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Abstract
This paper introduces a new algorithm which solves nonsymmetric sparse linear systems of
equations, by the conjugate gradient squared (CGS) method combined with some preconditionings.
The algorithm is dramatically superior to biconjugate gradient (BCG) algorithm, although it is
a variant of the BCG algorithm. The algorithm is also amenable for implementing on parallel
computers. We report on some numerical examples taken from a finite difference approximation to
the convective diffusion equation.

1

Introduction

In the mathematical modeling of physical problems one often produces the boundary value problems
of partial differential equation. We consider the convective diffusion equation of the form
− 5T µ 5 u + β 5 u = 0.

(1)

This equation arises from convective heat transport problem, fluid mechanics and most other
transport problems. A standard technique for solving these problems is to approximate the solution
of the differential system at a discrete set of points by the solution of linear systems of equations, whose
systems are usually large, sparse, and nonsymmetric. We now consider a system of linear equations,
Ax = b

(2)

where the coefficient matrix A is a n × n nonsingular and nonsymmetric matrix and b is a known
vector. It is usually possible to apply iterative solvers for this kind of problem. In making the choice
of iterative methods, we have to consider any special properties of the coefficient matrix of the linear
system which may be exploited, such as definiteness (i.e. positive definite, positive real or not),
diagonal dominance, sparsity, and the nature of eigenvalue spectrum of the coefficient matrix. In
addition, we must consider the memory requirements of the algorithm, the vectorization possibilities,
and the easy implementation of the algorithm.
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The biconjugate gradient (BCG) algorithm, an iterative method based upon the quasi projection
method, can be used to solve nonsymmetric linear systems. This algorithm is firstly introduced
by Fletcher[4] for solving symmetric indefinite linear systems of equations and extended to complex
BCG algorithm by Jacobs[8]. This scheme is also discussed by O’Leary[13] and Saad[15]. A simple
description of the algorithm, as presented in Fletcher[4], is the following:
[Algorithm BCG]
Let x0 be any initial approximation to the exact solution x̃, compute initial residual: r0 = b − Ax0
and put p̂0 = r̂0 = p0 = r0 . Then for k = 0, 1, 2, 3, · · · , compute
xk+1 = xk + αk pk

(3)

rk+1 = rk − αk Apk

(4)

T

r̂k+1 = r̂k − αk A p̂k

(5)

pk+1 = rk+1 + βk pk

(6)

p̂k+1 = r̂k+1 + βk p̂k

(7)

αk = (rk , r̂k )/(Apk , p̂k )

(8)

βk = (rk+1 , r̂k+1 )/(rk , r̂k ).

(9)

This algorithm is easily vectorizable and doesn’t need any parameters to perform iteration. However,
the algorithm doesn’t have a minimization property as does the basic conjugate gradient algorithm.
Moreover, the monotonic decrease of the error of the BCG algorithm is not certified and there exists
the possibility of breakdown or numerical instability. Nevertheless, this algorithm is a very powerful
iterative procedure for solving nonsymmetric and indefinite linear systems of equations, if utilized
prudently.
In section 2, we give one another different algorithm, which is called conjugate gradient squared
(CGS) algorithm. This algorithm can be easily derived from the above biconjugate gradient algorithm.
The attempts to obtain such an algorithm are described in Sonneveld[16]. We show that the CGS
algorithm converges more rapidly rather than the BCG algorithm. Although its work and storage cost
of performing one iteration slightly increase, the CGS method converges almost twice as fast as the
BCG method. In consequence, it is quite important that we save the computational time (the total
number of multiplications).
In section 3, we discuss some preconditionings which we have used for the CGS algorithm. It
is well known that the ultimate success of the solver depends on the quality of the preconditioning.
The modified incomplete LU factorization combined with the CGS method becomes preferable for the
required work.
In section 4, the comparisons with other methods are given, along with some numerical experiments
of the convective diffusion problem discretized by the modified upwind difference scheme ([1,9]). Our
numerical experiments show that the CGS method has almost the fastest convergence among CG-like
methods.
In section 5, we describe conclusions based upon the numerical experiments.

2

CGS Algorithm

We consider the systems of linear equations Ax = b, where the coefficient matrix A is a nonsingular
and nonsymmetric matrix.
In the biconjugate gradient algorithm, the residual vector r̂k and the direction vector p̂k are only
used for the determination of the step sizes αk and βk . Moreover, the matrix-vector product AT p̂k is
just used for the computation of the inner product. We don’t use a lot of information related to these
2
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vectors. In order to improve the efficiency of the BCG algorithm, we will consider reconstructing the
BCG algorithm.
The conjugate gradient (CG) and biconjugate gradient algorithm are widely known polynomialbased iterative algorithms. One key to reconstructing the BCG algorithm is to consider the matrix
polynomial. In the BCG algorithm as well as the CG algorithm, the approximate solution xk is
rewritten to the following polynomial form:
xk = x0 + qk−1 (A)r0 .

(10)

where x0 is some initial approximation for the exact solution x̃, r0 (= b − Ax0 ) is the initial residual,
and qk−1 is a real polynomial of degree k − 1. The residual vector rk is such that
rk = (I − Aqk−1 (A))r0 = Rk (A)r0 ,

(11)

where Rk (A) is a real matrix-polynomial of degree k, called a residual polynomial, which satisfies
the constraint Rk (0) = 1. In the same way as above, we can rewrite r̂k , pk and p̂k as the following
matrix-polynomial forms.
r̂k = Rk (AT )r0 , pk = Pk (A)r0 , p̂k = Pk (AT )r0 ,

(12)

where Pk (A) is also a real matrix-polynomial of degree k which satisfies the constraint Pk (0) = 1.
For (8),(9), by using the above matrix-polynomial froms, it can be easily verified that
(rk , r̂k ) = (Rk2 (A)r0 , r0 ),
(p̂k , Apk ) =

(r0 , APk2 (A)r0 ).

(13)
(14)

Now let
p̄k ≡ Pk2 (A)r0 ,
r̄k ≡ Rk2 (A)r0 ,
ek ≡ Pk (A)Rk (A)r0 ,
hk+1 ≡ Pk (A)Rk+1 (A)r0 .
In the derivation of a new algorithm, we define the following residual:
r̄k = b − Ax̄k .

(15)

In order to derive new recurrence relation of the residual, by using (11) and (12), we rewrite (4) in
the following form:
Rk+1 (A)r0 = Rk (A)r0 − αk Apk (A)r0 .
(16)
Premultiplying by Rk+1 (A), we have
2
Rk+1
(A)r0 = Rk (A)Rk+1 (A)r0 − αk APk (A)Rk+1 (A)r0 .

(17)

Substituting (16) into (17), and using the above definition, we get the new recurrence relation for the
residual:
r̄k+1 = Rk (A){Rk (A)r0 − αk APk (A)r0 } − αk Ahk+1
= r̄k − αk A(ek + hk+1 ).
3
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By using a similar simple calculation, we can obtain the following algorithm which is known as conjugate gradient squared method. This algorithm is firstly proposed by Sonneveld[16], and is presented
to be equivalent to the biconjugate gradient algorithm.
[Algorithm CGS]
Let x̄0 be any initial approximation to the exact solution x̃, compute initial residual: r̄0 = b − Ax̄0
and put p̄0 = r0 = e0 = r̄0 . Then for k = 0, 1, 2, 3, · · · , compute
x̄k+1 = x̄k + αk (ek + hk+1 )

(20)

hk+1 = ek − αk Ap̄k

(21)

r̄k+1 = r̄k − αk A(ek + hk+1 )

(22)

ek+1 = r̄k+1 + βk hk+1

(23)

p̄k+1 = ek+1 + βk (hk+1 + βk p̄k )

(24)

αk = (r0 , r̄k )/(r0 , Ap̄k )

(25)

βk = (r0 , r̄k+1 )/(r0 , r̄k ).

(26)

The CGS algorithm has a basically good property of convergence, although it can be simply
derived from the BCG algorithm. In order to study the goodness of convergence, we now consider
the residual polynomial of the CGS algorithm. From (11) and (15), we can expect that for many
cases, if k rk k=k Rk (A)r0 k ¿ b is almost satisfied, then k r̄k k=k Rk2 (A)r0 k will become even
smaller. In consequence, we will suggest that the CGS algorithm converges almost twice as fast as
the corresponding BCG algorithm. However, we don’t have any theoretical results on the rate of
convergence of above CGS algorithm.
The CGS algorithm, as well as the BCG algorithm, may have the possibility of breakdown or
numerical instability, since it doesn’t have certified convergence properties as does the CG algorithm.
However, our numerical experiments show that the CGS algorithm combined with a good preconditioning converges very fast, even if it does not have the property of strict minimization.
In Table 2.1, we summerize a comparison of the work per iteration and the storage requirement
(excluding storage for A and b) for several algorithms. The matrix-vector products are denoted by
Av and AT v. From this table, we can see that the storage and work per iteration for the CGS
algorithm slightly increases. However, the rapid convergence of the CGS algorithm will overcome
these difficulties.

3

Art of Preconditioning

As is well known, the preconditioning has been found to be very effective in solving a large sparse
systems of equations. In this section, we consider the application of preconditioning to speed up the
convergence of the conjugate gradient squated algorithm. Generally, the preconditioning is important
not only for the better rate of convergence, but also the resulting matrix is closer to symmetric than
the original matrix.
The basic idea of preconditioning consists of modifying the original system of equations in such a
way that iteration on the modified system of equations can proceed with a fast rate of convergence.
Namely, the preconditioning works to accelerate the iteration process. Usually, the preconditioning
consists of replacing the system of linear equations (2) by an equivalent system of linear equations:
B −1 Ax = B −1 b.

(27)

The operator B is called preconditioner, and it is produced by approximate factorization of the coefficient matrix A.
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The incomplete LU factorization has been used quite successfully in combination with the conjugate gradient-like method (see [1],[2],[7],[11],[15],[17],[18]). Recently, some advance has occurred
and the preconditionings for nonsymmetric matrices are being completely studied. However, most of
the preconditionings used for nonsymmetric matrices are generalizations of techniques for symmetric
matrices. That is
A = LU − R = B − R,
(28)
where the preconditioner B is the product of a lower triangular matrix L and an upper triangular
matrix U which approximate the elements obtained from incomplete Gauss elimination, and R is called
the error matrix. The rate of convergence depends on how well the preconditioner B approximates
the original coefficient matrix A.
For our examples, we apply both the incomplete LU (ILU ) factorization and modified incomplete
LU (M ILU ) factorization with no extra fill in (see [1],[5],[7],[10],[11],[15] for referring to these techniques).

4

Numerical Experiments

In this section, we compare the performances of CGS algorithm with BCG algorithm and ORTHOMIN(1) in solving the systems of linear equations of arising from the convective diffusion problems. All numerical experiments were run on the Vax 11/780 of the Department of Computer Science,
Stanford University, in double precision(55 bit mantissa). The initial approximation x0 in all runs was
set to equal to zero. We now consider the following two examples.
Example 1. (Problem with Dirichlet boundary conditions)
The first example is the Dirichlet problem on the unite square Ω with boundary ∂Ω.
4u + βux = f, (x, y) ∈ Ω = (0, 1) × (0, 1),
u = xy(1 − x)(1 − y), (x, y) ∈ ∂Ω,
where β is constant and f = 2x(x − 1) + y(y − 1){2 − β(1 − 2x)}. This simple problem has been chosen
since it has been widely used by Kincaid and Young[9]. In this problem, a modified upwind difference
scheme is used on a square mesh (h = 1/40) with a total of n = 1521 unknown mesh values with
natural ordering to obtain the corresponding discrete problem of the form (2) ( see [1],[9] for a simple
derivation of this scheme).
We consider three cases of numerical experiments, corresponding to β = 10, 100 and 1000. The
convergence criterion used for stopping the iterative process is ² (=k rk k / k r0 k) ≤ 10−14 . In Table
4.1 and 4.2, we summarize the total number of iterations and total number of multiplications for
different values of β and for different preconditionings, when the several CG-like methods are applied
to example 1. We have not taken the work of approximate factorizations into account. From these
results, we can find out that the CGS process is stopped as soon as the residual norm was reduced
by a factor of 10−14 . Moreover, M ILU factorization seems to be more effective preconditioning than
the ILU factorization. In fact, CGS method, when applied to M ILU preconditioning, performs very
well and takes the least work among these methods for satisfying the convergence criterion. We also
find out that BCG method breaks down at the point of ² = 10−12 except for β = 10. In Fig.4.1 and
4.2, we draw the graphs of norm of residual versus number of iterations for each methods in order to
see the change of residual during each iterative process. From these figures, we can see that the CGS
and BCG method have some peaks during the iterative process, but both of the methods turn out to
be stable gradually.
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Example 2. (Problem with Neumann boundary conditions)
The second example is the steady state problem on unite square Ω with Neumann boundary ∂Ω.
4u + βux = 0, (x, y) ∈ Ω
u(x, 0) = 0, u(x, 1) = 1,
u(0, y) = 1, ux (1, y) = 0, (x, y) ∈ ∂Ω
We also use a modified upwind difference scheme for the discretization on a square mesh and the same
initial guess, mesh size and stopping criterion as same as for the example 1.
Here again, we consider the three cases of numerical experiments. The total number of iterations
and multiplications taken to converge are compared in Table 4.3 and 4.4. In Fig.4.3, we compare the
behavior of residual versus iterations for β = 10 when we don’t use preconditioning. In this figure,
we can see that the residual of CGS method, as well as the BCG method, doesn’t always decrease,
especially at the beginning of the iterative process, but the CGS method converges faster than the
BCG method. On the other hand, the residual of ORTHOMIN(1) converges very slow. In Fig.4.4, we
also show the behavior of convergence for β = 100 when applied to ILU preconditioning. Comparing
these results, we find out that for most cases the CGS method combined with M ILU preconditioning
is a very effective procedure.

5

Conclusions

We have considered the conjugate gradient squared algorithm for solving a nonsymmetric system of
linear equations, which arose from the numerical solution of the convective diffusion problem by finite
difference and finite element schemes.
A number of numerical experiments were run in order to test the behavior of the convergence
for the CGS method. From these results, we conclude that the CGS method combined with M ILU
preconditioning is quite effective for the solution of this kind of nonsymmetric problem among these
methods. However, as stated earlier, a lot of care has to be taken in more general problems, since the
CGS algorithm is originally numerically unstable just like the BCG algorithm.
Finally, for more complicated problems, a natural generalization of ILU factorization to block case
will produce a class of effective preconditioning, because the CGS method turns out to be more stable,
when applied to more accurate factorization.
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