf (ψpψ
2r−1
p̄ ))⊗ O[γ − 1].

Hence, the image of zχ[cpn]α in H1(K[cp∞]λ, V (χ)) is unrami�ed. Since
K[cp∞]λ ⊆ Kur

λ , we conclude the assertion (1).
We next consider (2). By (3.19) and (3.20), there exist

Fn+m[c](X), Gn+m[c](X) ∈ H1(K[cp∞], Tf (ψpψ
2r−1
p̄ ))⊗ O[X]
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such that

(Nn+m/n −Nn+m−1/nNn+m/n+m−1)d
′
n+m[c](γ − 1)

= Fn+m[c](γ − 1)ωn+m,2r−1(γ − 1),

Nn+m+1/n+md
′
n+m+1[c]− αd′n+m[c]

= Gn+m[c](γ − 1)ωn+m,2r−1(γ − 1).

(4.39)

To simplify the notation, we write

ωn+m = ωn+m,2r−1(γ − 1) ∈ Zp[γ − 1],

Fn+m[c] = Fn+m[c](γ − 1) ∈ H1(K[cp∞], Tf (ψpψ
2r−1
p̄ ))⊗ O[γ − 1],

Gn+m[c] = Gn+m[c](γ − 1) ∈ H1(K[cp∞], Tf (ψpψ
2r−1
p̄ ))⊗ O[γ − 1].

By [12, Lemma 4.7], we have

(4.40) ResK[cp∞]λ,K[clp∞]λ(Frobl(locλ(d
′
n+m[c]))) = locλ(d

′
n+m[cl]),

and by (4.39)

Frobl ◦ locλ(Fn+m[c])ωn+m,2r−1 = locλ(Fn+m[cl])ωn+m,2r−1,

Frobl ◦ locλ(Gn+m[c])ωn+m,2r−1 = locλ(Gn+m[cl])ωn+m,2r−1,

where

locλ : H1(K[clp∞], Tf (ψpψ
2r−1
p̄ ))⊗ O[γ − 1]

→ H1(K[clp∞]λ, Tf (ψpψ
2r−1
p̄ ))⊗ O[γ − 1]

denotes the scalar extension of the localization map at the prime λ of
K[clp∞] above λ of K[cp∞], and Frobl acts on O[γ − 1] trivially. Since
ωn+m,2r−1(X) ∈ O[X] is monic up to unit, we have

Frobl ◦ locλ(Fn+m[c]) = locλ(Fn+m[cl]),

Frobl ◦ locλ(Gn+m[c]) = locλ(Gn+m[cl]).
(4.41)

We claim that for m ≥ 1,
(4.42)

Nn+m/nd
′
m+n[c]− αmd′n[c]

=
∑

0≤i≤m−2

αiFn+m−i[c]ωn+m−i

+
∑

0≤i≤m−1

αiNn+m−1−i/nGn+m−1−i[c]ωn+m−1−i,
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where the �rst summation in the right hand side is regarded as zero
when m = 1.

We prove (4.42) by induction on m. We note that the case m = 1
is (4.39). By (4.39), we have

Nn+m+1/nd
′
n+m+1[c]− αm+1d′n[c]

=Nn+m/nNn+m+1/n+md
′
n+m+1[c]− αm+1d′n[c] + Fn+m+1[c]ωn+m+1

=Nn+m/n(αd
′
n+m[c] +Gn+m[c]ωn+m)

− αm+1d′n[c] + Fn+m+1[c]ωn+m+1

=α(Nn+m/nd
′
n+m[c]− αmd′n[c])

+ Fn+m+1[c]ωn+m+1 +Nn+m/nGn+m[c]ωn+m.

Then, the induction hypothesis implies (4.42).
Since |p2r−1/α|p < 1, Lemma 3.2 implies that for su�ciently large

m, we have that αi−mωn+m−i(χ(γ)−1), αi−mωn+m−1−i(χ(γ)−1) ∈ OCp .
Hence, by (4.41), for such m we have

Frobl ◦ locλ(αi−mωn+m−i(χ(γ)− 1)Fn+m−i[c](χ(γ)− 1))

=locλ(α
i−mωn+m−i(χ(γ)− 1)Fn+m−i[cl](χ(γ)− 1)),

Frobl ◦ locλ(αi−mωn+m−1−i(χ(γ)− 1)Gn+m−1−i[c](χ(γ)− 1))

=locλ(α
i−mωn+m−1−i(χ(γ)− 1)Gn+m−1−i[cl](χ(γ)− 1))

in H1(K[clp∞]λ, T (χ)). Hence, by (4.40), (4.42) and Lemma 4.3 (3), for
m ≥ 1 we have

ResK[cp∞]λ,K[clp∞]λ

(
Frobl

(
locλ ◦ evχρr−1

(
α−mNn+m/nd

′
m+n[c]

)))
= locλ ◦ evχρr−1

(
α−mNn+m/nd

′
n+m[cl]

)
in H1(K[clp∞]λ, T (χ)). Note that since our global Galois cohomology
groups are torsion-free (cf. Lemma 4.3 (3)), it is harmless to invert α
in the global cohomology groups. Therefore, we inverted α before the
localization. Since the sequence

{evχρr−1(α−mNn+m/nd
′
m+n[c])}m≥0

converges to Res∞bz
χ[cpn], we obtain (4.38). Q.E.D.

4.4. Local conditions of twisted Selmer groups

Following ideas in [12, �7.4], we introduce certain Selmer groups that
are suite for Euler system arguments via twisted Heegner classes.
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For a height-one prime ideal P of Λ which is not equal to pΛ, we
let ΦP be the fractional �eld of Λ/P, which is a �nite extension of
F = O[1/p]. We denote by SP the integral closure of Λ/P in ΦP and
by mP the maximal ideal. We let GK act on SP via the natural map
GK → Λ× → S×

P. Fixing an embedding ΦP ↪→ Cp which is O-linear, we

denote by χP : GK → O×
Cp

the character induced by the map GK →
S×
P ↪→ O×

Cp
. For an O-module M , we put MP = M ⊗O SP. In the

case where M has a GK-action, we let GK act on MP by acting on
both factors in the tensor product. Then, we have MP

∼= M(χP) as
GK-modules.

In order to de�ne Selmer structures, for a prime v of K, we de�ne
a perfect pairing

(4.43) (−,−)P,v : H1(Kv, VP)×H1(Kv̄, VP)→ ΦP

as follows, where v̄ := vτ . By [28, Proposition 3.1 (ii)], there exists a
GQ-equivariant skew-symmetric paring

[−,−]f : T × T → Zp(1)

such that for λ ∈ O and x, y ∈ T , we have [λx, y]f = [x, λy]f , and the
induced pairings T/pm × T/pm → Z/pm(1) are perfect. If d ∈ F× is a
generator of the absolute inverse di�erent of O, then the homomorphism

HomO(T,O(1))→ HomZp(T,Zp(1)); φ 7→ TrF/Qp
◦ (d · φ)

is an isomorphism. We note that the paring [−,−]f gives rise to a
homomorphism T → HomZp

(T,Zp(1)), and by the isomorphism above,
we have a perfect, skew-symmetric, O-linear, GQ-equivariant paring

[−,−]O : T × T → O(1).

Following [18, Lemma 2.1.1], we have a perfect SP-bilinear pairing

[−,−]P : TP × TP → SP(1)

de�ned by (t1 ⊗ α1, t2 ⊗ α2) 7→ α1α2[t1, t
τ
2 ]O . Then, for σ ∈ GK and

s, t ∈ TP, we have [sσ, tτστ ]P = [s, t]σP. Therefore, by the local duality,
for a prime v of K it induces a perfect pairing

(−,−)P,v : H1(Kv, VP)×H1(Kv̄, VP)→ ΦP.

We note that for a prime v,H1(Kv̄, VP) ∼= H1(Kv, VPι) (as ΦP-modules)
via the complex conjugation. Here, we identify ΦP with ΦPι via τ . By
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abuse of notation, we denote by the same symbol (−,−)P,v the induced
pairing H1(Kv, VP)×H1(Kv, VPι)→ ΦP.

We de�ne Z p
P as the ΦP-subspace of H

1(Kv, VP) generated by the
image of the map ΩP de�ned as the composite

ΩP : R̃ψ=0
1 ⊗Zp

Dcrys(Vf |GKp
)φ=α(r)

Ω̃ϵ
V,r,1−−−−→H1

Iw(Ĥ1, T )⊗Λ̂1
H∞(Gcp∞)

→H1(Ĥp, VP)

→H1(Kp, VP),

where the second map is induced by (3.8) and by regarding χP is a

character on the Galois group Gal(Ĥp∞/Ĥp), and the last map is the
corestriction map. If χP|GKp

is of the form ρjψ, where −r < j < r and

ψ is a �nite character of Γ, then the image Z p
P coincides with the one-

dimensional subspace H1
f (Kp, VP). Under some assumption, we may

also de�ne the space Z p
P in terms of twisted Heegner cycles. To explain

it, we �x some notation. By following the notation as in the previous
subsection, we put qP = qχP

, and for c ∈ N , we put

zPc = CorK[cp]/K[c] (qPz
χP [cp]α) ∈ H1(K[c], TP).

Then, by Proposition 4.2, for l ∈P with l ∤ c, we have

(4.44) CorK[cl]/K[c]

(
zPcl

)
= alz

P
c .

We also put

κP1 = CorK[1]/K(zP1 ) ∈ H1(K,TP).

Lemma 4.6. For a height-one prime ideal P 6= pΛ of Λ such that

the image of κP1 in H1(Kp, VP) is non-zero, the ΦP-vector space Z p
P is

generated by κP1 .

Proof. The space Z p
P is generated by(

ΩP(e⊗ η),CorĤ1/Kp
(prχPι (w))

)
P,p

,

where prχPι : H1
Iw(Ĥ1, T )⊗Λ̂1

H∞(Gcp∞)→ H1(Ĥp, VPι) is induced by

(3.8). Hence it is of dimension at most 1. (It is actually equal to 1 by

the explicit reciprocity law.) Since z[1] = Ω̃ϵV,r,1(g1), the element κP1
lies on Z p

P, and hence generate this space if it is non-zero. Q.E.D.



42 S. Kobayashi and K. Ota

We introduce a Selmer structure FP as follows. For v = p, we
de�ne H1

FP
(Kp, VP) ⊆ H1(Kp, VP) as the orthogonal complement of

Z p
Pι under the pairing (−,−)P,p. For v = p, we de�ne H1

FP
(Kp̄, VP)

as the complex conjugation of H1
FP

(Kp, VP) in ⊕v|pH1(Kv, VP). For a

prime v of K not dividing p, we put H1
FP

(Kv, VP) = H1
f (Kv, VP). One

can show that if f is ordinary (i.e. α ∈ O×), then our FP coincides
with the Selmer structure introduced in [25, �3.4].

Lemma 4.7. Let c be a positive integer relatively prime to p. Let x
and y be elements in the image of R̃ψ=0

c ⊗Dcrys(Vf |GKp
)φ=α(r) under

Ω̃ϵV,r,c. Then, the element 〈x,y〉T,c ∈H∞(Gcp∞) is zero.

Proof. This is proved in [21, �8]. Q.E.D.

Remark 4.8. For a height-one prime ideal P 6= pΛ, since the
specialization of 〈x,y〉T,1 ∈ H∞(Gp∞) at χP is equal to the pairing
(ΩP(hx),ΩPι(hy))P,p, the lemma above (with c = 1) implies that
H1

FP
(Kp, VP) is the orthogonal complement of H1

FP
(Kp̄, VP).

For a prime v | p of K, we put

H̃1
FP

(Kv, TP) = H1
FP

(Kv, TP)/H1(Kv, TP)tors,

which is a free SP-module of rank one.

Lemma 4.9. Let M be an O-lattice of Dcrys(Vf |GKp
)φ=α(r). For a

height-one prime ideal P 6= pΛ, there exists a non-zero element βP ∈ O
such that the following assertions hold.

(1) We have βPΩP(R̃ψ=0
1 ⊗M) ⊆ H̃1

FP
(Kp, TP).

(2) There exists m0 > 0 which depends on P such that for m ≥ m0,
if Q 6= pΛ is a height-one prime ideal of Λ with Im(χPχ

−1
Q ) ∈

1 + pmSP, then βP = βQ and

lengthSP

(
H̃1

FP
(Kp, TP)/βPΩP(R̃ψ=0

1 ⊗M)
)

= lengthSQ

(
H̃1

FQ
(Kp, TQ)/βQΩQ(R̃ψ=0

1 ⊗M)
)
.

Proof. (1) Let h be a W1[[Gp∞ ]]⊗O-basis of R̃ψ=0
1 ⊗M. We write∑k

i=1 xi ⊗ gi(γ − 1) ∈ H1
Iw(K∞,p, T ) ⊗ H2r−1,F (Γ) for the image of

Ω̃ϵV,r,1(h) under the map induced by the trace map. Then, for P, we
have

(4.45) ΩP(h) =
∑
i

gi(χP(γ)− 1)pr0,χP
(xi).
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Hence, if we de�ne

βP = pmin{ n∈Z | n≥0 and n≥ordp(gi(χP(γ−1))) for 1≤i≤k },

then we obtain (1).
(2) We enlarge O so that O = SP = SQ (we note that the as-

sumption on Q implies SQ ⊆ SP). We �rst note that there exists
a positive integer m1 such that for m ≥ m1 and for Q such that
Im(χPχ

−1
Q ) ∈ 1 + mmO, where m denotes the maximal ideal of O,

we have βP = βQ. We note that βPΩP(h) is not torsion and that

H̃1
FP

(Kp, TP) is free of rank one. Hence, if we put

m2 = max
{
m ∈ Z

∣∣ βPΩP(h) ∈ mmH1(Kp, TP)
}
,

then we have

m2 = lengthO

(
H̃1

FP
(Kp, TP)/βPΩP(R̃ψ=0

1 ⊗M)
)
.

Under the identi�cation H1(Kp, TP/m
m) ∼= H1(Kp, TQ/m

m), for x ∈
H1

Iw(K∞,p/Kp, T ) the images of pr0,χP
(x) and pr0,χP

(x) are the same.

We put m0 = max {m1,m2 }. Then, by (4.45), if m ≥ m0, the images
of βPΩP(h) and βQΩQ(h) in H1(Kp, TP/m

m) ∼= H1(Kp, TQ/m
m) are

the same and non-trivial. Hence we have

max
{
m ∈ Z

∣∣ βPΩP(h) ∈ mmH1(Kp, TP)
}

= max
{
m ∈ Z

∣∣ βQΩQ(h) ∈ mmH1(Kp, TQ)
}
,

which implies the assertion (2). Q.E.D.

4.5. Bounding Selmer groups

In this subsection, we give a bound on the Selmer groupH1
FP

(K,TP)

in terms of twisted Heegner classes. We assume Condition 2.3. Let P
be the set of rational primes that are inert in K and relatively prime
to N . Let N be the set of square free natural numbers that are only
divisible by primes in P.

Let P 6= pΛ be a height-one prime ideal of Λ. Since we use argu-
ments in [18], we �rst show that our TP and FP satisfy the hypotheses
H.1) to H.5) in [18, �1.3]. Lemma 4.3 (1) implies H.1), and Lemma 4.3
(4) implies H.2). If we denote by Σ(FP) the set of primes of K dividing
pN , then the hypothesis H.3) follows from the de�nition and from [27,
Lemma 3.7.1]. The hypothesis H.4) is satis�ed by the pairing [−,−]P,
the de�nition of FP and Remark 4.8. Since T̄P := TP/mP is naturally
isomorphic to the GQ-module T/m ⊗ SP/mP, the hypothesis H.5) a)



44 S. Kobayashi and K. Ota

follows from the fact that T is odd. Since the local condition at p̄ is
de�ned as the complex conjugation of that at p, the hypothesis H.5 b)
holds. The hypothesis H.5) c) is satis�ed by T̄P ∼= T/m⊗ SP/mP.

For c ∈ N , we put

Gc = Gal(K[c]/K), Gc = Gal(K[c]/K[1]).

For every l ∈ P, we �x a generator σl of Gl and put Dl =
∑l
i=1 iσ

i
l ∈

Z[Gl]. Then, by an straightforward computation, we have

(4.46) (σl − 1)Dl = l + 1−Nl,

whereNl =
∑
g∈Gl

g.We note thatGc =
∏
l|cGl and putDc =

∏
l|cDl ∈

Z[Gc]. For l ∈ P, we denote by Il the ideal of SP generated by l + 1
and al, and we put Ic =

∑
l|c Il. By convention, we put I1 = {0} and

G1 = Z. We �x a coset representatives S(c) ⊆ Gc for Gc/Gc, and put

κ̃Pc =
∑
s∈S(c)

sDc(z
P
c ) ∈ H1(K[c], TP).

By (4.44) and (4.46), the image of κ̃Pc in H1(K[c], TP/Ic) is �xed by Gc
and independent of the choice of S(c). By Lemma 4.3 (3), the restriction
map

H1(K,TP/Ic)→ H0(Gc,H1(K[c], TP/Ic))

is an isomorphism. Let κPc ∈ H1(K,TP/Ic) be the element whose image
in H1(K[c], TP/Ic) coincides with the image of κ̃Pc .

Lemma 4.10. For c ∈ N , we have κPc ∈ H1
FP(c)(K,TP/Ic), where

FP(c) denotes the Selmer structure as in [18, De�nition 1.2.2] (we recall
that for v ∤ c, H1

FP
(Kv, TP) = H1

FP(c)(Kv, TP)).

Proof. We need to prove that for a prime v of K we have

(4.47) locv(κ
P
c ) ∈ H1

FP
(Kv, TP/Ic).

If v ∤ p, then (4.47) follows from Lemma 4.5 (1), Proposition 4.2 and the
same argument as in the proof of [18, Lemma 1.7.3]. Suppose that v | p.
We �rst consider the case where v = p. We denote by

(−,−) : H1(Kp, TP/Ic)×H1(Kp,WPι [Ic])→ SP/Ic

the pairing induced by the local duality.



Anticyclotomic Main Conjecture 45

It su�ces to show that for x ∈ H1(Kp,WPι [Ic]) whose image in

H1(Kp,WPι) coincides with the image of ΩPι(h) for some h ∈ R̃ψ=0
1 ⊗

Dcrys(Vf |GKp
)φ=α(r), we have

(4.48) (locp(κ
P
c ), x) = 0.

Let M be an O-lattice of Dcrys(Vf |GKp
) such that h lies in R̃ψ=0

1 ⊗M .

Since the trace map trc/1 : Wc → W1 is surjective and R̃c is isomorphic

to R̃1 ⊗W1
Wc, there exists h

′ ∈ R̃ψ=0
c ⊗M whose image in R̃ψ=0

1 ⊗M
under the map induced by trc/1 is equal to h. Hence, if we put y =

Ω̃ϵV,r,c(h
′) ∈H∞(Gcp∞)⊗Λ̂c

H1
Iw(Ĥc, T ) and x = Ω̃ϵV,r,1(h), then

πK[cp∞]/K[p∞](y) = x,

where πK[cp∞]/K[p∞] : H1
Iw(Ĥc, T ) ⊗Λ̂c

H∞(Gcp∞) → H1
Iw(Ĥ1, T ) ⊗Λ̂1

H∞(Gp∞) denotes the natural map induced by the corestriction map.

We denote by yP
ι ∈ H1(Ĥc,WPι) the image of y. Then the element

CorĤc/Ĥ1
(yP

ι

) of H1(Ĥ1,WPι) coincides with the image of x. Hence,

by a simple computation, we have

(4.49) (locp(κ
P
c ), x) =

locp,c

 ∑
s∈S(c)

sDcqPz
χP [c]α

 , yP
ι


P,c

,

where zχP [c]α is as in De�nition 4.1, the pairing

(−,−)P,c : H1(Ĥc, TP)×H1(Ĥc,WPι)→ ΦP/SP

is induced by the local duality, and locp,c : H
1(K[c], TP)→ H1(Ĥc, TP)

denotes the localization map. Hence, we are reduced to showing that

(4.50)
(
locp,c (qPz

χP [c]α) , y
Pι
)
P,c

= 0 ∈ ΦP/SP.

We note that the left hand side coincides with the image of the spe-
cialization of the element 〈qPz[c],y〉 ∈ H∞(Gcp∞) at χP, where z[c] is

as in Subsection 4.2. Since z[c] and y are elements in Ω̃ϵV,r,c(R̃
ψ=0
c ⊗Zp

Dcrys(Vf |GKp
)φ=α(r)), the equation (4.50) follows from Lemma 4.7.

The case where v = p̄ is completed by using the complex conjugation
and Proposition 4.2. Q.E.D.

For c ∈ N , we put κPc = κPc ⊗
∏
l|c σl ∈ H1

FP(c)(K,TP/Ic) ⊗Z Gc.

For i ≥ 1, we denote by P(i) the subset of P consisting of l such that
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Il ⊆ miP. We similarly de�ne N (i). For c ∈ N (i), we put T
(i)
P = TP/m

i
P

and denote by κ
P,(i)
c the image of κPc in H1

FP(c)(K,T
(i)
P ). For a prime

v ∤ p of K, we put H1
s (Kv, T

(i)
P ) = H1(Kv, T

(i)
P )/H1

f (Kv, T
(i)
P ).

Lemma 4.11. Let d+ be an element of H1(K, T̄P)+ and d− an
element of H1(K, T̄P)−, where H1(K, T̄P)± denotes the subspace of
H1(K, T̄P) on which the complex conjugation acts by ±1 (recall that

T̄P := TP/mP). Then, for c ∈ N (2i−1) there exist in�nitely many

primes l ∈P(2i−1) such that

(1) if d± 6= 0, then locl(d
±) 6= 0 ∈ H1(Kl, T̄P),

(2) the image of locl(κ
P,(i)
cl ) in H1

s (Kl, T
(i)
P ) ⊗ Gcl coincides with

(φfsl ⊗ 1) ◦ locl(κP,(i)c ) up to a unit in S×
P, where φfsl ⊗ 1 :

H1
f (Kl, T

(i)
P )⊗Gc → H1

s (Kl, T
(i)
P )⊗Gcl is as in [18, �1.2].

Proof. We assume that d+ and d− are both nonzero (the other

cases are proven by the same argument). We denote by T
(2i−1),◦
P the

GK-module whose underlying space is T
(2i−1)
P = T ⊗O SP/m

2i−1
P and

whose GK-action on the second factor is trivial. If we denote by $ a
uniformizer of SP, then we have a homomorphism of SP-modules

(4.51) H1(K, T̄P)→ H1(K,T
(2i−1),◦
P )[mP]

induced by the map T̄P → T
(2i−1),◦
P sending each element x to $2i−2x.

Here, we used the isomorphism T̄P ∼= T/mO ⊗SP/mP. We note that by
the hypothesis H.1) in [18] the map (4.51) is injective, and by abuse of
notation, we denote by the same symbols d± the corresponding elements

in H1(K,T
(2i−1),◦
P )[mP]. Let L = K(T

(2i−1),◦
P ) be the smallest �nite

extension of K such that GL acts on T
(2i−1),◦
P trivially. Then, L is a

Galois extension of Q, and by Lemma 4.3 (5) we have an injective map

H1(K,T
(2i−1),◦
P ) → H0(Gal(L/K),H1(L, T

(2i−1),◦
P ))

∼= HomGal(L/K)(GL, T
(2i−1),◦
P ),

where the �rst map is the restriction map. Regarding d± as homomor-

phisms GL → T
(2i−1),◦
P , we denote by E the �nite abelian extension of

L such that ker(d+) ∩ ker(d−) = GE . Then, Gal(E/L) is an Fp-vector
space with GQ-action, and we denote by G+ the subspace of Gal(E/L)
on which the complex conjugation τ acts trivially. If we regard d± as

elements of HomGal(L/K)(Gal(E/L), T
(2i−1),◦
P ), then by H.1 and H.5 in
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[18], d+|G+ and d−|G+ are non-trivial. Hence, there exists η ∈ G+ such
that d+(η) and d−(η) are both nonzero. By [28, Proposition 12.2 (3)]
or [12, Proposition 7.14], there exist in�nitely many primes l inert in K
such that

(a) The element Frob2l ∈ Gal(E/K) is conjugate to η ∈ G+.
(b) $2i−1 | l + 1 + al and $

2i−1 | l + 1− al,
(c) $2i ∤ l + 1 + al and $

2i ∤ l + 1− al
(d) the elements d± ∈ H1(K, T̄P) are both unrami�ed at l

(under Condition 2.3 (2), [6, Lemma 6.2] implies that the constant a
in [28, Proposition 12.2] or B1 in [12, Proposition 7.14] is zero). We
note that (b) implies that l ∈P(2i−1). Since H1(Kur

l /Kl, T̄P) ∼= T̄P by

the map sending each cocycle c to c(Frob2l ), the assertions (a) and (d)
imply (1). We note that by Lemma 4.5 (2), the proof of [28, Proposition
10.2] also works in our case. Then, by [28, Proposition 10.2 (4)] or [12,

(K2)], the assertions (b) and (c) imply that the image of locl(κ
P,(2i−1)
cl ) in

H1
s (Kl, T

(2i−1)
P )⊗Gcl coincides with (φfsl ⊗1)◦locl(κ

P,(2i−1)
c ) up to a unit

in S×
P. By reduction modulo miP, we deduce the assertion (2). Q.E.D.

Remark 4.12. Although the Kolyvagin system of Heegner points
in [18] satis�es the assertion (2) for all c ∈ N (2i−1) and l ∈ P(2i−1),
our proof implies only (2) as in Lemma 4.11. However, the lemma is
su�cient for our application.

Lemma 4.13. If c ∈ N (2i−1), then κ
P,(i)
c ∈ S(i)(c), where S(i)(c)

is the stub Selmer group contained in H1
FP

(K,T
(i)
P ) (see [18, �1.6] for

the details).

Proof. Although this is essentially [18, Lemma 1.4], we slightly
need to modify the proof as follows. When we choose a prime l ∈P(2i−1)

in Cases i and ii in the proof of [18], we use Lemma 4.11 instead of [18,
Lemma 1.6.2]. Q.E.D.

By Lemma 4.13 the proof of [18, Theorem 1.6.1] also works in our
case, and we obtain the following theorem.

Theorem 4.14. Under Condition 2.3, if P 6= pΛ is a height-

one prime ideal of Λ such that κP1 is not torsion, then the SP-module
H1

FP
(K,TP) is free of rank one, rankSP

(XFP
(K,WP)) = 1 and

2 lengthSP

(
H1

FP
(K,TP)

SPκ
P
1

)
≥ lengthSP

(
XFP

(K,WP)tors
)

(see De�nition 2.1 for the notation on Selmer groups).
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4.6. Twisted Heegner classes and the p-adic L-function

By using the explicit reciprocity law for generalized Heegner classes
explained in �4.2, we construct integral maps relating twisted Heegner
classes with specializations of the p-adic L-function.

Proposition 4.15. Let L be a generator of the ideal (Lp(f)Λ
ur)∩Λ

of Λ. For a height-one prime ideal P 6= pΛ there exist a homomorphism
of SP-modules ϕP : H1

FP
(Kp, TP)→ SP and an element bP ∈ F× such

that the following assertions hold.

(1) We have

(4.52) ϕP(locp(κ
P
1 )) = bPχP(L )

up to a unit in SP.
(2) There exists m0 ≥ 1 depending on P such that for m ≥ m0

and for every height-one prime ideal Q 6= pΛ of Λ satisfying
Im(χPχ

−1
Q ) ⊆ 1 + pmSP, we have bP = bQ.

Remark 4.16. We recall that for every height-one prime ideal
P 6= pΛ, we have �xed an embedding SP ↪→ OCp

, by which the inclusion

Im(χPχ
−1
Q ) ⊆ 1 + pmSP in (2) above is taken in O×

Cp
.

Proof. Let M be the O-submodule of Dcrys(Vf |GKp
)φ=α(r) gener-

ated by η (cf. �4.2). By (4.33), there exists an elementw ofH1
Iw(Ĥ1, T )⊗

K∞(Gp∞) such that the composite

Ψw : R̃ψ=0
1 ⊗M → O[[Gp∞ ]]→ O[[Γ]]

sends the element g1 to L ∈ O[[Γ]] up to a unit in O[[Γ]] (see �4.2 for

the notation), where the �rst map is given by h 7→ 〈Ω̃ϵV,r,1(h),w〉, and
the second one is the natural projection.

By using Lemma 4.9 with the M �xed above, we put

b′P = lengthSP

(
H̃1

FP
(Kp, TP)/βPΩP(R̃ψ=0

1 ⊗M)
)
.

We de�ne ϕP as follows. Let z be an element of H1
FP

(Kp, TP).

Then, there exists an element hz ∈ R̃ψ=0
1 ⊗ M such that βPΩP(hz)

coincides with the image of pb
′
Pz. By denoting by ϕP(z) the specializa-

tion of Ψw(hz) ∈ O[[Gp∞ ]] at χP, we obtain ϕP : H1
FP

(Kp, TP) → SP

under which the image of κP1 coincides with pb
′
PqPβ

−1
P χP(L ) up to a

unit in SP. Hence, if we put bP = pb
′
PqPβ

−1
P , then we have the assertion

(1). The assertion (2) follows from Lemma 4.9 (2) and from that if m
is su�ciently large, then for Q such that Im(χQχ

−1
P ) ⊆ 1 + pmSP, we

have qP = qQ. Q.E.D.
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Remark 4.17. If locp(κ
P
1 ) is not torsion, then the kernel of ϕP is

H1(Kp, TP)tors.

Lemma 4.18. For a height-one prime ideal P 6= pΛ of Λ, if the

localization locp(κ
P
1 ) ∈ H1(Kp, TP) is not torsion, then the SP-module

Coker

(
H1

FP
(K,TP)

locp−−→ H̃1
FP

(Kp, TP)

)
is torsion.

Proof. Since locp(κ
P
1 ) is not torsion, the lemma follows from the

fact that the rank of H̃1
FP

(Kp, TP) is one. Q.E.D.

Lemma 4.19. Suppose that χP(L ) 6= 0. Then for a height-one
prime ideal P 6= pΛ of Λ, we have

lengthSP

(
SP

bPχP(L )SP

)
≥ lP + lengthSP

(
H1

FP
(K,TP)

SPκ
P
1

)
,

where lP := lengthSP

(
Coker

(
H1

FP
(K,TP)→ H̃1

FP
(Kp, TP)

))
, and

bP ∈ F× is as in Proposition 4.15.

Proof. By our assumption and Proposition 4.15, locp(κ
P
1 ) is not a

torsion element. Hence the SP-module H1
FP

(K,TP) is free of rank one

by Theorem 4.14, and the restriction mapH1
FP

(K,TP)→ H̃1
FP

(Kp, TP)

is a non-zero map between free modules of rank 1. In particular, its
kernel H1

0,FP
(K,TP) is trivial. Then, we have an exact sequence

(4.53)
0→

H1
FP

(K,TP)

SPκ
P
1

→
H̃1

FP
(Kp, TP)

SPlocp(κ
P
1 )

→ Coker(H1
FP

(K,TP)→ H̃1
FP

(Kp, TP))→ 0.

By Proposition 4.15, the map

H̃1
FP

(Kp, TP)

SPlocp(κ
P
1 )
→ SP

bPχP(L )SP

is injective. Combining this with (4.53) implies the lemma. Q.E.D.

§5. Proof of the main result

The aim of this section is to prove Theorem 2.5. We keep the same
notation as in the previous section. In particular, we assume Condition
2.3.
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5.1. Comparison of Selmer groups

The aim of this subsection is to prove Proposition 5.4, which is
combined with the control theorem in the next subsection to deduce a
comparison between specialization of both sides of Conjecture 2.2 (2).

Lemma 5.1. Let P 6= pΛ be a height-one prime ideal of Λ. Then,
we have

lengthSP
(XFP,∅(K,WP)tors) = lengthSP

(X0,FP
(K,WP)tors).

Proof. By [27, Lemma 3.5.3 and Theorem 4.1.13], there exists an
integer r ≥ 0 such that for i ≥ 1

(5.54) H1
FP,∅(K,WP)[pi] ∼= (ΦP/SP)⊕r[pi]⊕H1

FPι ,0(K,WPι)[pi].

By a formula of Wiles (cf. [16, Theorem 2.19]), we have

r = corankSP
(H1

FP
(Kp,WP)) + corankSP

(H1(Kp̄,WP))

−corankSP
(H0(K ⊗ R,WP)).

Hence, r = 1 + 2 − 2 = 1. Since (5.54) holds with r = 1 for all i ≥ 0,
by the isomorphism H1

0,FP
(K,WP) ∼= H1

FPι ,0(K,WPι) induced by the

complex conjugation, we obtain the lemma. Q.E.D.

Lemma 5.2. If P 6= pΛ is a height-one prime ideal of Λ such that

the image of κP1 in H1(Kp, TP) is not torsion, then

(1) H1
FP

(K,TP) = H1
FP,∅(K,TP).

(2) The SP-module X0,FP
(K,WP) is torsion.

Proof. (1) We consider the exact sequence
(5.55)
0→ H1

FP
(K,TP)→H1

FP,∅(K,TP)

loc/FP,p̄

−−−−−−→ H1(Kp̄, TP)

H1
FP

(Kp̄, TP)
→ Coker(loc/FP,p̄)→ 0,

where loc/FP,p̄ is the natural map induced by the localization map at p̄.

Since the SP-modules H1(Kp̄, TP)/H1
FP

(Kp̄, TP) and H1
FP

(K,TP) are

free of rank one (cf. Theorem 4.14), it su�ces to show that the rank of
H1

FP,∅(K,TP) is one. First note that the rank of H1
FP

(Kp, TP) is one.

Then, by the exact sequence

0→ H1
0,∅(K,TP)→ H1

FP,∅(K,TP)
locp−−→ H̃1

FP
(Kp, TP),

it is su�cient to show that H1
0,∅(K,VP) = {0}.
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By Proposition 4.2 (3) and the assumption that locp(κ
P
1 ) is not

torsion, the localization locp̄(κ
Pι

1 ) is also not torsion. Then, by the
exact sequence

0→ H1
FPι ,0(K,TPι)→ H1

FPι (K,TPι)→ H̃1
FPι (Kp̄, TP)

and by Theorem 4.14, we have H1
FPι ,0(K,TPι) = {0}. Hence, by the

global duality, we have an exact sequence

H1
ZP,∅(K,VP)

locp−−→ Z p
P → H1

∅,0(K,VPι)∗ → 0.

Here ∗ denotes the ΦPι-linear dual, and ZP denotes the Selmer structure
whose local conditions at v | p are given by the subspace Z v

P generated

by locv(κ
P
1 ). Since κP1 ∈ H1

ZP,∅(K,VP) and locp(κ
P
1 ) is assumed to

be non-zero, by the exact sequence above we have H1
∅,0(K,VPι) = {0}.

Hence by the complex conjugation, the assertion is proved.
(2) By (1) and (5.55), the cokernel of loc/FP,p̄ is free of rank one.

Hence, by the exact sequence (induced by the global duality and (4.43))

0→ Coker(loc/FP,p̄)→ XFP
(K,WP)→ X0,FP

(K,WP)→ 0,

Theorem 4.14 implies the assertion (2). Q.E.D.

Lemma 5.3. If P 6= pΛ is a height one prime ideal of Λ such that

the image of κP1 in H1(Kp, TP) is not torsion, then

(1) the SP-module X0,∅(K,WP) is torsion,
(2) lengthSP

(X0,∅(K,WP)) = lengthSP
(XFP

(K,WP)tors) + 2lP,
where lP is as in Lemma 4.19.

Proof. By the global duality, we have an exact sequence

0→ Coker
(
H1

FP,∅(K,TP)→ H̃1
FP

(Kv, TP)
)

→ X0,∅(K,WP)→ X0,FP
(K,WP)→ 0.

Then, by Lemma 5.2 (1) we have an exact sequence

(5.56)
0→ Coker

(
H1

FP
(K,TP)→ H̃1

FP
(Kv, TP)

)
→ X0,∅(K,WP)→ X0,FP

(K,WP)→ 0.

Hence, since the image of κP1 in H1
FP

(Kp, TP) is not torsion, Lemma

5.2 (2) implies the assertion (1).
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(2) By the global duality, we have an exact sequence

0→ Coker
(
H1

FP
(K,TP)→ H̃1

FP
(Kv, TP)

)
→ XFP,∅(K,WP)→ XFP

(K,WP)→ 0.

By Lemma 4.18 and Theorem 4.14, taking SP-torsion in the sequence
above implies that
(5.57)

lengthSP
(XFP,∅(K,WP)tors) = lengthSP

(XFP
(K,WP)tors) + lP.

By (5.56), Lemma 5.1 implies that

lengthSP
(X0,∅(K,WP)) = lengthSP

(X0,FP
(K,WP)) + lP

= lengthSP
(XFP,∅(K,WP)tors) + lP.

Hence, by (5.57) we obtain the assertion (2). Q.E.D.

By combining Lemmas 4.19 and 5.3, we obtain the following.

Proposition 5.4. Let L be a generator of the ideal (Lp(f)Λ
ur)∩Λ

of Λ. If P 6= pΛ is a height-one prime ideal of Λ such that χP(Lp(f)) ∈
Cp is non-zero, then the SP-module X0,∅(K,WP) is torsion, and

2 lengthSP

(
SP

bPχP(L )SP

)
≥ lengthSP

(X0,∅(K,WP)).

5.2. Control theorem

In this subsection, we prove a certain control theorem (Proposition
5.7), which plays an important role in the gluing up Proposition 5.4 to
deduce the main theorem.

We put T = T ⊗O Λ and W = Homcont(T, µp∞). Then, we may
canonically identify

H1(K,W) = lim−→
m

H1(Km,W )

(cf. [18, De�nition 2.2.3 and Proposition 2.2.4]). We introduce a Selmer
structure FΛ on W so that the resulting Selmer group H1

FΛ
(K,W) is

isomorphic to the Selmer group H1
∅,0(K∞,W ) in (1.1). In other words,

H1
FΛ

(Kp,W) = H1
FΛ

(Kp,W), H1
FΛ

(Kp,W) = {0}, and for v 6= p,

H1
FΛ

(Kv,W) is the kernel of the restriction map from H1(Kv,W) to

H1(Kur
v ,W). For a height-one prime ideal P 6= pΛ of Λ, we denote by
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the same symbol FΛ the Selmer structure on W[P] such that for every
prime v of K,

H1
FΛ

(Kv,W[P]) = Ker

(
H1(Kv,W[P])→ H1(Kv,W)

H1
FΛ

(Kv,W)

)
.

We note that unlike in the previous section, the Selmer structure
FΛ on W[P] is not given by the image of a Selmer structure on a vector
space. We also note that by the duality, the natural map T/Pι → TPι

induces a homomorphism WP →W[P], and we have homomorphisms

sP,v : H
1
∅,0(Kv,WP)→ H1

FΛ
(Kv,W[P]),

sP : H1
∅,0(K,WP)→ H1

FΛ
(K,W)[P].

Lemma 5.5. Let P 6= pΛ be a height-one prime ideal of Λ. Then,
for every prime v 6= p of K, the kernel and cokernel of sP,v are �nite,
and their orders are bounded by a constant depending only on T and the
index [SP : Λ/P] and independent of v.

Proof. This is [27, Lemma 5.3.13]. Although representations of GQ
are considered in loc. cit., the proof also works in our setting. Q.E.D.

Lemma 5.6. Let P 6= pΛ be a height-one prime ideal of Λ. Then,
the modules ker(sP,p) and coker(sP,p) are �nite, and their orders are
less than a constant which depends only on T , the index [SP : Λ/P] and
rankO(Λ/P).

Proof. By the local duality, it su�ces to bound the kernel and
cokernel of the homomorphism

H1(Kp,T/Pι)→ H1(Kp, TPι)

H1(Kp, TPι)tors
.

We note that

H1(Kp, TPι)tors ∼= H0(Kp,WPι) ⊆H0(K∞,p,WPι) = H0(K∞,p,W )⊗O SPι ,

where by abuse of notation, we denote by p the prime of K∞ above
p. Since H0(K∞,p,W ) is �nite (cf. Lemma 2.7), the order of the group
H1(Kp, TPι)tors is less than a constant depending only on T , [SP : Λ/P]
and rankO(SP) = rankO(Λ/P). Hence, to complete the proof, it su�ces
to bound the kernel and cokernel of the homomorphismH1(Kp,T/Pι)→
H1(Kp, TPι). We note that the kernel (resp. cokernel) is bounded by
H0(Kp, T ⊗ (SP/(Λ/P))) (resp. H1(Kp, T ⊗ (SP/(Λ/P)))), and then
we complete the proof. Q.E.D.
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Proposition 5.7. There is a �nite set ΣΛ of height-one prime ideals
of Λ such that for a height-one prime ideal P /∈ ΣΛ ∪ {pΛ} of Λ, the
kernel and cokernel of sP are �nite, and their orders are less than a
constant which depends only on T , [SP : Λ/P] and rankO(Λ/P).

Proof. This is an analogue of [27, Proposition 5.3.14]. The di�er-
ence is our local condition at p, which is not covered in [27]. However,
thanks to Lemma 5.6, the proposition is deduced from Lemmas 5.5 and
as in the proof of [27, Proposition 5.3.14]. Q.E.D.

5.3. Proof of the main theorem

Proof of Theorem 2.5 (1). Let L ∈ Λ be a generator of the ideal
(Lp(f)Λ

ur) ∩ Λ. Since Lp(f) is not zero as an element of Λur (cf. [12,
Theorem 3.7]), for almost all height-one prime ideals P 6= pΛ, we have
χP(L ) 6= 0 ∈ OCp

. Let Σ be a �nite set of height-one prime ideals of Λ
such that Σ contains all prime ideals Q which satisfy at least one of the
following conditions:

(1) Qι ∈ ΣΛ, where ΣΛ is as in Proposition 5.7,
(2) χQ(Lp(f)) = 0,
(3) Q = pΛ.

Let P be a prime ideal of Λ which does not lie in Σ. Then, Proposi-
tion 5.4 implies that H1

∅,0(K,WPι) is �nite. Hence, by Proposition 5.7,

H1
FΛ

(K,W)[Pι] is �nite. Therefore, since H1
FΛ

(K,W) = H1
∅,0(K∞,W ),

we have thatX∅,0(K∞,W )/P is �nite. Then, X∅,0(K∞,W ) is Λ-torsion.
Q.E.D.

Proof of Theorem 2.5 (2). As in the proof of [18, Theorem 2.2.10],
we can prove Theorem 2.5 (2) by combining Propositions 5.4 and 5.7.

Let γ be a generator of Γ, and we identify Λ with O[[S]] via γ−1 7→
S. We may enlarge O ⊆ Qp so that we have

Char(X∅,0(K∞,W )) =

(
c∏
i=1

(S − ξi)Λ

)
, LΛ =

 d∏
j=1

(S − ηj)Λ

 ,

as ideals of Λ where ξi and ηj are elements of the maximal ideal of O.
Let Q 6= pΛ be a height-one prime ideal of Λ such that Q divides

Char(X∅,0(K∞,W )) or L . Then, we may write Q = (S − θ)Λ, where θ
is an element of {ξi, ηj}i,j , and we have χQ(γ) = 1+ θ (note that θ ∈ O
and SQ = Λ/Q = O). For m ≥ 1, we put P(m) = (S − θ− pm)Λ, which
satis�es Im(χQχ

−1
P(m)) ⊆ 1 + pmO. For a su�ciently large m > 0, the

following assertions hold:
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(i) P(m) /∈ Σ, where Σ is the same as in the proof of Theorem 2.5
(1),

(ii) bP(m) = bQ (cf. Proposition 4.15),

(iii) P(m) does not divide Char(X∅,0(K∞,W )) or L .

We note that as ideals of Λ we have (P(m),Qn) = (P(m), pmn) for n ≥ 0.
Then,

2 lengthO(SP(m)/bP(m)χP(m)(L )SP(m))

=2 lengthO

(
Λ/(L ,P(m))

)
+O(1)

=2 lengthO(Λ/(Q
ordQ(L ),P(m))) +O(1)

=2m ordQ(L ) +O(1),(5.58)

where each O(1) is described in terms of bP(m) = bQ and is independent
of m. To simplify the notation, we write X∅,0 = X∅,0(K∞,W ). By
Proposition 5.7, we have

lengthO(H
1
0,∅(K,WP(m))∨) = lengthO(H

1
∅,0(K,WP(m),ι)∨)

= lengthO((H
1
FΛ

(K,W)[P(m),ι])∨) +O(1)

= lengthO(X∅,0/P
(m)) +O(1)

= m ordQ(Char(X∅,0)) +O(1),(5.59)

where each O(1) is independent of m and described in terms of T . Then
by (5.58), (5.59) and Proposition 5.4, we have

2 ordQ(L ) ≥ ordQ(Char(X∅,0)) +m−1O(1).

Letting m→∞, we obtain

2 ordQ(L ) ≥ ordQ(Char(X∅,0).

Since this inequality holds for every height-one prime ideal Q 6= pΛ of
Λ, we conclude Theorem 2.5 (2). Q.E.D.
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