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Bivariate Circular Data

Bivariate circular data

Bivariate circular data is data which can be expressed as two
angles [0, 27)2.

m Wind directions in Milwaukee at 6 a.m. and noon
(Downs & Mardia, 2002).

m Time of low tide and spawning time of certain fish
(Lund, 1999).
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Bivariate Circular Data

Example

n od cen ) Time of low tide and spawning time
£ o0 ° e o . .
5 R of certain fish (Lund, 1999).
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Time of Low Tide
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Bivariate Circular Data

oL cer TN Time of low tide and spawning time
£ o0 ° e ° - o
2 e e of certain fish (Lund, 1999).

Question

2
1
o

- : e How can one regress the spawning
’ time on the time of low tide?

Time of Low Tide
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What is a Circular—Circular Regression Model?

Definition

A circular—circular regression model is a regression model in
which both independent and dependent variables take values
on the circle.

Existing models

m Rivest (1997)
m Downs & Mardia (2002)
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Purpose of the Research

It would be ideal to have a regression model with following
properties:
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Purpose of the Research

It would be ideal to have a regression model with following
properties:

1. flexible regression curve,
2. mathematical tractability,
3. easy interpretation of parameters.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Regression Curve

Let

U : unit circle in the complex plane, U = {z € C; |z| = 1},
u : U-valued independent variable.

The regression curve v : U — U of the proposed model is

defined by
u+ B4

0 —
T+ 6

v(u) =g ue U, (1)

where Gy € U, 81 € C.

The mapping (1) is called a Mdébius transformation.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Regression Curve

v(u) = Bo 1U:ﬁﬂ11u’ ueU, Boel, peC. (1)

m For |34] # 1, the regression curve (1) is a one—to—one
mapping from U onto itself.

m For |1] =1, (1) maps U onto a point Gy, i.e.
v(u) = Bo 1 for any u.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

o v(u) = pou, ueU, p[yeU.
7 Interpretation of 3y
g 5 ' The parameter fy is a rotation
arg(beta0) parameter
$ m If 5y = 1, v is an identity
mapping, i.e. v(u) = u.
Tl : : : : m If 5y = —1, uis rotated by 7
-1.0 -0.5 0.0 0.5 1.0 (rad) i
Re(z)
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

v=tth g ec

1+ B

(i) [64] <1

Following properties hold for the parameter 34:

1. 161 -0 = v-—u,
2. |B1| =1, u#-B1/I1B1] = v — Py,

3. vi=(u+ ) /(1 +Biu), By =€, j=1.2,
rn>r>0 0<60<2r

— |arg (v1) — 0] < |arg (v2) — 0],
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

v=tth g ec
1+,31U

(i) [64] <1

Following properties hold for the parameter 34:

4. |arg (u) —arg (61)| = [arg (v) —arg (61)] ,

5. ur = B1/1p1l = v(ur) = B1/|Al,

6. tp = —P1/IB1l, |B1] #1 = v(U2) = —B1/|B1],
7. Uy =0B1/1B1l, u2 = 6B1/1B1], 16] = 1

= v(y)f = v(u)b.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

v(u) = L@,
1+ Gru
u = exp(2rki/12),
k=1,...,12,
arg(f1) = w/12,
|
1. |B1] = 0 (above left),
2. |B4] = 0.3 (above right),
3. |B1] = 0.6 (below left),
4. |B1| = 0.9 (below right).
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

ue U, p1 eC. (1)

(ii) [B1] =1

For |51] =1, (1) maps U onto a point 3;:

v(u)=py foranyue U.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

(iii) [B1] > 1

For |51] > 1, regression curve can be expressed as
_ Ut U+ B
1+5u 1450

where v’ = (61/161]) (61U/|61]) and 34" = 1/B;.

(@)
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Interpretation of Parameters

(iii) [B1] > 1

For |51] > 1, regression curve can be expressed as
_ Ut U+ B
1+6iu 1+ 6/u
where v’ = (61/161]) (61U/|61]) and 34" = 1/B;.

(2) shows that (1) consists of two types of transformations:
1. reflection with respect to 81z — 31Z = 0,
2. Mobius transformation with 3, (|5}] < 1).

(@)
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Distribution for Angular Error

Definition
The wrapped Cauchy (WC) distribution is defined by pdf

_ 1 [1-1ef]
S

ze U, (3)

where ¢ € C\ U.

We write Z ~ C* (¢) if random variable Z has the density (3).
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

_ 1 [ 1el
f(Z)—g |Z—(Z)‘2’

Basic properties

The WC distribution has following properties:

ue U, ¢eC\U.
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Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

_ 1 [ 1el
f(z)_g |Z—(Z)‘2’

Basic properties

The WC distribution has following properties:
m unimodality,

ue U, ¢eC\U.
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Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

_ 1 [ 1el
f(z)_g |Z—(Z)‘2’

Basic properties

The WC distribution has following properties:
m unimodality,
m symmetry about z = ¢/|¢|,

ue U, ¢eC\U.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

_ 1 [ 1el
f(z)_g |Z—(Z)‘2’

Basic properties

The WC distribution has following properties:
m unimodality,
m symmetry about z = ¢/|¢|,
m mode at z = ¢/|¢|, antimode at z = —¢/|¢|,

ue U, ¢eC\U.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

_ 1 [ 1el
f(z)_g |Z—(Z)‘2’

Basic properties

The WC distribution has following properties:
m unimodality,
m symmetry about z = ¢/|¢|,
m mode at z = ¢/|¢|, antimode at z = —¢/|¢|,
m mean direction: arg{E(Z)} = arg(¢),

ue U, ¢eC\U.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

_ 1 [ 1el
f(z)_g |Z—(Z)‘2’

Basic properties

The WC distribution has following properties:
m unimodality,
m symmetry about z = ¢/|¢|,
m mode at z = ¢/|¢|, antimode at z = —¢/|¢|,
m mean direction: arg{E(Z)} = arg(¢),
m concentration: |E(Z)| = |¢].

ue U, ¢eC\U.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Wrapped Cauchy Distribution

VWrepped Cauchy Densty Wrapped Cauchy density

|1 — |of?|

K f(z , ue U,
] )= 2 Jz—oP
5 arg(¢) = /4,

;_ 1. |¢‘ - 031

' IS |¢| = 0.6,
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

Following properties hold for WC distribution:
m closed under rotation,
Z~ C*(¢) = [oZ ~ C*(Bo¢), [ocU,
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

Following properties hold for WC distribution:
m closed under rotation,
Z~ C*(¢) = [oZ ~ C*(Bo¢), [ocU,

m additive property,
Zy ~ C*(#1), Zo ~ C*(¢2), Z112o = Z1Z> ~ C*(P1¢2),
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Wrapped Cauchy Distribution

Following properties hold for WC distribution:
m closed under rotation,
Z~ C*(¢) = [oZ ~ C*(Bo¢), [ocU,

m additive property,
Zy ~ C*(#1), Zo ~ C*(¢2), Z112o = Z1Z> ~ C*(P1¢2),

m closed under Mobius transformation,

o Z+ i ¢+ﬂ1>
ZNC (0] e — N‘: — (’)’ ll
( ) 1+ﬁ1Z <1 +ﬁ1(z5 ’ ! ¢
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Derivation of Wrapped Cauchy Distribution

Derivation

Let
X ~ Cauchy distribution on the real line C(, 0?).

Then
1. Zy = exp(iX) has WC distribution C* {exp(—o? + iu)},
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Derivation of Wrapped Cauchy Distribution

Derivation

Let
X ~ Cauchy distribution on the real line C(, 0?).

Then

1. Zy = exp(iX) has WC distribution C* {exp(—o? + iu)},
140X
11X
where 6 =+ io.

2. Z,

has WC distribution C* (1 i :Z)
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Circular—Circular Regression Model

Definition
Let

Y: U-valued dependent variable,
x: U-valued independent variable.

We propose a circular—circular regression model defined by

y = gy X5
1+ B1x

where e~ C*(¢), 0<p <1, foe U, py eC.

e, xeU, (4)
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model
Statistical Inference

Properties of Proposed Model

X + 1
14+ G1x

m The kth trigonometric moment of Y| x

K . X+ B K
=(r 1) = (wiee)

Y‘XNC*</60 S0>7X€U7ﬁ0€U)/616(C70§90<1
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Proposed Model

X + f1 o
1+ Bix

m Mean direction

Y\XNC*(ﬁo ),XeU,ﬁer,ﬁ1€C,0§¢<1-

arg {E(Y | x)} = arg (ﬂo f:ﬂ_f‘x) |

m Concentration
|E(Y | x)| = ¢.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Proposed Model

X+ 1
14+ G1x

m Closed under Mobius transformation:
Lf(ax+b
¢ (cx + d) ’
where e U, v €C,
a=(Boe+1bB1), b=+ Bobip),

c=0G1+Tbop, d=1+7Pobie.

Shogo Kato A circular—circular regression model

Y‘XNC*(/BO §0>7X€U7ﬂ0€U)/316(CvOSSD<1

Y+
T rRY




Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model
Statistical Inference

X+ 1
1+ Bx

m Closed under Mobius transformation:

700X +701 | <3X+b>
Y10X + 711 cex+d)’

YXNC*(ﬁO @>7X€U7ﬁoeualg1€(cvogso<1

where v, €C, j k=0,1,
a= Bo(v00 + B1v109), b= Bo(ro1 + B1711)e,
¢ =710+ B1700, d =11+ S1701-
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Properties of Proposed Model

Let
f(s, t): a continuous real function on the closed unit disc
satisfying
0’f  O°f
A = — _— =
=9 "o =0

for all y = s+ it in the open disc. Then

Yix~c (s A ¢) = EUMI =1 (o

X+ B )
T Bix)
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Existing Models

Planar—linear regression model (McCullagh, 1996)

Y: R-valued dependent variable,
z: C-valued independent variable.

The regression model of McCullagh (1996) is defined by

5002+ﬁo1>
BroZ + P11 )

where C(0) is real Cauchy distribution with median Re(6) and
scale parameter Im(#), and

Boo Lot
< B1o Bi1 > € SLEZR).
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Existing Models

Circular—circular regression model (Downs & Mardia, 2002)

Y : [0,27)-valued dependent variable,
x : [0, 27)-valued independent variable.

Downs & Mardia (2002) proposed a regression model as
follows:
Y | X ~ VM {u(x), x},

where k>0,

tan [{u(x) — v} /2] = wtan{(x — n)/2},
0<vyn<2r, —-1<w<1.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Existing Models
Yx~ VM{u(x), s},
tan {“(X)z_”} — wian (XZ_”> .

Von Mises distribution

The von Mises distribution VM(u, x) has the density

1
f(6) = 5o () exp{rcos(d —pu)}, 0<0<2n,

where 0<pu<2r, k>0,
Ip : Bessel function of the first kind and order 0.

Shogo Kato A circular—circular regression model



Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Parameter Estimation

Maximum likelihood estimation

. Xj+ 3 ,
1m0 (B 2] =

14 B1x
Yilxi LY;lx, i#].

The log-likelihood function is given by

}’/—50)(]+51 90‘}

n
logL = C + log |1 — ©?| — 2log =
121:{ ‘ 90‘ 1+ 61X

If 34 is known, the algorithm by Kent & Tyler (1988) is available
to estimate the parameters.
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Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

Parameter Estimation

Method of moments estimation

1+ B1x;
Yilx LYjlx, i#].
If 34 is known, the moment estimates are

Z”:y)wm Z X+ b1

j1+ﬁ1X j1+51X ’
_ zn: X/+51
/1+51X

Shogo Kato A circular—circular regression model

Yj|xj~i.i.d.C*<ﬂoxj+ﬁ1¢>, j=1...n.



Regression Curve
Circular—Circular Regression Model Distribution for Angular Error

Regression Model

Statistical Inference

A test of independence

A test of independence

H01|,31’:1 V.S. H1’ﬂ1’7é1

The likelihood ratio test gives the test statistic as

max Lg

T'=~2log max Lq’

where L; is the likelihood function under H;, i =0, 1.
max Lg is obtained using the algorithm by Kent & Tyler (1988).
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Related Bivariate Circular Distribution
Related Topics Multiple Circular Regression

Related Bivariate Circular Distribution

We propose a bivariate circular distribution with pdf

1 17| 11— [P
(™) |y = Bo(x + B1)e/(1 + Bix)[* x = ol
IXI=lyl=1B€U, p1eC,9pecC\U, 0<p< 1.

m Conditional distribution

fx,y) =

Y|x~C* (50X+ﬁ‘ )

14+ B1x
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Related Topics Multiple Circular Regression

Properties of Bivariate Circular Distribution

[1- ¢ 1= lgP?]
(@) |y — Bo(x + 1)/ (1 + Brx) 1x — o

The model has following properties:

m X~ C"(9),
o+ B
Y ~C* =
=Y~c (ﬁ°1+/31¢¢)’
m (G| =1 = X~ Cg), Y ~ C(Bobr), XLY,
Bp=0 = X~ C*¢), Y~ C*0), XLY.

f(Xay):
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Related Bivariate Circular Distribution
Related Topics Multiple Circular Regression

Multiple Circular Regression

Let

Y: U-valued dependent variable,
X1,...,Xp: U-valued independent variables.

We propose a multiple circular regression model defined by

wheree ~ C*(p), 0< o <1, foe U, eC, j=1,...,p.
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Conclusion

m We proposed a circular—circular regression model with
flexible regression curve and easy interpretation of the
parameters.
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Conclusion

m We proposed a circular—circular regression model with
flexible regression curve and easy interpretation of the
parameters.

m Some properties of the model are obtained using the
theory of Mébius transformation and wrapped Cauchy
distribution.
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Conclusion

Conclusion

Conclusion

Conclusion

m We proposed a circular—circular regression model with
flexible regression curve and easy interpretation of the
parameters.

m Some properties of the model are obtained using the
theory of Mébius transformation and wrapped Cauchy
distribution.

m As related topics, a bivariate circular distribution and a
multiple circular regression model are introduced.

Shogo Kato A circular—circular regression model



Conclusion

Conclusion

References

Downs, T. D. & MarDIA, K. V. (2002). Circular regression.
Biometrika 89, 683—-97.

KenT, J. T. & TYLER, D. E. (1988). Maximum likelihood
estimation for the wrapped Cauchy distribution. J. Appl. Statist.
15, 247-54.

Lunp, U. J. (1999). Least circular distance regression for
directional data. J. Appl. Statist. 26, 723-33.

McCuLLAGH, P. (1996). Mdbius transformation and Cauchy
parameter estimation. Ann. Statist. 24, 787—-808.

RivesT, L.-P. (1997). A decentred predictor for circular—circular
regression. Biometrika 84, 717—26.

Shogo Kato A circular—circular regression model



	Outline
	Outline

	Introduction
	Introduction
	

	Circular--Circular Regression Model
	
	
	
	

	Related Topics
	
	

	Conclusion
	



