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Abstract.

This is the Part II of our paper “Height functions for motives”.
We consider more general period domains and the height functions
on more general sets of motives. We also consider the corresponding
Hodge theoretic variant of Nevanlinna theory.
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80. Introduction

This is a sequel of our paper [19] concerning height functions for
mixed motives over number fields, which we call Part I. The new subjects
in this Part IT are as follows.

1. We consider more general period domains X (C) and more general
sets X (F') of motives over number fields F' than Part I. See Section 1.2
for the definition of X (C) and Section 1.3 for the definition of X (F') of
this paper.

2. We start a Hodge theoretic variant of Nevanlinna theory, which
we would call Hodge-Nevanlinna theory.

Vojta compares number theory and Nevanlinna theory (see [36], for
example) . He compares height functions
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(1) V(F) = Ry in number theory,
(2) M(B,V(C)) - R in Nevanlinna theory.

Here F' is a number field, V' is an algebraic variety over F, V(F)
and V(C) denote the sets of F-points and C-points of V', respectively,
B is a connected one-dimensional complex analytic manifold (that is, a
connected Riemann surface) endowed with a finite flat morphism B —
C, and we denote by M (B, V(C)) the set of meromorphic functions from
B to V(C). If V is a dense open subvariety of a projective variety V,
a meromorphic function from B to V(C) is nothing but a holomorphic
function f : B — V(C) such that f(B) ¢ V(C)~ V(C). For f €
M(B,V(C)), Nevanlinna theory asks how often f has singularities on
B, that is, how often we have f(z) € V(C)\V(C) (z € B), relating this
question to height functions of f. (In the classical Nevanlinna theory,
B = C endowed with the identity morphism B — C, V = P*(C), and
Nevanlinna theory asks how often a meromorphic function on C has
values in a given finite subset of P!(C).)

In this paper, we compare the height functions in the above (1) and
(2) and our height functions

(I) X(F) — Ry in number theory,
(II) Mpor (B, X(C)) — R in Hodge-Nevanlinna theory,
(III) My, (C, X(C)) — R in Hodge theory.

Here F' and B are as above, C' in (III) is a connected compact
Riemann surface (that is, a smooth projective curve over C), X (F) is a
set of motives over F', X(C) is a period domain which classifies Hodge
structures, and for Y = B or C, My (Y, X(C)) denotes the set of
horizontal meromorphic functions f from Y to X(C). See 1.2.26 for
the precise definition of My (Y, X(C)). If X(C) D X(C) denotes the
toroidal partial compactification of X(C) consisting of the classes of
nilpotent orbits of rank < 1 ([23], [21] Part I1I, [24], [22]), Mue: (Y, X (C))
is identified with the set of horizontal morphisms f : ¥ — X (C) such
that f(Y) ¢ X(C) ~ X(C). In our Hodge-Nevanlinna theory (II), for
Y = B, we ask how often f has singularities as a meromorphic function
from B to X (C), that is, how often we have f(z) € X(C)~X(C) (z € B),
relating this question to Hodge theoretic height functions of f.

(I) and (IIT) were already considered in Part I, but as is said above,
we consider more general situation in this Part II. (In Part I, we used the
notation Mory,., (C, X (C)) for My, (C, X (C)) in (IIT), where Mor stands
for morphisms whereas M stands for meromorphic maps, regarding el-
ements of My, (C, X(C)) as horizontal morphisms C' — X (C).) In this
Part IT, X (F) is the set of G-mixed motives over F' and X (C) is the set
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of G-mixed Hodge structures, where G is a linear algebraic group over
Q. Here a G-mixed motive (resp. G-mixed Hodge structure) means an
exact ®@-functor from the category of linear representations of G to the
category of mixed motives (resp. mixed Hodge structures). Mumford-
Tate domains ([12]) appear as standard examples of X(C), and higher
Albanese manifolds [15] also appear as examples of X(C). For various
Shimura varieties, the set of their C-points give special cases of X(C)
and their F-points give points of X (F'). In (II) (resp. (III)), for Y = B
(resp. C), Mo (Y, X(C)) is understood as set of isomorphism classes
of variations of G-mixed Hodge structure with logarithmic degeneration
onY.

We expect that the comparisons of (1), (2), (I), (II), (III) shed new
lights to the arithmetic of the world of motives. Since X (F') is usually
not the set of F-points of an algebraic variety, the study of (I) is not
reduced to the study of (1). Since X (C) is usually not a complex analytic
space (it is a “logarithmic manifold” in the sense of [23], 3.5.7), the study
of (II) is not reduced to the study of (2). As in Section 3.7, the height
functions in (I), (II), (III) are related not only philosophically, but also
actually via asymptotic formulas.

The organization of this paper is as follows. In Section 1, we define
X(C) and X (F). Section 2 is a preparation for Hodge-Nevanlinna the-
ory. There we study some Hodge theoretic curvature forms (theorems
2.3.3, 2.4.3). In Section 3, we define height functions in (I), (II), (III).
In Section 4, we present questions.

We expect that our theory is related to Iwasawa theory (4.3.10).
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§81. Period domains and motives

In Section 1.2 (resp. Section 1.3), we define the set X(C) (resp.
X (F)) which appears in Section 0. Section 1.1 is a preparation for Sec-
tion 1.2. In Section 1.4, we give some examples. The contents of Sections
1.1 and 1.2 are contained in the theory of Mumford-Tate domains in [12]
if the linear algebraic group G is reductive and if G = G (1.1.10).
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1.1. The period domain D

In this Section 1.1, we consider period domains D(G,T) (see 1.1.8
for the definition) and their generalizations D(G, G, Hp) (see 1.1.11 for
the definition). In the case G is a reductive algebraic group, D(G,T) is
the Mumford-Tate domain studied in [12]. For a linear algebraic group
G in general, D(G,Y) is the period domain considered in [22].

1.1.1. In 1.1.1-1.1.3, we prepare notation.

For a linear algebraic group G over Q, let G, be the unipotent
radical of G and let Gyeq be the reductive group G/G,,.

Let Rep(G) be the category of finite-dimensional linear representa-
tions of G over Q.

1.1.2. Let QMHS (resp. RMHS) be the category of mixed Q (resp.
R)-Hodge structures.

Let QHS (resp. RHS) be the full subcategory of QMHS (resp.
RMHS) consisting of objects which are direct sums of pure objects.

For H € QMHS (resp. RMHS), let Hg (resp. Hg) be the underlying
Q (resp. R)-vector space of H.

On the other hand, for H € QMHS, let R ®g H be the associated
mixed R-Hodge structure. For such H, Hg denotes the R-vector space
R ®q Hg underlying the mixed R-Hodge structure R ®g H though this
may be a bit confusing.

1.1.3. For a commutative ring R, let Mod;;(R) be the category of
finitely generated free R-modules. In particular, for a field k, Mod (k)
is the category of finite-dimensional k-vector spaces.

1.1.4. In the rest of this paper, let G be a linear algebraic group
over Q. We assume that we are given a homomorphism w : G,, —
Grea = G/G, whose image is in the center of Grq such that for some
(equivalently, for any) lifting G,, — G of w, the adjoint action of G,
on Lie(G,) is of weight < —1.

Note that any V € Rep(G) is endowed with a canonical G-stable
increasing filtration, which we denote by W,V and call the weight filtra-
tion, such that for any lifting G,, — G of w and for i € Z, W;V is the
part of weight <4 of V for the action of G,.

Lemma 1.1.5. Let H : Rep(G) — QMHS be an exact -functor.
Then for any V € Rep(Gred) C Rep(G), we have H(V) € QHS C
QMHS.

Proof. Since any representation of the reductive group Giqq is semi-
simple, the weight filtration of V' € Rep(G) splits. Q.E.D.
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1.1.6. Let Sc/r be the Weil restriction of the multiplicative group
Gy, from C to R, which represents the functor R — (C®g R)* for com-
mutative rings R over R. Let w : G,,, g — Sc/r be the homomorphism
which represents the natural maps R* — (C ®g R)* for commutative
rings R over R.

As in [8], the category RHS (1.1.2) is equivalent to the category of
finite-dimensional linear representations of S¢/r over R. For a finite-
dimensional representation V' of Sc/r over R, the corresponding object
of RHS has V as the underlying R-structure and has the Hodge decom-
position

Vei=CepV =& V&,
P,qE€EL

where
V& ={v e Ve | [z]v=2Pz% for z € C*}.

Here [2] denotes z regarded as an element of S¢/r(R) = C*. For a finite-
dimensional representation V' of Sc g over R, the part of V' of weight
w of the corresponding Hodge structure coincides with the part of V of
weight w for the action of G, g via Gy, r Y Sc/r-

1.1.7. Consider a Gyedq(R)-conjugacy class T of homomorphisms
Sc/r LN Gredr of algebraic groups over R ! such that the composition

G Y Sc/r g Gred,r coincides with the homomorphism induced by
w: Gy = Greq (1.1.4).

1.1.8. For T as in 1.1.7, we define the period domain D(G,T) to
be the set of isomorphism classes of exact ®-functors H : Rep(G) —
QMHS preserving the underlying Q-vector spaces with weight filtrations
satisfying the following condition (i).

(i) The homomorphism S¢/r — Greq,r corresponding to Rep(Girea)
oversetH — RHS via the theory of Tannakian categories belongs to Y.

In the case G is reductive, this set D(G, Y) is identified with Y itself,
and it is a Mumford-Tate domain studied in [12]. In general, this set
D(G,T) coincides with the set which is denoted by D in [22] associated
to Y.

1.1.9. The set D(G,T) is not empty. In fact, there is a homomor-
phism Sc/r — Gr such that the composition Sc/r — Gr — Gred,r be-
longs to Y. This homomorphism defines an exact ®-functor Rep(G) —
QMHS which is an element of D(G, ).

1.1.10. Consider an algebraic normal subgroup G of G (defined over
Q). Let 9 =G/G.
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Consider an exact ®-functor
Hy : Rep(G) — QMHS

which keeps the underlying Q-vector spaces with weight filtrations. (The
subscript b in Hy, presents the role of Hy, as a base point.)

1.1.11. For (G, Hp) as in 1.1.10, we define the period domain
D(G, G, Hy) as follows.

Let T be the Greq(R)-conjugacy class of the homomorphism Sg/r —
Ghed r corresponding to the exact ®-functor Rep(Gred) — RHS induced
by Hp (1.1.5). Let Hy|g be the composite exact ®-functor Rep(Q) —

Rep(G) My QMHS and let T o be the Qreq(R)-conjugacy class of homo-
morphisms S¢/r —+ Qred,r induced by Hy|g. Define D = D(G,G, Hy) C
D(G,T) to be the inverse image of class(Hp|g) € D(Q, Tg) under the
canonical map D(G,T) — D(Q,Tg) ; class(H) — class(H|g).

Note that we have class(Hp) € D.

1.1.12. In fact, D(G, T) is regarded as the case G=G of D(G, G, Hy).
For T as in 1.1.7, by fixing any H, € D(G,T), we have D(G,T) =
D(G, G, Hy). On the other hand, for Hy, as in 1.1.10, we have D(G, G, Hy
= D(G,T) where T is determined by Hy as in 1.1.11.

We consider the complex analytic structures of these period do-
mains. We first review the complex analytic structure of D(G,Y') which
is given in [12], [22].

Lemma 1.1.13. G(R)G,(C) acts on D(G,Y) transitively.
Proof.  [22] Prop. 3.2.5. Q.E.D.

1.1.14. The set D(G, T) is regarded as a complex analytic manifold
as follows.

Note that H € D(G,T) is regarded as an exact ®-functor from
Rep(G) to the category C O QMHS of finite-dimensional Q-vector spaces
V such that V is endowed with an increasing filtration (called the weight
filtration) and V¢ is endowed with a decreasing filtration (called the
Hodge filtration). By 1.1.13, in the set of isomorphism classes of exact
@-functors from Rep(G) to C, we have a unique G(C)-orbit D(G,Y)
containing D(G,Y). Then G(C) acts on D(G,Y) transitively and the
isotropy group in G(C) of each point of D(G, Y) is an algebraic subgroup
of G(C). Hence D(G,Y) is a complex analytic manifold.

By the following lemma, D(G,T) is also a complex analytic mani-
fold.

Lemma 1.1.15. D(G,Y) is open in D(G,Y)
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Proof. Let x € D = D(G,7Y). Since the Hodge filtration
F(z)*Lie(Greq)c is pure of weight 0, the map

Lie(Gred)R — Lie(Gred)C/F(x)OLie(Gred>C
is surjective. Hence the map
Lie(G)g + Lie(Gy)c — Lie(G)c/F(x) Lie(G)c

is surjective. Since Lie(G)c/F(x)°Lie(G)c is the tangent space of D =
D(G,Y) at z, the last surjectivity shows that G(R)G,(C)x is a neigh-
borhood of x in D. Q.E.D.

(This Lemma is Proposition 3.2.7 of [22]. The proof of it given there is
wrong.)

1.1.16. Let A be the category of complex analytic spaces in the
sense of Grothendieck (the structure sheaf can have non-zero nilpotent
sections). For a commutative ring R and for Y € A, let Modsf(R,Y)
be the category of locally constant sheaves of finitely generated free R-
modules on Y. Let QMHS(Y) be the category of pairs (Hq, fil), where
Hg € Mods;(Q,Y) endowed with an increasing filtration by locally con-
stant Q-subsheaves (called the weight filtration) and fil is a decreasing
filtration on Hp = Oy ®g Hg by subbundles (called the Hodge filtra-
tion) such that for each y € Y, the fiber (Hg 4, fil(y)) at y is a Q-mixed
Hodge structure.

Then the complex analytic manifold D(G, T) represents the functor
A — (Sets) which sends Y € A to the set of isomorphism classes of exact
®-functors H : Rep(G) — QMHS(Y") such that H(V)g with the weight
filtration for V' € Rep(G) coincides with the constant sheaf V' with the
weight filtration and such that the following (i) is satisfied.

(i) For any y € Y, the homomorphism Sg¢/r — Greq,r induced by
the @-functor Rep(Greda) = RHS ; V = R ®g H(V)(y) belongs to T.

For D = D(G,Y), consider the universal object Hp € QMHS(D).
Note that this object need not satisfy the Griffiths transversality, that is,
it need not be a variation of mixed Hodge structure. For V' € Rep(G),
we have the universal Hodge filtration on Op ®g Hp(V)g = Op ®@¢ V.

Proposition 1.1.17. Let D = D(G,Y). Concerning the tangent
bundle Tp of D, we have a canonical isomorphism

Tp = (Op g Lie(Q))/A1°.

Here il denotes the universal Hodge filtration on Op ®@qHp(Lie(G))g =
Op ®q Lie(G) where Lie(G) is endowed with the adjoint action of G.
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Proof. Let U be an open set of D and let U = Ule]/(€?) be the
complex analytic space whose underlying topological space is the same
as that of U and whose structure sheaf is Oy [e]/(e?) (with € an indeter-
minate). By the usual infinitesimal understanding of the tangent bundle,
Tp(U) is identified with the set of all morphisms f : U — D such that

the composition U — U 2 D is the inclusion morphism. Since D rep-
resents the functor described in 1.1.16, this set is identified with the set
[(U, (Oy ®q Lie(G))/il°) as follows. Let h be an element of the last set.
Then h corresponds to f which sends V € Rep(G) to (V, fil) € QMHS(U)
where fil is as follows. Let fil' be the universal filtration on Oy ®g V. Lo-
cally, lift h to Op®gLie(G). Then fil” = {z+eh(z) | z € ()"} +e(fl)",
where h(z) is defined by the action of Lie(G) on V. Q.E.D.

Proposition 1.1.18. The morphism D(G,Y) — D(Q,Yg) is smooth.

Proof. This follows from the surjectivity of the induced maps of
tangent spaces (1.1.17), which follows from the surjectivity of Lie(G) —
Lie(Q). Q.ED.

1.1.19. By definition, D(G, G, Hy) is a closed complex analytic sub-
space of D(G,T).

Proposition 1.1.20. Let D = D(G,G, Hy).

(1) D is a complex analytic manifold.

(2) The tangent bundle of D is canonically isomorphic to (Op ®q
Lie(G))o/fil’. Here fil is the Hodge filtration on Op ®g Hp(Lie(G))g =
Op ®q Lie(G) where Lie(G) is endowed with the adjoint action of G.

Proof. This follows from 1.1.18. Q.E.D.

Proposition 1.1.21. D(G,G, Hy) is a finite disjoint union of
G(R)G,(C)-orbits.

Proof. First we consider the case G is reductive. For z € D(G, G, Hp),
let o, : Sc/r — G(R) be the homomorphism associated to x. Let
x € D(G,G, Hp) be the class of Hy, and let J (resp. Jg) be the al-
gebraic subgroup of G (resp. Q) consisting of elements a such that
aps(2)a™t = ¢, (2) (vesp. apz o(z)a™ = ¢, 0(z) where p, o denotes
the composition Sc/r % Gr — Or), and let I be the inverse image of
Join G. Then JCITand G C I.

Claim 1. We have I(R)/J(R) = D(G,G, Hy) ; g — ga.
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In fact, if y € D(G,G, Hy), y = gz for some g € G(R) in D(G,Y)
where T is associated to x. Since ¢, and ¢, induce the same homo-
morphism Sc/r — Or, we see that the image of g in Q(R) belongs to
Jo(R). This proves Claim 1.

Claim 2. The map I(R) — D(G, G, H) induces a surjection
IR)/I(R)° — G(R)\D(G,G, Hy,) where I(R)° denotes the connected
component of I(R) containing 1.

Proposition 1.1.21 in the case G is reductive follows from Claim 2
and the finiteness of T(R)/I(R)°.

We prove Claim 2. Let g1,92 € I(R) and assume go = ¢1g for
some g € I(R)°. We prove g2 € G(R)g1J(R). The image gg of ¢ in
Jo(R) belongs to the connected component of Jo(R) containing 1 and
hence gg = exp(A) for some A € Lie(Jg)r. Since G is reductive, the
surjection Lie(G) — Lie(Q) is regarded as the projection to a direct
factor of the Lie algebra Lie(G), and hence the map Lie(J) — Lie(Jg)
is surjective. Take an element A € Lie(.J)g which is sent to A and
let a = exp(A) € J(R). Then h := ga~' belongs to G(R). We have
g2 = g1ha = g1hgy 'g1a. Since G is normal in G, g1hg; ' € G(R).

Now we do not assume G is reductive. By the case G is reductive
treated above, it is sufficient to prove that if y1,y2 € D(G, G, Hp) and
if the images of y; and ys in D(Gyeq, Y) coincide, then yo = gy; for
some g € G,(C). Take a homomorphism % : Sc/g — Gr which lifts
the common homomorphism Sc/r — Gredq,r induced by y; and by yo
and let H be the element of D(G,Y) corresponding to h. Then H
induces Rep(G) — RHS. By [6] 2.20, y; = e®Wiu(y;)H for unique
u(y;) € Gu(R) and 6(y;) € Lie(G,)r such that for any V' € Rep(G) and
for any p,q € Z, 6(y;) sends the (p,q)-Hodge component of u(y;)H (V)
into the sum of (p/,¢’)-Hodge components of u(y,;)H (V) with p’ < p,
¢ < q. Since y1,0 = Yo2,0 in D(Q,Tg), we have u(y1)g = u(y2)o in
Q.(R) and d(y1)o = 0(y2)o in Lie(Q,)r. Thus yo = gy; with g =
W)y (y)u(y) e~ @) and go = 1. Hence g € G, (C). Q.E.D.

1.1.22. The action of G(R)G,(C) on D(G, G, H) need not be tran-

sitive.
Example. Let G = JU Jo C GLo, where

J—{(Z _ab>€GL2}, a—<(1) é)

Let w : G,, — G be the canonical embedding as scaler matrices. Con-
sider the G(R)-conjugacy class T = {h,h_} where hy : S¢)p — J C G
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is defined by
N _(a Fb
h4(a 4+ bi) = (ib a>'

We have D(G,Y) = {hy,h_}. Let G = GN SLy and let Hy, = hy €
D(G,Y). Then det : Q@ = G/G 5 G,, and hence D(Q,Y o) consists of
one element. Hence D(G, G, Hp) consists of two elements hy and h_.
But G(R) = SO(2,R) is connected and G, = {1}, and hence the action
of G(R)G,(C) on D(G, G, Hy) is trivial and is not transitive.

1.2. The period domain X (C)

In this Section 1.2, we consider the period domain X (C)=Xg,g,u,,x (C)
(see 1.2.3 for the definition). We also describe a special case X¢ v x(C)
(see 1.2.2) of X¢ g m, k(C) hoping that it works as a guide to the more
complicated object X¢ ¢, m,.x(C).

1.2.1. Let A(é be the non-archimedean component of the adele ring
of Q.

1.2.2. Assume we are given Y asin 1.1.7. Let K be an open compact
subgroup of G(Aé). Define

Xe1.x(C) == GQ\(D(G,T) x (GAL)/K)).

Here G(Q) acts on D(G,T) x (G(Aé)/K) diagonally from the left.

1.2.3. Assume that we are given (G, Hp) as in 1.1.10. Let K be an
open compact subgroup of G (Aé)
Define

X(C) = Xg,6.1,,x(C) = G(Q\(D(G, G, Hy) x (G(A])/K)),

where G(Q) acts on D(G, G, Hp) x (Q(A(é)/K) diagonally from the left.
1.2.4. XG,TJ(((C) is the case G = G of XG,Q,Hb,K(C) (1.1.12).

1.2.5. As is explained in 1.2.6 below, X v x(C) is identified with
the set of isomorphism classes of pairs (H, \), where

H is an exact ®-functor from Rep(G) to QMHS
such that for some isomorphism of ®-functors from Rep(G) to Mod;(Q)

0:(V—HV)qg) 5 (V= V) preserving the weight filtrations,

the homomorphism Sc/r — Grea(R) induced by the restrictions of H
and 6 to Rep(Gyea) belongs to T, and
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A (called the K-level structure) is a mod K class of an isomorphism
of ®-functors from Rep(G) to Mody (Aé)

A (V= A(Jé @V) 3 (V — Aé ®oH(V)q) preserving the weight filtrations.

1.2.6. In 1.2.5, we identify the class of a pair (H, \) as above with
class(H',g) € Xg v ,x(C), where H' = H endowed with the identifica-
tion of H(V)g with V via 6, and g = (A({2 ®0)oA € G(Aé). Conversely,
we identify class(H',g) € Xag,v x(C) (class(H') € D, g € G(Aé)) with
the class of the pair (H,\), where H = H’, A=g.

1.2.7. Asis explained in 1.2.8 below, the set X¢ g, x (C) is iden-
tified with the set of isomorphism classes of triples (H, &, \), where

H is an exact ®-functor from Rep(G) to QMHS,

¢ is an isomorphism of ®-functors from Rep(Q) to QMHS
H|o 5 Hyo,
where H|g and H,|g denote the restrictions of H and Hy, to Rep(Q) C
Rep(G), respectively,
Ais as in 1.2.5,

such that there are an isomorphism of ®-functors from Rep(Gred) to
RHS N
v:(Ve=RegHWV)) = (V= Reg Hy(V))

and an isomorphism of ®-functors from Rep(G) to Mody¢(Q)

0:(V—HV)g) 5 (V — V) preserving the weight filtrations
which satisfy the following (i)—(iii).
(i) £ and v induce the same isomorphism of functors (V — R Qg

H(V)) S (V= R®g Hy(V)) from Rep(Qyeq) to RHS.
(ii) ¢ and € induce the same isomorphism of functors (V — H(V)gq)

S (V= Hy(V)g) from Rep(Q) to Mod;;(Q).
(iii) The automorphism (Aé ® 0) o A (X is a representative of A as
in 1.2.5) of the ®-functor

Rep(G) — Mods(Af) ; V= Al ®qV

(which is an element of G(Aé) by the theory of Tannakian categories)
belongs to Q(Aé).
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1.2.8. In 1.2.7, we identify the class of a triple (H,&, \) as above
with class(H',g) € X¢ g n, k(C), where H = H endowed with the
identification of H(V)q with V via 6, and g = (AL ® 0) o A € G(A)).
Conversely, we identify class(H',g) € Xg.g.u, x(C) (class(H') € D,
g€ Q(Aé)) with the class of the triple (H,&, ), where H = H', A = g,
and ¢ is the evident isomorphism.

In the case G = G, the identification X g m, k(C) = Xg v x(C)
corresponds to (H,&, A) — (H, A) (£ is unique and is the evident isomor-
phism in this case).

Let (G, Hp, K) be as in 1.2.3. We define a structure of a complex
manifold on X(C) = X¢ ¢ m, x(C) assuming 1.2.9, 1.2.10 (concerning
polarization) and assuming 1.2.11 (concerning level structure) below.

1.2.9. We assume we are given V5 € Rep(G), a non-degenerate
bilinear form

( >0,w : ngIJ/VO X ng,VVo - Q- (2mi)™"

for each w € Z which is symmetric if w is even and anti-symmetric if w
is odd, and a homomorphism

n:G— Gy,
having the following properties (i)—(iii).

(i) (92, 99) 0,0 = 1(9)“ (2, y)0,w for any w € Z, g € G, z,y € gry, V.

(ii) The composition G, = Greq G, is 1 22,

(iii) The homomorphism G — Aut(Vp) x Gy, is injective, where the
part G — G, is .

1.2.10. Consider the one-dimensional Q-vector space Q- (27i)~! on
which G acts via n. By (ii), Hy(Q- (2mi)~1) is a one-dimensional Hodge
structure of weight 2 whose underlying Q-vector space is Q- (27i) !, and
hence it is canonically identified with the Hodge structure Q(—1). The
homomorphism gr!¥ Vo @er!V Vo — Q- (2mi) =% = (Q-(27i)~1)®¥ defined
by ( , )ow is a G-homomorphism, and hence induces gr’¥ H,(Vp) ®
gtW H, (Vo) — Q(—w).

We assume the following (*).

(*) This homomorphism gr'V Hy,(Vp) @ gr’¥V H,(Vy) — Q(—w) is a
polarization of gr!V Hy(V;) for any w € Z.

1.2.11. From now on, we assume that K satisfies the following
condition (*) which we call the neat condition.
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(F)Ifge Q(A({D) and v € G(Q)NgKg' C Q(Aé) and if the action
of v on gr!V Vj preserves (, )o. for any w € Z, then for any V € Rep(G),
the subgroup of C* generated by all eigen values of v : C®gpV — C®qV
is torsion free.

Remark 1.2.12. If L is a Z-lattice of Vj and if n > 3 is an integer,
and if the action of any element g of K on Aé@@% satisfies the following
(i) and (ii), then K satisfies the neat condition (1.2.11).

(i) gL = L, where L = Z ®z L.

(ii) The automorphism of L/nL = L/nL induced by g is the identity
map.

Hence a sufficiently small open compact subgroup K of G (Aé) sat-
isfies the neat condition.

Proposition 1.2.13. (As is said, we assume 1.2.9, 1.2.10, 1.2.11.)
The automorphism group of a triple (H,&,\) as in 1.2.7 is trivial.

Proof. The proof goes in the same way as in the corresponding part

of Part I (the proof of Proposition 2.2.7 of Part I). Q.E.D.
By 1.2.13, we will identify a triple (H, &, \) as in 1.2.7 with its class
in X(C).

We will sometimes denote (H, &, A) € X(C) also simply as H € X(C)
omitting & and A.

1.2.14. For (H,{,A) € X(C), we have a canonical polarization
{, Yo on gt H(Vj) for each w € Z defined as follows.

Take 0 in 1.2.7. Let g € Q(Aé) be the composition (Aé ®0) oA,
where ) is a representative of A (1.2.7), and let ¢ = I, n(9)plp € Q>0
(here p ranges over all prime numbers, 1(g), denotes the p-component
of n(g) € (Aé)x, and | |, denotes the standard absolute value of Q).

Then c is independent of the choice of the representative A of A because
[n(k)plp =1 for any k € K and any p.

Let gtV H(Vo)o 5 grW H,(Vo)g = erVVy be the isomorphism de-
fined by 6 and let (, )/, be the bilinear form gr’V H (Vo)oxgr?’ H (Vo) —
Q- (2mi)~"™ corresponding to (, ). via this isomorphism. By the exis-
tence of the isomorphism v (1.2.7), we have either ( , )/, is a polarization
for any w or (=1)“(, )., is a polarization for any w. We define the
canonical polarization (, ),, on gr’¥ H(Vp) to be ¢¥(, ), in the former
case and (—1)“c¢¥(, )/, in the latter case. Then (, ), is independent
of the choice of 6.

Proposition 1.2.15. (1) The action of G(Q) on D(G,G, Hy) x
(g(Aé)/K) is proper. This action is fized-point free.
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(2) The canonical surjection D(G,G, Hy) X (Q(A({D)/K) — X(C) is
a local homeomorphism (for the quotient topology on X (C)).

Proof. (2) follows from (1). (1) is reduced to the fact that for any
g € Q(Aé), the action of G(Q) N gKg~! on D(G,G, Hy) is proper and
fixed-point-free. The last thing is proved as follows.

Let @ = ((h(w,7))w,rez, Vo, W, ({, Yow)wez), where h(w,r) is the
dimension of gr"gr!’ Hy(Vy)c as a C-vector space, and let Dj}'f be the
corresponding space D* in Part I, Section 2.2. We have an embedding
D(G, G, Hy) C D‘%. Let Gg be the algebraic group over QQ defined as the
subgroup of Autg(Vy, W) x G, consisting of all elements (g, t) such that
(97, 9Y)o.w = t“{(z,y)0.w for all w € Z and all z,y € gr’¥. (This group
Go was denoted by G in Part I.) We have an embedding G S Ge.

By these embeddings D(G, G, Hy) C Dg and G C Gg, we are re-
duced to the fact that the action of G¢(Q) N gKg~! on D§ is proper
and fixed-point-free and this follows from Part I, Section 2.2. Q.E.D.

1.2.16. By 1.2.15 (2), there is a unique structure of a complex
analytic manifold on X¢ g m, x(C) for which the canonical surjection

D(G,G,H,) x (G(A})/K) = Xc.g.,x(C) is a morphism of complex
analytic manifolds and is locally an isomorphism.

Note that G, = G N G, and hence G,q is the image of G in Gyreq.

Proposition 1.2.17. Let K..q be the image of K in gred(Aé).
Then (Gred, Gred, Hb|G,oy s Kred) also satisfies the neat condition.

Proof. We are reduced to the fact that G(Q)NgKg~! — Grea(Q)N
gredKredg]r_e(l1 is surjective for any g € Q(Aé) where gr.q denotes the

image of g in Geq (Aé) This last fact is reduced to the following well
known fact: For a unipotent algebraic group & over Q and for an open
subgroup U on/l(A(g), M(Aé) =UQ)U. Q.E.D.

1.2.18. By 1.2.17, we have the complex analytic manifold X,eq(C):=
XGreasGroar Hyla g Ko (C). We have a canonical morphism X¢ ¢ u, x(C)

- XGrcdggrcd’HblGred Kred (©).

1.2.19. The complex analytic manifold X (C) = X¢ g, m,,x(C) rep-
resents the functor A — (Sets) which sends Y € A to the set of isomor-
phism classes of triples (H, ¢, A), where:

H is an exact ®-functors Rep(G) — QMHS(Y) (1.1.16),

£ is an isomorphism of ®-functors from Rep(Q) to QMHS(Y)

H|o — Hylo,
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where H|g and Hy|g denote the restrictions of H and Hy, to Rep(Q) C
Rep(G) (Hy(V) for V€ Rep(G) is defined to be a constant QMHS
Hy(V) on Y'), respectively,

A (called the K-level structure) is a global section of the quotient
sheaf Z/K, where Z(U) for an open set U of Y is the set of isomorphisms
of ®-functors from Rep(G) to Mod (Aé_))(U)

(V= Al @g V) = (Vi AL @ Holv),

such that there are an isomorphism of ®-functors from Rep(Gred) to
RHS

~

v (Vs RegH(V)(Y) S (V= Reg Hy(V))

at each y € Y and an isomorphism of ®-functors from Rep(G) to
MOdff(Q,Y)

0:(Vi=H(V)g) 5 (V— V) preserving the weight filtrations

locally on Y, which satisfy the following (i)—(iii).

(i) At each y € Y, € and v induce the same isomorphism of functors
(V—=ReoHV)(y)) = (V= R®qg Hp(V)) from Rep(Qyea) to RHS.

(ii) Locally on Y, ¢ and # induce the same isomorphism of functors
(Vs H(V)g) = (V = Hy(V)q) from Rep(Q) to Mod4(Q,Y).

(iii) Locally on Y, the automorphism (Aé ® 6) o X (X is a represen-
tative of A in Z) of the ®-functor

Rep(G) — Mods¢(Af) ; V = Al @ V

belongs to Q(Aé).

1.2.20. In this paper, we will often use the following fact ([30] Thm.
4.14): If V; € Rep(G) is a faithful representation of G, V; generates
Rep(G) as a ®-category. That is, all finite-dimensional representations
of G over Q can be constructed from V; by taking ®, @, the dual, and
subquotients.

1.2.21. Taking Y = X (C) in the above, we have the universal object
Hx(c) : Rep(G) — QMHS(X(C)).

The canonical polarizations on the fibers of H x (c) (Vo) at each point
of X(C) (1.2.14) give a canonical polarization on Hx -

For any V € Rep(G) and w € Z, we have a homomorphism gr!V V @
grV — Q- (2mi)~% of representations of G such that H(gr’V'V) @
H(gr!V' V) — Q- (2mi)~"¥ is a polarization of H(gr!¥ V). This is true for
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V = Vi (the canonical polarization) and is true for general V' because
gtV (Vp) and Q - (2mi)~! generate the ®-category Rep(Grea) (1.2.20).

1.2.22. Concerning the tangent bundle T'x ) of X(C), we have a
canonical isomorphism

Tx(c) = Hx(c)(Lie(G))o/fil°,

where Lie(G) is endowed with the adjoint action of G and fil denotes the
Hodge filtration.
This follows from 1.2.19 and 1.1.20 (2).

1.2.23. We define the horizontal tangent bundle T’x(c) nor of X (C)
as fil ! /fil°, where fil is the Hodge filtration of Hxc)(Lie(G))o.
It is a subbundle of the tangent bundle T'x ¢y = Hx (c) (Lie(G))o/fil".

1.2.24. In 1.2.17, 1.2.18, Tx_,(c) and T'x, ,(c),hor are identified with
(grl Hx (o) (Lie(G))o)/fil® and grtgrl’ My (c)(Lie(G))o, respectively.

1.2.25. Let Y be a complex analytic manifold. We discuss horizon-
tal morphisms from Y to a period domain.

Let QVMHS(Y) be the category of variations of mixed Q-Hodge
structure on Y. It is a full subcategory of QMHS(Y'). By definition,
an object of QMHS(Y') belongs to QVMHS(Y) if and only if it satisfies
Griffiths transversality.

A morphism f:Y — X(C) = X¢ g, u,,x(C) is said to be horizontal
if the morphism Ty — T'x () of tangent bundles associated to f factors
through the horizontal tangent bundle T'x (¢)wor C T'x(c)- A morphism
Y — X(C) is horizontal if and only if the corresponding object H :
Rep(G) — QMHS(Y) satisfies that H(V) € QVMHS(Y) for any V €
Rep(G).

red

1.2.26. Let Y be a one-dimensional complex analytic manifold (that
is, a Riemann surface). Let QVMHS;,;(Y) be the full subcategory of
Ur QVMHS(Y \ R), where R ranges over all discrete subsets of Y,
consisting of objects which satisfy the conditions in Part I, Section 1.6
at any point of R when we replace C' there by Y.

We say an element of UgMorpe; (Y N\ R, X (C)), where R ranges over
all discrete subsets of Y, is meromorphic on Y if the corresponding
functor Rep(G) — Ur QVMHS(Y \ R) factors through Rep(G) —
QVMHS)x(Y). Let My (Y, X(C)) be the subset of UgpMorpe (Y ~
R, X(C)) consisting of all elements which are meromorphic on Y.

1.2.27. For Y as in 1.2.26, we define the subset Myor gen (Y, X(C))
of Mpor(Y, X(C)) consisting of generic elements.
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Let f € Muor(Y, X(C)) and let H : Rep(G) — QVMHS)oq(Y) be
the corresponding exact ®-functor. Then by our definition, f belongs
t0 Myor,gen(Y; X(C)) if and only if there is no algebraic subgroup G’
of G such that dim(G’) < dim(G) and such that #H is isomorphic to

the composition Rep(G) — Rep(G’) Gt QVMHS¢(Y') for some exact
®-functor H' : Rep(G’) = QVMHS o, (Y)

1.3. The set X(F) of motives

In this Section 1.3, we consider a set X (F) = X¢ g m, x(F) of G-
mixed motives (see 1.3.5 for the definition). We also describe a special
case Xqg,1,x(F) (see 1.3.3), which is simpler, as a guide. We define
Xer,x(F) (resp. Xag.gm, x(F)) imitating the presentation 1.2.5 of
XG,Y,K((C) (resp. 1.2.7 of XG,Q,Hb,K(C))~

1.3.1. As in Part I, we use the formulation of mixed motives due
to Jannsen [18]. See Part I, Section 1.1 for a summary of points in [18]
which are important in our study.

For a number field F', we denote the category of mixed motives with
Q-coefficients over F' by MM (F).

1.3.2. Let G and w : G;;, — Gheq be as in 1.1.4. Let Vy € Rep(G),
(' Yow gV Vo x geWVy — Q- (21i)™Y for w € Z, and n : G —
G,, be as in 1.2.9. Let G be as in 1.1.10. In what follows, when we
discuss X¢ v ik (F'), G denotes G. Let K be an open subgroup of Q(Aé)
satisfying the neat condition (1.2.11).

1.3.3. Let T be as in 1.1.7.
For a number field F' C C, let Xg v,k (F') be the set of isomorphism
classes of pairs (M, A), where

M is an exact ®-functor Rep(G) — MM (F),

A (called the K-level structure) is a mod K class of an isomorphism
A of ®-functors from Rep(G) to MOdff(Aé)

o

(V= Aé ®qV) = (Vi M(V)e) preserving the weight filtrations

satisfying the condition (i) below,

such that there is an isomorphism of ®-functors from Rep(G) to Mod ;5 (Q)

0: (Ve MUWV)g) 5 (V= V) preserving the weight filtrations

satisfying the conditions (ii) and (iii) below. Here (—)p denotes the
Betti realization with respect to the embedding F' C C.
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(i) There is a homomorphism k : Gal(F/F) — K such that A(k(o)zx)
= o\(z) for any V € Rep(G), z € A{é ®q V, and o € Gal(F/F). Here
F denotes the algebraic closure of F in C.

(ii) The homomorphism S¢ g — Gred,r induced by the restrictions of
My and 6 to Rep(Greq) belongs to Y. Here (—) g denotes the associated
Q-mixed Hodge structure with respect to the embedding F' C C.

(iii) Consider the object Q- (2mi)~! of Rep(G) on which G acts via
n. Then the isomorphism M(Q - (2mi)™')p 2 Q- (2mi)~! in Mod£(Q)
induced by 6 comes from an isomorphism

(%) M(Q- (2mi) ") = Q(~1) in MM(F),
and concerning the morphism p,, : grl¥ M (V) @er!¥ M (Vo) — Q(—w) in
M M (F) induced by the G-homomorphism grl¥ Vo®erV Vo — Q- (2mi)~v
and the above isomorphism (*), we have either p,, is a polarization of
grW M (Vgy) for any w € Z or (—1)¥p,, is a polarization of gr!¥ M (Vp) for
any w € Z.

1.3.4. To discuss Xg g .m,.x(F), we assume that we are given a
number field Fy C C and an exact ®-functor

My : Rep(G) — MM (Fp)

and that we are given an isomorphism between ®-functors from Rep(G)
to MOdff (Q)

(V= My(V)p) 2 (V= V) preserving weight filtrations.

Here () denotes the Betti realization with respect to the inclusion map

Fy S5 C. We regard this isomorphism as an identification.

We further assume the following (i) and (ii).

Consider the action of G on Q - (27i)~! via n. By the condition
(ii) in 1.2.9, we have a unique isomorphism My (Q - (2mi)~ 1)y = Q(-1)
of Hodge structures whose underlying isomorphism of Q-vector spaces
is the identity map. Here ( )g denotes the associated Hodge structure

with respect to the inclusion map Fy S C. We assume

(i) There is an isomorphism of motives M (Q - (27i)~1) = Q(—1)
over Fy whose underlying isomorphism of Hodge structures is the above
one.

Since { , )o.w gives a G-homomorphism gr’VVy @ gtV — Q -
(271) =% =(Q-(27i) ~1)®*, we have a morphism gr!V My, (Vo) @gr?V My, (Vo)
— Q(—w) of motives over Fy. We assume

(ii) The last morphism is a polarization on gr!? M;(Vp) for any w €

Z.
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We further assume

(iii) The homomorphism Gal(F/F) — G (Aé) defined by the action
of Gal(F'/F) on My(V)er = Aé@QV (V € Rep(G)) satisfies cKo ™1 = K
for any o € Gal(F/F).

1.3.5. Let G be as in 1.1.10, let Fy and M, be as in 1.3.4, and let F'

be a finite extension of Fy in C. Let X(F) = X g m,,x(F) be the set
of isomorphism classes of triples (M, &, \), where

M is an exact ®-functor from Rep(G) to MM (F),

¢ is an isomorphism M|g = M|, where M|g (resp. My|o) denotes
the restriction of M (resp. Mp) to Rep(Q), and

A (called the K-level structure) is a mod K class of an isomorphism
of ®-functors from Rep(G) to Mod (Aé_))

A (Vs My(V)er) 5 (V= M(V)et) preserving the weight filtrations

satisfying the condition (i) below,
such that there are an isomorphism of ®-functors from Rep(Gred) to
RHS N

v:(VeRoMWV)g) = (Vo Reg My(V)g)

and an isomorphism of ®-functors from Rep(G) to Mody;(Q)

0:(V—M>UV)p) 5 (V — V) preserving the weight filtrations
which satisfy the following conditions (ii)—(iv) and the condition (iii) in
1.3.3.
(i) For any o € Gal(F/F), there is k(c) € K satisfying oA(z) =
Ak(o)ox) for any V € Rep(G) and € My (V). (F denotes the alge-
braic closure of F' in C; here K acts on My(V)e because My(V)er =
Al g My(V)p = AL ®g V),

(if) € and v induce the same isomorphism of functors (V +— R ®q
M(V)g) S (V= R &g My(V) ) from Rep(Qyeq) to RHS.

(iii) £ and 0 induce the same isomorphism of functors (V — H(V)g)
S (V= My(V)p = V) from Rep(Q) to Mods;(Q).

(iv) The automorphism (Aé ® 0) o A of the ®-functor

Rep(G) — Modyf(Af) ; Vs Al @ V

(which is an element of G(Aé) by the theory of Tannakian categories)
belongs to Q(Aé).
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1.3.6. We have a canonical map X¢g v x(F) = Xg 1,k (C) (resp.
X(F) = Xg,g,m,x(F) = X(C) = Xg,6,.m, 55,x(C)). Using 1.2.5 (resp.
1.2.7), it is given by class(M, A) — class(Mg, \) (resp. class(M, &, A) —
class(Mpg, &, N)).

1.3.7. (1) Let (M1,&1, 1) € Xa,6.m,.5x(F). Then we have a bijec-
tion
Xa,g,m, k(F) = Xa,g,m, 1 (F)

where to define the last set, we identify Rep(G) — Modf(Q) ; V +—
M;(V)p with V +— V by fixing § = 6, for M;, and we define K’ =
g1Kgl_1 where g1 = (Aé ®6) o \ € Q(Aé). The bijection is defined
by class(M, &, \) — class(M, &7 o &, Ao ATh) where Ao A* denotes the
mod K’ class of Ao (A;)~L.

Via the maps X g,k (F) = Xa,6,m, 1,5 (C) and Xa g a, ko (F)
— X@,g,M, 4,k (C) in 1.3.6, this bijection is compatible with the iso-
morphism

XG,6,My, 11,5 (C) = GQN(D(G, G, My 1) x (G(A])/K)) =

X6.6.11 1,56/ (©) = GQN(D(G.G. M 1) x (G(AL)/K")) s class(H. ) class(H. gg; ).

(2) In 1.3.3, let Fy C C be a number field and assume that X¢ v, x (Fp)
is not empty. Fix an element class(Mi, \1) € X 1,k (Fo) and identify
Rep(G) — Mod;¢(Q) ; V — My(V)p with V — V by fixing § = 6, for
M. Then we have a bijection

Xor.x(F) S Xa.oa o (F) ;5 class(M, A) — class(M, &, Ao A7Y)

where K’ = g1 Kg; ' with g; = (Aé ®0)o A1, € is the evident one, and
Ao A7t is the mod K’ class of Ao (A) L.

Via the maps Xg v x(F) = Xer.x(C) and Xgonm i (F) —
Xa,6,m, 5,1 (C) in 1.3.6, this bijection is compatible with the isomor-
phism

Xa,1.x(C) = GQ\(D(G,T) x (GAL)/K) 5

Xa.aay .50 (©)=GQ\(D(G, G, My i) x(G(AL)/K")) s class(H, g) -~ class(H, gg; ).

Proposition 1.3.8. The automorphism group of a triple (M,£, \)
as in 1.3.5 is trivial.
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This follows from the Hodge version 1.2.13.

By 1.3.8, we will identify a triple (M, &, \) as in 1.3.5 with its class
in X(F).

We will often denote (M,&,A) € X(F) simply as M € X(F).

1.3.9. We expect that the canonical map X (F) — X (C) is always
injective.

We expect that if F” is a finite Galois extension of F' in C, the map
X(F) — X(F') induces a bijection from X (F') to the Gal(F’'/F)-fixed
part of X (F”).

1.3.10. (1) Note that M € X v i (F) defines a K-conjugacy class
of a continuous homomorphism Gal(F/F) — K ; o + k(o), that is, an
element of H: . (Gal(F/F), K) where Gal(F'/F) acts on K trivially.

(2) Note that M € X g ,m,, x(F) defines the class of a continuous
l1-cocycle o — k(o) in HL ,(Gal(F/F), K) where o € Gal(F/F) acts
on K as k +— cokoo~ ! (here o is regarded as an automorphism of

(Vs My(V)er = Al @ V).

1.3.11. Questions. -

(1) Is the map Xg v x(F) = Homeon (Gal(F/F), K) in 1.3.10 (1)
always injective?

(2) Is the map XG,Q,Mb,K(F) — H!

Lo(Gal(F/F),K) in 1.3.10 (2)
always injective?

1.3.12. For (M,¢&, \) € X(F'), we define the canonical polarization
on gr’V M (Vp) for each w € Z in the similar way to the Hodge version
1.2.14.

Take 6 in 1.3.5. Let g € Q(Aé) be the composition (A(Jé2 ®0) oA,
and let ¢ =[], [7(g)plp € Q>0. Then the canonical polarization is either
c"py or (—c)¥py, where p,, is as in the condition (iii) in 1.3.3.

1.3.13. We define a subset Xgen(F) = X¢,6,Mm,, K gen (F) of X(F') =
XM,k (F) consisting of generic elements. Here (M,§,\) € X (F) is
generic means that

(i) There is no algebraic subgroup G’ of G such that dim(G’) <
dim(G) and such that the exact ®-functor Rep(G) - MM (F) ; V —
M (V) comes from an exact ®-functor Rep(G’) - MM (F).

Consider the following conditions (ii)—(iv). We have (iii) = (ii) =
(i), and (iv) = (i). In (ii) and (iii), we consider the homomorphism
Gal(F/F) — G(A({D) induced by a representative A of A.

(ii) The image of Gal(F'/F) in G(Q,) is open for some prime number
b,
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(iii) The image of Gal(F/F) in G(Q,) is open for any prime number
D.

(iv) There is no algebraic subgroup G’ of G such that dim(G’) <
dim(G) and such that the exact ®-functor Rep(G) — QMHS ; V —
M(V)g comes from an exact ®-functor Rep(G’) — QMHS.

By the philosophy of Mumford-Tate groups, we expect that these
(i)—(iv) are equivalent.

Lemma 1.3.14. Let M € X(F) = Xgg.m, xk(F) and assume
that the functor M : Rep(G) — MM(F) is fully faithful. Then M €
Xgen(F).

Proof. Let G’ be a linear subgroup of G and assume that M, is
isomorphic to the composition Rep(G) — Rep(G’) % MM(F) for an
exact ®-functor a : Rep(G’) - MM (Fy). We prove G' = G.

Let P be the smallest full subcategory of M M (F') which contains the
image of @ and which is stable under ®, @, the dual, and subquotients.
Let P be the Tannakian group of P associated to the fiber functor P —
Mod;;(Q) : M — Mp. Then @ induces a homomorphism P — G’, and
the composition P — G’ — G is faithfully flat because the corresponding
functor My, : Rep(G) — P is fully faithful ([10], Proposition 2.20 (a)).
Hence G’ = G. Q.E.D.

1.3.15. We show that any point of Xg g ar,.x(F) comes from a
point of X¢r g/ ary i (F) which is generic for some algebraic subgroup
G’ of G and for some G, M, K'.

Let (M1,&1,M) € Xag,m,,xk(F). Let C be the smallest full sub-
category of M M (F') which contains any subquotients of M; (V') for any
V € Rep(G). Let G’ be the Tannakian group of C with respect to the
fiber functor C — Mod;;(Q) ; M — Mpg. Then C ~ Rep(G’). Let
M; be the composition Rep(G’) ~ C S MM(F). Then the fiber func-
tor Rep(G’) — Mod¢(Q) ; V +— M;(V)p coincides with the evident
fiber functor. Fix 6, = 6 of M;. The composition Rep(G) e~
Rep(G’) — Mody¢(Q) is V. — M;(V)p, and by identifying this fiber
functor with the evident fiber functor Rep(G) — Mod;(Q) by using
f1, we obtain a homomorphism G’ — G which induces the composition
Rep(G) Mo~ Rep(G’). This homomorphism G’ — G is a closed im-
mersion by the fact that any object of Rep(G’) ~ C is isomorphic to a
subquotient of an object which comes from Rep(G), and by [10], Propo-
sition 2.20 (b). Let G’ = GNG’, and let K’ = g1 Kg; ' N g’(Aé) where
g1 = (Aé@@l)OX S Q(A({l}) Consider the set X/(F) = XG’,Q’,M,;,K/(F>-
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We have a map
X/(F> — X(F> = XG,Q,Mb,K(F) ) (M7€7>‘) = (M7£1 Oga)‘o>\1>

which sends M} € X'(F) to (My,&, M) € X(F). By 1.3.14, M| is
generic in X'(F).

1.4. Examples

We give some examples. In 1.4.4, we explain that X (C) and X (F)
in Part I can be regarded as special cases of X(C) and X (F) of this
Part II, respectively. In 1.4.7, by using [22], we explain that a higher
Albanese manifold ([15]) is an example of X (C), and then in 1.4.8, we
give an arithmetic version of a higher Albanese manifold as an example
of X(F).

1.4.1. Shimura variety.

Assume @G is reductive. If T satisfies the conditions of Deligne [8]
to define a Shimura variety, X¢ v x(C) is the space of C-points of the
Shimura variety associated to (G, T) of level K ([8]).

If T defines a Shimura variety of Hodge type ([29] Section 7), we have
a canonical map X'(F) — X¢ v k(F), where X’ is the Shimura variety
associated to (G, T) of level K ([8]) and X'(F) is the set of F-points of
X'’. This map is defined by sending a class of an abelian variety A to the
class of the motive H'(A) (X’ is a moduli space of abelian varieties).
We expect that this map X'(F) — Xg, v,k (F) is bijective.

1.4.2. The period domain associated to a mixed Hodge structure
(this is the mixed Hodge version of the Mumford-Tate domain associated
to pure Hodge structures in [12]).

Let Hy be a Q-mixed Hodge structure and assume that a polariza-
tion p,, : grlV Hy ® gr’¥ Hy — Q(—w) of gr’¥ Hy is given for each w € Z.

Let C be the smallest full subcategory of QMHS which contains
Hy and Q(—1) and is stable under ®, @, the dual, and subquotients.
Let G be the Tannakian group of C associated to the fiber functor
H — Hg ; C — Modss(Q). It is the linear algebraic group over Q
defined as the automorphism group of this fiber functor. Then this fiber
functor induces an equivalence of categories C = Rep(G). Let Hy be

the composite functor Rep(G) = C S QMHS.

Let Creq be the full subcategory of C consisting of objects which
belong to QHS. Then the Tannakian group of C,eq associated to the fiber
functor H — Hy is identified with G,eq. The weight filtrations of objects
of Creq which uniquely split define a homomorphism w : G,,, = Geq and
this homomorphism w satisfies the condition in 1.1.4.
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Let Vo = Hy g with the action of G, and for w € Z, let (, Yo :
grV Vo x gtV — Q- (2mi) ™™ be the pairing induced by the polarization
Pw-. Let n: G — Gy, be the homomorphism defined by the action of G
on Q(—1)g = Q- (2mi)~!. Then the conditions in 1.2.9 and 1.2.10 are
satisfied.

Let G be the algebraic subgroup of Autg(Hp g, W) x Gy, consist-
ing of all (g,t) such that (gz, gy)0.. =t (z,y)0,w for all z,y and w. Let
T (resp. T¢) be the G(R) (resp. Gg(R))-conjugacy class of the homo-
morphism Sc/r —+ Grear (resp. Sg/r — G rea,r) associated to grV Hy.
Then the representation G on Hy g induces an injective homomorphism
G — G4 and induces an injective morphism D(G,T) — D(Gg, T).

For an algebraic normal subgroup G of G and for an open compact
subgroup K of Q(Aé) satisfying the neat condition (1.2.11), we have the
complex analytic manifold X g u, x (C).

1.4.3. Motive version of 1.4.2.

Let Fy C C be a number field, let My be a mixed motive over Fj with
Q-coefficients, and assume that a polarization p,, : gr'V My ® gr!V My —
Q(—w) of gr'V My is given for each w € Z.

Let C be the smallest full subcategory of MM (Fy) which contains
My and Q(—1) and is stable under ®, @, the dual, and subquotients.
Let G be the Tannakian group of C associated to the fiber functor M +—
Mpg ; ¢ — Mod;;(Q). Then this fiber functor induces an equivalence
of categories C = Rep(G). Let M, be the composite functor Rep(G) =
CS MM(F).

Let C,eq be the full subcategory of C consisting of objects which are
direct sums of pure objects. Then the Tannakian group of C,¢q associated
to the fiber functor M — Mp is identified with G,eq. The weight fil-
trations of objects of Creq which uniquely split define a homomorphism
w : Gy, — Greq and this homomorphism w satisfies the condition in
1.1.4.

Let Vo = My g with the action of G, and for w € Z, let {, )ow :
grV Vo x gtV — Q- (2mi) =™ be the pairing induced by the polarization
Pw. Let n: G — Gy, be the homomorphism defined by the action of
G on Q(—1)p = Q- (2mi)~!. Then the conditions in 1.2.9, 1.2.10, and
1.3.4 are satisfied.

For an algebraic normal subgroup G of G, for an open compact
subgroup K of G (A(é) satisfying the neat condition (1.2.11), and for a
finite extension F' of Fy in C, we have the set X ¢ m, i (F).

1.4.4. Relation to Part I.
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We show that the period domain X (C) and the set of motives X (F)
in Part I is regarded as an example of X¢ v x(C) and X¢ v x (F) of this
Part II, respectively.

As in Section 2.2 of Part I, let ® = ((h(w, 7))w,rez: Ho,0: Wi ({ s Y0,w)wez)s
where h(w,r) € Zx( satisfying h(w,r) = 0 for almost all (w,r) and
h(w,r) = h(w,w — r) for all w,r, Hyg is a Q-vector space of di-
mension ), h(w,r), W is an increasing filtration on Ho g such that
dimg(grlV) = Y, h(w,r) for all w, and (, )o. is a non-degenerate Q-
bilinear form gr!¥ Hy o % gri¥ Ho g — Q - (2mi) ™" for each w € Z which
is symmetric if w is even and is anti-symmetric if w is odd.

As in Part I, Section 2.2, define the linear algebraic group G over Q
as

G ={(g9,t) € Aut(Ho g, W) x Gp, | (92, 9¥)0,0 = (2, Y)0,w

for any w € Z,z,y € gr' Ho o}

As in Part I, Section 2.2, let D* be the set of decreasing filtrations fil
on Hy ¢ such that either (gr!¥ Hy g, gr!V fil, (, )o,.) is a polarized Hodge
structure of weight w for any w € Z or (gr¥ Ho g, gr¥ fil, (—1)“(, Yo.w)
is a polarized Hodge structure of weight w for any w. Let Xg x(C)
(resp. Xo x(F)) be X(C) (resp. X(F)) in Part I, Section 2.2.

Since G(R)G,(C) acts transitively on D* (Part I, Section 2.2),
grivfil (w € Z) for fil € D* give a Gyea(R)-conjugacy class T of S¢/z —
Gred,R-

We show

D* =D(G,Y), Xo,k(C)=Xcrr(C), Xox(F)=Xaerx(F).

We have a canonical map D(G,Y) — D* ; H — H(Hog). Since
G(R)G,(C) acts on D(G,Y) and DT transitively and since this map is
compatible with these actions, this map is surjective. The injectivity
follows from the fact that G — Aut(Ho g) X Gy, is injective and from
1.2.20.

Hence the space Xo, x (C) = G(Q)\(D* x (G(A])/K)) is identified
with Xg1.1¢(C) = GQ\(D(G, T) x (G(AL)/K)).

We have a canonical map

Xer.x(F) = Xo.x(F); class(M, \) — class(M’, A1, 01, A2, 02)

where M = M(HQQ). )\1 == S‘HO,Q' 01 = eHo,@' )\2 =fo 5\ 92 = 1. The
converse map

Xo x(F) = Xar.x(F);class(M, A1, Ay, 01, 605) — (M, )
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is defined as follows. Let C be the smallest full subcategory of MM (F)
which contains M and Q(—1) and which is stable under ®, @, the dual,
and subquotients, and let G’ be the Tannakian group of C with respect
to the fiber functor (—)p. Then C ~ Rep(G’). We have a canonical
injective homomorphism G’ — G. Let M be the composite functor

Rep(G) — Rep(G’) ~ C € MM(F). Then for V € Rep(G), M(V)p is
identified with V. We define A by X = (61A1,62)2) € G(A).

1.4.5. Mixed Hodge structures with fixed pure graded quotients.
Let ®, G, D*, and Y be as in 1.4.4. Fix Hy € D* and assume that
Hj is endowed with a Z-structure Hyz C Hpg. Let

G =G, = Ker(G — Aut(gr"V Hy g) x G,)
and let
K ={g € Auty(Z ®z Hoz, W) | gr'" (g) = 1} C G(A]).

Let H, := Hy € D(G,Y) = D*.

As a subset of D(G,Y), D(G,G, Hyp) is identified with the set of
decreasing filtrations fil on Hyc such that gr'Vfil = gr'VHgc. This
induces a bijection between X¢ ¢ m, x (C) and the set of all isomorphism
classes of a ZMHS H such that gr'V H = gr'V Hy,.

1.4.6. Mixed motives with fixed pure graded quotients.

Let Fy C C be a number field, and let My be a mixed motive over Fj
with Q-coefficients and with a polarization p,, on gryMo for each w € Z.
Assume My is endowed with a structure of a mixed motive with Z-
coefficients, that is, a Z-structure My gz of My g such that Z@Z Mo Bz
is stable in Mo, = Z ®y My, 5 under the action of Gal(Fy/Fp). We show
that as an example of X (F'), we have the set of isomorphism classes of
mixed motives M over F with Z-coefficients such that gr'V M = gr' M.

Let Hy be the Hodge realization of My, and consider ® and D* 5 H,
associated to Hy (1.4.4). Let G, G = G, and K be as in 1.4.5. We
have Mj : Rep(G) — MM (Fy) as follows. Let C be the smallest full
subcategory of MM (Fp) which contains My and Q(—1) and is stable
under ®, @, the dual, and subquotients. Let Gp; be the Tannakian group
of C associated to the fiber functor M — Mp ; C — Mods¢(Q). Then
the action of Gy on My p = Hy g induces a homomorphism Gy — G.
Let M, be the composite functor Rep(G) — Rep(Gar) ~ C S MM (Fy).

Then X¢ g m,,x(F) is identified with the set E of isomorphism
classes of mixed motives M over F with Z-coefficients such that gr'V M =
gtV My. In fact, the map X¢ g v, x (F) — Eis given by M — M (Hp g)-
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The converse map E — Xg g, r(F) ; M — (M,£,)) is obtained as
follows. Let C’ be the smallest full subcategory of M M (F) which con-
tains M and Q(—1) and which is stable under ®, @, the dual, and
subquotients. Let G’ be the Tannakian group of C’ with respect to
the fiber functor M’ — Mp. Choose an isomorphism of Z-modules
Mpz = My Bz = Hyz which is compatible with the weight filtrations
and which induces the identity map on gr''. Then the induced action of
G’ on Hy g induces a homomorphism G’ — G. We have the composite
functor M : Rep(G) — Rep(G’) ~ €' ¢ MM(F). The identification
gtV M = gt My gives ¢ and the isomorphism Mp 7 & My pz = Hoz
gives .

1.4.7. Higher Albanese manifolds.

Here by using [22], we show that the higher Albanese manifold of
Hain [15] is regarded as an example of X (C). We also correct a mistake
in [22].

Let Z be a connected smooth quasi-projective algebraic variety over
C. Fix b € Z. Let J be the augmentation ideal Ker(Q[m1(Z,b)] — Q) of
the group ring Q[n1(Z,b)]. Fix n > 0, and let ' = T',, be the image of
(X, b) = Q[r1(Z,b)]/J" L. Then I is a finitely generated torsion-free
nilpotent group.

Let G be the unipotent algebraic group over Q whose Lie algebra is
defined as follows. Let I be the augmentation ideal Ker(Q[I'] — Q) of
QI[I']. Then Lie(G) is the Q-subspace of Q[']" := Jm, Q[I']/I" generated
by all log(y) (y € T).

We have

Lie(G) = {h € Q" | A(h) =h® 1+ 1® hl,

G(R) ={g € (RII")* | Alg) =g @ g}

for any commutative ring R over Q, where A : R[['|" — R[[’ x T']" is
the ring homomorphism induced by the ring homomorphism R[] —
RI'xT]; v+ v®~ (y € I'). The Lie product of Lie(G) is defined by
[,y] = zy — yxz. We have I C G(Q).

By the work [16] of Hain-Zucker, Lie(G) is regarded as a polarizable
mixed Q-Hodge structure. The Lie product Lie(G) ® Lie(G) — Lie(G) is
a homomorphism of mixed Hodge structures.

The n-th higher Albanese manifold Albyz,,(C) of Z is as follows.
Let fil’G (C) be the algebraic subgroup of G(C) over C corresponding to
the Lie subalgebra fil’Lie(G)c (fil” here denotes the Hodge filtration) of
Lie(G)c. Then

Albz,,(C) := T\G(C)/B1°G(C).
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This is a complex analytic manifold but usually it is not an algebraic
variety.

In [22], we took as I" any quotient group of 71 (Z, b) which is nilpotent
and torsion-free (we did not assume I' = ', ). This was a mistake because
for such general T, the Lie algebra Lie(G) need not have a mixed Hodge
structure. The authors of [22] correct this mistake by adding in 5.1.1
of [22] the assumption that Lie(G) has a mixed Hodge structure which
is a quotient of the case I' = I'), for some n. With this correction, all
arguments and results of [22] work. (This correction will be written also
in the joint paper [21] Part V.)

By the work [22], the higher Albanese manifold Alby, (C) is inter-
preted as an example of X (C) as follows.

Let C be a full subcategory of QMHS which contains the mixed
Hodge structures Lie(G) and Q(—1), which is stable under ®, ¢, the
dual, and subquotients, and which is of finite type as a Tannakian cat-
egory.

We define categories Cz and C7,.

Let Cz be the category of variations of mixed Q-Hodge structure H
on Z satisfying the following conditions (i)—(iv).

(i) All graded quotients grlV H for the weight filtration are constant
mixed Hodge strutures.

(ii) The monodromy actions of 71 (Z, b) on the fiber Hg at b factors
through the projection m(Z,b) — T.

(iii) The fiber H(b) of H at b belongs to C.

(iv) H is good at the boundary of Z in the sense of [16].

Let C’, be the category of h € C which is endowed with a morphism
Lie(G) ® h — h in QMHS which is a Lie action of Lie(G) on h.

By [16], we have an equivalence of categories

Cz > Cl

which sends H € Cz to the fiber H(b) of H at b with the action of Lie(G)
induced by the monodromy action of I' on Hg,p.

Let Q¢ be the Tannakian group of C associated to the fiber functor
C = Modsf(Q) ; H — Hg. By the mixed Q-Hodge structure on Lie(G),
we have an action of Q¢ on the Lie algebra Lie(G). This induces an action
of Q¢ on the algebraic group G. Let G¢ be the semi-direct product of G
and Q¢ in which G is a normal subgroup of G¢ and in which the inner-
automorphism action of Q¢ on G is the action which we just defined.
Then we have equivalences of categories

C ~Rep(Qc), C, ~ Rep(Ge),
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where the second equivalence is because a linear representation of G
and a representation of the Lie algebra Lie(G) are equivalent. The
functor Rep(Qc¢) — Rep(Ge¢) induced by Ge¢ — Q¢ corresponds to
the functor ¢ — €7, to give the trivial action of Lie(G). The functor
Rep(Ge) — Rep(Qc¢) induced by the inclusion map Q¢ — G¢ cor-
responds to the functor C;, — C to forget the action of Lie(G). Let
Hy, : Rep(Ge) — QMHS be the composition Rep(Ge) — Rep(Qc) ~
C S QMHS. Then the action of G(C) on D = D(Ge,G, Hy) is transitive
and fil’G(C) coincides with the isotropy group of class(H}) € D in G(C).
Hence we have D = G(C)/fil°G(C).

Let K be the profinite completion of I'; which is naturally regarded
as an open compact subgroup of Q(Aé). Then G(Q)/T = Q(Aé)/K.
Hence

X6e,6,m,x(C) = GQN(D x (G(A])/K)) = GQ\(D x (6(Q)/T))
=T\D = Albz,(C).

By thiS, Albzyn((C) is identified with XGC,Q,Hb,K((C)~

The higher Albanese map Z(C) — Albz ,(C) of Hain is interpreted
as follows. Let Xz ¢(C) be the set of isomorphism classes of triples
(H,& \), where H is an exact ®-functor Cz — QMHS, ¢ is an isomor-
phism of ®-functors from QMHS to QMHS

o~

(h— H(hz)) = (h— h),

where hyz denotes the constant varitation of mixed Q-Hodge structure
on Z associated to h, and A is a mod I' class of an isomorphism of
®-functors from Cz to Modyf(Q)

o

(H+— H(b)g) = (H+— H(H)g) preserving the weight filtrations

such that the mod K class of the isomorphism of ®-functors from QMHS
to MOdff (Q)

o

induced by €' coincides with that induced by A.
The commutative diagram of categories

C = C =~ Rep(Q)
1 1 1
CZ — C/Z Rep(GC ) )

12
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where the vertical arrows are the pullback functors, induces a bijection

XGe.0,m,kx(C) = Xz¢(C).

The higher Albanese map Z(C) — Alby ,,(C) of Hain is interpreted
as the map Z(C) — Xz ¢(C), which sends s € Z to roughly speaking, the
functor to take the fiber at s. Precisely speaking, it sends s to the class
of (H,&,)\), where H is the exact ®-functor Cz — QMHS ; H — H(s),
& is the evident identification h(s) = h (h € QMHS), and X is the mod
T class of H(s)g = H(b)g of the local system Hg.

1.4.8. Motive version of 1.4.7.

We consider the arithmetic version of the higher Albanese manifold,
which is obtained as X (F') and relate it to the Selmer variety of Kim
[25] which is also an arithmetic version of a higher Albanese manifold.

Let Fy C C be a number field and let Z be a geometrically connected
smooth quasi-projective algebraic variety over Fy. Assume we are given
b e Z(Fy). Let n > 0, and define G and K as in 1.4.7 by taking Z(C)
as Z in 1.4.7.

By Deligne-Goncharov [9], 3.12, we have a mixed motive Lie(G)mot
with Q-coefficients over Fjy whose Hodge realization is the mixed Hodge
structure Lie(G) in 1.4.7. We have a morphism Lie(G)mot ® Lie(G)mot —
Lie(G)mot of MM (Fp) which induces the Lie product Lie(G) ® Lie(G) —
Lie(G).

We define a set Albyz,,(F) for a finite extension F of Fy in C.

Let C be a full subcategory of MM (Fp), which contains Lie(G)mot
and Q(—1) and which is stable under ®, @, the dual, and subquotients,
and which is of finite type as a Tannakian category.

Let Q¢ be the Tannakian group of C with respect to the fiber functor
C — Modf¢(Q) ; M +— Mp. Then C ~ Rep(Q¢). Since Lie(G)mot € C,
Q¢ acts on Lie(G)mot,5 = Lie(G) preserving the Lie product. Hence
Q acts on the algebraic group G. Let G¢ be the semi-direct product
of G and Q¢ in which G is a normal subgroup and in which the inner-
automorphism action of Q¢ on G is the one just defined. Let M, :
Rep(Ge) — MM (Fy) be the composition Rep(Ge) — Rep(Qc) ~ C S
MM (Fp). Define

Albzm’c (F) = XGc,g,Mb7K<F)-

We have a canonical map Albyz, ¢(F) — Albz ,(C) defined as fol-
lows. Let C’ be the Tannakian subcategory of QMHS generated by
Hodge realizations of objects of C. Let G¢r D G be the Ger in 1.4.7
associated to C’. Then we have a canonical homomorphism Ge¢r —
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G¢ which induces the identity map of G. Denote by Hj the functor
Rep(G¢) — QMHS induced by M, and denote by H; the canoni-
cal functor Rep(Ge¢/) — QMHS. Then we can show that the canoni-
cal map X¢., g.u;,x(C) = Xce,6.m, x(C) is an isomorphism. Hence
we have a map Ale,n,C(F) = XGC,Q,IVIb,K(F) — XGC,Q,Hb,K(C) =
Xar,6,8;,x(C) = Albz ,(C).

We have a canonical map from Albyz,, ¢(F') to the Selmer variety of
M. Kim by 1.3.10 (2).

The author can not show that Albz ,, ¢(F) is independent of C. We
define Albyz ,,(F') as the inverse limit of Albz, ¢(F) for all C.

Concerning the higher Albanese map from Z(F'), we may define the
motive version of Cz of 1.4.7 and a motive version Xz ¢ (F) of Xz ¢(C) of
1.4.7 and define a map Z(F) — Xz ¢(F) asin 1.4.7. But the author can
not show that the canonical map Albz , ¢(F) — Xz c(F) is bijective.
We do not discuss these points in this paper.

§2. Curvature forms and Hodge theory

2.1. Reviews on curvature forms of line bundles

2.1.1. Let Y be a complex analytic manifold and let L be a line
bundle on Y. A metric | | on L is said to be C™ if |e|; is a C
function for a local basis e of L. A C* metric on L exists if Y is
paracompact.

2.1.2. Let Y be as in 2.1.1 and let L be a line bundle on ¥ endowed
with a C° metric | |. Then the curvature form x(L) of L is a C*°
(1,1)-form on Y defined by

K(L) = K(L,| |1) := 09 log(le|1) = 09 log((e, €)1 )

where e is a local basis of L and ( , ), is the Hermitian form on L corre-
sponding to | |1. (Recall that if Y is n-dimensional and (z;)1<;<x is a lo-
cal coordinate of Y, for a C* function gon Y, 9dg = Zj’k(c%j %g)dzj/\
d?k.)

This (L) does not depend on the local choice of a basis e and hence
defined globally.

2.1.3. Let Y and L be as in 2.1.2 and assume that Y is a connected
compact Riemann surface. Then the theory of Chern forms and Chern

classes shows )

2mi Jy
2.1.4. Let Y be as in 2.1.1 and let Ty be the tangent bundle of Y.

k(L) = deg(L).



32 Kazuya Kato

Then there is a canonical one-to-one correspondence between C™°
Hermitian forms on Ty and purely imaginary C*° (1,1)-forms on Y
(C*> (1,1)-forms w such that @ = —w). Using a local coordinate (z;);
of Y, a (L, 1)-form >, , fixdzk A dz; with C> functions f; is
purely imaginary if and only if fjx = fi;. If it is purely imaginary, it
corresponds to the Hermitian form (0/0z;,0/0z;) — fjr on Ty.

The curvature form (L) of a line bundle L on Y with a C'*° metric
is a purely imaginary C* (1,1)-form and hence corresponds to a C'*°
Hermitiain form on Ty . Locally, this Hermitian form is given as

o0 0 0 0 0

0
pr (97&) = o o log((e,e)) = —5— 5 log((e, €)L).

(

We say (L) is positive definite if the corresponding Hermitian form
on Ty is positive definite. By a theorem of Kodaira, a line bundle L on
Y is ample if and only if L has a C'*° metric whose curvature form (L)
is positive definite.

Example. For Y = P!(C), the ample line bundle L = Oy (00) has
the C* metric such that |1|;, = (1 + 2Z)~/2 where 2 is the canonical
coordinate of C C PY(C). Its curvature form (L) = (1 + 22)2dz A dz
and the associated Hermitian form (9/9z,0/0z) + (1 + 2z)~2 on Ty is
positive definite.

2.2. Review on the result of Griffiths on curvature forms

2.2.1. Let Y be a complex analytic manifold. Let H be a variation
of polarized Q-Hodge structure of weight w on Y. Let r € Z, and
consider the line bundle det(fil"H ) with the Hodge metric. (Here fil
is the Hodge filtration.) The result of Griffiths on the curvature form
k(det(fil"Hp)) is as follows.

Let r € Z. We have a homomorphism

h, : Ty — Home, (gr" Ho, gr" '"Ho)

which sends a € Ty to the composition gr"He ~ gr" "Ho ®o, N >
gr" "He. Here gr" = fil"/fil" ™!, the first arrow is induced by the con-
nection Ho = Oy ®qg Ho = Ho Qo Q%/ = Q%/ ®q Ho which kills Hg,
and the second arrow is by the duality between Ty and Q1.

Theorem (Griffiths ([14])): The Hermitian form x(det(fil"Ho)) on

Ty is described as (a, 8) — (h(«), h.(8)) where the last (, ) denotes
the Hodge metric of (gr"Ho)* ® gr" 'Ho.
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2.2.2. As is explained in Part I, 2.4.3, the curvature form
k(det(fil"Hp)) is independent of the polarization. This can be seen also
as follows.

Let

Ary (resp. Acy)
be the sheaf of R (resp. C) valued C*° functions on Y.
Let A, be the composition of the bijections

Acy ®oy gr"Ho = (Acy ®oy Ho) ™"
— (Acyy Qoy Ho)V ™" 2 Acy Ro, g "Ho

where (—)P? denotes the (p, ¢)-Hodge component and the middle bijec-
tion is induced by the complex conjugation Acyy ®g Ho — Ac,y ®q
Ho; a®@br—a®b.

Let

h: Ty — A(C,y R0y ’Homoy (grr_lﬂo,grrﬂo)

be the map which sends o € Ty to the following composite map:

_ Ar—1 _
Acy ®oy gt 'Ho "5 Acy Qo gt " He

Ao — Aw—r
;i(a) A((;Y oy g "Ho — A(Qy ®Ro gr'Ho.

Then
(he (@), b (B)) = (e (@), hy(B))
where ( , ) denotes the duality (gr"He)* ® gr" ' He x (gr" ' Ho)* ®
gr"Ho — Oy. The right hand side of this equation is defined without
using the polarization.

2.2.3. Consider the period domain X (C) = X¢ g, x(C) with G
reductive.

Let H x(c) be universal object on X (C), let V€ Rep(G), and let r €
Z. Consider the restriction x(det(fil"Hx ) (V)0))hor to Tx(c),nor of the
curvature form (det(fil"H x ¢y (V) o)) of the line bundle det(fi1"# x ) (V) o)
with the Hodge metric of a polarization (1.2.21) (the curvature form is
independent of the choice of the polarization). Recall that Hxc)(V)
need not be a variation of Hodge structure (it need not satisfy the
Griffiths transversality). Recall that Tx(c)nor = 8 "Hx(c)(Lie(G))o.
The action of G on V induces a Lie action Lie(G) ® V' — V of Lie(G)
and hence a homomorphism gr'H y c)(Lie(G))o ® gr"Hx ) (V)o —
grr_lHX(c)(V)o. Let

Byt Tx(cymor = 88 " Hx (o) (Lie(G))o = (gr"Hxc)(V)o)* @ gt "Hx ) (V)o
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be the induced homomorphism. Just as in 2.2.2, we have a homomor-
phism

hy - Tx (c)hor = Ac,x(C) ®0x o, (8" Hx (o) (V)o)* @ gr"Hx ) (V)o

Theorem 2.2.3.1. The Hermitian form r(det(fil"H xc)(V)o))nor
on Tx(c)nor coincides with (a, 3) +— (hr(a), h(8)) = (he(a), by (B ))
where the second ( , ) is the Hodge metric of (gr"Hx)(V)o )
gr“l’HX(c)(V)o and (, ) is the paring

(e Hxc)(V)o) @ " Hx o) (V)ox (g™ Hx ) (V)o) @er Hxc)(V)o — Ox(c)

This is proved in the same way as the theorem of Griffiths (2.2.1),
and is also reduced to that theorem by the following fact. For any
r € X(C) and v € T, x(C)hor, there are a one-dimensional complex
analytic space Y, y € Y, and a horizontal morphism f : Y — X (C) such
that f(y) =z and v is in the image of T}y — T, x(C),hor-

2.2.4. The pullback of m(det(ﬁlTHX(C)( )o))hor tO Tp(a,g,Hy) hor 18
invariant under the action of G(R). Recall that by our assumption G is
reductive, D(G, G, Hy) is a finite disjoint union of G(R)-orbits (1.1.21).

2.3. X(C) is like a hyperbolic space in the case G is reduc-

tive

2.3.1. A complex analytic manifold Y is said to be Brody hyperbolic
if any morphism C — Y from the complex plane C is a constant map. If
Y is hyperbolic in the sense of Kobayashi, then Y is Brody hyperbolic.
The converse is true in the case Y is compact ([4]).

Kobayashi conjectures ([26] page 370) that if Y is a compact hyper-
bolic complex manifold, the line bundle det(2}.) (the canonical bundle)
of Y is ample. The author thinks that the experts believe the following
non-compact version of this conjecture is true:

Conjecture 2.3.1.1. If Y is Brody hyperbolic and if Y =Y ~ D for
a compact complex manifold Y and for a normal crossing divisor D on
Y, then the line bundle det(Q% (log D)) (the log canonical bundle) on ¥
is ample.

The result 2.3.4 below shows that in the case G is reductive, the pe-
riod domains Y = D(G, G, Hy) and Y = X g u, k(C) are “like Brody
hyperbolic”, which means that any horizontal morphisms from C to
Y are constant (notice that the condition “horizontal” is put on mor-
phisms). This is reduced to the case Y is the classical period domain
of Griffiths [13] classifying polarized Hodge structures, and the author
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believes that this case of 2.3.4 is well known to the experts. Another
result 2.3.3, which is deduced from 2.2.3.1, shows that if G is reduc-
tive, X g.m, ik (C) satisfies something like the ampleness condition in
the above Conjecture 2.3.1.1 (see 3.8.14).

2.3.2. Let kx(c),a = Ii(det(Qﬁf(C)))hor be the Hermitian form on
Tx(c),nor With respect to the Hodge metric defined by the identification
Qﬁ((c) as the dual of Hx(c)(Lie(G))o/fil” and by polarizations (1.2.21)

on gr!V H x (c)(Lie(G)) for w € Z. Here the curvature form is independent
of the choices of polarizations (2.2.2).
This kx(c),a is regarded as an Hermitian form on the quotient

Tx,.q(C),hor Of Tx(C),hor-

Theorem 2.3.3. Assume G is reductive. Then Kx(c)a is positive
definite as an Hermitian form on Tx (c) hor-

Proof. We have
n(det(Qﬁ((C))) = —m(det(’HX((c)(Lie(g))o/ﬁlo))

= r(det(fil"H x () (Lie(G))o)) — r(det(Hx(c)(Lie(G))o))

%ﬂd r(det(Hx () (Lie(§))o)) = k(Ox(c) ®g detg(Hx () (Lie(G))g)) = 0.

K(det(Q () nor = K (det(fl°Hx () (Lie(G))0))hor-

By Theorem 2.2.3.1, the Hermitian form #(det(f1°H x(c)(Lie(G))0))hor
on T'x(c) hor = gr‘lHX(C) (Lie(G))o is the pullback of a positive definite
Hermitian form on Hom(gr®H x c)(Lie(G))o, gr ' Hx (c)(Lie(G))o) by
the map

gt My (o) (Lie(G))o — Hom(gr"H x (c) (Lie(G)) o, gt~ Hx (c) (Lie(G))o).

Hence it is sufficient to prove that the last map is injective. Since G is
reductive, there is an isomorphism of Lie algebras Lie(G) = Lie(G) x
Lie(Q) which is compatible with the inclusion map Lie(G) — Lie(G).
Hence it is sufficient to prove that the map

gt M x ) (Lie(G)) o = Hom(gr"H x (¢ (Lie(G)) o, gr ™~ Hx(c) (Lie(G))o)

is injective. Let Sc/r — Gr be a homomorphism associated to H, let
h: C = Lie(Sg/r) — Lie(G)r be the induced homomorphism of Lie al-

gebras, and consider h(i) € Lie(G)r. We have Lie(G)r = @TGZLie(G)g)
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where Lie(G)]g) = {x € Lie(G)r | [h(?), 2] = rz}. It is sufficient to prove
that

Lie(G)]ggl) — HomR(Lie(G)]g)),Lie(G)]g{l)) ;o= (ye— [x,y)])

is injective. But this is seen by h(i) € Lie(G)ﬁQO) and by the fact any
x € Lie(G)ﬁ{l) satisfies [z, h(i)] = . Q.E.D.

Proposition 2.3.4. Assume G is reductive. Then any horizontal
holomorphic map f : C — X(C) is a constant map.

Proof. By Schmid nilpotent orbit theorem [33], f gives a nilpotent
orbit at co € P1(C) > C. But since m1(C) = {1}, this nilpotent orbit
has no local monodromy and hence no degeneration. Hence f extends to
a horizontal morphism f : P!(C) — X(C). But as is well known, a vari-
ation of pure Hodge structure H on P1(C) is constant. (This is proved
by using the fact that for any r € Z, deg(fil"Hp) > 0 (a consequence of
the theorem of Griffiths in 2.2.1) and hence dim(H°(P!(C),fil"Hp)) >
rank(fil"He) by Riemann-Roch.) Hence f is constant. Q.E.D.

2.4. Height pairings in Hodge theory and curvature forms

2.4.1. Let Y be a complex analytic manifold. Assume we are given
a variation of Z-Hodge structure Hg of weight —1 on Y and variations
of mixed Z-Hodge structure H; and Hs on Y with exact sequences

(i) 0=2Ho—>H1—2Z—0 and (ii))0—H;(l) >Hs —Z —0

where H{ denotes the Z-dual of Hy. Note that the exact sequence (ii)
corresponds to an exact sequence (iii) 0 — Z(1) — H5(1) — Ho — 0.

Then we have a line bundle on Y with a C° metric as follows (see
for example [5]).

Locally on Y, we have a variation H of mixed Hodge structure on Y’
which satisfies grt™W;H = Ho, H/W_oH = H; (with the exact sequence
(1)), W_1H = H3(1) (with the exact sequence (iii)).

The isomorphism classes of such H form a G,,-torsor on Y (defined
globally on Y'). The action of G, is as follows. A local section s of G,
sends the class of H to the Baer sum of the following two extensions of
H1 by Z(1). One is H, and the other is the extension of H; by Z(1)
which is obtained from the extension of Z by Z(1) corresponding to s
and from the projection H; — Z.

Hence we obtain a line bundle L(#;,Hs2) on Y associated to this
G,,,-torsor. This line bundle has the C° metric class(H) > |H| charac-
terized by the property that locally there is a lifting v of 1 € grl¥ Hg in
Ar,y @r Hr such that v+log(|H]) € Acy ®o, fil"He in Acy®oy Ho =
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Acy ®r Hr. Here log(|H|) € Ary is regarded as a local section of
Acy ®r W_oHg via the isomorphism Acy = Acy ®r W_g2He which
is induced by Z - 2mi = W_sHyz. (Hence log(|H|) is regarded as a local
section of i - Ap y @r W_oHr. )
In this Section 2.4, we compute the curvature form of L(Hy, Hs).
As in [5], this line bundle L(#;,H2) with metric is related to the
theory of height pairing (cf. 3.4.5).

2.4.2. (1) We have Oy-homomorphisms
hu, Ty — Acy ®oy gt "Ho,0,  ha, 1 Ty = Acyy @0y gr ' Hi(1)o

defined as follows. For a € Ty, consider the composition gr'H; o A
g M 0®0, Qb S gr 7 M1y 0 = gr 7 Ho 0. Define hyy, (@) as the image
of 1 € R under R = Acy ®o, groHL@ 2 Acy ®oy gr_l”}-lo’o where
the first arrow is induced by the inverse of the isomorphism Acy ®o,
ﬁlOHL@ mA]R,Y ®rH1,R i AKY ®RgrgVH1,R. We define hyy, by replacing
0—Ho—>Hi—7Z—0by0— Hi(1) = Ha — Z — 0 in the definition
of h7'l1 .
(2) We define

hj;_[l Ty — AQY Koy gI‘OHO7(9, h;‘-tz Ty — AQY Koy gI‘OHS(l)@

by h3,, = A_10hy, (i =1,2), where A_; in this definition of h3, (resp.
h3,,) is the map in 2.2.2 for Hy (resp. Hg(1)).

Theorem 2.4.3. The Hermitian form r(L(H1,Hz2)) on Ty coin-
cides with

(Oé, ﬂ) = 7<h’H1 (Ot), hj;-[g (/3» + <h;[1 (ﬂ)a h7'l2 (Ol)),

where the pairing ( ) is defined by the canonical pairing Ac,y @0y, Ho.o X
Acy oy Hi(1)o — Ac,y-

2.4.4. The proof of 2.4.3 is the reduction to the case of a period
domain.

Fix a free Z-module Hy 7 of finite rank, and let Hy 7z = Ze1 ® Hyz
and Hy 7 = Zey @ H{iz(l) be free Z-modules of rank ranky(Hoz) + 1.

Here Hg ;(1) = Homg(Ho,z, Z - 2mi). Define an increasing filtrations on
HLQ =Q®yz Hl,Z and on HQ@ =Q®yz HQZ by

W_o=0CW_; = HO,Q CWy= HLQ?
W_o=0CcW_, = HS’Q(l) Cc Wy = HQ’Q.
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Fix integers h(r) € Z>o for r € Z such that ) _h(r) = dimg Hp g and
h(—1—r) = h(r) for all r. Let D be the set of all pairs (fil(1), fil 2)), where
fil ;) is a decreasing filtration on H; ¢ satisfying the following conditions
(1)—(iii).

(i) The restriction of fil(y) to Hj ;(1)c coincides with the filtration
induced by the restriction of fil;;) to Hoc.-

(ii) For i = 1,2, (H;z, W, fil(;)) is a mixed Hodge structures.

(iii) dim gr"W_4fil;y = h(r) for all 7 (i = 1,2).

Then D is naturally regarded as a complex analytic manifold. On D,
we have the universal objects Ho p, Hi1,p, Ho,p of QMHS(D) (1.1.16)
(but these need not belong to QVMHS(D) (1.2.25)) with exact sequences
0— Hop — Hi,p—>Z— 0and 0 — ’HS’D(l) — Ha.p = Z — 0. By
the method of 2.4.1, we have a line bundle L(#H1,p,H2,p) on D with a
C™> metric.

The tangent bundle of D is identified with £/fil°, where £ is a
part of Endo, (H1,p,0, W) x Endo,, (Ha,p,0, W) consisting of all pairs
(a,b) such that the restriction of a to Ho p,o and the restriction of b to
Hp p(1)o are induced from the other, and fil is the Hodge filtration.

The horizontal tangent bundle Tp 1,0, of D is defined to be fil=t/ £il°
of £.

Let k(L(H1,p,Hz2,p)) be the curvature form of the metric of
L(H1,p,Ho,p) and let k(L(H1,p,H2,0))hor be its restriction to T'p hor-

By the method of 2.4.2, we have

. —1

ha, 5+ Tphor — Ac,p @0y g~ Ho,p,0,
. —1

hs 1+ Tpnor = Ac,p ®op g1~ H (1o,
. 0

by, ¢+ Tohor = Ac,p ®oy 81" Ho,p,0,

Pty o TDhor = Ac,p ®op g’ p(1)o.

Proposition 2.4.5. The Hermitian form x(L(Hi p,H2.D))hor ON
Tp hor coincides with

(@, B) = =(hay o (@), By, 1, (B)) + (3, 1 (B), ity (@)

2.4.6. Theorem 2.4.3 is reduced to 2.4.5 as follows. We may assume
that Y is connected. Take b € Y and define the above period domain
D by taking the stalks H; 7z, at b as H;z (i = 0,1,2) and by taking
the Hodge numbers of Ho as h(r). Then we have the horizontal mor-
phism Y = D (the period map) from the universal covering Y of Y to
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D associated to (Ho,Hi,Hs), and the pullback of s(L(H;,Hs)) on Y
coincides with the pullback of k(L(H1.p, H2,D))nor- Hence 2.4.3 follows
from 2.4.5.

2.4.7. The proof of 2.4.5 occupies 2.4.7-2.4.18. For the proof of
2.4.5, we use several period domains related to D.

We first define the period domain D and describe the G,,-torsor on
D associated to L(H1 p,Hsa,p) explicitly. Let Hyz be as in 2.4.4 and
consider a free Z-module Hy, := Ze® Hy z ® Ze' of rank ranky(Hp z) + 2.
Define the increasing filtration W on Hg = Q ®z Hy z by

W_s3=0CW_g= Qe’ cW_= H()’Q D @6/ Cc Wy = HQQ.

Let D be the set of all decreasing filtrations ¢ on Hec = C®y Hy such that
(Hz, W, ) is a mixed Hodge structure and such that dim gr"gr'V;p =
h(r) for all ». Then D is naturally regarded as a complex analytic
manifold.

We have a surjective morphism

D —D; Y = (ﬁl(l),ﬁl(Q))

Here fil(y) is the filtration induced on Hc/W_5Hc by ¢ where we identify
e with ey and fil(o) is the filtration induced by ¢ by identifying H ;(1)c
with W_1 Hc where we identify e’ with e} ® 2mi. Consider the action of
the additive group C on Hg as follows: z € C sends e to e +z - (27i) e’
and fix all elements of W_1Hc. This action induces an action of C on

D and induces an isomorphism C\D 5 D and D is a C-torsor over D.
Via C/Z(1) = C* ; z — exp(z) (Z(1) = Z - 27i), Z(1)\D becomes a
C*-torsor over D.

This Z(1)\D — D is the G,,-torsor associated to the line bundle
L(H1.p,Ha.p) on D. Tts metic is D 3 ¢ ~ |@| where |@| € Rsg is
characterized by the following property. There is an element v € Hyr
such that e + v + log(|p|) - (27i) e’ € .

2.4.8. We define period domains D', D (i = 1,2), and D(s). Let
the notation be as in 2.4.4.

Let D’ be the set of all decreasing filtrations ¢ on Hp ¢ such that
(Ho,z, ) is a Hodge structure of weight —1 and dimc(gt"¢) = h(r) for
all r. We have a projection p : D — D" ; (fil(),fil(2)) — ¢ where ¢ is
the restriction of fil ;) to Ho,c. For s € D', let D(s) C D be the inverse
image of s in D.

For i = 1,2, let D be the set of all decreasing filtrations ¢ on H; ¢
such that (H; z, W, ¢) is a mixed Hodge structure and dime (gr”gr'; ) =
h(r) for all r. Let p; : D — D) be the map (fil1), fil(2)) — fil;).
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For z = (filq)(2), fil2)(2)) € D, we have a map f,; : D —
D ; ¢+ (fily), fil2)) defined as follows. Let S(*) be the one-dimensional
R-linear space ﬁl(i)(m)o N H;g. Then for ¢ € D, fil;) = ¢ and fil;3_;)
is characterized by the property that ﬁl%ﬂ-) ="NW_1H3_;c ®C®g

S(3=1)_ The composition D fi} D % DO is the identity map, and we
have fy;(pi(z)) = .

Let g5 : D' — D be the following map ¢’ — . ¢ is characterized
by the properties that W_1¢ = ¢’ and ¢° = (¢')? ® C ®r S. Then
9z,; sends p(z) € D' to p;(z). We have fz 10021 = fz200s2: D' — D.
We denote this map D’ — D by h,. The composition D’ " D2 Dis
the identity map and h,(p(z)) = .

We consider the tangent bundles and horizontal tangent bundles of
these period domains.

We have Tp = (Op ®c Ende(Hoc))/f1° where fil is the Hodge
filtration. Define Tp/ por = fil ' /A1° € Tppr. We have Ty = (Opo) ®c
End(c(Hi)(C))/ﬁlo where fil is the Hodge filtration. Define Tha) 1o, =
fil™' /A1° C Tpey. We have Tp(s) = (W1 part of the pullback of Tp to
D(s)). Let Tp(s)nor be the W_y part of the pullback of W_1Tp nor to
D(s).

For x € D with s := p(z) € D', by the embedding D(s) C D
and the embeddings D’ ¢ D c D induced by 9z, and fy;, regard
Tw,D(s),hor C T;C,D,hor and Ts,D’,hor C Taj’D(“’hor - Tw,D,hor- We have

Tx,D,hor = 45,D’ hor 2] T:E,D(s),hoh Tx,D,hor = 42,0 hor + Tx,D(2>,hor'

Hence
2

Tw,D,hor®Tx,D,hor = (E Tz,D(iLhor@Tx,D(i),hor)+T$,D(s),hor®Ta:7D(s),hor-
=1

Hence for the proof of 2.4.5, it is sufficient to prove the pullbacks of
K(L(M1,p,M2,p)) t0 Tpe) nor (1 = 1,2, under f, ;) and to Tp(s) hor are
described as in 2.4.5.

2.4.9. We consider first D). As is easily seen, under the map fai:
D® — D, the pullback of L(#H1,p,H2,p) with the metric is isomorphic
to the trivial line bundle Opu) with the standard metric. Hence its
curvature form is zero. On the other hand, the pullbacks of the map hy,
and hyj; on The) po, under f; o are the zero maps and the pullbacks of
the maps hy, and hj, on Tha) o, under fy 1 is the zero map.

2.4.10. Fix s € D’. Let D(s) be the inverse image of D(s) in D.
Let U be a C-subspace of Hy ¢ such that Hy ¢ = fil(s)°®U and let U’ be
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a C-subspace of H ;(1)c such that Hj ,(1)c = (fil(s))*(1)° @ U’. Then
we have isomorphisms

UxU 5 D(s); (z,w)— (£il(z),fl(w)),

UxU xC35 D(s); (z,w,u) = o(z,w,u).
Here fil(z) on H; ¢ extends fil(s) on Hy ¢ by e+2z € fil(2)°, fil(w) on Ha ¢
extends fil(s)*(1) on H ;(1)c by e+w € fil(w)?, and ¢(z,w, u) extends
the filtration fil(w)*(1) on W_1Hc by e+ z +u- (27mi) ~te’ € (2, w, u)°.

These isomorphisms are compatible with the projection D — D.

2.4.11. By using Ho ¢ = fil(s)° & Ho g, write 2 = 21+ 22 (2 € Ho ¢,
2 € fil(s)?, 22 € Hpg). Similarly, by using Hg 7 (1)c = fil(s (1) @
Hp 7 (g, write w = w1 + w2 (w € Hyz(1)e, wi € fil(s)*(1)°, wy €
H§ (1))

We also use the notation

z = Re(z) +ilm(z) for z € Hy c,where Re(z),Im(z) € Ho .

Let (, ) : Hor x Hjz(1)r — R(1) be the canonical pairing. We
denote the induced C-linear pairing Ho c x Hg z(1)c — C also by (, ).

Lemma 2.4.12. log(|¢(z, w, u)|) = i(Im(z), we) + Re(u).

(Note that (Im(z),ws) € R(1) and hence i(Im(z),ws) € R.)

Proof. ¢(z,w,u)? is generated by e + z + u - (27i)~te/ and X —
O\ w) - (2mi)~te’ (X € fil(s)?). In particular, z; — (21, w) - (2mi) e’ €
o(z,w,u)?. Hence e + 2z + ({z1,w) + u) - (27i) " te’ € p(z,w,u)’. This
shows log(]¢|) = Re({z1,w)) + Re(u). We have (z1,w;) = 0 because
(fil(s)?, (fil(s)*(1))°) = 0. Hence

Re((z1,w)) = Re((z1, ws)) = i(Im(z1), we) = i(Im(z), wa).
Q.E.D.

2.4.13. On D(s), we have 90Im(u) = 0. Hence 200 log(|¢|) de-
scends to D(s) and this is the pullback x(L(H1, p(s), Ha,n(s))) of
k(L(H1,p,H2,p)) to D(s) where H; p(s) (i = 1,2) denotes the pullback
of H;.p to D(s). It is equal to 2i090(Im(z), wa).

Lemma 2.4.14. On D(s), we have 00z = 00z = 0. 00w; =
851112 =0.

Proof. Write the R-linear map Im : ﬁlOHO’@ — Hor by £. Then
¢ is a bijection. Since z; = £~'Im(z;) = £~ 'Im(z), we have 90z =
£71(30Im(z)) = 0. The statement for zo follows from this by 9z = 0.
Results for w; are proved similarly. Q.E.D.



42 Kazuya Kato

2.4.15. By 2.4.12 and 2.4.14, we have 2001log(|¢|) = (0z, dws) +
(07, 0ws) in AZ Dp(s)- Here AL Dp(s) denotes the sheaf of complex valued

C> p-forms on D(s), and (, ) denotes the pairing (A ;) ®r Hor) X
(A¢.p(s) ®r Hiz(DRr) = AZ sy i (W@h,w' @K) = (wAW) @ (b, 1)

2.4.16. Let Q] __ be the quotient of Qb(s) corresponding to the sub-
bundle Tp () hor Of Tp(s) by duality. Let A}lor be the quotient
AC’D(S) QOp(a Q%lor@ (A(C»D(S) QO p (s Q%lor)_ of A<1C,D(5) = A(C,D(s) XOp (s
QlD(S) ® (Ac,p(s) ®0p. QlD(S))’ where (1)~ denotes the complex conju-
gate. Consider

Vhor 1 H1,0(5),0 = Op(s) @R H1,&k = H1,D(5),0 0011, Yhor = Qhor O H1 %
which satisfies the Griffiths transversality. This induces
Vhor = (8,0) : Ac,p(s) ®r H1,0(5)8 = Abor @ Ho,p(s) R

= ((A(C,D(S) ®OD(S) lelor) D (A(C,D(s) ®OD(S) lelor)_) ®r Hogr-

In the rest of the proof of 2.4.5 below, Vi, 9, 0 (V = 0 + 9) are

considered by using Qf . and A}, not using Q})(S) and Al D(s)"

Lemma 2.4.17. On D(s), we have:

(1) 0z € fil™ Mo p(s),0 ®0p ) Lhor-

(2) Vhorz1 € ﬁlOHo,D(s),o @0y Abor-

(3) 0z € ﬁl_lHO,D(s),O @0 p s Abor-

(4) 0z € 81"Ho p(s),0 ®0p,) Abor-

(5) The images of 0z and Ozs in gr‘lHo,D(S),o R0p(s) Al coincide.
We have similar results for w,wy, ws.

Proof. Since e + z € ﬁlo’HLD(s)p and Vi (e + z) = Vz, we have
(1) by Griffiths transversality for Vye,. (2) follows from the fact that
the Hodge filtration of Hg p(s) is constant. By (1) and (2), we have (3).
(4) follows from (2) and 9z = 0. (5) follows from (2). Q.E.D.

2.4.18. By 2.4.15 and by (4) and (5) of 2.4.17,
20010g([¢l) = ((022) ", (Bu2)") + ((022)" ", (Duz) ™).

Here ( )?'? denotes the (p, ¢)-Hodge component. Since wq (resp. z3) is
real, (Owz)%~ ! (resp. (0z2)%71) is the complex conjugate of (Qwsq) ™10
(resp. (922)710). Hence by 2.1.4, the right hand side of the above for-
mula is a purely imaginary (1,1)-form on D(s) corresponding to the
restriction of the Hermitian form (a, 8) — —(ha, ,(a), h3;, ,(8)) +
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(h3y, ,(B)s hay p(@)). The left hand side is the restriction of the cur-
vature form of L(H1,p,H2,p) t0 Tp(s) hor-
This completes the proof of 2.4.5.

2.4.19. We have the evident variant of 2.4.3 for a variation of Q-
Hodge structure Hy of weight —1 and for variations of Q-mixed Hodge
structures H, Hs with exact sequences 0 = Ho — H1 — Q — 0 and
0 — Hg(l) = Ha — Q — 0. The maps hyy, and hj, (i = 1,2) are
defined in the same way. We have the associated G,,, ® Q-torsor which
has a C* metric and its curvature form. This variant states that the
formula in 2.4.3 is true in this generalized situation.

This variant can be proved by the following simple reduction to
2.4.3: Locally, such Hy comes from a Z-Hodge structure Ho. For some
n > 1, the exact sequence 0 — Ho — H] — Q — 0 with H) the fiber
product of H; — Q <~ Q, and the exact sequence 0 — Hj(1) — Hby —
Q — 0 with H) the fiber product of Hy — Q £ Q, come from exact
sequences of Z-mixed Hodge structures 0 — Hoy — H} — Z — 0 and
0 — Hy(1) — Hy — Z — 0, respectively. The maps hyy and b3, of H;
are equal to n times the maps hyy, and h3, of H; (i = 1,2), respeétively,
and the curvature form associated to (H},H5) is n? times the curvature
form associated to (H1,Hsz). Hence this variant is reduced to 2.4.3 for
(M1, H5).

Remark 2.4.20. Let H be a Q-Hodge structure of weight w and
let (, ): Hgx Hyg — Q- (2mi)~" be a polarization. Then we have
the associated Hodge metric ( , ) on H¢ which is a positive definite
Hermitian form. Though it is not stated in Part I, the author used the
following definition of (, ) in Part I:

(1) (5,9) == (—1)?(z,5) forz € HRY,y € He,
where H{? (p4q = w) is the (p, ¢)-Hodge component of Hc. The author
now finds that the definition

(2) (z,y) == 2m) P~ Uz, gy = (2m)*(=1)P(x,y) forz e HEY y e
He
is used in some literatures and (2) may be the standard definition. To
have the compatibility with Part I, we continue to use the definition (1)
in this Part II.

Proposition 2.4.21. In the Q-Hodge version 2.4.19 of 2.4.3, as-
sume that Ho is endowed with a polarization. Then the Hermitian form
on Ty corresponding to the curvature form of L(Hi,Ha) is (o, B) —
(hHl (Ot), h'Hz (6)) + (h’HQ (a)a h’Hl (6)); where ( ) ) is the Hodge metric on
grl?'lo,o.

Proof. This follows from 2.4.3 by 2.4.20. Q.E.D.
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2.4.22. Consider our period domain X (C). We define an Hermitian

form rx(c),¢,w,1 o0 Tx(C),hor-
Consider the variation of Q-MHS

Ho = (g1, Hx (o) (Vo))" © gre_1 Hx (o) (Vo)
on X (C) of weight —1. The exact sequence
0= gry  Hxo) (Vo) = WuHx ) (Vo) /Wuw—2Hxc) (Vo) = gr Hx o) (Vo) = 0

gives an exact sequence 0 — Ho — H; — Q — 0 in QMHS(X(C)).

By the isomorphism Ho = H{(1) obtained by the canonical polariza-
tions (1.2.21) of gry) Hx(c)(Vo) and grly_ Hxc)(Vo), we have an exact
sequence 0 — Hg(1) = H1 — Q — 0.

By 2.4.19, we obtain a G, ® Q-torsor L(H1,H;) with C°° metric.
We define

KRX(C),o,w,1 ‘= K(L(Hh/Hl))hOh

the restriction of the curvature form of L(H1,H1) to Tx(c) hor-

To describe kx(c),¢,w,1, let

hay : Tx(©)hor = Ac,x(0) @0x (e, 8 Ho,0

be the map which sends a € T'x(c)hor to the image of 1 € R under

R — Ac,x(c) ®0x (o 8VH1,0
= Ac,x(€) ®0x e, 8T " H1,0 = Ag x(0) @0 (o, 8 Ho,0-

Here the first arrow comes from the inverse of the isomorphism

A x(€) ®ox e, il*H1,0 N AR x(c) ®r Hir — AR x(c) OR 810 Hi k.

Proposition 2.4.23. (1) The Hermitian form kx (c),¢,w,1 coincides
with (o, B) — 2(hay, (@), hyy, (B)) where the last (, ) is the Hodge metric
on grfl’H,o,o.

(2) This Hermitian form rx(c),¢w1 0N Tx(c)hor 5 semi-positive
definite. It comes from an Hermitian form on the quotient
g (Wo/W_s of Hx(c)(Lie(9))o) of Tx(c)nor = 81~ Hx(c)(Lie(9))o-
The Hermitian form Y, c; Kx(C),&,w,1 0N
grter" Hy (o) (Lie(G))o is positive definite.

Proof. (1) follows from 2.4.21 by using horizontal morphisms ¥ —
X (C) from one-dimensional complex analytic manifolds Y (see the proof
of 2.2.3.1 in 2.2.3).
(2) follows from (1).
Q.E.D.
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83. Height functions

3.1. The setting

3.1.1. We consider the following three situations (I), (II), (III).

In Situation (I), we consider a number field F C C.

In Situation (II), we consider a connected one-dimensional complex
analytic manifold B endowed with a finite flat morphism Il : B — C.

In Situation (IIT), we consider a connected projective smooth curve
C over C.

3.1.2. Let G, w : G,, = Greq be as in 1.1.4. Let G be a normal
algebraic subgroup of G. Let Q = G/G.

In Situation (I), we assume that we are given M, : Rep(G) —
MM (Fp) as in 1.3.4 and we assume 1.3.4.

In Situations (IT) and (III), we assume we are given H}, : Rep(G) —
QMHS as in 1.1.10 and we assume 1.2.9 and 1.2.10.

Let K be an open compact subgroup of G (A’Ic() which satisfies the
neat condition (1.2.11). In Situation (I), let X (F) = X¢.g,m,,x(F). In
Situation (II) (resp. (III)), let X(C) = X ,¢.m,,x(C) and let
Mior (B, X(C)) (resp. Muor(C,X(C))) be as in 1.2.26.

3.1.3. Let
A= ((Vi,w(2),s(4),c(i)i<i<m, t(w, d))w,dez,d>1),

where m > 0, V; € Rep(G), w(i), s(i) € Z, c(i) € R, and t(w,d) € R.

3.1.4. The organization of Section 3 is as follows.
In Section 3.2, we define the height function

Hy : X(F) = Rso

in Situation (I) for a finite extension F' of Fy in C fixing somethings and
assuming somethings, and we also define the height function

ha : Mpor(C, X(C)) = R

in Situation (III).

Sections 3.3 and 3.4 are preparations for Section 3.5. In Section 3.3,
we review height functions in the usual Nevanlinna theory. In Section
3.4, we give results on the degeneration of Hodge structures which we
use in Section 3.5. In Section 3.5, we define the height function

Tf’A(T‘) eR (T S RZl) for f € Mhor(BaX((C))

in Situation (II).
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In Section 3.6, we consider special cases ha, Ha, Tt a(r) of hy,
Hy, Ty A(r), respectively, and then define a height functions Ny o(r) for
Situation (II) and ho : My (C, X(C)) — R in Situation (III), and we
give some comments on height functions.

In Section 3.7, we explain that the height functions of the different
situations (I), (II), (III) are connected via asymptotic behaviors.

In Section 3.8, we describe the relations of these height functions to
the geometry of a toroidal partial compactification X (C) of X (C).

3.1.5. Situation (II) and Situation (III) are directly related when
B = C ~ R with B as in Situation (IT), C' as in Situation (III), and R a
finite subset of C. In this case, by the “Great Picard Theorem” applied
to small neighborhoods of points of R in C, II : B — C extends to a
morphism C' — P1(C) for which R is the inverse image of co € P1(C).

3.2. Height functions hy(H) and Hy(M)

3.2.1. Assume we are in Situation (III).
We define the height function hp : Mpe(C, X(C)) — R as

ha(H) =Y c(i)deg(grVgrt y HVi)) + > tw,d)howa(H(V0)),

i=1 wEZ,d>1

where he w.a(H(Vp)) is defined as in Part I, Section 1.6 by using the
canonical polarization 1.2.14.

3.2.2. Let F be a finite extension of Fy in C.

To define the height function Hy : X(F) — Rs, we fix a Z-lattice
Viz in V; (1 <i < m) such that Z ®z V; z is stable under the action of
K.

3.2.3. Define

H H grw( c(z) H H<> w, d V'O))t(w,d)
weZ,d>1

using Part I.

Here in the definition of He b.a(M(V0)), we assume the conjectures
in Part I, Section 1.7, which we assumed to define H¢ 4, 4 there. We
use the canonical polarization on gr!¥ M (V) (1.3.12) for the definition
of H<>,w,d-

3.3. Reviews on height functions in Nevanlinna theory
See [28] and [36] for example.
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3.3.1. Let Y be a compact complex analytic manifold.
Let E be a divisor on Y. A Weil function of E is an R-valued
continuous function on Y \ Supp(E) which is written locally on Y as

W = —log(|g|) + a continuous function,

where g is a meromorphic function (found locally) such that div(g) =
—-F.
A Weil function of E exists.

3.3.2. Let B be a connected one-dimensional complex analytic man-
ifold endowed with a finite flat morphism I : B — C. Let f : B - Y
be a holomorphic map, let E be a divisor on Y, and assume f(B) is not
contained in Supp(FE). Assume that a Weil function W of E is given.
Then the height function Ty g(r) (r € R>g) for f and E in Nevanlinna
theory with respect to W is defined by

Ty.p(r) :==mysp(r) + Ny p(r)
where my g(r) and Ny g(r) are defined as follows. First,

1 27 . )
my p(r) = 2—/ (IL, f* W) (re*%)df.
T Jo
Here II, is the trace map associated to II. Writing f*E = _pn(z)z
(n(x) € Z, note that this can be an infinite sum), let

Ny,p(r) = > n(z)log(r/|())) + > n(x)log(r).

z€B,0<|II(z)|<r z€B,II(z)=0

If W’ is another Weil function of E, then W’ — W is an R-valued
continuous function on the compact space Y, and hence there is a con-
stant ¢ € R>g such that |W — W’| < c¢. Hence in this case, if we denote
by m'; p and T}  the my g and Ty g defined using W' in place of W,
respectively, we have

imyp(r) —myp(r)| <c, [Tre(r) =Tipr) <c

3.3.3. The Nevanllina height functions can be defined also by using
the curvature forms of line bundles with C'°® metrics, as below. In our
Hodge-Nevanlinna theory, we will follow this formulation.

3.3.4. Let L be a line bundle on Y. Then a C'°*° metric on L exists.
Let B beasin 3.3.2 and let f : B — Y be a holomorphic map. Take
a C* metric | |1 on L and define the height function of (f, L) by

1 d

T . t
Ty (1) =Ty, ‘L(r) = 3 | (/B(t)f /@(L))? eR forreRsg
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where B(t) = {x € B | [II(z)| < t} and (L) is the curvature form of
(L, | L)

3.3.5. Let the notation be as in 3.3.2. Assume L = Oy (F) for a
divisor E. Then W := —log(|1]1) is a Weil function of E. The height
functions in 3.3.2 and 3.3.4 (the former is defined by using this W and
the latter is defined by using | |1, ) are related as

Tr(r) =Tp(r)—c

where ¢ is the constant lim,_,o(IL, f*W —nlog(|z|)) with n the coefficient
of the divisor —II,f*F on C at z = 0.
This formula follows from Stokes’ formula.

3.4. Some results on degeneration

Our definitions of the height functions in Situation (II) are similar
to those in Section 3.3, but we have to take care of degenerations. Here
we give preparations for it.

3.4.1. Concerning 3.4.1-3.4.3, see [32].

Let Y be a one-dimensional complex manifold, let R be a discrete
subset of Y, let L be a line bundle on Y, and let | | be a C'*° metric
on the restriction of L to Y ~ R. We say the metric | | is good at R if
the following condition (*) is satisfied at each z € R. Let z be a local
coordinate function on Y at x such that z(z) = 0.

(*) There are an open neighborhood U of  on which |z| < 1, a basis
e of L on U, and constants C1,Cy,C5,Cy,c € R+ such that we have
the following (i)—(iii) on U N (Y \ R).

(i) Crlog(1/|z])7 < |e| < Cylog(1/]z])°.

(i) |2 2 log |el| < G log(1/[2))~".

(i) |2 2 2 log(Je])| < C4log(1/]2])~2.

3.4.2. In 3.4.1, consider the case Y is a connected projective smooth
curve C over C. Assume that the metric | | is good at R. Let x(L) be
the associated curvature form on C'\\ R. Then by [31], k(L) is integrable
on C, and (2mi)~" [, k(L) = deg(L).

3.4.3. Let Y and R be as in 3.4.1, and let H € QVMHS,¢(Y) N
QVMHS(Y \ R). Assume H is pure and polarizable. Then the Hodge
metric on det(gr"He) given by a polarization of H is good at R by [32].

3.4.4. Let Y and R be as in 3.4.1. Assume we are given Hg, H1, Hs
on Y \ R as in Section 2.4 (we replace Y there by Y \ R here). Assume
Ho is polarizable and assume that H, € QVMHS,(Y) for ¢ = 0,1, 2.
Then by [5], the G, @Q-torsor L(H1,Hz) on Y\ R (Section 2.4) extends
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uniquely to a G, ® Q-torsor on Y and its metric on Y \ R is good at

R.

3.4.5. In 3.4.4, assume that Y is a connected projective smooth
curve over C. Then by [5], deg(L(H1,H2)) € Q is equal to the height
paring ht(H1,H2). By 3.4.2 and 3.4.4, this ht(H;, H2) coincides with
%m’ fC’ I{(L(Hl,ng)).

Hence Prop. 2.4.21 gives an explanation of the positive definite
property of the height pairing ht(#H1, H2).

3.4.6. Recall that for an R-mixed Hodge structure H and for w € Z
and d > 2, we have an R-linear map &, 4 : griV Hg — gr!V ,Hg (Part I,
Section 1.6). We give a property of d,, 4 in degeneration.

Let A = {qg € C| |Jg] < 1} and let A* = A~ {0}. Then the
upper half plane §) is the universal covering of A* with the covering map
x4 iy — ¢ = 2@ Endow A with the log structure associated to
{0} C A and let Al°® be the space over A in [20] (see also [23], [21]).
We have Al® = |A| x S! where |A| := {r ¢ R | 0 < r < 1} and
S!:= {u € C* | |u| = 1}, and the map Al°® — A is given by (r,u) > ru.
Let A2 = |A| x R be the universal covering of Al°% with the covering
map A8 — Al°g induced by R — S* ; @ — 2™ Then § is identified
with an open set of Al°% via the embedding z—+iy — (|q|,z) = (e 2™, z).

Assume we are given H € QVMHSz(A) N QVMHS(A*) and as-
sume that gr’¥H are polarized for all w € Z. We consider the be-
havior of (0u,a(H(q)),dw,qe(H(g))) when ¢ € A* converges to 0, where
H(q) denotes the fiber of H at ¢ and (, ) denotes the Hodge metric of
(gru H)* ® gry_gH.

Fix an element 0 of Al°% lying over 0 € A. The local system Hg on
A* extends uniquely to a local system on Al°8 which we denote also by
Ho. Let Hy g be the stalk of Hg at the image of 0 in A°%. Then Hy g has
the weight filtration and the polarization grl¥ Hoxgrl¥ Ho — Q-(27i) v
induces a Q-bilinear form (, ),, on gr!’ Hy . Let h(w,r) be the rank of
gr'erWHo.

Let D be the set of all descending filtrations fil on Hy ¢ such that
(Ho, W, ({, )w)w,fil) is a mixed Hodge structure with polarized pure
graded quotients and such that dime(gr"gr!Vfil) = h(w,r) for all w,r.

We have the period map p : $ — D associated to H. The the-
ory of associated SL(2)-orbit in [21] Part II, Part III gives the follow-
ing ((pw)wez, S, ). pw for each w € Z is a homomorphism SL(2)g —
Autg(gr?V Hog,{ , )u) of algebraic groups over R. The canonical R-
splitting of W ([21] Part I, §4, Part II, §1.2) associated to p(§) converges
when § € $ converges to 0. We denote the limit splitting of W over R
by s. Let 7 : Gyr — Autr(Hor, W) be the homomorphism which
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corresponds via s to the direct sum of t*p,, (%t ?) on gr¥V Hy g ([21]

Part 11, 2.3.5). 7(y"/?)p(§) € D converges in D when § € § converges
to 0. We denote the limit by r € D. (This r is written as exp(iN)F in
[21] Part IV, Theorem 6.2.4.)

Proposition 3.4.7. When q € A converges to 0,
Y~ 0w.a(H(q)), 0w.aH(q))) converges to (3u.a(r),dw.a(r)).

Here (, ) is the Hodge metric.
Proof. We have

Y (0u,a(H(@), 0w,a(H(@)) = (T(4"/*)80.a(p(@)), 7(y"/*)8u,a(p(d)))

= (Buw,a(r(""*)p(@)), bw,a(T(y*)P(@) = (Su,a(x), by a(r))
(G € $ denotes a lifting of q). Q.E.D.

3.5. Height functions T (r)

3.5.1. Assume we are in Situation (II). Let f € My (B, X(C)). We
denote f also by H when we regard it as the exact ®-functor Rep(G) —
QVMHS)og(B) (1.2.26).

3.5.2. Let f € Mo (B, X(C)). For r € R>1, we define

Tpa(r) =Ty area(r) + Zt(wv A)Tf,0w,a(7),

w,d

where each term of the right hand side is defined in 3.5.3, 3.5.4, 3.5.5
below.

Note that we consider » € R>; here, not 7 € R>( as in the classical
Nevanlinna theory. This is to avoid the divergence in the definition of
the height function which could arise from the singularity of the involved
variation of Hodge structure. See 3.5.3 below. The author is very thank-
ful to the referee who pointed out this problem of divergence which was
overlooked by the author in an earlier version of the manuscript.

In Nevanlinna theory and in our Hodge-Nevanlinna theory, we are
interested in the behavior of the height function when r — co. So, it is
harmless to consider only r > 1.

3.5.3. We define the first term Tf A red(r) in the definition of Tf o (r)
in 3.5.2.
Let

KX (C),A,red = Z c(i)n(det(grs(i)gruvﬂ/(i)’;'-[x(@)(%)o))hor

%
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where n(det(grs(i)grmz)ﬁx ©)(Vi)©))nor is the restriction to T’y (c) nor of
the curvature form of the line bundle det(gr®® gr’" iy Mx ) (Vi)o) with
the Hodge metric. The Hodge metric is defined by a polarlzatlon (1.2.21)
but the curvature form is independent of the choice of the polariza-
tion. This rx(c) A rea comes from an Hermitian form on T'x, ,(c) hor Via
Tx(C),hor = TX,0q(C),hor-
Define
1

Tf,A,red(T) = %

T
(/ Hf,A,red)ﬂ With K A red = f*Kx(C),A red-

1 JB) t

Here we have to be careful that not as in 3.3.4, the above differential
2-form K¢ A red is C°° on U = B \ R, where R is the set of points at
which H(V;) for some i has singularity and it is a discrete subset of B,
and k¢ A red May have singularities at R. But the integration on the rlght
hand side in the definition of T'¢ A red(r) converges by 3.4.3. Here we take
flr assuming 7 > 1, and do not take for as in the classical Nevanlinna
theory. If we take for , the integration would diverge at ¢ = 0 due to the
singularity at II=1(0).

3.5.4. We define T, ¢ ,1(7).

Let £x(c),¢,w,1 be the Hermitian form on T'x (¢ nor defined in 2.4.22.

Define
1
Tt w1 (r)=

r dt
27”/ (/B(t) Hf,<>,w,1)7 with K7.¢,w,1:=f"Kx(C),¢w1-

The curvature form k¢ ¢ 1 may have singularities but the integra-
tion on the right hand side of the definition of T ¢ ,1(7) converges by
3.4.4.

3.5.5. Assume d > 2. We define

Tt w,d(T) = mf 6 w.d(r) + Niowa(r),

where:
1 27‘(‘

mg o w d g d@ with g = H (<5w,da 5w7d>1/d),

:%0

where d,, 4 is that of H(Vp) in Part I, Section 1.6, IL, is the trace map
for1I: B — C,

Nrowar) = 3 (Nowd Newa)y, - log(r/[II(z)])
z€B,0<|II(x)|<r

+ Z <Na:,w,da Nw,w,d>}v/jo : 10g(’l"),
z€B,II(z)=0
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where N, , 4 and Ny o are those of H(Vp) in Part I, Section 1.6.
The function 6, ¢ may have singularities but the integral m ¢ 1 a(7)
converges by 3.4.7.

3.6. #-height functions, O-height functions, complements
on height functions

We consider height functions Hg in Situation (I), Tt a4(r) in Situa-
tion (IT), and h in situation (IIT). These are special cases of Hy, T A(7),
ha, respectively. We define also height functions Ny o(r) in Situation
(IT), heo in Situation (IIT). We give complements to height functions.

3.6.1. The following height functions ha(H), Ha (M), Tt & (r), which
are special cases of the height functions ha(H), Ha(M), Ty .a(r), will be
important in Section 4:

ha(H) = —deg(H(Lie(G))o/f1%) in Situation (IIT),

Ha(M) =[] Hr(M(Lie(G)))™" in Situation (I),
r<0

r

1 dt
Tra(r)==— [ ([ f‘ix).a)- in Situation (II).
211 1 B(t) t

Here G acts on Lie(G) by the adjoint action. See 2.3.2 for the definition
of Kx((c)".

This height function is the special case A = # of the height functions
in Section 3.2 and 3.5, where A = # means that A is such that (w(), s(i))
(1 <4 < m) are all different pairs such that grs(i)grg/(i)Hb(Lie(g)) #0
and s(i) < 0, V; = Lie(G) for 1 < i < m, ¢(i) = —1 for all 4, and
t(w,d) = 0 for all w,d.

3.6.2. For a one-dimensional complex analytic manifold Y, for H €
Mo (Y, X(C)), and for € Y, we define e(x) = ho(H) € Z>¢ as
follows.

Let N : H(V)g,z — H(V)g, be the local monodromy operator at
x. It is the logarithm of the action of the canonical generator of the
local monodromy group at x. Here H(V')qg, . denotes the stalk of H(V)q
at a point # x of Y which is near to x. By the theory of Tannakian
categories, N/ for all V € Rep(G) come from N, € H(Lie(G))q,x-

By level structure, we have N/ € Aé ®q Lie(G) mod the adjoint
action of K on Aé ®q Lie(G). We define e(z) = 0if N, =0. If N, #0,
e(z) is defined by Ze(z)™' = {b € Q| exp(bN.) € K}.



Height functions for motives, 11 53
3.6.3. In Situation (III), for H € Mo (C, X(C)), define
h@('H) = Z h@yr(H) € ZZO~
zeC

3.6.4. We have ho(H) > $(2(C,H)), where X(C,H) denotes the
set of points of C' at which H has singularity.

3.6.5. In Situation (II), for f € My (B, X(C)), define

Nyo(r) = Z he - (H) log(r/|I1(z)])) + Z he - (H) log(r).
z€B,0<|II(z)|<r z€B,II(z)=0

3.6.6. Let

1

NE(r) = > log(r/|T(x)]) + > log(r).
x€X(B,H),0<|TI(x)|<r z€X(B,H),II(x)=0

Here 3(B,H) is the set of points of B at which #H has singularity.
We have Ny o(r) > NJ(C}()?(T).

3.6.7. We give comments on height functions.

(1) The bijections in 1.3.7 (1) do not change the height functions in
(), (I1), (II1).

(2) In this Section 3, we considered the height functions on
Xea,6,m, kx (F) but not yet on X¢ v i (F'). We define height functions on
X1,k (F) by using the bijection X¢ v x(F) = X¢.¢,Mm,, k' (F) in 1.3.7
(2) by choosing M7 € X v,k (F), and using the height functions on the
latter. Then they are independent of the choice of Mj.

Proposition 3.6.8. Assume G is reductive and assume kx(c),A, red
(8.5.3) is positive semi-definite. Then

(1) In Situation (II), T a(r) > 0 for any f € Mno(B, X(C)) and
any r € R>q.

(2) In Situation (III), ha(H) > 0 for any H € My (C, X(C)).

Proof. (1) is evident. (2) follows from 5= [, f*Kx(c),area = ha(H)

2me

(3.4.2, 3.4.3) where f = H. Q.E.D.

3.6.9. We say A is ample if the Hermitian form rx(c)yared O
T'x,.q(C),hor (3.5.3) is positive definite and ¢(w, d) > 0 for any w, d.

For example, by the theorem of Griffiths in 2.2.1, A is ample if
Vi = Vo for all 4, (i) = s(4) for all 4, {(w(¢),s(3)) | i € Z} covers all pairs
(w, s) such that grégr’VVy # 0, and t(w, d) > 0 for all w, d.
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Proposition 3.6.10. Assume we are in Situation (II). Assume A
is ample and G is reductive.

Let f € Muor(B,X(C)) and assume that Ty x(r) = o(log(r)). Then
f is constant.

Proof. If f is not constant, the Hermitian form ks req is pos-
itive definite and hence there are constants b > 1 and ¢ > 0 such
that ﬁfB(t) KfAred > c for any t > b. For any r > b, we have

Ty a(r) > [, cdt/t = c(log(r) — log(b)). Q.E.D.

The author expects that the assumption G is reductive in 3.6.10 is un-
necessary.

Proposition 3.6.11. Assume we are in Situation (III). Assume A
is ample and let H € Mo (C, X(C)). Then ha(H) > 0. If ha(H) =0,
then H is constant.

Proof. This is proved in the same way as Part I, Proposition 1.6.16.
Q.E.D.

The proof of the following Proposition is easy.

Proposition 3.6.12. (1) Assume we are in Situation (II) and let B’
be a connected smooth curve over C endowed with a finite flat morphism
B’ — B of degree [B' : B]. Let f € Mpo(B,X(C)) and let ' €
Muor(B', X(C)) be the composition of f and B — B. Then

Tf’,A(T) = [B, : B} . Tf7A(7”), Nf/’o(T) = [B/ : B] . vaqp(r).

(2) Assume we are in Situation (IIT) and let C' be a proper smooth
curve over C endowed with a finite flat morphism C' — C' of degree
[C":C). Let H € Mpor(C, X(C)) and let H' € Mpo(C', X(C)) be the
pull back of H. Then

ha(H') = [C": C]- ha(H), ho(H) =[C": C] - ho(H).

Remark 3.6.13. In Part I ([19]) Section 2.3, we defined the height
function He (M), which is the motive version of the above ho ,(H),
for a mixed motive M over a number field F' and for a non-archimedean
place v of F', and defined the height function Ho s := vas Ho , for a
finite set S of places of F' containing all archimedean places of F.. The
author found that the definitions of these Ho , and Ho g were not the
good ones. Hence we do not discuss these height functions in this Part
II. He hopes that in Part III (a sequel of this paper), he gives the good
definitions together with the definitions of He , for archimedean places
V.
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3.7. Asymptotic behaviors

In the following 3.7.1 and 3.7.2, we describe relations between the
height functions in Situation (II) and the height functions in Situation
(IIT). At the end of this Section 3.7, we briefly describe the relations
between the height functions in Situation (I) and the height functions
n (II) or (III), but the details of them will be given elsewhere.

Proposition 3.7.1. Assume B = C ~ R for a finite subset R of C
(that is, we are in the situation of 3.1.5). Let H € My (C, X(C)) and
let f € Mpor(B, X (C)) be the restriction of H to B.

(1) Ty a(r)/log(r) converges when r — oco.

(2) If either one of the following conditions (i)-(iii) is satisfied,
Ty.A(r)/log(r) converges to ha(H).

(i) G is reductive.

(it) t(w,d) = 0 for any d > 2.

(iii) H has no degeneration at R.

Proof. We prove (2 ) ﬁrst Case (i) follows from Case (ii). As-
sume (ii). Then Tya(r) = 2m fl fB ) F k)dt/t with Kk := KA red +
Yowtw, 1)Efow1. Let A( ) = 3= sz(t k. Then when t — oo, A(t)
converges to A := (2mi)~! [,k = ha(H). Take € > 0. Then there is
ro > 1 such that |A( ) — Al < eif r > rg. Let c:= [[° A(t)dt/t. We
have Ty a(r) = ¢ + [/ A(t)dt/t = c+ [ (A+u(t))dt/t with [u(t)| < e,
and hence [Ty a(r) — ¢ — Alog(r/ro)| < efm dt/t = elog(r/ro). Hence if
r is sufficiently large, we have [Ty A (r)/log(r) — A| < 2e.

Assume (iii). In this case, my ¢ 4,4 is bounded when r — oo and

Tt 00 (r)/108(r) = S (Nowds Nowwa) ey = howa(H).
rxeB

(1) follows from 3.4.7 and the case (ii) of (2).
Q.E.D.

Proposition 3.7.2. Let the assumption be as in 3.7.1. Let H €
Mo (C, X(C)).

(1) lim, o Ny o(r)/log(r) =3, cp ho(H).

(2) lim, o0 N}}g)(r)/log(r) = t{x € B | H has singularity at x}.

Proof. This is clear. Q.E.D.

Remark 3.7.3. (1) In 3.7.2, if H has no degeneration at R, the rhs
becomes ho(#H) in (1) and #{x € C | H has singularity at z} in (2).

(2) 3.7.1 and 3.7.2 tell that the study of height functions in Situation
(III) is essentially reduced to that in Situation (II).
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3.7.4. In the above, we considered relations between Situation (II)
and Situation (III).

We have relations between Situation (I) and Situation (III), and also
relations between Situation (I) and Situation (IT). We give only rough
stories here. We hope to discuss more precise things elsewhere.

Let Cy be a projective smooth curve over a number field Fj;. We can
define the set X (Fy(Chp)), where Fy(Cp) denotes the function field of C,
in the similar way as the definition of X (F'). For M € X (Fy(Cy)), for
a finite extension F of Fy in C and for « € Cy(F) at which M does not
have singularity, we can define the specialization M (z) € X (F) of M at
x.

Concerning the relation between (I) and (III), we can show that

log(Hpa(M(z)))/log(H(z)) in (I) and ha(Mg) in (III)

are closely related. Here My is the Hodge realization of M on C :=
Co(C) and H(x) is the height of = as an element of Cy(F') defined by a
G, ® Q-torsor on Cj of degree 1. In some cases, hp(Mpy) is the limit
of log(Hx(M(z)))/log(H (z)) when F and x move.

Concerning the relation between (I) and (II), we can show that for
an affine dense open subset By of Cy, if we denote by f the element of
Muor (B, X(C)) (B := By(C)) induced by M,

log(Hp(M(z))) in (I) and Ty a(H(x)) in (II)
are closely related.

3.8. Toroidal partial compactifications and height func-
tions

Here we describe the toroidal partial compactification X (C) of X (C)
and its relation to height functions.

This X(C) is a generalization of X(C) in Part L. It is given by the
work of Kerr and Pearlstein [24] in the case G is reductive and G = G.
For general G, it is described in [22] briefly in the case G = G. The
details of the general case will be given in a forth-coming paper [21],
Part V.

In the rest of this paper, this Section 3.8 serves to make our philos-
ophy clearer, and we do not use the contents of this Section 3.8 to prove
a result except that 3.8.10 is used in Remark 4.2.3.9 to prove a result
there.

3.8.1. Let X be the set of cones in Lie(G)r of the form R>¢N for
some element N of Lie(G) satisfying the following conditions (a) and (b)
for any V' € Rep(G).
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(a) The image of N under Lie(G) — End(V) is a nilpotent operator
on V.

(b) There is a relative monodromy filtration of N : V. — V with
respect to the weight filtration W,V .

If V} € Rep(G) is a faithful representation, (a) and (b) are satisfied
for any V' € Rep(G) if they are satisfied by V = V; (1.2.20).

3.8.2. Let Dy be the set of pairs (0,Z), where 0 € ¥ and Z is a
non-empty subset of D(G,Y) satisfying the following (i)—(iv).

(i) Write o0 = R>oN with NV € Lie(G). Then Z is an exp(CN)-orbit
in D(G, ).

(ii) The image of Z in D(Q,Yg) is class(Hy o) € D(Q,Yg),

(iii) If H € Z, N belongs to fil ' H(Lie(G))c, where G acts on Lie(G)
by the adjoint action and fil™* is the Hodge filtration.

(iv) Let H € Z. Then exp(zN)H € D(G,T) if z € C and Im(z) is
sufficiently large.

Let X(C) := G(Q)\(Ds x (G(AL)/K))

3.8.3. X (C) has a structure of a logarithmic manifold which extends
the complex analytic structure of X(C). (Logarithmic manifold is a
generalization of complex analytic manifold ([23], 3.5.7). It is like a
complex manifold with slits.)

3.8.4. For a one-dimensional complex analytic manifold Y, for a
discrete subset R of Y, and for a horizontal holomorphic map f : Y ~
R — X(C), the following (i)—(iii) are equivalent. (i) f is meromorphic
onY (1.2.26). (ii) f extends to a morphism ¥ — X (C) of locally ringed
spaces over C. (iii) f extends to a morphism Y — X(C) of logarithmic
manifolds. If these equivalent conditions are satisfied, the extensions of
f in (ii) and (iii) are unique.

3.8.5. We describe the relations of hg and ho to the extended
period domain X (C).

Around here, Y is a one-dimensional complex analytic manifold and
f € Muo:(Y, X(C)) and let H be the corresponding exact ®-functor
Rep(G) — QVMHS 4(Y). We denote the morphism Y — X (C) which
extends f by the same letter f.

3.8.6. For V € Rep(G), we have a universal log mixed Hodge struc-
ture H g ¢y (V) on X(C).
We have
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3.8.7. We have the sheaf QL . (log) of differential forms on X (C)

X(©)
with log poles outside X (C) and the sheaf QL. . C Q%?(C) (log) of differ-

_ X(© E
ential forms on X (C). These are vector bundles on X (C).

3.8.8. Let Ig(c) be the invertible ideal of Ox ) which is locally
generated by generators of log structures. For z € X(C), the stalk I,
coincides with Ok (¢, if and only if z € X(C).

We have an exact sequence

where the third arrow sends dlog(q) for a local generator ¢ of the log
structure to 1.
3.8.9. The vector bundle H)-((C)(Lie(g))@/ﬁlo on X(C) is canoni-

cally isomorphic to the logarithmic tangent bundle of X (C), that is, it

is canonically isomorphic to the dual vector bundle of Q% (C)(log).

3.8.10. In Situation (III), for Y = C, by 3.8.6 and 3.8.9, we have
ha (H) = deg(f*Q}(((c)(log)).

3.8.11. In Situation (II) (resp. (III)), for Y = B (resp. ¥ = C)
and for x € Y, ho ,(H) = e(x), where e(x) is the integer > 0 such that

Iz = mi,(;)

3.8.12. Assume Y = C.
By 3.8.11, we have

ho(H) = —deg(f* Iz (c))-
By this and by 3.8.10, we have

ha(M) — ho(H) = deg(f* Uy (c))-

3.8.13. In the comparison of (I) and (1) in Section 0, X(C) > X(C)
is like V' O V such that V is smooth and E := V \ V is a divisor on
V with normal crossings. Basing on 3.8.10 and the analogy between (I)
and (IIT), we think that the height function Hg for (I) is similar to the
height function Hy ;g for (1), where K is the canonical divisor of V.

3.8.14. It can be shown that the Hodge metric on det(Qﬁ((C)) (de-
fined by a polarization on Hxc)(Lie(G)) (1.2.21) and the duality be-
tween Qﬁ((c) and Tx(c) = Hx () (Lie(g))o/ﬁlo) extends to a metric on

in Oy@.

det(Qﬁz(C) (log)) with at worst log singularity. Hence the positivity of
the curvature form ,'1(de‘c(Q§(((C)))hor (2.3.3) tells that det(Qg{(C) (log)) is

something like an ample line bundle.



Height functions for motives, 11 59

84. Speculations

We extend speculations in Part I to the setting of this Part II.
Let the setting be as in 3.1.1-3.1.2.

4.1. Speculations on positivity

4.1.1. Question 1. Assume G is reductive.
For A as in 3.1.3, are the following (i)—(iv) equivalent?

(i) The Hermitian form KX(C),A,red ON T'x(C),hor 1S positive semi-
definite.

(ii) In Situation (IIT), we have ha(H) > 0 for any C and for any
H € Muor(C, X (C)).

(iii) In Situation (II), we have Ty a(r) > O for any B, any f €
Mo (B, X(C)) and any r € R>1.

(iv) In Situation (I), there is ¢ € R such that for any number field

F C C such that Fy C F and for any M € X(F), we have Hy(M) >
[F:Fo]
c .

Remark 4.1.1.1. We have (i) = (iii) = (ii). In fact, (i) = (ii) and
(i) = (iii) follow from 3.6.8, and (iii) = (ii) follows from 3.7.1.

4.1.2. Question 2. Assume G is reductive.
For A as in 3.1.3, are the following (i)—(iv) equivalent?

(i) A is ample (3.6.9).

(ii) In Situation (III), if H € Mo (C, X(C)) and if hy (H) < 0, then
‘H is constant.

(iii) In Situation (II), if f € Mpe(B, X(C)) and if there is ¢ € R
such that T A (r) < c for any r € R>1, then f is constant.

(iv) In Situation (I), for any d > 1 and ¢ € Rsq, there are finitely
many pairs (F;, M;) (1 <14 < n), where F; are finite extensions of Fy in C
and M; € X(F;), satisfying the following condition. If F' C C is a finite
extension of Fy and M € X(F) and if [F : Fy] < d and Hy(M) < ¢,
there is ¢ (1 < i < n) such that F; C F and such that M is the image of
M; under X (F;) — X (F).

Remark 4.1.2.1. We have (i) = (i) by 3.6.11, (iii) = (ii) by 3.7.1,
and (i) = (iii) by 3.6.10.

Now we do not assume G is reductive.

4.1.3. Question 3. Assume A is ample (3.6.9). Are the following
(1) and (2) true?

(1) In Situation (I), for any finite extension F' of Fj in C and for
any ¢ € Ry, the set {M € X(F) | Hy(M) < ¢} is finite.
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(2) (A stronger form of (1).) Fix d > 1 and ¢ € Rsg. Then there
is a finite number of pairs pairs (F;, M;) (1 < ¢ < n), where F; are
finite extensions of Fy in C and M; € X(F;) satisfying the following
condition. If F is a finite extension of Fy in C such that [F : Fy) < d
and if M; € X(F) and Hy(M) < ¢, then there is i (1 < i < n) such
F; C F and such that M is the image of M; under X (F;) — X (F).

Remark 4.1.3.1. Question 3 asks whether the motive version of the
finiteness theorem of Northcott on the usual height is true.

Remark 4.1.3.2. It seems that through the analogies between Situ-
ation (I) and Situation (II) (resp. Situation (I) and Situation (III)), the
result 3.6.10 (resp. 3.6.11) supports the answer Yes to Question 3.

4.2. Speculations on Vojta conjectures

4.2.1. In Situation (I), for a finite extension F' of Fy and for a
finite set Sy of places of Fyy containing all archimedean places of Fy, let
Dg,(F/Fy) be the norm of the component of the different ideal of F/Fj

outside Sp.
In Situation (II), we consider the Nevanlinna analogue of it

Npamm@ = 3 (eol@=Dlog(r/[I@))+ 3 (ex(lD)—1)log(r),

z€B,0<|II(z)|<r z€B,II(xz)=0
where e, (II) is the ramification index of B over C at x.

4.2.2. In Situation (I), for a finite extension F of Fy in C, for M €
X(F), and for a non-archimedean place v of F, we say M is of good
reduction at v if M (V) is of good reduction at v for any V' € Rep(G).
We say M is of bad reduction at v if it is not of good reduction at v.

For each M € X (F), there are only finitely many non-archimedean
places v at which M is of bad reduction. This is because for a faithful
representation Vi € Rep(G), by 1.2.20, M is good reduction at v if and
only if the mixed motive M (V7) is of good reduction at v.

4.2.3. Question 4 (1). Assume we are in Situation (I). Assume A
is ample (3.6.9). Is the following statement true?

Fix a finite set of places Sy of Fy which contains all archimedean
places of Fy. Then there is a constant ¢ € Ry such that

( TI #F.)- Dsy(F/Fo) > PPl Ho(M)Hp (M)
vEX g (M)

for any finite extension F' of Fy in C and for any M € Xgen(F'). Here
S denotes the set of all places of F' lying over Sy, ¥g(M) denotes the
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set of places of F' which do not belong to S and at which M has bad
reduction, and [, denotes the residue field of v.

Remark 4.2.3.1. If we follow the analogy with conjectures in [36],
the reader may think that e > 0 should be fixed and Hx (M) should be
replaced by Ha(M)c. However, we have Hy (M) = Hp, (M) where A’ is
obtained from A by replacing ¢(#) with ec(i) and replacing ¢(w, d) with
et(w,d) (then A’ is also ample). Hence € can be deleted.

Remark 4.2.3.2. In the case G is reductive, basing on 2.3.3, we have
a variant of Question 4 (1) replacing Ha(M)HA(M)™! by He(M)'~¢
for a fixed € > 0.

Question 4 (2). Assume we are in Situation (II). Let A be ample
(3.6.9). Fix B. Is the following statement true?
If f € Mporgen(B,X(C)) and ¢ € R, we have

NEL(r) + Ngam(m (1) Zexe Tr.a(r) = Tra(r) +c

where >, means that the inequality > holds for any r outside some

subset of R> of finite Lebesgue measure. Here N)(p% (r) is as in 3.6.6.

Remark 4.2.3.3. Question 4 (2) treats the Hodge-Nevanlinna version
of the conjecture of Griffiths in the usual Nevanlinna theory treated in
[36] Section 14, Section 26.

Remark 4.2.3.4. There is a variant of Question 4 (2) in which we
replace N}}Q)Q(r) by Ny o(r).

Remark 4.2.3.5. If G is reductive, by 2.3.3, Question 4 (2) becomes
equivalent to the question in which we replace Ty () — Tf.a(r) in the
above by (1 —€)Tr a(r) (e >0).

Question 4 (3). Assume we are in Situation (III). Let A be ample
(3.6.9). Fix C. Is the following statement true?

There is ¢ € R such that #(X(H)) > ha(H) + ¢ for any H €
Mhor,gen (07 X((C))

Here X(#) denotes the set of points in C' at which H degenerates.

Remark 4.2.3.6. In Situation (IIT), various results are known con-
cerning the comparison of §(3(#)) and kinds of heights of H for a vari-
ation of Hodge structure H on C' with log degeneration. For example,
see Proposition 2.1 of [34].

Remark 4.2.3.7. If the answer to Question 4 (2) is Yes, the answer
to Question 4 (3) is Yes. This follows from 3.7.1 and 3.7.2.
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Remark 4.2.3.8. If X(C) is of dimension 1, Question 4 (3) has an
affirmative answer. In this case, if f is not constant, then for R :=
¥(H), we have a canonical injective map f*(Qﬁ?(C)(log)) — QL (log R)
and hence the comparison of degrees gives ha(H) < deg(Q5(log R)) =
29@ -2 + ﬁ(R)

Remark 4.2.3.9. There is a variant of Question 4 (3) in which we
replace §(X(#H)) by ho(H).

4.2.4. In this Question 5, we assume G is reductive.
Question 5 (1). Are the following (i) and (ii) equivalent?

(i) X(F) is finite for any finite extension F' of Fp in C.
(ii) Any f € Mpo(C, X(C)) is constant.

Question 5 (2). Are the following (i)—(iii) equivalent?
(i) Xgen(F) is finite for any finite extension F' of Fy in C in Situation

(D).

(i) Any f € Mhorgen(C, X(C)) is constant.

(iii) There is an ample A (3.6.9) such that he (H) — ho(H) > ha(H)
in Situation (III) for any C' and for any H € Moy gen(C, X (C)).

Question 5 (3). Is the following true?

Let F be a finite extension of Fy in C and let .S be a finite set of
places of F' containing all archimedean places of F'. Then there are only
finitely many M € X (F') which are of good reduction outside S.

Remark 4.2.4.1. The answer Yes to Question 5 (3) is a generalization
of Shafarevich conjecture for abelian varieties proved by Faltings ([11])
to G-motives.

Remark 4.2.4.2. The last section of Koshikawa [27] contains an
affirmative result on the Shafarevich conjecture for motives assuming the
finiteness of the number of motives with bounded heights and assuming
the semi-simplicity of the category of pure motives.

Renark 4.2.4.3. Via the analogy in 4.2.5 below, Proposition 2.3.4
supports the answer Yes to Question 5 (3).

Remark 4.2.5. The following conjecture of Bombieri-Lang-Vojta
is well known in Diophantine geometry.

Conjecture 4.2.5.1. Let Fy C C be a number field, let V' be a scheme
of finite type over Op,, and let V’ be a closed subscheme of V. Then
the following conditions are equivalent.

(i) The image of any morphism C — V(C) of complex analytic
spaces is contained in V'(C).
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(ii) For any finite extension F of Fy and for any finite set S of places
of F' containing all archimedean places of F, V(Og) \ V/(Og) is finite.

Question 5 is based on the analogy with this conjecture.

In Question 5 (1), we consider an arithmetic version X of X(C) (if
it exists) in place of V and we consider X ~ X in place of V',

In Question 5 (2), we consider X in place of V.

In Question 5 (3), we consider X in place of V taking the empty set
as V',

The following Question 6 (1)—(3) present inequalities which are sim-
ilar to those in Question 4, but the difference is that the generic parts
(Xgen(F') etc.) are considered in Question 4 whereas the total space
(X(F) etc.) are considered in Question 6.

4.2.6. Question 6.

(1) Assume we are in Situation (I) and assume G is reductive. Is
there an ample A (3.6.9) satisfying the following? Fix a finite set of
places Sy of Fy which contains all archimedean places of F. Then there
exists ¢ € Rs¢ such that

(oessn) 8F0)) - Dso(F/Fo) > 7ol Hy (M)

for any finite extension F of Fy in C and for any M € X (F).
Here S and Xg(M) are as in Question 4 (1).

(2) Assume we are in Situation (IT) and assume G is reductive. Fix
B. Is there an ample A satisfying the following? If f € My (B, X(C))
and ¢ € R, we have

N,(v,lc)p(r) + NRam(11) () Zexe Tra(r) + c.

(3) Assume we are in Situation (III) and assume G is reductive. Fix
C. Are there an ample A and ¢ € R such that

B(EH)) = ha(H) + ¢

for any H € Mo, (C, X(C))? Here £(H) denotes the set of points in C
at which H degenerates.

Remark 4.2.6.1. If the answer to Question 6 (2) is Yes, then the
answer to Question 6 (3) is Yes. This follows from 3.7.1 and 3.7.2.

Remark 4.2.6.2. If the answer to Question 6 (1) is Yes and if (i) =
(iv) in Question 2 is true, we have the answer Yes to Question 5 (3).
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4.3. Speculations on the number of motives of bounded
height
4.3.1. Fix an ample A (3.6.9). Consider Situation (I). We fix a finite
extension F of Fp in C.
For t € R+, define

N(Ha,t) = H{M € X(F) | Hy(M) < t},
Nyen(Ha, t) := H{M € Xyen(F) | Hy(M) < t}.

We expect that these numbers are finite (Question 3 in Section 4.1).

4.3.2. Question 7. Do we have
N(Hy,t) = ct®log(t)’(1 4 0(1)), Ngen(Ha,t) = ¢'t% log(t)” (1 + o(1))

for some constants a,a’ € Rxq, b0 € %Z, ¢, € R>g? Do we have
a,a’ € Q in the case ¢(i),t(w,d) € Q in the definition of A?

4.3.3. Define a € R>g U {00} to be the inf of all s € R>( satisfying
the following condition (i).
(i) For any connected projective smooth curve C over C and for any

H € My (C, X(C)), we have
ShA(H) + h‘(/H) — h@(H) > 0.
(o is defined to be oo if such s does not exist).

Remark 4.3.4. The inequality sha(H) + ha(H) > ho(H) can be
written also as deg(f*Qﬁ—((C)) +sha(H) >0 (f = H € Mpox(C, X(C)))

by using the partial toroidal compactification X (C) of X (C).

The next question arises following the analogy with the conjecture
[1] of Batyrev-Manin.

4.3.5. Question 8. Assume that Xgen(F') is not empty. Do we

have
im 08Ween(Hn 1) _
t—o00 log(t)

4.3.6. Example. In Example 1.4.6, consider the case Fy = Q and
My =7 ®7Z(1)"™ for some n > 1.

We have X (C) = Extoymus(Z, Z(1)") = (C*)". X (F)=
Ext}\/IM(F,Z) (Z,7Z(1)™), where MM (F,Z) is the category of mixed mo-
tives with Z-coefficients over F. Let X'(F) = (F*)"™. We have a
canonical map X'(F) — X (F) and a philosophy of mixed motives sug-
gests that this map should be bijective. We will compute the number
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of motives of bounded height replacing X (F') by X'(F') and replacing
Xgen(F') by the inverse image Xy, (F) of Xgen(F) in X'(F). Then
(ai)i<i<n € X'(F) = (F*)" belongs to Xg.,,(F) if and only if ay, ..., a,
are linearly independent in the Q-vector space F'* ® Q. For a € (F*)",
let M, € X(F) be its image.

We take A such that ¢(0,2) = 1. We have

Hp(M,) = exp Z Zlog |ai|y) 1/2),

where v ranges over all places of F. (This is proved as Part I, 1.7.8
which treats the case n = 1.)
We prove

lim 108(Ngen (4, 1)) =1l=oa.
t—00 log(t)

First we prove a = 1. If H € Myo(C, X (C)) corresponds to the
extension 0 — Z(1)” — H — Z — 0 defined by a family (f;)1<i<n of
non-zero elements f; of the function field of C, then

= 3O ordu(£)?) 2,

zeC i=1

ho(H) =Y GCD{Jord,(fi)| | 1 <i < n},

zeC

where GCD is the greatest common divisor. Hence shp(H) + ha(H) >
ho(H) means sha(H) > ho(H). We have clearly hy(H) > ho(H). O
the other hand, if we take f; = 1 for 2 < i < n, we have hp(H) =
ho(H) = ZzGC lord,(f1)]. These prove oo = 1.

Next we prove limt_>Oo log(Ngen(Ha, t))/log(t) = 1.

Let V := Gy, Vi = (P')", and let D; be the divisor Vi NV with
simple normal crossmgs. Let V be the blowing-up of V; along all in-
tersections of two irreducible components of D; (i.e. the bowing-up of
V1 by the product ideal of Oy, of the ideals which define intersections
of two irreducible components of D). Let Ds be the divisor VoV
on V5 with simple normal crossings. Then for i = 1,2, the height func-
tion H ;) associated to the divisor D; on V; is described as follows. For

=]
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a=(ai)i<i<n € (F7)",

Hey(@) = exp(30 D [oglail)).

Hs(a) = exp(Y" max{] log(lail,)| | 1 < i < n})

v

where v ranges over all places of F. Since D; is rationally equivalent
to —K; where K; is the canonical divisor of Vj, the work [2] shows that
lim; o0 log(N (H;),t))/log(t) = 1 for i = 1,2 by [2]. Since H(y)(a) >
Hp(M,) > Hz)(a), this shows lim; . log(N(Hy,t))/log(t) = 1. We
can obtain limy_,. log(Ngen (Ha,t))/log(t) = 1 from it easily.

4.3.7. The following Question 9 is a refined version of Question 8.
In Question 9, we consider the type of monodromy.

Consider the quotient set ¥/ ~ of ¥ (3.8.1) where ~ is the following
equivalence relation. For N, N’ € Lie(G), R>oN ~ R>oN’ if and only
if there are (g,t) € G(C) and ¢ € C* such that N = cAd(g)(N) in
Lie(G)c. Let X/ be a subset of ¥/ ~ which contains the class of the cone
{0}.

Let S be a finite set of places of F' which contains all archimedean
places of F' and all non-archimedean places of F' at which M, is of bad
reduction. We define the height function he s/ (#) and the counting
function Ngen g5 (H,t), which take the shapes of the monodromy oper-
ators into account.

For a connected projective smooth curve C' and for # € My, (C, X(C)),
define ho v (H) =Y., ho«(H) € Z>o where x ranges over all points of
C' which satisfy the following condition (i).

(i) The image of z under the composite map

% X(C) = GQ\(E x (G(A])/K)) = GQ\S - £/ ~

belongs to ¥'. Here G(Q) acts on X by conjugation.

Let Ngen,s,5v(Ha,t) be the number of M € X,e,(F) which appear
in the definition of Ngen(Hj,t) and which satisfy the following condition
(ii) at each place v ¢ S of F.

(ii) There is an element class(R>oN) (with N € Lie(G) nilpotent)
of X’ which satisfies the following: Let p = char(F,). For any prime
number £ # p, there are t,c € Qéx and an isomorphism Qy ®q, Met,g, =
H, g, of Q-vector spaces which preserves W and via which (, ), on

Q¢ ®q, gryy Met g, corresponds to £ ( , Yo, on gryy Hy g, for any w € Z
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and the local monodromy operator N/, corresponds to ¢N. Furthermore,
there are t,c € ) and an isomorphism Fy, ®p, , .. Dpst(Fo, Metg,) =
Hy g, of F,-vector spaces which preserves W and via which (', )w on
Fy ®p, o0 8w Dpst(Fy, Metg,) corresponds to ¢, o on gry) Hy s,
for any w € Z and the local monodromy operator N; corresponds to
cN.

4.3.8. The above ho s can be expressed in the form
h@,z’ (H) = Z 6(1‘), (f*IE’)x = mec(fv)
zeC

where Iy is the invertible ideal of O ¢) which coincides with I (c) in
3.8.8 at points of X (C) whose classes in ¥/ ~ belong to ¥’ and coincides
with Ox ¢y at the other points of X(C).

4.3.9. Let the notation be as in 4.3.7. Let F' be a number field. Let
S be a finite set of places of F' containing all archimedean places. Define
the modified version
asy  of «ain 4.3.3

by replacing
sh(H) + ha(H) —ho(H) >0 by sh(H)+ ha(H) — ho s/ (H) > 0.

Question 9. Assume Xgen(F') # 0. Do we have

lim log(Ngen,s,5 (Ha, 1))

= /?
t—00 log(t) o

4.3.10. Iwasawa’s class number formula ([17], page 212, Theorem
4) describes the asymptotic behavior of the class numbers of the fields
Q(¢pn) when n moves, where (,» denotes a primitive p™-th root of 1. We
wonder whether there is a similar formula for the asymptotic behavior
of the orders of {M € X (Fy((pn)) | Ha(M) < t¥™} when n moves (¢
is fixed, d(n) := [Fo((pn) : Fol). As is described in Part I, 2.6.15, the
study of the number of motives of bounded height is related to Tama-
gawa number conjecture (class number formula) for motives. Hence this
behavior of the numbers of motives when number fields change should
be regarded as a problem of Iwasawa’s class number formula for motives.

Correction to Part I. In Part I ([19]), page 471, line 5, the name
of Tung Nguyen is written as N. Tung, not as T. Nguyen. The author
is very sorry to him for this.

Complement to Part I. The work of K. Cesnavi¢ius and T.
Koshikawa quoted in Part I, 1.3.8 (2) is described in their paper [7].
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