Construction of elliptic p-units

Werner Bley and Martin Hofer

Abstract.

Let L/k be a finite abelian extension of an imaginary quadratic
number field k. Let p denote a prime ideal of O lying over the
rational prime p. We assume that p splits completely in L/k and
that p does not divide the class number of k. If p is split in k/Q the
first named author has adapted a construction of Solomon to obtain
elliptic p-units in L. In this paper we generalize this construction
to the non-split case and obtain in this way a pair of elliptic p-units
depending on a choice of generators of a certain Iwasawa algebra
(which here is of rank 2). In our main result we express the p-adic
valuations of these p-units in terms of the p-adic logarithm of an
explicit elliptic unit. The crucial input for the proof of our main
result is the computation of the constant term of a suitable Coleman
power series, where we rely on recent work of T. Seiriki.

81. Introduction

The principal motivation for this paper is the study of the equi-
variant Tamagawa Number Conjecture (short eTNC) for abelian exten-
sions of an imaginary quadratic field k. We recall that the eTNC is
proved for abelian extensions of Q by important work of Burns and
Greither [3] complemented by work of Flach [6, 7] who dealt with the
2-part. We also refer the reader to [6] for a survey of the strategy as
well as for details of the proof.
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For abelian extensions of an imaginary quadratic field k the first
named author in [2] adapted the proof of Burns and Greither as pre-
sented in Flach’s survey [6] to prove the p-part of the eTNC for primes
p > 3 1 which are split in k/Q and coprime to the class number hy, of k.

The strategy of proving these results is as follows: one first proves an
equivariant Iwasawa main conjecture and then descents to finite levels
by taking coinvariants. This technique is often very complicated because
of a ’trivial zeros phenomenon’. In this context we also refer the reader
to recent work of Burns, Kurihara and Sano [4], where they describe a
concrete strategy for proving special cases of the eTNC. In particular,
they formulate an Iwasawa theoretic version of a conjecture of Mazur
and Rubin in [9] and independently of Sano in [14]. This conjecture
[4, Conj. 4.2] holds in the ’case of no trivial zeros’ (see [4, Cor. 4.6])
and can be shown for abelian extensions of Q as a consequence of the
main result of Solomon in [17, Thm. 2.1]. Burns, Kurihara and Sano use
the conjectured validity of [4, Conj. 4.2] as a main tool in their descent
computations.

Much earlier, Burns and Greither applied Solomon’s result directly
for the descent in the ’trivial zeros case’ for abelian extensions of Q. A
result similar to Solomon’s has been proved by the first named author
in [1] for abelian extensions of an imaginary quadratic field & and split
primes p not dividing the class number hi. As in the case of abelian
extensions of Q, this result was then used to perform the descent in the
‘trivial zeros case’ and is therefore a crucial ingredient in the proof of
the p-part of the eTNC in [2].

In this manuscript we consider rational primes p which do not split
in the imaginary quadratic field k. Let p denote the prime ideal of k
lying over p. In the rest of the introduction we briefly describe our
main result for primes p > 5. For the general result see Section 2, in
particular, Theorem 2.7.

For any integral ideal m of k we write k(m) for the ray class field
modulo m. Then, for any non-trivial integral ideal f of k, the extension
E(fp>°)/k(fp) is a rank two Zp-extension and it is not at all clear what
a natural generalization of Solomon’s construction could be.

Let L/k be a finite abelian extension and assume that p splits com-
pletely in L/k. We let f denote a multiple of the conductor fr, of L
which is prime to p and also satisfies the assumption that the natural
map O — (O /f)* is injective.

IThe proof in [2] uses a result of Gillard which was at that time only
proved for p > 5. However, Oukhaba and Viguié [10] in the meantime proved
Gillard’s result also in the cases p = 2, 3.
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We write k, for the completion of k at p. If I' denotes the Galois
group of k(fp°°)/k(fp), the global Artin map induces an isomorphism
1+ pOg, =5 T and we write Xen: I =1+ pOy, for its inverse. The
p-adic logarithm defines an isomorphism 1 + pOy, ~ pOy,,, so that T is
free of rank 2 over Z, since, by assumption, p is non-split in k/Q. We fix
topological generators 71,72 of I' and set w; = w;(y;) := logp(xcn('yi))
for i € {1,2}. Then the set {wi,ws} is a Q,-basis of k, and we write
T, * kp — Q, for the projection to the w;-component.

For an integral ideal m we will use special values of an elliptic
function defined by Robert in [11] to define elliptic units 1y, in the ray
class field k(m) (for a proper definition see Section 2.1). These elliptic
units satisfy the usual norm relations, so that a construction motivated
by Solomon’s work gives rise to a pair of elliptic p-units k1 (71), k2(72)
which depend upon our fixed choice of generators. The precise definition
of x;(~;) will be given in Section 2.2.

Let S, = Sp(L) denote the set of primes of L above p and write
OZSF for the group of Sp-units of L. Our elements k1(71),K2(72)
are actually not elements in OZ,Spv but are contained in Oz,sp ®7zLp.
Let v denote the normalized valuation of L at B, but we also write
Ut OZ,SF ®z2y — Ly for the p-completion of vys.

Since p splits completely in L/k, each B € S, corresponds to a
unique embedding jy of L into k.

We are finally in a position to formulate our main result. The theo-
rem is restated in Theorem 2.7 where our partial results for p = 2,3 are
included.

Main Theorem. Let p > 5 be a prime that does not split in k/Q
and let p be the prime ideal of k above p. Let L be a finite abelian
extension of k and assume that p splits completely in L/k. In addition,
we assume that p does not divide the class number hy. Then we have
the following equality in Z, for each’P € Sy:

Tu: (108, (g Ny /2. (¥4)))) = vgp(r5),
where i,j € {1,2}, i # j.

Remark 1.1. The hypothesis that p splits completely in L/k is
no obstruction for the intended applications to the eTNC since in the
‘trivial zeros case’ this condition is automatically fulfilled.

We briefly describe the structure of the proof of Theorem 2.7. We
set F':= k(f). By the theory of complex multiplication there exists an
elliptic curve E over F' such that E has complex multiplication by Oy
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and F(Ey,)/k is abelian. The associated formal group E is a relative
Lubin-Tate group and the elliptic units u, := tsn+1 define a norm-
coherent sequence u = (up)n>0 of units in the Iwasawa tower of Lubin-
Tate extensions. The essential input for the proof of Theorem 2.7 is the
determination of the constant term Col, (0) of the associated Coleman
power series Col,,.

In the situation of [1], where p is split, the formal group Eisof height
1 (defined over Q,) and one could to a large extend follow Solomon’s
approach replacing the multiplicative group G,, by E.If p does not
split, E is of height 2 defined over the quadratic extension ky of Q, and
the situation is more complicated. For the computation of the constant
term Col,(0) we now apply a recent result of T. Seiriki in [15], who
describes C'ol,,(0) in terms of a pairing whose definition is closely related
to Solomon’s construction. For the convenience of the reader we give a
self-contained proof of Seiriki’s result in Section 3. We follow entirely his
strategy but adapt some of his arguments and fill in details wherever we
felt that this is necessary. In future work the second named author will
study the relation of our main result to the Iwasawa theoretic Mazur-
Rubin-Sano conjecture [4, Conj. 4.2] and the relation to the e TNC.

The authors want to take the opportunity to express their gratitude
for the wonderful organization of Iwasawa 2017. The first named author
also wants to thank the organizers of Iwasawa 2017 for the invitation to
give a talk at the conference. He also wants to thank Cristian Popescu
for many fruitful discussions on the subject of this paper.

Notation For any field F' we write F'¢ for a fixed algebraic closure
of F. For a finite extension E/F of fields we write Ny, p for the field
theoretic norm. For a number field (resp. p-adic number field) F' we
write Op for the ring of integers (resp. the valuation ring). If F is a
p-adic field, we let pr denote the maximal ideal of Op.

Let k always denote an imaginary quadratic field. If f is an ideal of
Ok, we write k(f) for the ray class field of conductor f. In particular,
k(1) is the Hilbert class field. We let w(f) denote the number of roots
of unity congruent to 1 modulo f. Hence w(1) equals the number wy, of
roots of unity in k. Moreover, we use the notation N (f) for the ideal
norm. If F/k is an abelian extension we write fr for the conductor of
F. For an integral ideal ¢ which is relatively prime to fz, we write o(c)
or o, or (¢, F/k) for the associated Artin automorphism.

Let p be a prime. If H is a finite extension of Q,, we write

recy: H* — Gal(H/H)

for the reciprocity map of local class field theory, where H® denotes
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the maximal abelian extension of H in H¢. Moreover, we denote by log,
the Iwasawa logarithm normalized such that log,(p) = 0.

§2. Formulation of the Main Theorem

2.1. Elliptic units

In this subsection we introduce the notion of elliptic units that we
will use in this paper. Our elliptic units are special values of a mero-
morphic function v which was introduced and studied by Robert in
[11, 12].

We let L C C denote a Z-lattice of rank 2 with complex multipli-
cation by Og. For any integral Oy-ideal a satisfying (N(a),6) = 1 we
define a meromorphic function

Y(z; Lya) = F(z;L, a L), zeC,

where F' is defined in [11, Théoréme principal, (15)]. This function 1 is
closely related to the function ©¢(z; a) used by Rubin in [13, Appendix]
and it is the 12-th root of the function O(z; L, a) defined in [5, Ch. I.2].

Let m denote an integral ideal such that (m,a) = 1. Then the
element 1y, used in the introduction is defined by ¥y := ¥(1;m, a).

We refer the reader to [1, Sec. 2], where the basic properties of
these elliptic units are stated and proved. In particular, we recall that
special values of 1 satisfy norm relations analogous to those satisfied by
cyclotomic units (see [1, Thm. 2.3]).

2.2. Construction of elliptic p-units

Let L denote a finite abelian extension of the imaginary quadratic
field k. We fix a prime ideal p of Oy above a rational prime p. We write
H for the completion k, of k at p. For primes p > 5 we will have no
further assumptions on p and & besides hypotheses (H1) and (H2) below,
however, for p = 2 or p = 3 we need to impose the following conditions.

e If p = 2 we assume that either a2) or b2) holds:
a2) p is split in k.
b2) p is ramified in k and H = Q2((4), where (4 is a primitive
fourth root of unity in Q5.
e If p = 3 we assume that either a3), b3) or ¢3) holds:
a3) p is split in k.
b3) p is inert in k.
c3) p is ramified in k and H = Q3((3), where (3 is a primitive
third root of unity in Q.
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We summarize these conditions in the following table. Here the
integer s is defined to be the smallest integer such that s > e/(p — 1)
with e denoting the ramification index of p in k/Q.

split | inert ramified
21s=2 - H:QQ(C4)75:3
3|ls=1]s=1 H:Qg(Cg)),S:Q

Our main hypotheses are as follows.

Hypotheses.

(H1) p splits completely in L.
(H2) p does not divide the class number of k.

Let f be the conductor of L and fix an integral ideal § of Oy such
that fr | f, p 1 and w(f) = 1. Note that for p > 5 we have s = 1. We
set

F=k@), k@E®)=Jkp") and K.:=[]EGfp*").

n>0 n>0

Let T be the torsion subgroup of Gal(k(p>°)/k) and write ko, := k(p>)T
for the fixed field of T. Then k. /k is a Zg—extension with d = 1 if p
splits in k and d = 2 otherwise. By (H1) p is unramified in F', and thus
(H2) implies F Nk = k.

We now investigate the extension K./F. We set Fy := Fky and
Lo := Lk Since Gal(K o/ Foo) is finite and Gal(Fu./F) is torsion-free
we see that Gal(Kw/Fx) is the torsion subgroup of Gal(K/F). By
class field theory we obtain

Gal(Koo/F) = lim (O /p™*") " = OF = g x (1+ pir)

n

with p/; denoting the roots of unity of order M(p) — 1 in H. With
our definition of s the p-adic exponential exp,, converges on p3;, so that
1+ pj}; is torsion-free.

Lemma 2.1. With s as above we set Ky := k(fp*®). Then
KO N Foo = F and KQFOO = Koo
Proof. 1In each case one can show that

1+pm
1+ p%

b

(14 prr)uor] = ]
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where we write (1+pg),,,, for the subgroup of torsion elements of
1+ py. For s = 1 this is trivial and, for example, if p = 2 is ramified

and H = Q2(C4), then [(1+pp)/(1+py)| =4 and (1+pn)y,,., = (C)-
It is then easily shown that (1 +p%) x (1 +pw),,,.s = 1 +pm. In
summary, we have a direct product decomposition

Gal(Koo/F) =ty X (L4 Pa )0 X (1+p%)
and the lemma follows because the fixed field of 1 + p3; (resp.
X (L4 PH);prs) 18 E(fp®) = Ko (resp. Fi). Q.E.D.

In each case we thus obtain the following diagram of fields (with
K,,F,, L, and k,, defined below)

. /\

/\/\
//"/
\/\/
\/

We set I' := Gal(K~/Kp) and identify T' via restriction with each
of the Galois groups Gal(Fu/F'),Gal(Lw/L) and Gal(kw/k). We let
K, F,, L, and k, denote the fixed field of I'*" of Koo, Fso, Loo and ko,
respectively.

The case where p is split in k/Q is already treated in [1]. We there-
fore assume from now on that p is non-split and write e for the ramifi-
cation index of p in k/Q. Tt is not difficult to see that K, = k(fpsTe")
for all n > 0. We have an isomorphism I" ~ Zf, given by the following
composition

It
(1) DX 1 4 ps 28 pyy ~ 72,

where Y. is induced by the inverse of the global Artin map. Finally, we
fix topological generators «; and = of I" and by abuse of notation also
write ~y;, ¢ = 1,2, for each of the restrictions of +; to K, Fy,, L, or k,.
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We fix an auxiliary integral ideal a of Oy such that (a,6fp) = 1.
Definition 2.2. We set A := Gal(K«/Lo) ~ Gal(Ky/L). For
i € {1,2} we define

Kip =K\ L;,:=K->

s n R
and set

6 = Nk e, WL §p5F" a)),  if p is inert in k/Q,
ST Niew e (1 fp5+20, ), if p is ramified in k/Q.

The groups Gal(K ,,/Ko) ~ Gal(L;,,/L) are cyclic groups of order
p™ generated by the image of v; where j € {1,2},j # 1.
So we obtain the following diagram of fields.

K

Lo

Fpn A

L / L”\L AL

.KO

From the norm relations of [1, Thm. 2.3] we obtain for ¢ € {1,2}
andn>m>0

Niiw/Lim(€in) =€im and  Np, p(en) =1,

where the second equality holds since o(p)|, = 1 by hypothesis (H1).
By Hilbert’s Theorem 90 there exist for ¢,5 € {1,2} with ¢ # j
unique elements B; ,, € (L; )™ /L* such that

i—1
6:2“ = €i,n-
We have to keep in mind, that the 5; ,, depend on f, the choice of v; and

72, and the choice of the auxiliary ideal a.
Definition 2.3. We define for i € {1,2}

n

Kin = Kin(L, 71,72, f,0) i= NLM/L(Bi,n) € LX/(LX)p .
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For a prime q of a number field N we write vq: N* — Z for the
normalized valuation map.

Lemma 2.4. [17, cf. Prop. 2.2] Let Q be a prime ideal of L rela-
tively prime to p. Then

va(kin) =0 (mod p"Z).

Proof. Let b, € Lix)n be a representative of f3; ,, 7, a generator
of Gal(L;,/L) and set ¢, := N, /(b). Then ¢, is a representative of

Kin. If we set D, = ;;:1—1 iv% | an easy computation shows that in
Z|Gal(L; /L)) we have
(2) (Yo = 1)Dyp = p" — NLi,n/L'

Applying the operator D,, to b)»~! = ¢; , we obtain from (2) the equality
Cn = NLi,7z/L(b”) = bﬁn /655

Let now £,, be an ideal in L;,, above . Since Q does not divide
p the ideal Q is unramified in L, ,,, and hence vg(c,) = vg, (¢,). Fur-
thermore, since ¢y, € k;, we have vq(k; ) = vq(c,) (mod p"Z), and

va(Kin) = —va, (e n) =0 (mod p"Z),

where the last congruence follows because ¢; ,, is a unit.
Q.E.D.

As in [17, Lemma 2.3] it is not difficult to see that if m > n > 0
then the natural quotient map
(3) </ (L) = L} (L)
takes K m 1O Kin.

Definition 2.5. For i € {1,2} we define

ki = Ki(L, 71,72, §, @) := (Kin)peo € MLX/ (Lx)p .

Recall that Of,sp denotes the group of Sp-units of L with S, = Sy, (L)
denoting the set of prime ideals of L above p. We then have a natural
injection

n

OE,SP®ZZpNl.&noz,sp/(oz,sp)p "@LX/(LX)Z) :

n
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Proposition 2.6. [17, cf. Prop. 2.3] For i € {1,2} we have
K; S OZ}S‘] ®Z Zp.

Proof. We fix i and set sk := k; and Kk, := K;,. We recall that
K € L™ /(L*)?" and note that it suffices to show &, N OZ,SP # () for all
n > 0.

Let m be the order of the Sy-class group cly, s, and recall that

CZL,SP ja IL/(%].)"'7§’I;T)PL>7

where I, denotes the group of fractional ideals of L, Py, the subgroup of
principal ideals and B, ..., B, the prime ideals of L lying over p. Write
m = p'm’ with a natural number ¢ and p{m’ and choose ¢ € K, 4. By
Lemma 2.4 we obtain

(C) — 117«1 .. .mgTaanrt
with integers aq,...,a, and a fractional ideal a which is coprime to
p. Hence a?" e PB1,...,Br, Pr). Clearly a™ € (PB1,..., B, Pr) and
hence a?' € (PB1,.-.,Br, Pr). Therefore, there exists an element z € L*

and integers by, ..., b, such that
¢ b by
a? =Pt P (a).
We conclude that
’I’Lb n n
(€)= g o),

It follows that cz—?" € oy s, and since the natural quotient map in (3)
takes Kpy+ to Kk, we obtain cx™P" € k. Q.E.D.

2.3. Statement of the Main Theorem

For each prime P of L above p the valuation map vyp: L* — Z
induces a natural homomorphism, also denoted by vy,

vgp: Im L%/ (LX) = Z,.

The restriction of vy to (9;7 s, ®z7Z, obviously coincides with the
Zy-linear extension of vy : OZ,SP — 7.
By our assumption (H1) each prime P € S, corresponds to a unique
embedding
jq;;: L — ]fp.
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Recalling the definitions of the isomorphisms in (1) we set

w; = log, (Xl (7i))

for ¢ € {1,2} and obtain a Z,-basis w1, ws of p%;. The set {wq, w2} is also

a Q,-basis of H and we write 7, : H — Q,, for the projection maps.

Explicitly, we have for each a € H the equality a = 7, ()w1 4+, () ws.
Now we are ready to formulate our main theorem:

Theorem 2.7. Let p be a prime which does not split in k/Q and
assume (H1) and (H2). If p = 2 (resp. p = 3) we assume in addition
that b2) (resp. b3) or ¢3)) holds. Then for each prime ideal 3 in L
above p we have

(4) 7w, (log, (s N L (9(15§,0))))) = vy ()
in Z,, where i,j € {1,2} with i # j.

Remark 2.8. Theorem 2.7 is the analogue of [1, Thm. 1.1] which
covers the case of split primes.

Remark 2.9. The equality (4) in Theorem 2.7 is equivalent to

log,, (g Ny (¥(1;§,0)))) = vp(k2)wr + vy (K1)ws.
It is often convenient to work on finite levels.

Remark 2.10. The equality (4) of Theorem 2.7 is valid, if and only
if for all n > 1 and all ¢,5 € {1,2} with ¢ # j the following congruence
holds:

7w, (108, (3N (L §,a)))) = vp(kjm)  (mod p™).

83. Computing the constant term of a Coleman power series

In this section we recall a recent result of T. Seiriki [15] who describes
the constant term of a Coleman power series in terms of a pairing which
is defined in the local setting of Lubin-Tate extensions in a way similar
to Solomon’s construction. We slightly have to adapt Seiriki’s result for
the setting of relative Lubin-Tate extensions. For the convenience of the
reader we give a self-contained proof of Seiriki’s result in this section.
We follow his strategy but adapt some of his arguments and fill in some
details whenever we feel that this is necessary.
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3.1. Definition and basic properties of Seiriki’s pairing

Let K be a p-adic number field and L/K a finite abelian Galois
extension with Galois group G. Let vg be the normalized valuation
of K (ie., vg(K*) = Z). We put Up/x = ker(Np k) and write
G := Hom(G, Q/Z) for the group of characters of G.

Definition 3.1. For a character x € G we set K, = Lke*X) | Then
Gy = Gal(K,/K) is a cyclic group whose order we denote by d,, (so
d,, = ord(x)). Let o € G be such that x(c) = 1/dy+Z. For each element
u € U g we define u, := Ny g (u) and observe that N /i (uy) = 1.
Therefore, by Hilbert’s Theorem 90, there exists an element b, € K}
such that
Uy = b;fl

which is unique up to elements of K*. We then define

(v)ix Uy x G — Q/Z,
(u, x) = vk (by) + Z.

The pairing is obviously multiplicative in the first variable. More-
over, from the very definition we obtain

(U7X)L/K = (NL/KX (u)>X)KX/K-

The proof of multiplicativity in the second variable is more involved.
In the following we give an expanded and corrected version of Seiriki’s
proof of [15, Prop. 2.2].

For a finite extension L/K we write fr/x for the degree of the
residue class field extension.

Lemma 3.2. Let L/K be a finite abelian extension of p-adic
number fields with G = Gal(L/K). Then for « € L*, 7 € G and
X € G one has

(T(cf)’x) = fryxvL(a)x(r) = [L : K]uk (a)x(7).
L/K

Proof. By our definitions (o|k, ) = Gy, so that we may fix s € Z~
such that 0° |k, = 7 |k, -
If we set v := N/ (a), then

Nok. (f)) _ o) _ o) T

aX aX j=0 O—j (O‘X)
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and we obtain from the definition of the pairing and multiplicativity in
the first variable

(T(f)’x)L/K 5 (%X)K e 5 i) = ).

=0 =0

Let 77, be a uniformizing element in L and set 7, := Nk (7). Then
v, () = fr/x,. We write a = 7¢ 8 with a = vi(a) and B € OF.
Then

1 1
=afrL/ k-
/ dy

1
v (ay) = avk (my) = afr /K =afp k—F
(ax) () / Xek, /K / ex, /kfry /K

Hence we obtain

S

(TS)»X) . = UL(O‘)fL/K@

and noting x(7) = x(¢°) = 7~ + Z the first equality of the lemma

follows. The second equality is then immediate from vz, = ey gvKk and

Proposition 3.3. Assume that L/K is a totally ramified finite
abelian extension of a p-adic number field K with G = Gal(L/K). Then
for any u € Up k and any x,x" € G one has

(u, xX Vo x = (X)L + (U, X ) p/ k-

Proof. Let K, denote the maximal unramified extension of K.
Then Ly, := LK, is the maximal unramified extension of L and we may
identify Gal(Ly,/Kyy) with G via restriction. By [16, Ch. V.4, Prop. 7]
the norm map Ny, sk, : L), — KJ is surjective. By [16, Ch. X.7,
Prop. 11] the G-module L} is cohomologically trivial, in particular,
HYG,LX) =0.

Hence there exist elements oy,...,o, € L} and automorphisms
01,...,00 € G such that u = [];_, % Set L' := L(ay,...,a,) and
K':= L'NK,.. Then

(3011 = (201 = Z (0’1‘(012’)7)() e

v
i=1 v

and Lemma 3.2 implies (u,x)r/x = > ;_; vr/(oi)x(0;). Replacing x
by x" and xx’, respectively, we obtain similar expressions for (u, x')r,x
and (u, xx")r,x and the result follows. Q.E.D.



14 W. Bley and M. Hofer

Lemma 3.4. Let L/K be a totally ramified finite abelian extension
of p-adic number fields of degree n and let {uq,...,u,} C (9?{ be a finite
set of units in K. Let K'/K be the unramified extension of degree n
and put L' := K'L. Then there exist units u},...,u,. € Of, such that
U; :/\/'L//K/(u;) fori= 1,...,r.

Proof. 1t suffices to prove the lemma for » = 1. In this case we
can simply follow the proof of [15, Lemma 2.4]. We briefly recall the
argument.

We write Go(L/K) and Go(L'/K') for the inertia subgroups of L/ K
and L'/K', respectively. Then

~ Nk k ~
Go(L//K,) — O;{//NL’/K’(OE/) —/> O}?/NL/K(OE) — GO(L/K),

where the left and the right isomorphisms are induced by the reci-
procity maps of local class field theory. Furthermore, the middle map
is surjective by [16, Ch. V.2], hence it is actually an isomorphism of
groups of order n. Since Ng//x(u) = u" € Np/k(Of) we deduce
u € NL’/K’(OEI) Q.E.D.

Proposition 3.5. Let L/K be a totally ramified finite abelian
extension with G := Gal(L/K). Assume that u € Up g satisfies

(u,X)r/x = 0 for all characters x € G. Then there exist

a) a finite unramified extension K’ of K,
b) an integer r,
¢) units B,...,B. € OF, with L' := LK’ and
d) of,...,0.€ Gal(L'/K")
such that

T

u=[]BH 1

i=1

Proof. We follow the proof of [15, Lemma 2.5] and prove the propo-
sition by induction on the number of generators of G. If G is trivial, the
claim is clear. For a non-trivial group G we write G = G x H with a
cyclic subgroup H and apply the inductive hypothesis to the extension
M/K where M := LH.

To that end we put ups := Np/p(u). Then ups € Upi and we

first note that (uns,9)a/x = 0 for all ¥ € 67/7{ because by the very

definition of the pairing we have (u, x)r/x = (unr, X) /i for all x € G
with H C ker(x).
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By induction we obtain a finite unramified extension K'/K, an
integer r/, units Bf,...,0. € Oy, (where M’ = MK') and automor-
phisms o1,...,0., € Gal(M’'/K') such that

’
T

(5) Uup = NL/M(U) = H(Bg)aifl.

i=1

By applying Lemma 3.4 to 51, . .., 8, and the extension L’ /M’ we obtain

an unramified extension M"/M’, elements SY,...,8/ € OF, (where
L = L'M") such that
(6) Bi = Nrowmn (B)

With K”/K' denoting the unramified extension of degree [M" : M'] we
have the following diagram

Ll/

e

L/ M//

are

M/ KI/

\/\/
\/

As a consequence, restriction induces a canonical epimorphism
Gal(L"/K") — Gal(M'/K') and we may choose lifts of,...,0/, in
Gal(L"/K") of the elements o}, ... 0. in Gal(M'/K"). We set

-1

o = H(5;/)07 -1 c OE“'

i=1

Then a straightforward computation using (5) and (6) shows that
"€ Upnjppr. We let 7 denote a generator of H and apply Hilbert’s
Theorem 90 to obtain an element b” € (L”)* such that u” = (b")71,

and hence
u= (") H
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Since we can adapt b’ by elements of (M")*, this proves the proposition,
provided that we can show the following claim.

Claim. There exists an element a”” € (M")* such that a”"b" € OF,,.

For the proof of the claim we first note that
(7) (’U,H7 w)L”/M” = (0 for all ’(/J c GalWM”).

Indeed, if we define ¢ € Gal(L”/K") by |y = ¥ and 9|5 = 1, then

Lemma 3.6 below shows that (u", ) apr = (u”,4)) k. Further-
more,

5 B " oG -
e = D)o = 3 (24 5)
Z:l 74 L///K(/

= (UME)L/K - Z (Ui/égi),%a )
i L /K"

i=1
= ()7

where the second equality holds because K" /K is unramified and the last

equality follows from (u, 7]1) r/x = 0 (by assumption) and Lemma 3.2.
We are finally ready to prove the above claim. Let x € Gal(L"”/M")

be defined by x(7) = W +7Z. We write ep /py for the ramification

index of L"”/M". By (7) and the definition of the pairing we get

1
0= (", ) jarn = v (V) = v ()
(S /1\/[//

in —L—7/7 and this implies that ez divides vy (b”). This, in

er /M”
turn, guarantees the existence of a” as in the above claim. Q.E.D.

Lemma 3.6. Let L/ K be a totally ramified finite abelian extension
with Galois group G. Suppose that G = G x H with a cyclic subgroup
H. Set M := L¥ and M := LC. Forvy € H we define p € G bylﬂ‘H =
and 1/~)|é = 1. Then (w,zz)L/K = (w,¢)p/m for all w € Upp and all
e H.

Proof. Let (1) = H and define x € H by x(r) = ﬁ + Z. By

Proposition 3.3 it suffices to show that (w,X)r/x = (w,x)r/m for all
w e UL/M
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Let 8 € L* such that ") = w. Then (w,x)r/n = vu(B) in Q/Z.
Since ker(¥) = G we have Ky = M and

Wxg :NL/M(w) = NL/]\Z[(B

~—

Therefore, by definition of the pairing, (w,X)r/x = vK(NL/ ~(83)) and
a straightforward computation shows that v (N, /57 (8)) = var(8).
Q.E.D.

Later we will need the following definition.

Definition 3.7. Let H be a p-adic number field and H,/H an in-
finite abelian extension. Let u = (un)n € lim N, where N/H varies
over the finite subextensions of H.,/H, be a norm-coherent sequence
with
N, N/ u(uny) =1. Furthermore, let x be a character of finite order of
Gal(Hoo/H). Choose N such that H,, C N. Then we set

uX = NN/HX (UN)
and define a pairing for the extension H.,/H by

(U,X)HOC/H = (szX)HX/H~

It is easy to see that multiplicativity in both variables follows from
the finite dimensional case.

3.2. Relative Lubin-Tate groups and Coleman power series

In this subsection we introduce the notion of relative Lubin-Tate
formal groups and also recall some results of the theory of Coleman
power series. All results presented here can be found in [5].

Let H be a finite extension of Q,, let Oy and py be its valuation
ring and valuation ideal, respectively. We let ¢ denote the cardinality of
the residue class field O /py. We fix an integer d > 0 and let H' be
the unramified extension of H of degree d. We write ¢ € Gal(H'/H) for
the arithmetic Frobenius element.

We write Og and pg for the valuation ring and valuation ideal in
H' and fix an element £ € H* with vy (€) = d. We set

Fe:={feOw[T]] : f=7T (mod deg2),
Nuyu(n')=¢, f=T7 (mod py:)}

and recall from [5, Ch. I, Thm. 1.3] that for each f € F¢ there exists a
unique one-dimensional commutative formal group law Fy € Op/[[X, Y]]
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satisfying F}p of=foF;. We call Fy a relative Lubin-Tate group
(relative to the extension H'/H). The case d = 1 corresponds to classical
Lubin-Tate formal groups.

Let f,g € F¢ with f = mT + ... and g = mT + .... For an
element a € Oy such that ¢! = 7o/ there is a power series
lalf,g € Op+[[T]] uniquely determined by the properties of [5, Ch. I,
Prop. 1.5]. If f = g we write [a]; in place of [a]f s and note that the map
Op — End(Fy),a — [a]f, is an injective ring homomorphism.

Let H€ be the algebraic closure of H and write pg. for its valuation
ideal. Then we get an Og-module structure on pye by setting

T +5y:=Fy(z,y) and a-z:=[a]s(x)

for z,y € pye and a € Oy.

For an integer n > 0 and f € F¢ we set f) = = 1(f)o---0p(f)of.

Let 7 be a prime element of Oy. We define

Wi = {wepnge | [m"]f(w) =0} ={w € pge | f(”)(w) =0}
and call W' the group of division points of level n of Fy. We also set
W}‘ = Wi\ W}‘_l and Wy = |J,, W§. So Wy is the subgroup of all
torsion points of F.

We fix f € F¢ and set H), := H’(W}Hl). Note that H,, does not
depend on the choice of f € F¢. It is a totally ramified finite abelian
extension of H' of degree (¢—1)¢". Any w41 € W}LH generates H], over
H' and, in addition, is a prime element in Op . For the ring of integers
in H, we obtain Op; = Op|wnq1] for each w,q1 € /VV?‘H. In this
context local class field theory is very explicit. The reciprocity map recy
induces a group isomorphism (C’)H/p?fl)x = Gal(H. /H"),u — oy,
with oy (w) = [u™!](w) for all w € WJ’?H, see [5, Ch. I, Prop. 1.8].

In the following we introduce the Coleman norm operator and recall
some of its properties. Let R = Op[[T]] be the ring of power series

with coefficients in Og. By [5, Ch. I, Prop. 2.1] there exists a unique
multiplicative operator N'= Ny: R — R such that

Nho f= [ nT+sw)
wvel
forall h € R.

Proposition 3.8. ([5, Ch. I, Prop. 2.1]) The Coleman norm operator
has the following properties:

a) Nh=h?(modpg).
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b) Nopy =wpoNjop™t.
C) Let./\/';l) ::./\/zpi—l(f)O"'O @(f)oNf' Then

((N}“h) o f@‘)) (1) = [ MT +5w).

wews
d) Ifhe R, h=1mod (py) fori>1, then
Nih =1 (mod(py ) ™).
Let a = (an) € @171(H,’L)X be a norm-coherent sequence. We fix
w; € W;,i(f) such that (¢~ 'f)(w;) = w;_1. There is a unique integer
v(a) such that o, Og: = pyH(f) for all n > 0. By [5, Ch. I, Thm. 2.2]

there exists a unique power series Col, € T%(®) - O/ [[T]]* such that
(8) (o~ D Cola)(win1) =

for all ¢ > 0. The power series Col, is called the Coleman power series
associated to a. We recall that by [5, Ch. I, Cor. 2.3 (i)] Coleman power
series are multiplicative in «, i.e.

Colyor = Coly - Colyy
for norm-coherent sequences a, o’ € @n(Hé)X

Remark 3.9. If we fix w,, € /Wv/g,n(f) such that (¢™"f)(wp) = Wn—1
for 1 <n < oo, then we call w = (wy,)n>0 & generator of the Tate module
of Fy. Note that each w, is a division point on F,—ns) = F}"in

We set H. = |, H, and let u = (u,) € lim OIX{;T be a norm-
coherent sequence of units. For later reference we recall the following
lemma.

Lemma 3.10. For 0 € G := Gal(H. /H), there exits a unique
isomorphism h : Fy ~ F,s such that h(w) = o(w) for all w € Wy.
This h is of the form [k(0)]f,(s) for a unique k(o) € Oy, and we
have k(o)?~! = f'(0)°~'. The map r : G — Oy, is a l-cocycle, i.e.,
k(to) = k(o)™ - k(7) for all o,7 € G, and Col,, and Col,, are related
by

Coly(yy = Colg, o [K(0)] f,0(5)-

Proof. This is a generalization of [5, Ch. I, Cor. 2.3] or (15) on
page 21 in Chapter 1.3 of [5]. The arguments used to prove this assertion
in [5] do not need the assumption that p splits in k/Q which is assumed
in [5, Ch. 1.3]. Q.E.D.
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3.3. Auxiliary results

We continue to use the notation introduced in Section 3.2.

We fix f € F¢. For this subsection we fix an integer m € Z-o but
usually suppress m in our notations. Let m = mgy be a uniformizing
element and define

O[T _ OwT)
E+1y) ~ (7o)’

R = RH/ =
We write ¢ := ¢+ for the injective ring homomorphism

m
LH/ZR — OH'EB@OHZ’,
=0

.....

Weletr =rg: R — OH;" be the composite of ¢ and the projection to
the last component.

If F/H' is a finite unramified extension, we set Rp := R®p,,, OF and
F = FHZI and note that OFZ = OFOHZ’- Letvp: Rp —> OF@@;ZO OFL
and rp: Rp — Op,, denote the base change of ¢ and r along O over
Op. Since Op, = Op|wm+1] the ring homomorphism 75 is surjective.
In addition, as it is actually a homomorphism of local rings, we conclude
that rp: Ry — OF is surjective as well.

The Galois group Gal(Fx/F) naturally acts on Or & @, Op,.
The following lemma shows that we can transport this action to Rp via
L.

Lemma 3.11. For § € Rp and 0 € Gal(Fs/F) the element
o(tp(g)) is contained in the image tp(RF).

Proof. We identify Gal(F/F) and Gal(H._ /H') via restriction
and let u € O such that o = recg(u™1). Recall that w1 is a torsion

. G
point for F,— a1 5y = Fy and hence,

(9) o(wis1) = reci(u™ ) (wir) = ()2 (i)

by [5, Ch. I, Prop. 1.8].
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We thus obtain

o(1r(G) = (0(9(0)),(0((@_(l+1)9)(wl+1)))l_@y_ﬂm)
_ (gm), (=) V_(Hl)(wl+1)))l_0wm>
- (gm),(«o EDgo ) m)
— (75T
where we use (9) for the second equality. Q.E.D.

For g € Rp we define Ny, /0,(g) to be the norm of the Op-linear
endomorphism of Rp given by multiplication by g.

Lemma 3.12. Let g € Rp. Then:

a)
Nep/0,(9) = 9(0) H (NFL/F((SD_(ZJ'_UQ)(WIJA))<p
=0
b)

Nigjor@ = [I o).

m—+41
weWs;

Proof.  For the proof of a) we first define a modified Op-module
structure on Op ® @, Or, by

a* (81,80, Bm) == (@B_1,0"1(@)Bo, ., " (a)B)

for a,8_1 € Op and B € F, I € {0,...,m}. With respect to this
Op-module structure ¢z is a homomorphism of Og-modules.

In the same way we define a new Op-module structure on each of
the fields F} for I € {0,...,m}. Explicitly, a * a := =+ (a)a for
a € O and o € Op,.

We fix 1 € {0,...,m} and let ay, ..., as with s := [F; : F)] denote an
Op-basis of Op, with respect to the usual Op-module structure given
by multiplication. Then, for 5 € Op, and i € {1,...,s}, there exist
elements a;; € O such that

(10) Bai = Zaijaj = Z (pH_l(aij) * Q.
j=1 j=1
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Multiplication by £ is Op-linear with respect to both Op-module struc-
tures on Op, and we write NV, /p, respectively N;L/F, for the induced
norm maps. Then (10) implies

1+1

" = det ((aij)i,jzl,...7s)@ = N;I/F(ﬁ)‘

Hence part a) of the lemma follows from

i+

Nrr(B)?

N 107@) = 9(0) [T (Wit (0~ g) (w11)))

=0

which in turn is immediate from Op-linearity of ¢p with respect to the
modified O p-module structure.

In order to prove b) we fix an element 7 € Gal(F,,/H) such that
T|F = . Then we obtain from a)

m 1+1

Nig o, (@) = 9(0) [T (Mo (6~ D g) i)

=0

I+1

= 9(0) [TV rla(wii ).
1=0

Since Gal(F;/F') acts simply transitive on W}“ the result easily follows.
Q.ED.

3.4. Seiriki’s theorem on the constant term of a Coleman
power series

We let Fr be a Lubin-Tate formal group relative to the unramified
extension H'/H and resume the notations of Section 3.2. Recall that
H), = H’(W]?H) forn > 0. We also set H. := U, >0H,,. If x is a charac-
ter of finite order of Gal(H/ /H') we set H} := (H!_)ker®). For a norm-
coherent sequence u = (Uy)n>0 € @n (9;1; we set up = Nyr s (un)
for any n > 0.

Theorem 3.13. Let x be a character of finite order of Gal(H /H').
Let u = (un)n>0 € l&nn 0;17’1 be a norm-coherent sequence with ug: = 1.
In addition, we assume Col, (0) € OF;. Then

(11) (u,x)Héc/H/ = —x(recy (Col,(0))).

Remark 3.14. In the case H = H' this is essentially Corollary 2.8
in [15]. In addition, there is a minus missing in the statement of this
corollary.
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Remark 3.15. a) The right hand side does not depend on the
choice w = (wy)n>1 of a generator of the Tate module.
Indeed, if w’ = (w},)n>1 is another such generator, then there is a unique
o € Gal(H. /H') such that o(w,) = w), for all n > 1. By local class
field theory there exists a unique v € Oj with recy(v) = o. Then

—n

w), = o(wy) = [v_l]‘; (wn) (since wy, is a torsion point of Fi,—n(s)). If
Col!, denotes the Coleman power series with respect to w’, then we have
Col., = Col,, o [v]y and thus Col, (0) = Col,(0).

b)  Without loss of generality we may assume that the sequence
w = (wWp)p>1 is norm-coherent. To show this we apply [1, Lemma 4.1]
and proceed as follows: We fix a norm-coherent sequence 5 = (8, )n>1 of
prime elements of H), and let Colg € TOg/[[T]] be the associated Cole-
man power series. Let C’ol;1 € TOm[[T]] be such that C’olgoColg1 =T.
If we set f' := C’olé7 ofo C’olﬂ_l7 then f’ € F¢ and the proof of [1,
Lemma 4.1 b)] shows that [ is a generator of the Tate module for Fy.
With respect to Fys and 3 the Coleman power series associated to u is
equal to Col, o C’olﬂ_1 and (Col, o C’olﬁ_l)(O) = Col,(0), so that we may
prove the theorem for f replaced by f’ and w replaced by fS.

Proof. We fix m > 0 and note that it suffices to prove the theorem
for an arbitrary character y of Gal(H,,/H'). We write Gal(H},/H') as
a direct product of cyclic subgroups,

Gal(H,,/H') = Gy x ... x G,

with s > 1 and for each i € {1,...,s} we set U; := [[,, G; with the
subscript j ranging over {1,...,s}. For each j we fix a generator o, of
G; and define a character x; € G’j by x;(o;) = ﬁ + Z. Then the
characters xi, ..., xs generate the group of characters of Gal(H,,/H’).
Claim 1: For j =1,...,s there exist units by, € O} such that
(uxjan)H;(j/H’ = xj(recn(by ) and recy (bu,y,) € Gj.
For the proof of Claim 1 we fix a; € Z~¢ such that

aj
. 5 ’ = = Z

('LLX]qu)HXj/H G| +
Since recy induces an isomorphism (O /pht") * ~ Gal(H!,/H') there
exists by,y; € O such that recy (b)) = 0}’ Claim 1 is now immedi-
ate from x;(o;) = ﬁ +Z.

J

By Remark 3.15 we may, without loss of generality, assume that the

generator w = (wy)p>1 of the Tate module is norm coherent. We set
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by = szl bu,x, € Oj and define

-1
, xeen (b)) (@ntn)
up, = :
wn+1
Then u' := (uz)n>0 is a norm coherent sequence of units in lim | ()%
- n

and it is clear that Ny /g (uy,) = 1.

Claim 2: Col(T) = w, and thus Col,/ (0) = b,.
For the proof of Claim 2 we recall that w,41 is a torsion point of

~(n+1)
Foptnrny(5) = F;f . We have
1 o= (nt1)
recy (b, ) (Wn+1) = [buha*("“)(f)(wn-&-l) = [bU]f Wn1)-
Put g := [b“]%(T) and observe that
—(n+1)
—(n [bu]w (Wnt1) recy b;l Wnt1
(D (g)) (nar) = 2 _ reenl Yeons) _
Wn41 Wn+1
so that g = w satisfies the defining equality (8) for all n > 0.
We now set u” := wu/u’ and obtain from Claim 2 the equality

Coly(0) - b, = Col,(0). In particular, since we assume that Col,(0)
is contained in O}, it follows that Col,~(0) € O};. In addition, since
NH{L/H’(UIn) = NHA/H/(Un) =1 we have NH;L/H’(UZ) =1.

The right hand side of (11) is obviously multiplicative in the char-
acter, for the left hand side this is shown in Proposition 3.3. Thus, it
suffices to prove the theorem for each of the characters y;, i =1,...,s.

We henceforth fix i € {1,...,s}. We observe that by Claim 1
Xi(recr (by)) = xi(recr (bu,y,)) and (u, Xi)m_/m = —Xi(rec (bu,y,)).
It is now easy to see that for x = x; the equality (11) is equivalent to
X(recg (Coly#(0))) = 0. Since x is a character of Gal(H),/H') and recy
induces an isomorphism (O /ph') * ~ Gal(H!, /H') it thus suffices to
show that

(12) Col,(0) =1 (mod ptt).

Claim 3: (uy,,,¥)g: /- = 0 for all characters ¢ of Gal(H,,/H').
Because of the multiplicativity result of Proposition 3.3 it suffices
to show that (uy,, x;)m: /ur =0 for j =1,...,s. We fix j and compute

m

Y
(UZ;, Xj)H;n/H’ = (Um, Xj)H;n/H’ - (U;m Xj)H;n/H/ = 7]‘ - (Ulm, Xj)H’ /H'
|G
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with a; € Z~¢ as in the proof of Claim 1. Hence it suffices to show that
the equality (u),,x;)m /u = ‘g—f‘ + 7Z is valid.
m J

We set 41 1= NHLL/H;J- (wm+1) and note that H} = (H! )Yi. By
Claim 1 and its proof this implies

recy (by ) (nme1) (T2 reCH(b;;L ) (m+1)

N ’ ’ ’U/ == =
Hm/HX]_ ( m) N1 Nm+1
B I‘eCH(b;7§<j)(77m+l) B U;'lj (Mm+1)
77m+1 nm+1 .

By definition of the pairing and Lemma 3.2 we conclude further
a;
;" (Mm+1)
(7 Xi)m, g = <j77+1’ Xj>
m
H /H'

aj

a; a
UHY, (Um+1)Xj(Uj )= Xj(Uj )= m + Z,

as required.

The following two claims now conclude the proof of (12), and hence
also the proof of Theorem 3.13. We will use the notation and results of
Section 3.3.

Claim 4: There exists a finite unramified extension F//H’ and an
element v/, € R¥ such that rr(u?) =u! and N0 (u?) = 1.

Claim 5: For any Z € R} with rp(Z) =1 one has

NRF/OF (z)=1 (mod p}?"‘l).

Indeed, by Lemma 3.12, the defining equality (8) for Coleman power
series and the fact that Np,/p(u)) = Ng/p (u)) = 1 for all I we have

I+1

N0 (Colyr) = Coluu(O)H(NFL/F(((p—(lﬂ)Coluu)(le)))

s.
I
<

1+1

(NFl/F(ugl))w

s

= Colu// (0)

N
I
=

= COluH (O)
Since rp(Colyr) = ult, = rp(&’,v;,) we thus conclude from Claims 4 and
5 that Col,~(0) =1 (mod pn*t). Since Col,~(0) € Oy and F/H is
unramified we conclude that p;?“ N0y = pﬁ“, so that the equality

(12) follows.
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For the proof of Claim 4 we first note that by Claim 3 all assumptions
of Proposition 3.5 for u],, and H/, /H' are satisfied. Hence we conclude
that there exists a finite unramified extension F//H’, an integer r > 0,
units B1,...,53, € O;m and automorphisms o1, ...,0, € Gal(F,,/F)

such that
H ai\Pj) ﬁ] _

Since we know from Section 3.3 that rp: Ry — O is surjective, we

can choose elements ﬁj € R} such that rp(ﬁj) Bj. Recall also from
Lemma 3.11 that we have a natural action of Gal(F,,/F') on Rp and set

’IPI/IZHO’J(B)ERX

= B

So 17 is a unit in Rp which by construction and Lemma 3.12 a) satisfies
NRF/OF( ) =1

It finally remains to prove Claim 5. If rp(Z) = 1 for a power
series * € Op[[T]], then it is straightforward to see that z(w) = 1

(m+1) (m)
for all torsion points w € W}”H. We set h = ff“:)l = J’:?g ).

Then A(T) = 7 + hi(f™) with a power series hy € TOg/[[T]] and
7 = ™ ('), a uniformizing element in H’. The set of zeroes of h is

given by W}"H, so that a straightforward application of the Weierstrass
preparation theorem shows that h divides x — 1. We write x = 1 4 hg
with a power series g € Op[[T]].

By part a) of Lemma 3.12 we obtain

m 41

Niejon(@ = HNFI/F( 0 2)(wis1))”

1+1

o) TT e (e~ a) i)
=0

where the second equality follows from (o~ (™D z)(wi1) = re(z) = 1.
As in the proof of part b) of Lemma 3.12 we derive

Nipjop@ = ] @@ = ] Q+g@)hw)).

wGW}" wGme
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Since h(T) = 7 + ha (™) and f(™)(w) = 0 for all w € W™ we further

deduce
Nigjor (@ = [ 1+ gw)7).
wEW}”

Set §(T) := 14-¢(T)7 € Op[[T]]. We note that f € Fe, with &p:=¢F']
and with respect to the unramified extension F//H, so that the formal
group F; can also be considered as a Lubin-Tate extension relative to
F/H. By Proposition 3.8 c¢) we therefore obtain

(570 7o) ()= T 6745

wewr

Asa consequence

H j(w) = NRF/OF (i‘)

weWwit

Moreover, we have j = 1 mod pr. Applying Proposition 3.8 d) induc-
tively we obtain ./\/;m)(j) = 1 mod pp** and so Ngpjop (%) = 1 mod
ptt. Q.E.D.

For the proof of Theorem 2.7 we will need a variant of Theorem 3.13.
Let u = (un)n>0 € Ui m (@) H be a norm-coherent sequence. The proof
of [1, Lemma 4.2] shows that Nu: i (un) =1 for all n > 0. We fix a set
of representatives {71,...,74} of Gal( H!_ /H) modulo Gal(H. /H') and
define for all n > 0

d
(13) Wy, = HTZ(un)

Note that w,, depends on the choice of the set {r1,..., 74}, however, we
will suppress this dependency in our notation.

Lemma 3.16. For the elements w,, constructed above, we obtain
a) ./\/H;H/H:L(wm):wn formZnZO

b) NH;L/H’(wn) =1 for alln > 0.

C) COlw (O) = NH’/H(COZu (O))

Proof. The proofs of a) and b) are immediate from the definitions.

Since
-@+1) (HOOZ (u> Wjt1) HTZ uj) = wj
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for all j > 0 we know by (8) that H?Zl Col;, () = Coly. By Lemma 3.10
we have Col,,) = (Colj}) o [k(7i)]fr(r), and as a consequence
Colr,)(0) = 7;(Col,(0)) and so the result of c) obviously follows.

Q.E.D.

Corollary 3.17. Let u = (up)n>0 € @n O}, be a norm-coherent

sequence of units. Then we have for each character x of Gal(H. /H) of
finite order

() i = —X(rec Ny (Colu(0))))-

Proof. We set H, :=(H. )X and H;, := (H!_ )ker(C)NGal(HL /H)
This is summarized in the following diagram of fields.

H/

\

H

ker(x)

i

o
| /

g (o)
Choose an element o € Gal(H/_ /H) such that x(0) = 7 + Z.

H,:H

We set t := [Hy, N H' : H| and fix 7 € Gal(H/ /H) such tha[t )7<'|H]X =1
and 7|gr = ¢'. Recall that d = [H' : H|. It is easy to see that the
set {o'79|0 < i < t,0 < j < d/t} constitutes a set of representatives
of Gal(H._ /H) modulo Gal(H. /H'). For all n > 0 we define w,, as in
(13) with respect to this set of representatives.

Then x(ct) = [H;(liH’] +Z. Let n be large enough so that H; C H,,.
By Lemma 3.16 b) and Hilbert’s Theorem 90 there exists an element
B € (H})* such that gt = NH{l/H;( (wy). By the definition of the
pairing we derive

(14) (waX)HgO/H/ =vg (B).

If 3 € H is such that gt = Nu: u, (un), then

(15) (%X)H;O/H =vn(p).
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Now we compute

Bat,l B 5(071)(1+a+..‘+a‘_1)

= NH;L/HX(un)(HUJr"'JFUFl)

(14o+... 4071

d/t—1t—1

= NH;l/H;( H HUiTj(Un)

j=0 i=0

= NH;l/H;( (wy) .

It follows that 3/ € (H')* and hence vy (8) = vy (f) (mod Z). Since
H'/H is unramified we obtain furthermore vy (3) = vy (3), which com-
bined with (14) and (15) leads to (w, X)u:_/m' = (4, X)m7_ /- The result
is now immediate from Theorem 3.13 applied for the norm-coherent
sequence w together with Lemma 3.16, part c). Q.E.D.

84. Proof of the Main Theorem

We recall that F' = k(f) with an ideal f such that fz, | f, w(f) = 1 and
p tf. By [5, Ch. II, Lemma 1.4] there exists an elliptic curve E defined
over F with complex multiplication by Oy and such that F(FE},,.) is an
abelian extension of k. The associated Groflencharacter is of the form
Yg/p = ¢ o Npj, with a GroBencharacter ¢ of k of infinity type (1,0)
and conductor f. Note that £ has good reduction at all primes of F'
above p.

Let 3 be a prime of F' above p. Let ¢ : Q¢ — Q, be a field embedding
defining *B. Via ¢ we view elements of Q¢ as elements of Qp, but we
sometimes omit ¢ in our notation. Furthermore, for any finite extension
Mk we write M for the completion of ¢(M).

Since E has good reduction at 3, we may and will fix a Weierstrass
model over the localization Op g of O at ‘B such that the associated
discriminant A g is a unit in O . Replacing E by one of its conjugates,
if necessary, we may assume that the period lattice associated with the
standard invariant differential of our fixed Weierstrass model is given by
Qf with Q € C*.

Let E be the one-parameter formal group law of E with respect to
the parameter t = —2x/y. Then E is defined over the completion O

of Opg. By [5, Ch. II, Lemma 1.10] this formal group E is a relative
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Lubin-Tate group of height two (since we always assume that p is non-
split) with respect to the unramified extension F / k.

For any integral ideal ¢ of k we write E|[c] for the subgroup of F(Q°)
annihilated by all elements « € ¢. From [5, Ch. II, Prop. 1.6, Prop. 1.9
()] we deduce that F(E[p™]) = k(fp™) (exponent changed) for all n > 0.

We set H = k = E, H' := F and resume the notation of Section 3.2.
In particular, F is a Lubin-Tate formal group relative to the unramified

extension H'/H. Similarly as in Section 3.2 we let W™ (E) denote the
group of division points of level n in E. Then [5, Ch.I, Prop. 1.8, Ch.II,

Prop. 1.6] implies that k(fp+1) = H'(W"t1(E)) = H, for n > 0.

We set u,, := ¢((1;fp" "1, a)) for n > 0 and get a norm-coherent
sequence u = (up),_ o € @n (9;17,1 with an associated Coleman power
series Col,, € Og/[[T]] depending on a choice of a generator w = (wy,)n>0
of the Tate module of E.

As explained in [5, Ch. I1.4.4] or [1, Sec. 4.3] one can choose a
generator of the Tate module of E such that Proposition 4.1 below holds.
Note that in [5, Ch. IL.4] it is assumed that p is split in k/Q. However,
one can show that this assumption is not needed for proving the following
result.

Proposition 4.1. Let P(z) € C[[2]] be the Taylor series expansion
of p(Q—2z;Qf,a) at z = 0. Let \j; denote the formal logarithm associated
with E normalized such that N:(0) = 1. Then P(z) € F[[z]] € H'[[2],
and moreover:

a) PAp(T)) € O |[T]].
b) Col,(T) = P(A\4(T)).
¢) Colu(0) = ¢(¥(1;,a)).

In order to prove Theorem 2.7 we will fix n > 0 and show the
congruence of Remark 2.10. We first consider the special case where L
is the full decomposition field of p in F//k. Let e denote the ramification
index of H/Q,. We have

k=L=H, F=H, H =K,adK,=H._,,,

and obtain a diagram of field extensions of k = L of the same shape as
the diagram after Definition 2.2.
By a slight abuse of notation we write I' (resp. A) for the Galois

group of H._/H'_, (vesp. H!_/L.).
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For i € {1,2} we define a character x;,: Gal(H. /H) — Q/Z by

Xim = Gal(H\/H)=AxT —T X% 1 4p3 -
L+py log, py
1 _’_pz&-en p?{-‘ren

T, 1
% 7, /p" L, ~ —1T]1L.
pn

By construction ker(x; n) = Gal(H(’)O/Z;L) and

1 1
Xin\Vj) = ——= -+ 7Z=—+7.
(i) [Lin : H] "

Remark 4.2. We emphasize that Xell arises as the inverse of the
projective limit of global Artin maps %ﬂ—n — Gal(k(fps™™) /k(fp*)).
The computations in case (7) of [8, Ch. I1.4.4.3] show that the composite

1+p°On o Xell 1+ p°0Opn
is given by a — a7 1.
By Corollary 3.17 we obtain the following equality in Q/Z
(u, Xin)mr_ /o = —Xin(recs Ny (Coly(0)))).

We first compute the right hand side of this equality. By construction
of xin, Proposition 4.1 and Remark 4.2 we get

imrec (N s (Colu(0)))) Z%M (log, (N 1 (Col (0))))

(16) = %mj (log, (LN L(¥(1;],a)))) -

For the computation of the left hand side we note that ¢(3;,)% ! =
(€in) = N Wi (Us—1+en), so that by definition of Seiriki’s pairing we
obtain

1
on

(17) (U Xin)HI JH = ) v (t(Bin)-

Combining (16) and (17) we derive the congruence of Remark 2.10. This
concludes the proof of Theorem 2.7 in the case that L is the full decom-
position field of p in F/k.

The general case follows from the special case as in [1, Sec. 4.3].
Indeed, let D denote the decomposition subfield of F'/k with respect to
p. By our hypothesis (H1) we have L C D. For a fixed prime B of L
we write PB1,...,B,, r = [D : L], for the primes of D lying over ‘B. Let
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{g1 =1d, g2, . .., g, } denote a set of representatives of Gal(F/L) modulo
Gal(F/D) such that B, =P, £ =1,...,r. One can verify that

n

Kin(L) = Npyp(kin(D)) mod (L*)P,

where ki, (L) == Kin(L, 71,72, f,0) and £; o (D) = & n(D,71,72,f, q).
So one obtains

op (i (L)) = oWy (kia(D))) = 3 vy, (k1,0 (D)) mod p"Z
=1

Without loss of generality we may assume that the fixed embedding ¢
defines the prime By of D. Then jy, := Log[1 defines By for £ =1,...,r.
We obtain

T, (108, (L(NF/L(¥(13,))))) = T, (log, (((Np/ L N/ p(1(1:,a))))))
= T, (logp(A(H Nr/p((15,a))%)))

{=1

= 7w, (Y log, (i, Wy p (#(15F,0))%)))

(=1

=D m, (log, (g, (Niyp (¥ (1:f,0))))).

{=1

Hence, the general case follows immediately from the special case.
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