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ABSTRACT

In the present paper we show that K;(C*(G))=Z* j=0,1 and
that T.(Kx(C*(G)))=Z , where C°(G) is the C-algebra of the

discrete Heisenberg group & and 7 is the canonical trace on C*{(G).

§1. Preliminaries.

By the discrete Heisenberg group we mean the group G defined as that of the
following matrices;

(1 m il
G=[l i kj;}c,l,mez].
0 0 1

We take two closed subgroups M and N of G as follows;

1 m ol
w7 8

10 1]

~N=fo 1 ki;k,lez.
001

It is clear that MSZ ,N=Z% s0 that we may identify # with Z and N with 72 An

action of # on N is defined by



KSTS/RR-85/006

May 2, 1985

_2.-
m.z =mzm={k,l+mk)
for m € M and 2=(k,l} € N. Then G is isamorphic tg the semidirect product
NxsM of N by M with the multiplication
{z.m){z'.m }=(z+m.2' , m+m )
for {z,m.) and (2'.m') €Nx; M. Therefore we identify G with Zx;Z and write the
element of G as (k,l,m) where (k,1}€Z’=N and m<Z=#. Further by definition
of crassed products and the Fourier transformation we see that C’(G) is iso-
morphic to the crossed product C(7%)x,Z where « is the automorphism on C(T%)
defined by
alf Xs.t)=f(s+t,t)
FeC{T?).(s.t)eT?

and 7% is the two dimensional torus.
Let T be the finite faithful trace on C°(G) defined by T{z)=z(e) where z € I}(G)
and e is the unit element of G , and let o be the trace on C(7T%)x,Z by
o(y)=f ey (0.5 .tjdsdt where y<i YZ,C(T")). Then we see easily that T7=¢ on
1}{G). In what follows, we compute
K5 (C(T2)%,2) (7=0,1) and 0 (Ko(C(T?xaT).
§2. Camputation of K;(C(T?)x,Z) j=0,1
We use the following Pimsner-Yoiculescu exact sequence;
—
d-%y
K(T?) — K%(T?%) — Ko C(T?)X%Z)

| J

-
-~ o

K(C(TA)%,2) «—— K(T?) ——K(T?).

K {C(TH%DEK(T?)/ Im(id—a') @ Ker(id—a:') (j=0,1). We then compute
Im{(id—a:!) and Ker (id—a:l). let M,{C{T?) be the algebra of n X n matrices

with entries in C(7%) and let ProjM,{(C{(T?)} be the set of projections of
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-3-

M. (C(T?) and let U,(C{T®)) be the unitary group of #,(C(7?)).We define p; and
g; in Up=( ProjM,{C(T?)} j =12 as follows;
pafs.t)=t

gi{s.t)=0

and

[ _om [1 o] [ omis
Pels D=ROF G HLQNN O]Hmr"'o Olr(t)”
cosZLt -Sinlr—t]
RO)=| 2 ¢
sm-e—f cosE-t
D<s,i<1
e ol
gals. )—l Ol‘

And we define %; in Unz U, (C(7%)) j=1,2 as follows;

u,{s,t)=e?H

Uy(s,t)=e?s,
Lemma 1. 1)Tow generators of K% 7?) are [p,]-{q,] and [pz]-[g:]
2)Two generators of K'(7%) are {1;] and [u;].
Remark We identfy C(7?) with all complex valed continuous functions on [0,1]
x [0,1] such that £(0,t)=f(1,t) and f(s,0)=£(s, 1) for s,t<[0,1].
Proof of lemmal. 1) X%(T?) is isomorphic to K% 7') & K}(T'). The isomorphism
is the direct sum of i» and & where i. is the homomorphism of A%(T!} into
K% T?) induced by the inclusion map 1;C{T!}»C(7?) and & is the composed map
of the suspension map of K(T!) into K%(7'x(0,1)) and the homomorphism of
Ko(T'%(0,1)) into X°{7?) induced by the inclusion map of Co( 7''%x(0,1)) inta C(T#).
And let [1,,] be a generator of K%T'}) where 1, is the identiy of C(T') and let
[v] be a generator of K*(7') where v is defined by v{s}=¢* Then i.([1,]) and

@([v]) is the generators of K°(7%).Therefare we obtain 1).

2) We can prove 2) in the same manner as 1). QED.
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lLemma 2.

K{(C(TZ)ZZ  j=0,1

Proof. We use the Pimsner-Voiculescu exact sequence. Clearly a<{{p,])=[p:]

as'{q.1D=[q1] . a=*([g=])=[gz]-

—2mi{s—t) 0

[ [1 ol [ orits -
wHpa)ls. =M g I}R(”'lo O]Ra)l‘*zf Y Ole(ty.

Let

R(t)".

V(g,t):ﬁ(t)iezg“ 0
Then Ve Ux(C(T?)) and a~Ypo)s.t )=V(s.t)pa(s £) V(s .£)*
Thus as'([ps])=[pz]. Therefore the homomorphism id—as! of K°(7?) into
K9(7?) is a O-map.
a N uy) (s, t)=e? ™ =u, (s t)
aHug)(s t)=e?ms =)z g 2mis g 2rit

=uy(s,t)u;(s.t)

Hence az'([w,])=[w,], os¥({uz])=-[w,]+{us]. Therefore the homormorphism

id —as! of K*{T?) into K1(T?) is given by the matrix

o 1]

o ol

It follows by the Pimsner-Voiculescu exact sequence that K;{(C(T?)X,Z)=23
(=0.1) Q.ED.
Corollary 1.
K(C(G)ZZ j=0.1
§3. Computation of ¢.(Ky{C{T?)%Z))
Let [e;]-[f;] 7=1.2.3 be three generators of K¢(C{T?x,Z). The homamorphism
1. of K9 T?) into K¢{ C{TR)X,2)} is injective since

id —a L K(T?) » KN T?)

is a D-map. Hence two generators are given as follows;
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1 f m=0
ef(m.s.D)=lg it m o

Jm,s,t)=0

R(t]{“?’ fl’iﬁ(t)‘ it m=0

[ ems ol It o

ROy RO
eslm.s.D={fp ol

00 if m#0

1 0]
0 OJ if m=0
Jo(m.s. )=y o] »
j if m#0
0 0
The generator [e3]—{ f3] is the element of Ko{ C(7%)x,Z) satisfying that

do([ea]-[fa])=[ui]
where dg is the connecting map of Ko{C(T?)x,Z) into KY{T?).

Let g be the function on T? defined by g(s ,t)=cosg—t and let 2 be the function

on 7? defined by h(s,t):sing—t. We regard C(T?) as a C’-subalgebra of

C{T¥)x,Z. Then let

]+ Lg‘*+h4 g3h —gh?

Sk _ghS zg 2h2

| o gn2 [ls, o]
' i

s, o 1lg2h? —-9°h
r __gﬂh _g2h2 0 dll

€10 o, gh? —gin?

and

[17'2 ifm =1
(m)=lg  tmar1

lpe ifm =—1

6—1{7"'):61.("1):0 iftm #-1

We see that egis a Rieffel projection in Ma(C{T?)x,Z}) by computation.
Remark. Let 4 be a unital C’-algebra and (4,Z.8) a C’-dynamical system. A
projection in AXgZ satisfying the following condition is called a
Rief fel projection;

Dp=uw'z{+zo+zu Zo,z,€4
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2)u is a unitary element in 4 satisfying that Adu =8.
Lemma 3. With the above notation let ¢ be the left support projection of x, in the

enveloping von Neumann algebra of 4 .Then the unitary ezp (2mizqe) isin 4 and

do([p ])=[ezp(2mizqe)]
where dg is the connecting map of Ko(4XgZ) into K;(4).

Proof. See Pimsner-Voiculescu [4]. Q.E.D.

Lemma 4. [eg]—[f1] is a generator of K¢(C{T?)x,Z) where

1 ol £ m=0
o ol

Jalm.s.8)=\jy o]
0 0} if m 20

Proof. It is clear that do{[f3])=0. So we show that d¢{[es]}=[w,]. Let
[ 4 ps 38 a|

g*+h* g°h—gh

o=

Lﬂh_ghﬁ 29 th

rgzhz ghs

]

=

—g 3n _g2h2

let ¢ be the left support projection of x; in the enveloping von Neumann algebra
of C(T?).Since e=[z,]=[z,z{]=s —limn_.,(’rll—kzle)'lz,xf ,vhere [z,] and [z, ]

are the range projections of z, and z,z; respectively,by the trivial calculation

we see that

fo ol if£=0
G 0
O3 e (s.)h(s.t)|
s, - ’ s,
g if O<t=<1
~g (s.t)h(s.t)  g¥s.t)
Hence we obtain that
(he gl
exp (2rizge )=exp (2mh? ).
-gh g*

let
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[ R3(s,ct) —g (s,ct)h(s,ct)]

F(c,s . t)y=exp(2mih’(s,t)
—g (s,ctYh(s.ct) g¥(s.ct)

C=sc=l
Then
1 ol
F'—"(c,s,o):l ]
01 |
2
Flo.s. 1)y=ezp(@ni h*(s,c) —g(s,e)h{s.c)
—g (s.c)h(s.c} g%(s.c)
:h D]+2~_ o [ hdsc)  —g(s.o)h(s.c)l
’.0 1] Y i—g (s.c)h{s.c) g%s.c) l
={1 0}4-2:,’:1 zw,tl n [ h3(s,c) —~g(s,c)h(s,c)l
01 n! I—g (s.0R(s.0)  g¥s.t)
___{1 O}_,_(ezm_l)[ R3(s.c) —g{s,c)h{s,c)
D 1 —g (s,c)h(s,c) g¥(s.c)
i ol
o1
W) -gls.ch(s.c)]
since is a projection.
-g(s.c)hs.c)  g%s.c) J

Therefore F is a continuous function of the interval [0,1] into Uy(C{7?}). Hence
dy([es])=[F(1)]=[F(0)]=[e¥™**]=[w,]
by lemmad. Thus we obtain lemmad4. Q.E.D.
Theorem 1.
0-(Ko(C(T?)x42))=2
where . is the homomorphism of Ao C(T?)x,Z)) into R induced by the trace o

defined in §1.

Proof.

o.([e.])=1

o.({f D=0
oole=])=/dfd Tre(0.s.1))dsdt =1

o.([f2D=1
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o+(fes))=f4 /4 Pr(es{0,s,t))dsdt
=f3SHg*(s . t)+h(s,t)+29%s.£)h%(s t dsdt =1

o.(fsD=1

where Tr is the canonical trace on the matrix algebra Mz(C). Since o. is the
homomorphism,we obtain that

o (Ko(C( TR X, Z)) =7

Q.E.D.
Corollary 2.
T{K(C(G))) =2

where T. is the homomorphism of K3(C’{G)) into R induced by the trace defined
in §1.
Remark The above collorary shows that C’(G) has no nontrivial projection

although it is not simple.
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