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A mathematical analysis of the Kakinuma model
for interfacial gravity waves.
Part I: Structures and well-posedness

Vincent Duchéne and Tatsuo Iguchi

Abstract

We consider a model, which we named the Kakinuma model, for interfacial gravity waves.
As is well-known, the full model for interfacial gravity waves has a variational structure
whose Lagrangian is an extension of Luke’s Lagrangian for surface gravity waves, that is,
water waves. The Kakinuma model is a system of Euler-Lagrange equations for approximate
Lagrangians, which are obtained by approximating the velocity potentials in the Lagrangian
for the full model. In this paper, we first analyze the linear dispersion relation for the
Kakinuma model and show that the dispersion curves highly fit that of the full model in the
shallow water regime. We then analyze the linearized equations around constant states and
derive a stability condition, which is satisfied for small initial data when the denser water is
below the lighter water. We show that the initial value problem is in fact well-posed locally
in time in Sobolev spaces under the stability condition, the non-cavitation assumption and
intrinsic compatibility conditions in spite of the fact that the initial value problem for the
full model does not have any stability domain so that its initial value problem is ill-posed
in Sobolev spaces. Moreover, it is shown that the Kakinuma model enjoys a Hamiltonian
structure and has conservative quantities: mass, total energy, and in the case of the flat
bottom, momentum.

1 Introduction

We are concerned with the motion of interfacial gravity waves at the interface between two layers
of immiscible waters in a domain of the (n+ 1)-dimensional Euclidean space in the rigid-lid case.
Let ¢ be the time, = (21,...,2,) the horizontal spatial coordinates, and z the vertical spatial
coordinate. We assume that the interface, the rigid-lid of the upper layer, and the bottom of the
lower layer are represented as z = ((x,t), z = hy, and z = —hg+b(x), respectively, where {(x,t)
is the elevation of the interface, h; and hy are mean thicknesses of the upper and lower layers,
and b(x) represents the bottom topography. The only external force applied to the system is
the constant and vertical gravity, and interfacial tension is neglected. Moreover, we assume
that the waters in the upper and the lower layers are both incompressible and inviscid fluids
with constant densities p; and po, respectively, and that the flows are both irrotational. See
Figure LTl Then, the motion of the waters is described by the velocity potentials ®; and ®o
and the pressures P, and P, in the upper and the lower layers, respectively, satisfying the basic
equations in the theory of fluid dynamics, which will be referred as the full model for interfacial
gravity waves throughout in this paper. As was shown by J. C. Luke [20], the basic equations
for the surface gravity waves, that is, the water wave problem has a variational structure, whose
Lagrangian is written in terms of the surface elevation of the water and the velocity potential,
and the Lagrangian density is given by the vertical integral of the pressure in the water region.
The full model for interfacial gravity waves has also a variational structure and the Lagrangian
density .Z(®1, P2, ¢) is again given by the vertical integral of the pressure in both water regions.
T. Kakinuma [14], 15| [16] proposed a model for interfacial gravity waves and applied his model
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Figure 1.1: Interfacial gravity waves

to simulate numerically the waves. To derive the model, he approximated the velocity potentials
®, and P, by

N
(11) (I)pr(wvzat) = ZZk,i(z;Bk(m))qbk,i(wvt)
1=0

for k = 1,2, where {Z; ;} and {Z5;} are appropriate function systems in the vertical coordinate z
and may depend on hy (z) and flg(:c), respectively, which are thickness of the upper and the lower
layers in the rest state, whereas ¢ = (dr,0, P 1,- - ,qSk,N)T, k = 1,2, are unknown variables.
Then, he derived an approximate Lagrangian density -Z*PP (¢, ¢po,() = L(PPP, ®5P () for
unknowns (¢1, ¢2,¢). The Kakinuma model is a corresponding system of Euler-Lagrange equa-
tions for the approximated Lagrangian density .Z*PP(¢hy, ¢p2, (). Different choices of the function
systems {Z;;} and {Z3;} give different Kakinuma models and we have to carefully choose the
function systems for the Kakinuma model to provide good approximations for interfacial gravity
waves.

The Kakinuma model is an extension to interfacial gravity waves of the so-called Isobe—
Kakinuma model for the surface gravity waves, that is, the water waves. In the case of the
surface gravity waves, the basic equations are known to have a variational structure with Luke’s
Lagrangian density -4 ke (P, (), where ( is the surface elevation and ® is the velocity potential
of the water. The Isobe-Kakinuma model is a system of Euler-Lagrange equations for the
approximated Lagrangian density Z*PP (¢, () = LLuke(P*PP, (), where ®?PP is an approximate
velocity potential

N

(1.2) PP (g, 2, t) = ZZi(Z;b($))¢i(w,t)

1=0

and ¢ = (¢o, ¢1,...,¢n)" are unknown variables. The model was first proposed by M. Isobe [12]
3] and then applied by T. Kakinuma to simulate numerically the water waves. We note that
a similar model was derived by G. Klopman, B. van Groesen, and M. W. Dingemans [I§], and



used to simulate the water waves. See also Ch. E. Papoutsellis and G. A. Athanassoulis [25].
Recently, this model was analyzed from mathematical point of view. One possible choice of the
function system {Z;} is a set of polynomials in z, for example, Z;(z;b(x)) = (2 + h — b(x))P!
with integers p; satisfying 0 = py < p1 < --- < py. Under this choice of the function system
{Z,}, the initial value problem to the Isobe-Kakinuma model was analyzed by Y. Murakami and
T. Iguchi [22] in a special case and by R. Nemoto and T. Iguchi [23] in the general case. The
hypersurface t = 0 in the space-time R"™ x R is characteristic for the Isobe-Kakinuma model, so
that one needs to impose some compatibility conditions on the initial data for the existence of
the solution. Under these compatibility conditions and a sign condition —0,P*PP > ¢g > 0 on
the water surface, they showed the well-posedness of the initial value problem locally in time,
where P?PP is an approximate pressure in the Isobe-Kakinuma model calculated from Bernoulli’s
equation. Moreover, T. Iguchi [I0, [IT] showed that under the choice of the function system

(z+h)* in the case of the flat bottom,

(z+h —b(x))" in the case of a variable bottom,

(13) Zi(zb(x)) = {

the Isobe-Kakinuma model is a higher order shallow water approximation for the water wave
problem in the strongly nonlinear regime. Furthermore, V. Duchéne and T. Iguchi [7] showed
that the Isobe—Kakinuma model also enjoys a Hamiltonian structure analogous to the one ex-
hibited by V. E. Zakharov [26] on the full water wave problem. Our aim in the present paper is
to extend these results on the surface gravity waves to interfacial gravity waves.

In view of these results on the Isobe-Kakinuma model, in the present paper we consider the
Kakinuma model under the choice of the approximate velocity potentials in (I.I]) as

N
@?pp(m’ Z, t) = Z(_z + h1)2i¢1,i(ma t)v

(1.4) =0

PP (x,2,t) = Y (2+ hy — b())” (. 1),
=0

where N, N* and pg, p1,...,pN* are nonnegative integers satisfying 0 = pg < p1 < -+ < pn*.
In applications of the Kakinuma model, it would be better to choose N* = N and p; = 2i in
the case of the flat bottom, and N* = 2N and p; = 7 in the case of a variable bottom. In the
case N = N* = 0, that is, if we choose the approximation ®;*"(x,z,t) = ¢p(x,t) for k = 1,2
the functions independent of the vertical coordinate z, then the corresponding Kakinuma model
is reduced to the shallow water equations. In the case N + N* > 0, the Kakinuma model is
classified into a system of nonlinear dispersive equations.

It is well-known that in the case of the flat bottom b = 0, the dispersion relation of the
linearized equations to the full model around the flow ({,®1,®2) = (0,u; - @, uy - ) with
constant horizontal velocities w1 and us is given by

(p1 coth(h1|€]) + p2 coth (R |€]))w®
+2(p1€ - uy coth(hy[€]) + p2g - uz coth(ha[€]))w
+ p1(€ - u1)? coth(h|€]) + p2(€ - uz)? coth(ha|€]) — (p2 — p1)gl€| =0,

where € € R” is the wave vector, w € C the angular frequency, and g the gravitational constant.
It is easy to see that the roots w of the above equation are always real for any wave vector
& € R" if and only if w1 = ug and pa > p;. Otherwise, the roots of the above equation have the
form w = w,(]§]) = iw;(|€|) satisfying w;(|§|) — +o00 as || — +o0, which leads to an instability



of the interface. The instabilities in the case po > p; and u; # us and in the case p2 < p; and
u1 = uy are known as the Kelvin-Helmholtz and the Rayleigh-Taylor instabilities, respectively.
For more details, see for example P. G. Drazin and W. H. Reid [6]. In the following of this
paper, we are interested in the situation where

(p2 — p1)g > 0,

that is, the denser water is below the lighter water. In the case u; = uo = 0, the linear dispersion
relation is written simply as

5 (p2 — p1)gl€|

w = .
p1 coth(hy[€]) + p2 coth(hz|€])

We denote the right-hand side by wyw(€)%. Then, the phase speed cny (&) of the plane wave
solution related to the wave vector £ is given by

. wiw (&) o (p2 — p1)g
) &= g # prl€lcorh

I3 h1l§]) + p2|€| coth(hz|€])
As a shallow water limit h;|€|, h2|€] — 0, we have
(p2 — p1)ghihs
1.6 ~ gy = 4| L2 PVIMBZ
(16) (&) = cow \/ prhe + p2hy

where cqyw is the phase speed of infinitely long and small interfacial gravity waves. In Section [3]
we will analyze the linear dispersion relation of the Kakinuma model and calculate the phase
speed ck (&) of the plane wave solution related to the wave vector £. Under the choice N* = N
and p; = 2i, or N* = 2N and p; = ¢ in the approximation (L4) of the velocity potentials, it
turns out that

(1.7) e (€)” — ex(€)] S (M €] + hal€))*2,

which indicates that the Kakinuma model may be a good approximation of the full model for
interfacial gravity waves in the shallow water regime hq|€|, ha|€| < 1. We note that Miyata—
Choi—Camassa model derived by M. Miyata [21] and W. Choi and R. Camassa [3] is a model for
interfacial gravity waves in the strongly nonlinear regime and can be regarded as a generalization
of the Green—Naghdi equations for water waves into a two-layer system. Let cycc(€) be the phase
speed of the plane wave solution related to the wave vector & for the linearized equations of the
Miyata—Choi-Camassa model around the rest state. Then, we have

lerw (€)= ence(€)?] S (hal€] + hal€l)*,

so that the Kakinuma model gives a better approximation of the full model than the Miyata—
Choi-Camassa model in the shallow water regime, at least, at the linear level. A rigorous
analysis for the consistency of the Kakinuma model in the shallow water regime will be analyzed
in the subsequent paper V. Duchéne and T. Iguchi [§]. On the other hand, in the deep water
limit we have

cx(€)* >0,

lim
hi|€|,ha|€|—00

which is not consistent with the limit of the full model

cIW(£)2 =0.

lim
hi|€|,ha|€|—o00
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We notice that the Miyata—Choi—-Camassa model is only apparently consistent with the full
model in this deep water limit since

lim c )
1 |€] o €] o0 wco(8)

but we note also that )
crw (§)

halgl,h2|€]—00 Cumco (5)2

We refer to V. Duchéne, S. Israwi, and R. Talhouk [9] for further discussion and the derivation
of modified Miyata—Choi—-Camassa models having either the same dispersion relation as the full
model, or the same behavior as the Kakinuma model in the deep water limit. As we discuss
below, thanks to the high-frequency behavior of the linearized equations, and contrarily to both
the full model and the Miyata—Choi—-Camassa model, the Kakinuma model has a non-trivial
stability domain and, as a result, the initial value problem to the Kakinuma model is well-posed
locally in time in Sobolev spaces under appropriate assumptions on the initial data.

As we have already seen, the roots w € C of the dispersion relation of the linearized equations
of the full model around the rest state are always real, so that the corresponding initial value
problem is well-posed. However, as for the nonlinear problem, even if the initial velocity is
continuous on the interface, a discontinuity of the velocity in the tangential direction on the
interface would be created instantaneously in general, so that the Kelvin—Helmholtz instability
appears locally in space. As a result, the initial value problem for the full model turns out to
be ill-posed. For more details, we refer to T. Iguchi, N. Tanaka, and A. Tani [24]. See also
V. Kamotski and G. Lebeau [I7] and D. Lannes [19]. In Section [ we consider the linearized
equations of the Kakinuma model around an arbitrary flow. After freezing the coefficients
and neglecting lower order terms of the linearized equations, we calculate the linear dispersion
relation and derive a stability condition, which is equivalent to

= OQ.

1.8 — 0.(P5 — P{™P) — pip2 VoI — VOIP% > ¢ > 0
( ) ( 2 1 ) PlH2a2+p2H1041‘ 2 1 ’ = €0

on the interface, where Py*® and P;P" are approximate pressures of the waters in the upper
and the lower layers in the Kakinuma model calculated from Bernoulli’s equations, H; and
Hy are thickness of the upper and the lower layers, respectively, «y is a constant depending
only on N, as is a constant determined from {pg,p1,...,pn+}, and V = (0,,...,0;,)" is the
nabla with respect to the horizontal spatial coordinates © = (z1,...,2,). If p1 = 0, then (L)
coincides with the stability condition for the Isobe-Kakinuma model for water waves derived by
R. Nemoto and T. Iguchi [23].

As in the case of the Isobe-Kakinuma model, the hypersurface ¢ = 0 in the space-time R" xR
is characteristic for the Kakinuma model, so that one needs to impose some compatibility condi-
tions on the initial data for the existence of the solution. Under these compatibility conditions,
the non-cavitation assumption H; > ¢o > O0and Hy > ¢p > 0, and the stability condition (LS]),
we will show in this paper that the initial value problem to the Kakinuma model is well-posed
locally in time in Sobolev spaces. Here, we note that the coefficients ay and as in the stability
condition (L8] converge to 0 as N, N* — oo, so that the domain of stability diminishes as N
and N* grow. This fact is consistent with the aforementioned properties of the full model.



As is well-known that the full model for interfacial gravity waves has a conserved energy
(1.9) & = // —pl (V@1 (, 2, t)[* + (0.9 (x, 2, 1))*)dadz
Ql(t
1
// —pa(|V®a(z, 2,)|* + (0:Pa(, 2,1))?) dadz
Qa(1) 2
1
+/ 5 (2 — p1)g¢(a, t)*da

where 4 (t) and Q9(t) are the upper and the lower layers, respectively. This is the total energy,
that is, the sum of the kinetic energies of the waters in the upper and the lower layers and the
potential energy due to the gravity. Moreover, T. B. Benjamin and T. J. Bridges [I] found that
the full model can be written in Hamilton’s canonical form

0 0
atc_wu at(b__?u
where the canonical variable ¢ is defined by
(110) ¢($, t) = p2<1>2(m7 C(mv t)v t) - qu)l(m, <($, t)7 t)

and the Hamiltonian .77 is the total energy & written in terms of the canonical variables ((, ¢).
Their result can be viewed as a generalization into interfacial gravity waves of Zakharov’s Hamil-
tonian [26] for water waves. For mathematical treatments of the Hamiltonian for interfacial
gravity waves, we refer to W. Craig and M. D. Groves [4] and W. Craig, P. Guyenne, and H.
Kalisch [5]. The Kakinuma model has also a conserved energy &¥, which is the total energy
given by (L9) with ®; and ®;, replaced by ®i"’ and ®5"P. Moreover, we will show that the
Kakinuma model enjoys a Hamiltonian structure with a Hamiltonian % the total energy in
terms of canonical variables ¢ and ¢, where ¢ is defined by (L.I0) with ®; and ®, replaced by
®IPP and ®5PP. This fact can be viewed as a generalization to the Kakinuma model for interfacial
gravity waves of a Hamiltonian structure of the Isobe-Kakinuma model for water waves given
by V. Duchéne and T. Iguchi [7].

The contents of this paper are as follows. In Section 2l we begin with reviewing the full model
for interfacial gravity waves and derive the Kakinuma model. Then, we state one of the main
results of this paper, that is, Theorem 2.1l about the well-posedness of the initial value problem
to the Kakinuma model locally in time. In Section [B] we analyze the linear dispersion relation
of the linearized equations of the Kakinuma model around the rest state in the case of the flat
bottom and show (L7)). In Section Ml we derive the stability condition (L8] by analyzing the
linearized equations of the Kakinuma model around an arbitrary flow. In Section [§ we derive
an energy estimate for the linearized equations with freezed coefficients and then transform the
equations into a standard positive symmetric system by introducing an appropriate symmetrizer.
In Section [B] we introduce several differential operators related to the Kakinuma model and
derive elliptic estimates for these operators. In Section [ we prove one of our main result,
Theorem 2.1 by using the method of parabolic regularization of the equations. In Section
we prove another main result Theorem B4], which ensures that the Kakinuma model enjoys a
Hamiltonian structure. Finally, in Section @ we derive conservation laws of mass, momentum,
and energy to the Kakinuma model together with the corresponding flux functions.

Notation. We denote by W™P(R"™) the LP Sobolev space of order m on R"™ and H™ =
W™2(R"). The norm of a Banach space B is denoted by || - |[g. The L2-inner product is



denoted by (-,)z2. We put 9, = %, 0j = Oy, = a%j, and 0, = %. [P, Q] = PQ — QP denotes
the commutator and [P;u,v] = P(uv) — (Pu)v — u(Pv) denotes the symmetric commutator.
For a matrix A we denote by AT the transpose of A. For a vector ¢ = (¢g, ¢1,...,0n)T we
denote the last N components by ¢’ = (¢1,...,¢x)T. We use the notational convention 8 =0.
We denote by C(aq,as,...) a positive constant depending on a1, as,.... f < g means that there
exists a non-essential positive constant C' such that f < C'g holds. f ~ g means that f < g and

g < f hold.
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2 Kakinuma model and well-posedness

We begin with formulating mathematically the full model for interfacial gravity waves. In what
follows, the upper layer, the lower layer, the interface, the rigid-lid of the upper layer, and the
bottom of the lower layer, at time ¢, are denoted by Q4 (t), Qa(t), ['(¢), X, and 3, respectively.
Then, the motion of the waters is described by the velocity potentials ®; and ®, and the
pressures P; and P» in the upper and the lower layers satisfying the equations of continuity

(2.1) AD +02®; =0 in (),
(2.2) AdDy + 020y =0 in Qt),

where A = (9% + .-+ 0% is the Laplacian with respect to the horizontal spatial coordinates
x = (z1,...,2,), and Bernoulli’s equations

1

(2.3) P (8@1 + 5(|v<1>1|2 + (0.91)?) + gz> +P =0 in Q(t),
1

(24) P2 <8t(1)2 + 5(‘V(I)2‘2 + (8Z(I)2)2) + gz) + P2 =0 in Qg(t).

The dynamical boundary condition on the interface is given by
(25) P1 == P2 on F(t)

The kinematic boundary conditions on the interface, the rigid-lid, and the bottom are given by

(2.6) HC+VP,-V(—0,21=0 on TI(t),
(2.7) HC+VPy-V(—0,P2=0 on TI(t),
(2.8) 0,91 =0 on X,
(2.9) Vo, -Vb—0,P9=0 on Xy

These are the basic equations for interfacial gravity waves. We can remove the pressures P; and
P, from these basic equations. In fact, it follows from Bernoulli’s equations (Z3])-([24]) and the
dynamical boundary condition (23] that

1
(2.10) p1 <8t<1>1 + §(|V<I>1|2 +(0:91)%) + 92>

1
— P2 <8t¢>2+§(|V¢2|2+(8Z<I>2)2)+gz>:0 on F(t).



Then, the basic equations consist of ([ZI)—(2.2) and [2:6)—(21I0]), and we can regard Bernoulli’s
equations (Z3)—(Z4) as the definition of the pressures P; and Ps.

In the case of surface gravity waves, as was shown by J. C. Luke [20], the basic equations
have a variational structure and Luke’s Lagrangian density is given by the vertical integral of the
pressure P — P, in the water region, where P,y is a constant atmospheric pressure. Therefore,
it is natural to expect that even in the case of interfacial gravity waves the vertical integral of
the pressure in the water regions would give a Lagrangian density %, so that we first define
_gopre by

hl C(m7t)
(2.11) Zrre :/ Pl(:c,z,t)dz—i—/ Py(z, 2, t)dz.
() —ha+b(z)

By Bernoulli’s equations ([2.3])—(24)), this can be written in terms of the velocity potentials @1,
®5, and the elevation of the interface ( as

hl 1
LPre — —pl/ <at<1>1 + §(|vq>1|2 + (8'2(1)1)2)) @
¢

¢ 1
- '02/ (3@2 +5(Ve|* + <5z‘1)2)2)> &
—ha+b

1 1 1
- 5(,02 — p1)g¢* — 5/)19}1% + ing(—hz +b)2

The last two terms do not contribute to the calculus of variations of this Lagrangian, so that
we define the Lagrangian density .Z(®1, ®2,() by

h1
212 Z@u8.0=-n [ (004 G(VEE 0.0 0
¢
- Pz/ <5t‘1>2 + %(\V%!Z + (5z‘1>2)2)> dz — 1(/)2 — p1)g¢?

_h2+b 2

and the action function _# (P, ®9,() by

t1
F@r00.0 = [ [ @100, dmt

It is not difficult to check that the corresponding system of Euler-Lagrange equations is exactly
the same as the basic equations (ZI)-(22]) and 2.6)—2I0) for interfacial gravity waves.

We proceed to derive the Kakinuma model for interfacial gravity waves. Let ®7PP and ®5P be
approximate velocity potentials defined by (I4]) and define an approximate Lagrangian density

LPP (1, P2, () for d1 = (¢p1,0, 115, 01,8) ", P2 = ($2,0, P21, ..., P2n+)T, and ¢ by
(2.13) LR (b1, 2, () = L (PP, D5, (),



which can be written explicitly as
Yoo
LR = 4> ———H"O
p1 { % 11 1 P1i

i=0

N ..
1 2(i+j)+1 4ij 2(2+J
- E H Véii Vi + ——o i
2 ( z+,7 )+1t i VoLt gy D01

N
{Z 1 HY ™ 0y,
0 Z

N*
1 1 +pj+1 2pi opite;
+ = —HY"PT Ny - Vi — H3" ™ 9 Vb - Vo
2ij:0 <pl+pj+1 2 )t )] pl_’_p] 2 3 5J
pipj pit+pj— 2
+——H""" (1+]Vb i P2,
pitp;—1 ( Vbl )¢2,Z¢2,J>

1
- 5(/72 — p1)g¢?,
where Hy and Hs are thicknesses of the upper and the lower layers, that is,
Hl(mvt) =h —((ar:,t), H2(m7t) = h2—|—<($,t) _b(m)

The corresponding system of Euler—Lagrange equations is the Kakinuma model, which consists
of the equations

i+j)+ dij 2(i+j)—1
2.14) H? E 7]{2( N4, 2t ,
( ) 10iC — { < 20 +5) + 1 1 ¢1,J 2(i+j) — 1 1 ¢1,J =0

fori=0,1,..., N,

N*
) 1 .
(2.15)  HYOC+ {v-<7H§@+pJ“v¢2j—
J=0

Hpi+pj¢2 Vb)
pi+pj+1 T opitp st K

sz‘HU]Vb V¢2 p’lpj Hpi‘HUj_l 1+ Vb2 (252 } —
— s P P,

fori=0,1,...,N*, and

2 2
N N N
. 1 . ) -
(216)  p1Q > Hyl8r; +gC + 5 S CHPV;| + | Y 2iHY 60

j=0 j=0 5=0

N*

Z HY 025 + ¢

j=0

1 Al 1 i al 1 2

+5 | [ DoHY Vo, —piHY 62 Vh)| + | Y piHY " 62 =0.
§=0 §=0



Here and in what follows we use the notational convention % = (0. This system of equations is

the Kakinuma model that we are going to consider in this paper. We consider the initial value
problem to the Kakinuma model (2ZI4)-(2I0]) under the initial condition

(2.17) (¢, @1, 82) = (C(0): P1(0), P2(0)) at t=0.

For notational convenience, we decompose ¢y, as ¢ = (¢r.0,P})" for k = 1,2 with ¢} =
(P11, ¢1,n) and @b = (P21, .-, P2, N+). Accordingly, we decompose the initial data Pr(0) as

Dr(0) = (Pr0(0) Phoy) " for k= 1,2.

The hypersurface t = 0 in the space-time R"™ x R is characteristic for the Kakinuma model
RI4)-(2I14), so that the initial value problem (2I4)—(2I7) is not solvable in general. In fact,
by eliminating the time derivative 0;¢ from the equations, we see that if the problem has a

solution ((, ¢1, ¢2), then the solution has to satisfy the N + N* 4 1 relations

(2.18) Zv <2 — fj+1v¢17j>

N ..
1 2(i+)+1 > 4ij 2(i+) -1 }
SV (0 H LT [— — =0
jzo{ <2<z‘+j)+1 ' M) a1t o

fori=1,2,..., N,

N*
(219)  HY Z V. <

L i+pj+1 Pj i+p;
- Z {V' <mH§ B et B AL
7=0

H§j+1v¢2,j - %Hé’%g,ﬂb)
J

sz+pJVb v plpj HPH-;Dj—l 1+ VbQ } =0
i —I—p] P25 — p_i—l-pj—_l 2 ( | |)¢2,J

fori=1,2,...,N*, and

N
(2.20) Zv (2—+1H2J“V¢1,j> +) V- (
7=0

Therefore, as a necessary condition the initial date (o), ¢1(0), @2(0)) and the bottom topography
b have to satisfy the relation (2I8)—(220) for the existence of the solution. These necessary
conditions will be referred as the compatibility conditions.

The following theorem is one of our main results in this paper, which guarantees the well-
posedness of the initial value problem to the Kakinuma model (2I4])-(2I7) locally in time.

" HY V- %Hﬁ’%ﬂb) ~0.
J J

Theorem 2.1. Let g, p1, p2, h1, ho, co, Mo be positive constants and m an integer such that m >
5 + 1. There exists a time T > 0 such that for any initial data (C(0)7¢1(0)= ¢2(0)) and bottom
topography b satisfying the compatibility conditions [2I8)—~2.20), the stability condition (L8],
and

(2.21) 1(C0)> V1,000, V2,000 ll5m + (D)) D))l 1 + [[bllyym2.0c < Mo,
—Coy(®) = co, ha+(oy(x) —b(x) >co for xe€R",
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the initial value problem 2I4)—2IT) has a unique solution ((, ¢1, P2) satisfying

¢, V0, Voo € C([0,T); H™) N CH([0,T); H™ ),
L @h € C(0,T); H™ ) n CH([0,T]; H™).

Moreover, the flow map is continuous.

Remark 2.2. The term (9,(Py™ — P{'™?)) |,—¢ in the stability condition (L8] is explicitly given
in ([£4). It includes the terms 0;¢y(x,0) for k = 1,2. Although the hypersurface t = 0 is
characteristic for the Kakinuma model, we can uniquely determine them in terms of the initial
data and b. For details, we refer to Remark [[.Jl Under the condition (p2 — p1)g > 0 and if
the initial data and the bottom topography are suitably small, the stability condition (L8] is
automatically satisfied at ¢ = 0.

Remark 2.3. In the case N = N* = 0, that is, if we approximate the velocity potentials in the
Lagrangian by functions independent of the vertical spatial variable z as @pr(a}, z,t) = ¢(x,t)
for k = 1,2, then the Kakinuma model (2I4)-(2I0) is reduced to the nonlinear shallow water
equations

¢ =V - ((h1 = )Ve1) =0,
(2.22) ¢+ V- ((ha +C—b)Ves) =0,
P (8@ +9¢+ %|V¢1I2> = p2 (ama +9¢ + %W@F) =0.

The compatibility conditions (2Z.I8])—(2.20) are reduced to
V- ((h =QVe1) + V- ((ha + (= b)Vea) =0
and the stability condition (L)) is reduced to

P1P2

— P \Véy — Vo |? > > 0.
p1H> +P2H1| ¢z o 2 e

9(p2 — p1) —
Therefore, we recover the conditions for the well-posedness in Sobolev spaces of the initial value
problem to the nonlinear shallow water equations (2.22]) proved by D. Bresch and M. Renardy [2].

Remark 2.4. By analogy to the canonical variable (II0]) for interfacial gravity waves introduced
by T. B. Benjamin and T. J. Bridges [I], we introduce a canonical variable for the Kakinuma
model by

N* N
(2.23) b=p2y Hy'¢o5—p1y H{¢j.
j=0 Jj=0

Given the initial data (C(O), ¢(0)) for the canonical variables ((, ¢) and the bottom topography
b, the compatibility conditions (2.I8])-(220) and the relation ([2.23]) determine the initial data
(¢1(0), ¢2(0)) for the Kakinuma model, which is unique up to an additive constant of the form
(Cp2,Cp1) to (b1,0(0), P2,000))- In fact, we have the following proposition, which is a simple
corollary of Lemma given in Section

11



Proposition 2.5. Let pi,pa, hi, he,co, My be positive constants and m an integer such that
m > g + 1. There exists a positive constant C' such that for any initial data (C(0)7¢(0)) and
bottom topography b satisfying

¢yl zrm + [bllwmee < Mo, || Vo) |l rm—1 < o0,
hi = Coy(x) > co,  ha+ () —b(x) > co for xecR”,

the compatibility conditions 2I)-220) and the relation [223) determine the initial data
(@1(0)> P2(0)) for the Kakinuma model, uniquely up to an additive constant of the form (Cpa,Cp1)
to (¢1,0(0)> P2,0(0))- Moreover, we have

(V1,000 Vba,00)) lm—1 + [1(D0)> Do) 1 < ClIIV @)l grm-1-
Therefore, given the initial data ({(g), }(0)), we infer initial data for the Kakinuma model,
which satisfy the compatibility conditions (ZI8])—
3 Linear dispersion relation

In this section we consider the linearized equations of the Kakinuma model (214216 around
the flow ({, @1, @2) = (0,0,0) in the case of the flat bottom. The linearized equations have the

form

¢ — Z b A‘ﬁlj—# ¥ lg ;1 =0 for i=0,1,...,N,
20 +j)+1 7201+ ) ’
N* pi+1
hy’ pip; . .
1 ¢ + ———— Ay - ———— ¢7 =0 for i=0,1,...,N7,
3:1) < ;(pri-pj—kl 924 pz—i-p]—l Wy b2
N .
P1 Zh?at%,j-i-gC — pa Zhgjﬁtgsz—kgg —0.
J=0 j=0

Putting 1 = (¢1,0,h3¢11,...,h3 ¢n)T and ¥y = (G20, A b1, . KiV do n+)T, we can
rewrite the above equations as the following simple matrix form

0  —pi1t po1” ¢
hil @) O |0 |
—hol @) (0] o
(p2 — p1)g 0" 0" ¢
+ 0 —h%ALOA + A1 O P | =0,
0 0 —h3A450A + Asy P
where 1 = (1,...,1)T and matrices Ao and Ay q for k = 1,2 are given by

. i
A = <7 . > , Ay = (7 Y > ,
20+7)+1) o<ijen 20+7) = 1) o<ijen

1 Pip
Az = <7> ) Agq = (72 J > .
Pit P+ 1/ o< jan Pit P =1/ o<ijn

12



Therefore, the linear dispersion relation is given by

(p2—p1)g  iprwl®  —ipowl®
det —ih1w1 Al(hlf) 0] = 0,
ihowl O Ay(hat)

where € € R is the wave vector, w € C is the angular frequency, and Ag(§) = €2 Ay o + Ax1
for Kk = 1,2. We can expand this dispersion relation as

(3.2) (plhl det Ay (h1€) det As(hag) + poha det Ay (hot) det Al(hlg)) W2
— (p2 — p1)g det Ay (h1€) det Az (ha§) = 0.

Here and in what follows, we use the notation

p 0 17
A=
-1 A
for a matrix A. Concerning the determinants appearing in the above dispersion relation, we
have the following proposition, which was proved by R. Nemoto and T. Iguchi [23].

Proposition 3.1.

1. For any &€ € R™\ {0}, the symmetric matrices Ay (&) and A3(€) are positive.

2. There exists ¢y > 0 such that for any & € R™ we have det flk(ﬁ) > fork=1,2.

3. [&|72det Ay (&) and |€|72 det A2(§) are polynomials in |€|? of degree N and N* and their
coefficient of |€)*™ and [€|*N are det A1 and det A, respectively.

4. det Ay (&) and det Ay(€) are polynomials in €| of degree N and N* and their coefficient
of |€1?N and |€]*N" are det Ay o and det A, respectively.

Thanks of this proposition and the dispersion relation ([B.2]), the linearized system (B.]) is
classified into the dispersive system in the case N + N* > 0, so that the Kakinuma model
(2I4)-([218) is a nonlinear dispersive system of equations.

Therefore, we can define the phase speed ¢k (&) of the plane wave solution to ([B1]) related to
the wave vector £ € R"™ by

_ (p2 — p1)g|€| 2 det Ay (h1€) det Aa(hof)
plhl det ./le(hlf) det Ag(hgé) + p2h2 det ./Zlg(hgf) det Al(hlé) )

(3.3) cx(€)?

It follows from Proposition B.1] that

. 9 (p2 — p1)ghiha det Ay gdet Ag g
lim cx (&) = — _
h1l€],hal€]—o0 p1ho det Al,O det A270 + pohy det A270 det Al,O

which is not consistent with the linear interfacial gravity waves

cIW(£)2 =0.

lim
hi|€],ha|€|—o00

However, as is shown by the following theorems the Kakinuma model gives a very precise ap-
proximation in the shallow water regime hq|€|, h2|€| < 1 under an appropriate choice of the
indices p; for i =0,1,..., N*.

13



Theorem 3.2. If we choose N* = N and p; = 2i fort1=20,1,... ,N* or N* =2N and p; =1
fori=0,1,...,N*, then for any & € R" and any hi, ha,g > 0 we have

‘ <c1w<s>>2 - (cK<s>>2

where C' is a positive constant depending only on N.

< C(h1|€] + hol€))*N T2,

Proof. The phase speeds ¢y (&) and cx (&) can be written in the form

tanh(hy|€|) tanh(hs|€|)
<CIW(£)>2 _ h1|£| h2|£|
9

Csw tanh(hy|€]) tanh(ha|€])
— 4+ (1 -0)———
e T T g
and
det Ay (h1€) det As(h2f)
<cK(£>>2 _ (h11€])? det Ay (hi€) (hol€])* det Az (hog)
Csw det A1(mg) (1-6) det Ay(h2§) 7
(h1(€])? det A1 (h1§) (h2|€])? det Az (h2€)
respectively, where 6 = #% € (0,1). It has been shown by R. Nemoto and T. Iguchi [23]
that
tanh det A
el 4t A®) | _ peanss
13 |€]2 det A (&)
for k = 1,2, so that we obtain the desired inequality. [l

4 Stability condition

In this section, we will derive the stability condition (L8] by analyzing a system of linearized
equations to the Kakinuma model (2.I4])-(2I6]). We linearize the Kakinuma model around an
arbitrary flow (¢, ¢1, ¢2) and denote the variation by (C L b1, ¢2) After neglecting lower order
terms, the linearized equations have the form

241 A .
(%C""le VC ZmHl Agle—O for Z—O,l,...,N,
1 41 M . *
(41) @C—Fuz VC—FZmHgJ A¢2,j =0 for i=0,1,...,N",
N ) . . N* . . .
prY HP (O +ur-Véry) —pa Y HY (Do +uz - Vo) —al =0,
j=0 j=0

where Hy = hy — ¢ and Hy = ho + ( — b are the thicknesses of the layers,

N
uy = (VOIPP)—c = Y H Ve,
(4.2) =
a ; i—1
uy = (V)| .o = Y (HY' Vo —pHy'~ ¢9,;V)
j=0
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are approximate horizontal velocities in the upper and the lower layers on the interface,

N
wy = (0:8F) ¢ = = Y 25H ¢ 5,
=0
(4.3) N
—1
wy = (0.5 a—c = Y _piHY' 2
7=0

are approximate vertical velocities in the upper and the lower layers on the interface, and

N* N*
(4.4) a=py | D piHY (Ot + - Vo) + (wa — u - V) > pi(p; — HY ¢ +g
=0 =0
N ' N .
+p1 Z 2iHY " (91 j + w1 - Ve ;) — wn Z 2j(2j — )H* Vg — g
j=0 J=0

= = (0:(R™" = PI™)) o=

Here, P/* and Py"" are approximate pressures in the upper and the lower layers calculated
from Bernoulli’s equations (2.3)—(2.4)), that is,

1
PP (atcpzpp b5 (VPP 4 (2. 037)) + gz>
for k = 1,2. Now, we freeze the coefficients in the linearized equations (@Il and put

(4.5) {1#1 = (10, H311,..., HN 1 )7,

Wy = (¢po.0, HY o1, .., HIN" o n) 7.

Then, (A1) can be written in the form

0 —p11T po1™ ¢
mi o 0 o4
—H,1 O O o
a —p11 (w1 - V) po1T(uy - V) ¢
+ Hll(ul . V) —H12A1,0A O ’l/.Jl =0.
—Hgl(Ug . V) O —H22A270A 1/}2

Therefore, the linear dispersion relation for (4.1) is given by

a ipl(w—ul 5)1T —ipg(w—UQ 5)1T
det —iHl(w —uj - E)l (Hl‘E‘)zAl,() O =0,
iHo(w — us - €)1 o) (H2|€])* Az
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where & € R" is the wave vector and w € C the angular frequency. The left-hand side can be
expanded as

a ipr(w—ur-&1T —ipy(w —uy-€)1T

LHS = det 0 (H1|£|)2A1,o O
(Ha|€])? Az
ipr(w—up - &)1 —ipy(w —uy - €)17T
+det [ —iHy(w—up - &)1 (H1|£|)2A1,0 )
iHo(w—ug- &)1 @) (Ha|€])? Az

= adet ((H1/€]) A1 0) det ((H2|5|)2A2,0)
© et < ipr(w —uy -£)1T> det ((Hl€])? As)
—iH(w—u; - €)1 (H1’€’)2A1,0 7

0 —ipa(w — ug - €)1T
et <1H2(W —uy- €)1 (Ha|€])2 Az ) det ((H1]€])* A1)

= H12N+1H22N*+1|£|2(N+N*+1) {aH1H2|£|2 det Ay o det Az g
—leg(w — Ui - 5)2 det ALQ det Ag,o — ngl(w —Uug - 5)2 det 1212,0 det Al,O} s

so that the linear dispersion relation is given simply as

P1 2 P2 2 2
4. _ . _ . _ _
(4.6) H1Oé1(w uy - §) +H2a2(w uz - §)° — alg|
where
det AkO ~ ( 0 1T >
4.7 A = — 2 s A =
( ) g detAkp w0 -1 Ak,O

for k = 1,2. The discriminant of this quadratic equation in w is
2
P1 P2
<H1041 w E * H2a2u2 £>
(2 P2 P1 )2 P2 a2 g2
<H1Oz1 * H2a2> <H1a1 (w1 -£)"+ Hoas (uz - ) — al¢] >

1 P2 2 p1p2 )
- + algl” — Uy — Up) - .
<H10‘1 H2O‘2> ( g p1Haa + p2Hion ((uz 1)-§) >

Therefore, the solutions w to the dispersion relation (4.0]) are real for any wave vector £ € R" if
and only if

P1P2 2
a— uy —uyl” > 0.
p1Hzao + po Hion | |
Otherwise, the roots of the linear dispersion relation (£0]) have the form w = w,(§) + iw;(&)
satisfying w; (&) — +oo as € = (u2 — u1)€ and £ — 400, which leads to an instability of the

problem. These consideration leads us to the following stability condition

P1P2 2
4.8 a — U9 — Ul ZCQ>0,
4.8 p1Haa + /72H1041| |

which is equivalent to

— (. (P2PP _ papp . P1pP2 vq)app VOPP2)[ . > ¢
( Z( 2 1 ))’Z ¢ p1H2042+p2H1Oé1(‘ 1 ’)’Z ¢ =00

Here, we note that ay and as are positive constants depending only on N and {pg, p1,...,pn*}
and converge to 0 as N, N* — co. Therefore, as N and N* go to infinity the domain of stability
diminishes.
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5 Analysis of the linearized system

In this section, we still analyze the system of linearized equations ([@.1]) with freezed coefficients.
We first derive an energy estimate for solutions to the linearized system by defining a suitable
energy function, and then transform the linearized system into a standard symmetric form, for
which the hypersurface ¢ = 0 in the space-time R"™ x R is noncharacteristic. These results
motivate the subsequent analysis on the nonlinear equations.

5.1 Energy estimate

With the notation ([&3]), the linearized system (4.1]) with freezed coefficients can be written in a
symmetric form as

(5.1) AU + AU =0,
where U = ((,%1,)" and
0 —pilt po1?

'Q{l = 1011 @ ) )
—p21 (@) 0

a —p11T(uy - V) p21T(uy - V)
dy=| p1l(ur-V) —piHiApA @)
—p21(U2 . V) O —p2H2A270A

We note that 4% is symmetric in L2(R") whereas 7 is skew-symmetric. Therefore, by taking
L2-inner product of (5.1]) with 0;U we have

d . )
&(U, %U)[ﬁ - 0
for any regular solution U to (51), so that (U, .«4U) 2 would give a mathematical energy
function to the linearized system (B.I)) if we show the positivity of the symmetric operator
oy in L?>(R™). We proceed to check the positivity. For simplicity, we consider first the case
N = N* =0 so that A; g = A9 = 1. Then, we see that

. . C a —/)111:1F pzu;f {
(U, AU)2 = / Voo | | —muw pHild O | | Vi | dz.
" \Veog p2u2 @) p2Hald) \Vn

Therefore, it is sufficient to analyze the positivity of this (2n + 1) x (2n + 1) matrix. The
characteristic polynomial of this matrix is given by

A—a pruf —pouy
0=det [ pruy ()\ — lel)Id O
—pP2U2 O ()\ — ngg)Id

= (A= a)(A = p1H1)"(A = p2H2)"

— pilu PN = prH)" N (X = paHa)™ = p3lugl* (X — prHy)" (A — poHo)"
= (A= prH1)" 1A = paHa)" " {(A = a) (A — prH1) (A — paH3)

—ptlui P (A = p2Ha) — plus|*(A — p1H1)} -
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Therefore, the eigenvalues of the matrix are p; H; and ps Ho of multiplicity n — 1 and A1, A9, A3,
which are the roots of the polynomial

(A= a)(A = p1H1) (A — p2Ha) — pilui|*(A — poHa) — p3lus|*(A — p1Hy) = 0.

Here, we see that
MA2As = p1po(aHi Hy — prHaolui|* — poHy|ual?),

which is not necessarily positive even if u; = us. Therefore, for the positivity of the symmetric
operator <% we need a smallness of the horizontal velocities w1 and us. Such a condition is, of
course, stronger restriction than the stability condition {@X]). This means that (U, #U) 2 is
not an optimal energy function and we proceed to find out another one.

We are now considering the linearized system (G.I]) with freezed coefficients, that is,

H11(0,¢ + uy - V() — H A gAvpy = 0,
(5.2) Ho1(9:¢ + ug - V) + H3 Az oAy = 0,
p1l- (&ttbl + (u1 - V)'%bl) —p2l- <3t¢2 + (uz - V)T,bz) —a¢ = 0.

Applying A to the last equation in (5.2]) we have
(5.3)  p1(A10) "1+ (O + ur - V) A1 0A%1 — pa(Az0) "1 (O + uz - V) Az 0Athy — aAC = 0.
Plugging the first and the second equations in (5.2 into (5.3) to remove ¥ and 12, we obtain

p1(Arp)~'1-1
H,

p2(Azp)~'1-1

) V)2
(O + uq )* + iR

(O + ug - V)2> ¢ —aAl =0.

In view of the relation following from Cramer’s rule

det /le,o 1

det Ak,O N g

(Apo) '1-1=

for k = 1,2, the above equation for ¢ can be written as

L1 P2 2 P1P2 2\
5.4 + O +u-V)(—|aA — us —uy) -V =0,
(5.4) (Hlal H2a2> (@ y¢ ( p1Haaz +P2H1041(( ? 1)-V) >C

where u is an averaged horizontal velocity on the interface defined by

leQOéQ ,02H1041
5.9 u = u + Uo.
(5:5) p1Hzao + po Hyon p1Hzas + poHion

Taking (5.4)) into account, we consider the following constant coefficient second order partial
differential equation

(5.6) c1 (O +u- V)2~ (A — (v-V)?) (=0,

where ¢; and ¢ are positive constants. By taking L2-inner product of (5.6) with (9, + u - V)¢
and using integration by parts, we see that

d : . , .
& (Cl”atC +u - VC”%Q + CQ”VCH%Z — H” . VCH%Z) =0
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for any regular solution ¢ to (5.6). Here, we have
&|[VC[Z = o - V{72 = (VC, (eald = v @ ) VO) 2.

The matrix cold —v ®v is positive if and only if ca — |v|? > 0. Under this assumption, we obtain
an energy estimate for the solutions to (5.6). Applying this consideration to (5.4), we see that
the positivity condition is exactly the same as the stability condition ([A8]), under which we can
obtain an energy estimate for (5.4]).

In view of this fact we rewrite the linearized system (5.1I) with freezed coefficients in the
form

A (0 4+ u - VU + U =0,
where

%mod:%_%(u.v)

prp2Hion T(n, . p1p2Hoao Tl .
a le20c2+sz10c11 (U v) p1H20¢2+p2H1a11 (U V)
N p1p2Hion . .
= | —sthasirtnar L(v - V) p1H1A1 oA O
__ _pipaHoas . B
pithastpatiar 1V V) 0 paHz A oA

and v = uy — u;. By taking L2-inner product of this equation with (8; + u - V)U and using
integration by parts, we see that

d L
AT, U) 2 =0

dt

for any regular solution to (5.1I). We proceed to check the positivity of the symmetric operator

m°d in L2(R") under the stability condition ([@8]). We see that

(2T, U) 2 = (al, () o + Z {(p1H1A17081¢1,81¢1)L2 + (ngzAz,oazl/}z,@zlﬁﬁLz}
=1

p1p2H1aq .
+ 2 v-V)(1- ’
(leQOéQ + p2H1a1( J(L-41), Q)2

p1p2Hoas .
+ 2 v - V 1- , )
(Pleoéz + szlal( J(L-92), ()12

On the other hand, the matrix flkp is nonsingular and its inverse matrix can be written as

5\ 0 1T\! o (qk 0)T>
A 1 = = ’ ’
(Ako) (—1 Ak,o) <_Qk,0 Qr0

det Ak:,O
det Ak,O

nonnegative. In fact, for any 4 putting ¢ and ¢ by (é) = (Aho)_l (i) we have

T y
Qro¥ - = <_q;:)0 (gfz > <2> : <2> = (é) “Ago <§5> =¢ - Apop > 0.

We note that Q¢ is not positive because it has a zero eigenvalue with an eigenvector 1. Now,

for any ¢, putting n = 1- ¢ and 9 = Aj, o¢p, we have flkp (2)) = (Z’) so that

Aot ¢ = Arg (;) : (2&) = (Z) (Ago)™ <Z> = qr.on” + Q.o - P,
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from which we deduce the identity

(5.7) Apod - ¢ = ar(l-$)° + QroArod - Ay od.

By using the decomposition (5.7]) we see that
(%modt']’ U)L2

= Z {(01H1Q1,0A1,051¢17 A1,00i1) 2 + (p2H2Q2,0A2, 00142, A2,oal¢2)L2}
=1

+ {(0575)L2 + (prH1a1 V(1 -4p1), V(1 91)) 12 + (p2 H202V (1 - 4h), V(1 - 4h2)) 2

2p1p2Hi0n
p1Haao + paHion
=11+ Is.

2p1p2Haao
p1Haan + paHion

(0 V)(L-4n), )z + ( uwvxr¢ﬁxn%

Here, I1 > 0 since Q1,9 and ()2, are nonnegative, and

I > / {GCQ + p1H1a1|V(1 - 4n)|? + poHoas|V(1 - 4ho) |

_ 2p1p2|v|
p1Haan + paHion

(Fren |V (1 -4p1)| + Haas V(1 - 452)]) |<'|}dw,

so that it is sufficient to show the positivity of the matrix

a _ p1p2Hian ‘ ‘ o p1p2Hoaz ”U’
p1H2a2+p2 Hian p1H2a2+p2Hian
| pip2Hia
Ro = p1H20c2+p2Hion [v] pirHion 0
_ pip2Haag
p1Haao+paHion |’U| 0 p2H2a2

From Sylvester’s criterion and since pg Hyoy is positive for k = 1,2, the positivity of the matrix
2y is equivalent to

det Ay = a(p1 Hion)(p2Haoo)

2 2
102 Hoan 1p2Hiaq
T P ol) = pattaa (20 ol

p1Hzag + p2Hioq p1Hoan + poHion

P1P2 2
= H H — .
(p1Hioq)(p2Hoa) <a Tlaon + palion [v] ) >0

Since v = uy — w1, under the stability condition (Z.8]) we have the positivity of 2y, so that in
view of (B.7) and the positivity of the matrix Ay o for k = 1,2 we finally obtain the equivalence

(T, U) 2 ~ |2 + [V ]| 22 + [V a2

Therefore, (%mOdU, U )2 would provide a useful mathematical energy function.

5.2 Symmetrization of the linearized equations

We still consider the linearized equations (LI) with freezed coefficients. However, for later use
we define ¢ and ¢ in place of (L5]) by

él = (<Z:51,07cé1,1, o 7<Z:51,N)T7
B2 = (2,0, P21, -, P2 n+)T.
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Then, the linearized equations have the form
b (H1)(0i¢ 4w - V() — Ay (Hi)Adhy =0,

(5.8) —15(H2)(0:C + us - V() - A2§H2)A<I.52 =0, . ‘ .
—p1ili(Hy) - (Oep1 + (w1 - V)d1) + pala(H2) - (0rp2 + (ug - V)p2) +a = 0,

where
(5.9) L(H) = (1, HE HY, .. HNT L(Hy) = (1, HY HY?, ... HIN)T,
and
1 2(i+7)+1
A (Hy) = <7H ;
(5.10) 20+ +17 0=sj=N

1 i4pi+1
Ag(Hy) = <7H§ i

pi+pj+1 >0§i,j§N*‘

In the following, we abbreviate simply l;(Hy) and Ap(Hy) as Iy and Ay for k = 1,2. We are
going to show that the system can be transformed into a positive symmetric system of the form

(5.11) AP, U + U =0,

where U = (C , q;)l, ¢52)T, .%m‘)d is the positive operator defined in the previous section with slight
modification, and <7 is a skew-symmetric operator in L?(R"). As before, we put v = us — u;
and define w by (.35]). Furthermore, we introduce the notation

_ p2H1an
prHsao + poHian’

p1Hsaz

5.12 9 - ,
(5:12) ' p1Hzao + poHion

B2

where o and «g are positive constants defined by (£7]). Then, we have u = fouq + 61uy and
01 + 65 = 1. We can also express u1 and us in terms of u and v as

u; = u — Gv, Uy = u + Gyv.

Applying A to the third equation in (5.8]) and differentiating the first and the second equations
with respect to t, we obtain

0  —pldl poly 07¢ 0 .
—p1l1 p1A1 O Aat(?l + —plll(ul . V) 8t<
p2ls O  p2As) \A0;po pala(uz - V)
a —pili(ui-V) paly(us-V)\
+10 0 O AU = 0.
0 O O

In view of this, we introduce a symmetric matrix as

-1

@0 9 a5 0  —pdT plf
(5.13) aq Qu Qu|=|-pli p4 (0] ,
Q@ Q2 Q2 p2lo O  p2As
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where QF; = Q11, Q4 = Q22, and QT, = Qa21. Moreover, we have

—pili-qi+palo-q2 =1, Aiqi = qoli, A2 = —qola,
p1A1Q1 =1d+ piligl,  paA2Qoe =1d — polags
A1Qi2 = liq), AsQx = —lagf
and by Cramer’s rule,
HiHyoq o —q0 02 ' Qo bt

qo = li-q

)

- ; = = ly-q2= =—.
p1Hzao + po Hio Hio p1 Hyas  po

Using these notations, we have

' 0
—p1A1A0 1 —p14y O g Qu Q12 B . .
<—p2A2A8t(ﬁ2> + < @) _p2A2> <q2 Qo1 Q22> ( p1li(uy V)) 0

pal2(uz - V)
—plT(u; -V T (uy -V
-p1Ar O @ Qu Qu) [, M (w1 - V) pels (w2 V) .
+ 0 0] 0] AU = 0.
@ —p2As) \q@2 Q21 Q22 0 o o

Here, we see that

0
- O @ Qu Q2 [ ‘ __(Oipla
( O —p2A2> <Q2 Q21 Q22> (pzzl(ggl VV))) (9202l2> (v-V),

—pulf (ug -V 1T (uy -V

A O @ OQun Qp) (¢ M4 (ur-V) paly(uz-V)

O  —pA Qo O 0 0 0
p242) \Q2 W21 @22/ \ o 0 o

~ % <—GP111 Pl (w1 - V)  —pipalils (us - V))
apaly  —pip2lol{ (w1 - V) pilaly (ug-V) )7

so that

(5.14) (ﬂJlAlAaﬂﬁl —O1p1ly (v - V)(‘Mi)
_p2A2A6t¢2 — 92p2l2('v . V)até'

pili : —p30 1 (uy - V) prpolil] (us - V)) <¢1>
— A AN A I
e <—P2l2> “ <Plﬂ2l2l1T(U1 V) —pslaly (ug - V) b2

On the other hand, taking the Euclidean inner product of the first and the second equations
in (B.8]) with —p1q1 and paqs, respectively, we obtain

02(8,C + w1 - V() + qoprls - Ay = 0,
01(0:C +uz - V() — qopala - Ag2 = 0,

which are equivalent to

(5.15) até tu- Vé + qoA(p1ly - <i>1 — palsy - <l52) =0,
01020 - VC — qoA (01111 - b1 + O2p2ls - d2) = 0.

It follows from the second equation in (B.I5) that

010111 - D1 + O2pala - Dypr = gy H0162(v - V)AT1H,(.
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Therefore, we obtain

(5.16) adiC + (v - V) (01p1ly - Byp1 + Oapals - Dpcha)

=—a((u- V)¢ + qoA(prly - 1 — pals - <152))

— 0102(v - V)* (g9 (w - VYA + (pily - 1 — pala - o).

We proceed to symmetrize the second term in the right-hand side of (5.14))
% <—P%lll1T(u1 V) prp2hals (ug - V)) A <¢1>
prp2lalf (ui - V) —p3laly (uz - V) b2
27 7T T T T
—pilily plpzlll2> <¢1> < 01p301] Oap1p2l1ly
= u-V +
1 <P1P212l1T —p3laly ( A 7

<i51>
v)A (91
P2 91plpzlzl1 —92P§l2l2T>(v ) <¢2

where

013017 92plpzl1l2T> < > < >
A(b1p11 + 022l
qO ( 910102l2l1 —92p%l2l2T (JO lpl 1 ¢1 2p2 2 ¢2)

L

2l

o0 () 0 95

In the above calculation, we used the second equation in (5.I5]). Therefore

pily : pily ) 2
AC+ 610 v-V

—le2> ¢+ 610 <—le2 ( )%

27 1T T ;
—pilily Plp2lll2> <¢1>
BAVAVANI I
1 <01P212l1T —p3Ll3 (u-V) P2

<—p1A1A6tq:§1 — Glplll('v . V)@tC> _ <
—p2A2A0; s — O2p2l2(v - V)0,

Summarizing the above calculations, if we define the symmetrizer /™°¢ by

a O1p1lL (v - V) Oapal] (v-V)
(5.17) JZ{mOd —Hlplll('v . V) —plAlA 0 s
—92p2l2(’l) . V) O —pgAQA

then we obtain

—Hlplll('v . V)@tC — plAlA&tq}l
—02p2la(v - V)0i( — p2 A2 A2

L (aaté + (v - V)(01p1l1 - Dy 1 + O2pals - 3t<i>2))
%mo U =
—u-V  —qopilT A qopal3 A\
=a qulllA 0 O U

—qopal2A @) @)

—q0_19102('v . V)Q(u . V)A_l —9102p1l1T('v . V)Z 0192p2lg(v . V)2 )
+ 9192/)111(12 . V)2 —QQp%lllrlr(u . V)A QQplpglllg(u . V)A
—9102p2l2('v . V)2 Q(]plpglglrlr(’u . V)A —qu%lglg(’u, . V)
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Therefore, U satisfies the symmetric system (5I0) with a skew-symmetric operator <7 defined

u-V  qplfA —qpli A

52{ = a —qulllA O O
qop2laA O O
qo_19192(v : V)2(u . V)A_l 9192plllT(v . V)2 —9192p2l2T(’U : V)2
+ —0102p1l1(’0 . V)2 qu%lllrlr(’u . V)A —qulpglllg(u . V)A
0102p2l5(v - V)? —qop1p2lal](uw-V)A  qop3laly (u- V)A

For the positive symmetric system (5.11]), we can apply the standard theory for partial differential
equations to show its well-posedness of the initial value problem. Moreover, these considerations
help us to analyze the nonlinear problem (2.14])-(2I10).

6 Analysis of related operators

We go back to consider the nonlinear problem, that is, the Kakinuma model [2.I4)-2I6]). We
introduce second order differential operators L;;; = Li;;(H1) (4,5 = 0,1,...,N) and Lo ;; =
Lg,ij(Hg, b) (Z,] = 0, 1, N ,N*) by

L 2(i+35)+1 4ij 2(i+7)—1
6.1 L =—V-|——H A4 ; — H ;
( ) LijPL,j <2(Z _|_]) +1 1 Y15 |t 2(Z +]) 1 1 P1,55
1 i+pi+1 p 4
6.2 Lo s = _V - le Py \V4 L J sz Pj Vb
(6.2) 2,ij 2,7 <pi Fp 41 2 $2,5 i+ D 2 P24
i

H§i+pjvb Vo + &Hgﬁpj—l(l + |Vb|2)(702,j.

pi +pj pi+pj—1

Then, we have (Ly;;)* = Ly for k = 1,2, where (Lj;;)* is the adjoint operator of Ly ;;
in L2(R™). We also use uy and wy, for k = 1,2 defined by (@2) and (&3], which represent
approximately the horizontal and the vertical components of the velocity field on the interface

from the water region (t), respectively. Then, the Kakinuma model (2I4)-(2I6) can be
written simply as

( N
H%Zatc + ZLl,ij(Hl)(bl,j =0 for i=0,1,...,N,
=0
J %.
—HY'0,C+ ) Laj(Ha,b)go; =0 for i=0,1,...,N*,
j=0
N ‘ 1
—p1 QY HY 015+ 9 + 5(\“1\2 +wi)
j=0
N* 1
+p2 ZOngatQSz’j —|—g<—|—§(|u2|2+w%) = 0.
]:

Moreover, introducing ¢1 = (1.0, d1.1,---, d1.8) T, P2 = (¢2,0, P21, - .., P2n+)T, and

{ll(Hl) = (LA HY, ... . HN)T,  Li(Hy) = (L1,;;(H1))o<ij<n-

(6:3) Io(Hs) = (1, HP*, HP? HPNYT  [o(Hay, b) = (Lo;i(Ho, b))o<i.qi
2( 2)_(7 9 y1Ilg ...y 19 ) ; 2( 25 )_( 2,2]( 2 ))OSZ,jSN*a
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we can write the Kakinuma model (2.I4)—(216) more simply as

L (H1)0( + Li(Hy)p1 =0,
—lo(H32)0i¢ + Lo(H3,b)po = 0,

(6.4) o) 061+ g6+ (i + )|

+p2 {lz(H2) 02 + gC + %(\W’Z + w%)} =0.

By eliminating ;¢ from the Kakinuma model, we obtain N + N* + 1 scalar relations

N
Z(Ll,ij(Hl)(le — H12iL170j(H1)(2517j) = O fOI‘ 7= 1, 2, . ,N,
=0
=
> (Loij(Ha, b)goj — HE Ly gj(Ha,b)oj) =0 for i=1,2,...,N*,
=0
N N*
> Lioj(H)¢1; + D Looj(Hz,b)¢n,j = 0.
\ 7=0 j=0

These are compatibility conditions for the existence of the solution to the Kakinuma model,
and exactly the same as the compatibility conditions (ZIR)—(Z20). Introducing furthermore
linear operators £1; = L1,(H1) (i = 0,1,...,N) acting on ¢1 = (¢10,...,01.n)" and Lo; =
Ls;(H2,b) (i =0,1,...,N*) acting on ¢ = (¢20,...,p2.n+)" by

N

Lio(H)er =Y Lioj(Hi)enj,
=0
N

Ly;(Hy)p1 = Z(Ll,ij(Hl)SDLj — HY'L1o;(H1)p1;) for i=1,2,... N,
(6.5) =0
Lo0(Ha,b)p2 =Y Lo (Ha,b)pa;,

J=0
N*

ﬁg,i(Hg, b)(PQ = Z(LQJ'J'(HQ, b)(pg’j — HgiLg’oj(Hg, b)(pg’j) for 7= 1, 2, . ,N*,
7=0

the compatibility conditions can be written simply as

£17Z’(H1)¢1 =0 for i= 1,2, v ,N,
(6.6) Loi(Hy,b)py =0 for i=1,2,...,N*,
L10(Hi)p1 + Loo(Ha,b)p2 = 0.

We proceed to derive evolution equations for ¢1 and ¢o. To this end, we differentiate the
above compatibility conditions with respect to ¢ and use equations of the Kakinuma model to
eliminate 0;¢. Then, we obtain

£1,2-(H1)8t¢1 :Fl,i fOI‘ Z = 1,2,...,N,
(67) ﬁg,i(Hg, b)8t¢2 == F2,i for i= 1, 2, e ,N*,
L1,0(H1)0ip1 + Lop(Ha,b)0ipo = F3,
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where

Fii =2 (Hy)[L1o(Hr) il for i=1,2,... N,

F2,i - _6521([{27 )[£2 0(H27 )¢2]¢2 for i= 1727 o 7N*7
&zfﬁﬂmmwwwmm i (Ha, b)[La,0(Ha, b) o] .

Here, we note that F3 can be written in divergence form as

N N*
F3=V". {(51,0(H1)¢1) Z HPIN ¢ j + (Lao(Ha, b) o) Z ngvcbz,j}-

j=0 Jj=0

On the other hand, the last equation in the Kakinuma model can be written as
(6.8) — pili(Hy) - Ord1 + pala(Ha) - 0o = Fu,

where

za—m{%+-amﬁ+wn} m{%+-awﬁ+wg}

In view of these evolution equations (6.7)—(G.8]) for ¢; and ¢2, we will consider the following
equations for ¢ and 5.

Lii(Hi)pr = fi; for i=1,2,... N,
Loi(Ha,b)pa = fo; for i=1,2,... N*,

(6.9)
L1o(Hy)p1 + Log(Ha,b)pa =V - f3,
—p1li(Hy) - o1 + pala(H2) - p2 = fa.
In the following we will use the notation ¢} = (p1,1,... ,9017N)T and @b = (p2.1,. .. ,9027N*)T,

and we put _f{ = (f171, ey fLN)T and _fé = (f271, o ,f27N*)T.

Lemma 6.1. Let ¢y and c¢1 be positive constants. There exists a positive constant C = C(cg, c1)
depending only on cy and ¢y such that for any Hy, Hy, Vb € L*(R™) satisfying H1(x), Ha(x) > ¢
and |[Vb(x)| < ¢1, any regular solution (p1,p2) to [69) satisfies

p1([[Veroll72 + [1@111F1) + p2(IVe20ll72 + l6b]l5)

N
§0<—Z(Vf4,2 i HP N )
=0

+p1(f1 @) L2 + p2(fa, @h) 12 + p2(V - f3,12(Ha) - <P2)L2>-
Proof. We introduce a dummy variable ) by

n=—L1o(H)e1

Then, we can rewrite the equations in ([6.9]) as

nli(H1) + Li(Hi)e1 = fr = (0, fi1s--., fin)T,
—nla(Ha) + La(Hz, b)pa = fo = (0, fo1,. .., fon+)" + (V- f3)l2(Ha),
—p1l1(Hy) - 1 + pala(Ha) - 2 = fu,
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that is,

0 —pili(H1)"  pola(Ha)T n fa
pili(Hy)  p1la(Hy) ) p1|=mh
—pala(H>) ) p2La(Hz,b)) \p2 p2f2

By taking the L2-inner product of this equation with (1, @1, 2)T, we see that

p1(Li(Hy)p1, 1) 2 + pa(La(Ha, b)p2, @2) 12
= (f4, nr2 + pl(flv‘iol)Lz + p2(fa, 02) 12

_ 25+1 )
= - Z V fa, 5T 1H Vior,i) L2

+ Pl(f1,<P1)L2 + p2(fo.05) 12 + p2(V - f3,12(Hs) - p2) 12

Here, by direct calculation we have

N
(6.10) (Li(H)@1, 1) 12 = Y (Liij(H1)@ g, 1) 12
oyt
Hy N 2
:/ dac/ Z 2’V<p“ (Zszm 1 Z) dz
R” 0 i=0

1

Hy N
/R d:c/o Z (27| Veril® + %2201 ) dz

i=
N

= [ S (Ve + 2 HE ) da,

where we used the fact that {z%},—o__y and {z%71},_; v are both linearly independent.

have also

N*
(Lo(Ha, b)p2, @2) 12 = > (Laij(Ha, b)), 02.0) 1

1,7=0
Ho
= dx
n 0

If {zP:, zpi_l}i:(],.,,7 n are linearly independent, then we have

2

D (2P Vi — pia 2 VD)

N* 2
+ <Zpizpi_1cp27i> dz.
=0

(6.11) (L2(Hz,b)pa, <P2)L2

2/ da:/ Z{ 2pz|v(7022|2+p2 2p;— 2|Vb|2(,02l)+p2 2pi— QD%J-}dZ
RTL

2/ Z {H3P V0 + pHH ™ (1+ [ V02)8, | da
R™ =0

27



Otherwise, for example, in the case p; =i (i =0,...,N) we obtain

(6.12)

(L2(Ha2,b)p2, p2) 12

H2 N* 2
:/ dac/ + Zpizpi_lgpg,i dz
0 i=0

Ho -1 N*
~ / d:c/ { Z 2Z]ch2, —(i+1)po, i1 VO + 22N Vo, Ne? + Zzz 2(i— 1)4,03’2} dz

N*—1 2

Z (Vo — (i+1)p2,i+1Vb) + ZN*VSDZN*
—0

=0
N*—1 N*
~ / { > (H Vi — (i + 1)pa,i1 VO + HyN T Vipo ne|* + ZizHgl_lsﬁg,i} de.
R™ =0 i=0
A similar estimate holds in other cases. These estimates give the desired one. O

Although this lemma gives an a priori bound of the solution to (6.9]), the equations in (G.9))
do not have a good symmetry. In order to give an existence theorem to ([6.9]) with robust elliptic
estimates, it is better to rewrite them in a symmetric form by introducing a good unknown
variable. We introduce scalar functions @1 and @9 by

(6.13) o1 =U(H1) @1,  p2=1(Hs) @2

We also introduce second order differential operators P; ;(Hy) (1 =1,...,N) and Q(H;) acting
on RN-valued functions ¢} = (p11,...,01.n)" and Po;(Ha,b) (i = 1,...,N*) and Qa(H>)

acting on R" -valued functions wh=(p2.1,.-. ,cplN*)T by
Py i(Hy)gpy = Z{ (Laj(Hh) = HY' Lyoj(H1)) p1,4
(6.14) — (Lyio(Hy) — HE Lyoo(Hy)) (HY 1) }
Q1(H1)¢) = Z{Ll 0 (H)¢1j — Lioo(H1) (Hy1,5) },
J=1
and
P, i(Hsy,b) Z{ Lo ;ij(H2,b) — HY Lo oj(H2,b)) 2,
(6.15) — (L2,i0(H2,b) — H5' La,00(H2,b)) (Hy v2,5) }
N*
Qo(Ha,b)ph = > {Loj(Ha,b)ga; — Laoo(Ha, b) (Hy ¢25) },
j=1

respectively, and put

Pi(Hy)@, = (PLa(H)@)s - Puv (HD@h) T,
Py(Ha, b)iphy = (Po,1(Ha, b)ph, - . ., Po v+ (Ho, b)iph) ™
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Then, we see easily that P;(H;) and Py(Ho,b) are symmetric in L?(R"™) and that

Ly (HY )y = Q1(H1)¥) + Lioo(H1)(1(Hy) - 1) for =0,
e PLa(HD) @Y + (Q(H))*(L(HY) - 1)) for i=1,...,N,
Q2(H2,b)@h + Lo oo(H2,b)(l2(H2) - 2) for =0,

Cafla,blien = {Pz,z‘(H%b)‘Plz + ((Q2(Hz,b))*(l2(Hz) - p2)); for i=1,...,N¥,

where Q* denotes an adjoint operator of @ in L?(R"). Therefore, we can rewrite (6.9) as

Pi(Hy)p| + (Q1(H1))* 1 = fi,

Py(Ha,b)ph + (Q2(Ha, b)) @2 = fo,

Q1(H1)¢) + Ligo(H1)p1 + Q2(Hz,b)ph + Lo go(Ha,b)pa = V - f3,
—p1p1 + p2p2 = fa.

These equations for (¢, p1, 5, ¢2) do not have yet any good symmetry. But, it follows from
the last equation that

P22 = p11 + fa.

Using this we can remove s from the equations and obtain

p1PL(Hy )y + p1(Q1(Hy)) o1 = p1F,
p2Po(Ha, b)h + p1(Q2(Ha, b)) 1 = poFh,
p1Q1(H1)@) + p1Q2(H2,b)ph + p1 (L1,00(H1) + Z—;Lz,oo(H% b)> o1 =pmV - F3,

where
1 ) 1
(6.16) Fi=f, F=f— E(Qz(Hmb)) fa, F3=fs3+ EH2Vf4-

These equations for (¢, ), ¢1) have a good symmetry and can be written in the matrix form

@l p1F1
(6.17) 2O || = pF |,
1 pmV - F3
where
Plpl(Hl) @) Pl(Ql(Hl))*
(6.18) P(C,b) = 0 p2P>(Ha,b) p1(Q2(Ha,b))” ,
p1Qi1(H1) p1Q2(H2,b) p (LI,OO(Hl) + %Lz,oo(H%b))

which is symmetric in L?(R™). Moreover, 2 ((,b) is positive in L2(R") as shown in the following
lemma.

Lemma 6.2. Let ¢y, c; be positive constants. There ezists a positive constant C = C(cg,c1)
depending only on co and cy such that if ¢,b € WH(R™) satisfy Hy(x), Ha(x) > co and Hy(z)+
|VH,(2)| + |Vb(x)| < c1, then for any @ = (@}, ph, ¢1)T we have

(2 0)@, @)z = C o1l 7 + p2llblFn + o1l Verll72)-
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Proof. Given ¢ = (¢!, ph,¢1)T, we define ¢ 9 and @2 by

N N*
2 1 :
1,0 =P1 — Zﬂljwlm P20 = %901 - ZH§](P2,j
=1 j=1

and put ¢ = (@1,0,@1,1,...,@1,N)T and g = ((702’0,(,02’1,...,(,02’N*)T. Then, we have ¢ =
Li(Hy) - 1 = B13(Ha) - a2, so that

pili(Hy) - o1 — pala(Hz) - 2 = 0.
We also define F1 = (F171, . ,FLN)T, F2 = (F271, . ,F27N*)T, and Fg by

F, 4
F3 1

Then, we have
pLyi(Hy)py = F,; for i=1,2,...,N,
p2Loi(Ha b)py = F,; for i=1,2,... N*,
p1L1o(Hi)p1 + p2Lloo(Ha, b)ps = F5.

Now, we introduce a dummy variable n by

n=—L1o(H1)e1.

Then, it follows from the above equations that

—p1li(Hy) - 1 + pala(Ha) - 2 = 0,
p1(nli(Hy) + Li(Hy)e1) = fi,
pa(—nl2(Hz) + Lo(Hy, b)p2) = f2 + S2la(Ha) F,

where f; = (0, F11,...,Fin)T and fo = (0, Fa1,..., Fon+)T. These equations can be written
in the matrix form

0 —pili(H)"  pala(Ha)™ n 0
pili(Hy)  prla(Hy) O w1 = Ji
—pala(Hz) O p2la(Ha2,0)) \p2 f2+ Bly(H2)F

By taking the L2-inner product of this equation with (1, @1, @2)T we see that

p1(Li(Hy)p1, 1) 12 + p2(Lo(H2,b)p2, 2) 12

= (f1,1)02 + (fo,p2)12 + %(l2(H2)F37‘P2)L2

= (F1,¢ )12 + (Fo,05) 12 + (F3, 1) 12
- ('@(Ca 6)67 ‘)B)Lza

which gives, by (610) and (6II) or (G12)),
(2(¢:0)@, @)z = prlleilin + IVerollZe) + p2(ll@sllFn + [Ve20ll7e)-

Since [|[Ve1l7: < €113 + [[Ve1,0ll32, we obtain the desired estimate. O
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By this lemma, the explicit expression (6I8]) of the operator &((,b), and the standard
theory of elliptic partial differential equations, we can obtain the following lemma.

Lemma 6.3. Let p1, p2, h1, ha, co, M be positive constants and m an integer such that m > 5+1.
There exists a positive constant C = C(p1, p2, h1, ha,co,m) such that if ¢ and b satisfy

1Sl zm + lll[wm.ee < M,
Hi(x) =hy —((x) > co, Ha(x)=ho+((x)—bx)>cy for xR,

then for any Fy, Fy € H*"' and Fy € H* with k € {0,1,...,m — 1} there exists a solution
(@, b, 1) of ©IT) satisfying

11, o)l e + IVl e < C ([(Fr, F2) | e + [|Fs]| ) -
Moreover, the solution is unique up to an additive constant to y.

We proceed to consider solvability to (6.9). Given fi, f3, fs, f1, we define Fy, F, F3 by (6.16]),
for which there exists a solution (¢}, ¢, 1) to [6IT), define ¢1o and @2 by

N N*
2j pP1 : 1
pro=p1— Y Hieij  wa0="—¢1—> Hypsj+—fu,
— P2 — P2
7=1 7=1
and put @1 = (10,9115, 918)" and @2 = (20,9215, p2n+)T. Then, we see that
(¢1,¥2) is a solution to (G.9]). More precisely, we obtain the following lemma.

Lemma 6.4. Under the hypothesis of LemmalG6.3, for any f| = (fi1, .-, fin)T, 5= (fa1,---,
fon<)T, f3, and fy satisfying fi, f5 € H*=' and f3,V s € H* with k € {0,1,...,m — 1}, there
exists a solution (@1, p2) to ([G9) satisfying

11, 09) | zee1 + [[(Veor0, Vo)l e < CI(F1, F2)llzn—1 + [|(F3, YV fa) | ) »

where C' = C(p1, p2, h1, ha, co,m). Moreover, the solution is unique up to an additive constant
of the form (Cp2,Cp1) to (¢1,0,%2,0)-

7 Construction of the solution

In this section, we will prove Theorem 2] one of the main theorems in this paper. One possible
strategy to construct the solution of the initial value problem to the Kakinuma model (2I4])—
[2I8) would consist in firstly transforming the equations into a quasilinear positive symmetric
system, that is, a quasilinear version of the positive symmetric system (G.11]), secondly applying
the method of parabolic regularization to construct the solution of the transformed system,
and finally to show that the solution to the transformed system is in fact the solution of the
Kakinuma model if we further impose the compatibility conditions (2I8)—(2I8]) on the initial
data. Here, in order to avoid the heavy computations that would be involved when following
this strategy, we find it more convenient to instead apply the method of parabolic regularization
to the Kakinuma model directly.
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7.1 Parabolic regularization of the equations

We remind that the Kakinuma model (ZI4])-(2I6]) can be written compactly as (G.4]), that is,

11(H1)0¢ + L1 (Hy )91 = 0,
(7.1) —l3(H2)04¢ + La(Ha,b)¢p2 = 0,
—p1li(Hy) - Oy + pala(Hz) - Orpa = F

where ¢1 = (¢10,011,---,01.8)", @2 = (d20,b21,-..,2.n+)T, lx and Ly for k = 1,2 are
defined in (6.3]), and

(7.2) F=pm {g( + % (|u1|2 —I—w%)} — P2 {g( + % (|’u2|2 +w§)} )

Here uy and wy for k = 1,2 are defined by ([@2) and (43]) respectively. We regularize the
Kakinuma model by adding artificial viscosity terms as

11 (H1)(0iC — eAQ) + Li(Hy)¢1 = 0,
(7.3) —l2(H2)(9,¢ — eAQ) + La(Ha,b)gp2 = 0,
—p1li(Hy) - (Orp1 — A1) + pala(Hz) - (Orp2 — eAgp2) =

We are going to show the existence of the solution to the initial value problem for this regularized
Kakinuma model under the initial conditions

(7.4) (¢, &1, d2)li=0 = (C(0), P1(0)> P2(0))-

For this regularized Kakinuma model, the compatibility conditions for the existence of the
solution have the same form as the original Kakinuma model, that is,

L1i;(Hi)$p1 =0 for i=1,2,...,N,
(75) ﬁgﬂ'(Hg,b)(ﬁg =0 for i= 1,2,...,N*,
L1o(H1)p1 + Loog(Ha,b)p2 =0,

where £y ;(H;) for i =0,1,...,N and Ly ;(H2,b) for i = 0,1,..., N* are defined in (63]). Here,
we note the identities

[at7£ (Hl)]¢1 f17i(C7¢1)8tC for = 1727”’7N7
[at7£2,Z(H27 )]¢2 = f2,i(<7 ¢27 b)atC for i= 17 27 cee 7N*7
0, L1,0(H1)|p1 + [Or, Lo,o(H2, b)]p2 = =V - (v0(),

where v = w9 — w1 and

N .
Z 1+7 .. 1+7—
friCoo) ==>_ { HY D Ay + 4ijHYH 1)¢17j} ;
=0

v i, 1
foi(C, 62:D) Z{ LHY P Ay = PRI - (60, V)

J=0 J

— pHEPTIL Vg S + pap HY TP TR (1 + |Vb|2)¢2,j},
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and ~
[A Li(H)l1 = f1i(C @A H fri(C¢1) for i=1,2,..., N,
[A, L2i(H2,b)|p2 = f2i(C, P2, 0)AC + f2i(C, p2,b) for i=1,2,... N7,
[Avﬁl,O(Hl)]¢1 + [A7£2,0(H27 b)]¢2 =-V. (,UAC) + f3(<7 ¢17 ¢27 b)7

where

Fri(C 1) Z{ (00, £1,(H1)|01p1 + (01€) 1 f1,i(C, #1)

Fos(Coborb) = Z{[al, Lo, (Ho, D)0ups + (1) (G, 2, b) — 1((01D) fos(C b))

=1

Pibj Pi+Dp; Dit+p
+ 7H IV - (o2, VOIb ——H, IVOb-Vo
Z ( o) 2 (¢2,;VOID) — pl+p] b+ Vo

DipPj pitp;—1 )
+ pii - 1H2 2(Vb V@lb)> },
I3(C 1, @2, b) = Z{[auﬁl,o(Hl)]alfbl + [0, L2,0(H2, )]0y 2

=1

+V- (—(alg)(alv) + 0, ((alb)w + i H§f¢2,jvalb>> }
j=1

We also note that f3(C, ¢1, ¢2,b) can be written in a divergence form as

[3(C, @1, 02,0) =V - f3(C, @1, 92,b),

where

n N N*
F3(C P12, b) = {(azo Y HIVO;+ Y Hy (0i,) VD
=1

j=0 j=1

N*
+ (9;b — 91C) Z H jV@l@,j —ijgj_l(al@,j)Vb)
7=0

N
—(010)(9v) + 9, ((8lb)u2 + ZH?(JSQJV&Z)) } .

i=1

Therefore, applying the operator 9; — €A to (Z.5]) we obtain

L1,i(H)(8r1 — eAp1) = —f1.4(C, 1)(0C — eAC) + f14(C, 1)
for 1=1,2,...,N,
Loi(Ha, b)(Drp2 — eAa) = — foi(C, 2, b)(8:C — eAC) + € f2.4(C, o, b)
for i=1,2,...,N*,
L10(Hy)(0rp1 — A1) + Loo(Ha, b) (O pa — eAgha)
=V (08¢ — AQ) + £ f3(C, 1. 62,1)).

On the other hand, we have N 4+ N* 4+ 2 evolution equations for one scalar function ¢. To select
an appropriate evolution equation for ¢, we will use the notation defined by (B.I3]). We note
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that they depend on the unknown functions H; and Hs. Taking Fuclidean inner products of
the first and the second equations in (T3]) with p1q; and paqs, respectively, adding the resulting
equations, and using the relation —pily - g1 + pa2ls - g2 = 1, we obtain

(7.7) 0 — eA¢ = Gy,

where
Go = p1q1 - L1(H1)$1 + p2qa2 - L2(Hz,b) o

Plugging this into (Z.8]) and noting the last equation in (Z3]), we have
(7.8)
(L1:(H1) (i1 — eA1) = —f1i(C, ¢1)Go + e fri(C, 1) for i=1,2,..., N,
Lo,i(Ha,b)(Osp2 — eAgp2) = — f2,1(C, b2,0)Go + e fo,i(C, p2,b) for i=1,2,... N*,
L10(H1)(0rp1 — eAr) + L20(Ha, b)(Orp2 — eAg2)

=V (vGo +ef3((, 1, P2,b)),
—p1li(H1) - (Or1 — eAd1) + pala(Hz) - (Orp2 — eApa) = F.

Therefore, thanks to Lemma [6.4] we obtain

0ip1 — A1 = G,
Oipa — A = G,

(7.9)

where G1 = (G1,0,G11, - - .,Gl,N)T and G2 = (G2,0,G2.1, - - - ,G27N*)T are defined as a solution
to the following equations

Li(H)Gy = —f14(C, ¢1)Go +efri(C d1) for i=1,2,...,N,
Loi(Ha,b)Go = —f24(C, 2, b)Go + £ f2,4(C, ¢p2,b)  for i=1,2,...,N*,
L10(H1)G1 + Loo(H2,b)G2 =V - (vGo + £ f3(C, @1, P2, D)),

—p1li(H1) - G1 + p2la(Ha) - Go = F.

(7.10)

Precisely speaking, (G1,G3) are defined uniquely up to an additive constant of the form
(Cp2,Cp1) to (G10,G2p). However, this indeterminacy does not cause any difficulties in the
following arguments.

Remark 7.1. The equations in (Z9]) are valid even in the case e = 0, that is, any regular
solutions to the Kakinuma model (2I4])-(2I5) satisfy () with ¢ = 0. Particularly, 0,¢x(x,0)
for K = 1,2 can be expressed in term of the initial data (C(0)7¢1(0)7¢2(0)) and the bottom
topography b.
7.2 [Existence of the solution to the regularized problem
Lemma 7.2. Let g, p1, p2, h1, h, co be positive constants and m an integer such that m > 5 +1.
For any initial data (C(o), D1(0) ¢2(0)) and bottom topography b satisfying

((0)7 Vgbl,O(O)v v¢52,0(0) € H™, ¢/1(0)7 ¢/2(0) € Hm+17 be Wm+2,ooj

h1 = Co)(x) > co,  ha+(y(x) —b(x) > o for xR,

and for any € > 0 there exists a mazximal existence time T, € (0,+00] such that the initial value
problem (1), (T9), and (TA) has a unique solution (C5, @5, ¢5) satisfying

5, Vi, Vs € C([0,T2); H™), .05 € C([0,12); H™ ).
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Proof. We evaluate the right-hand sides of the equations, that is, the terms Gy, G1, and Gs.
To this end, suppose that ((, @1, ¢2) and b satisfy

(7.11) {H(Cav¢l,07v¢2,0)”H’" + [1(@7, o) L gm+r + [[Dllymi2.00 < M,

hi—¢(x) > ¢y, ha+{(x)—bx) >cy for xeR"
Then, we see that

Gl s + [ (F1, £ £3)ll s + (FLs F)llggm—2 + [|F [ < C(M, 1),
where f{ = (f11((, 1), ..., fin(C, ¢1)) and so on. Therefore, by Lemma [6.4] we have
1(VG10,VGap)| gm-1 + (G, GY)|[m < C(M, ca,e),

where we notice for further use that C' (M, ¢1,¢) is bounded uniformly with respect to € € (0, 1].
We obtain the desired result by the standard theory on the heat equation. O

Lemma 7.3. Suppose that the initial data (C(O), D1(0) ¢2(0)) and the bottom topography b sat-
isfy the hypotheses in Lemma [7.4 and the compatibility conditions (TBl). Then, the solution
(C5, @5, @5) constructed in Lemma[T.3 satisfies the reqularized Kakinuma model (T3)).

Proof. By the construction of the solution, we easily see that it satisfies (.8 and in particular
the last equation in (Z3]). Therefore, it is sufficient to show that it satisfies also the first two

equations in (T3]). By (1) and (Z8]), we have
(8t — EA)(ﬁl,i(Hl)(f)l) =0 for 7= 1, 2, . ,N,
(8t - EA)(ﬁQJ;(HQ, b)(,bg) =0 for i= 1, 2, . ,N*,
(O — eA) (L1,0(H1)p1 + Loo(Ha, b)) =0,
so that by the uniqueness of the solution to the initial value problem of the heat equation, if the

initial data satisfy the compatibility conditions (7.5), then the solution satisfies also (Z.5]) for all
t € [0,T). Particularly, we obtain

=l (Hy)(L10(H1)$1) + Li(Hy)g1 = 0,
—l2(H2)(L2(Hz, b)) + La(Ha,b)gp2 = 0,

so that by the last equation in the compatibility conditions (73] we have

(7.12) {—l1(H1)(£170(H1)¢1)+L1(H1)¢1 =0,

lo(H2)(L1,0(H1)$1) + Lo(H2,b)p2 = 0.

Taking Euclidean inner products of the first and the second equations with piq; and pago,
respectively, adding the resulting equations, and using the relation —pily - g1 + p2lo - g2 = 1, we
obtain

L1,0(H1)p1 + p1qr - L1(H1)é1 + p2qa - La(Ha2, b)) = 0,

which together with (7)) implies

L10(H1)p1 = —(0:¢ — AQ).

Plugging this into (T.I12]), we see that the solution satisfies the first two equations in (73). O
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7.3 Uniform bound of the solution to the regularized problem

We proceed to derive estimates on solutions ((%, @7, ¢5) to the regularized Kakinuma model (7.3])
uniform with respect to the regularized parameter ¢ € (0, 1] and for a time interval independent
of . To this end, we make use of a good symmetric structure of the Kakinuma model based
on the analysis of Section Bl In order to simplify the notation we write ((, ¢1, ¢2) in place of
(C*. 5. 65).

In view of (6.1]) and (6.2]) we decompose L1 (Hj)¢1 and Lo(Ha, b)¢o into their principal parts
and the remainder parts as

(7.13) Li(Hy)p1 = — Ay (H)Ady + U (Hy)(wy - VE) + LY (Hy) ¢y,
(7.14) Lo(Ha, b)pa = —Ag(Hz) Ay — la(Ha)(ug - VC) + LYY (Ha, b)eha,

where the matrices A;(H;) and Aa(Hs) are given by (BI0), L°V(H;) = (LYY (H1))o<i j<n and

1,35
L2(H2, b) = (Llf‘%(Hg, b))OSiJSN* are given by

4ij 2(i+j)—1
LYY (H))¢ j = —————H; " :
1,2]( 1)(1017.7 2('l +]) -1 1 (7017.]7
LS (Ha, D)pag = Vb (HY ™' Vipn s = pi Y™ ™0 j90) 4 - L YTV - (92,5V0)
i T DPj
bi Pi+pj bip; pitpj—1 2
— H," "7'Vb- Vg + ————H,"""7 (14 |Vb|")p2;.
PR i HE TN Vg

Let us recall the definitions of w in (BH), and #; and 63 in ([TI2)), so that
u; = u — 01v, us = u + Oav.
Therefore, we can rewrite the first two equations in (73] as

1 (H1)(0:C — eAC + (u — 01v) - VC) — Ay (Hy)A¢py + LV (Hy )y = 0,
—1y(Hy) (8¢ — eAC + (u + 0v) - V) — Ag(Hz)Agpy + LYY (Ho, b)py = 0.

Let 3= (B1,...,0,) be a multi-index satisfying |3| < m. Applying the differential operator 92
to these equations and noting the relation (v-V) = —(v-V)* — (V- v), we have

prl1 (0" — eACP +u - V) + (v V) (016111 C7) = D A(p1A1019) = Fig,
(7.15) =1

—pal2(9:67 — AP +u- VEP) + (v V)" (p2020aC”) = D Oi(p2A20i¢y) = Fag,
=1

where (# = 9°¢, ¢£ = 9P¢y, for k=1,2, and
(F1,5 = Pl{_[aﬁ7ll]G0 — 0%, iul V¢ — (V- 0)011:¢P + [v - V,0114]¢P
- En:(azAﬁal(ﬁf +[0°, A1) Agpy — 3BL11°W(H1)¢1},
=1
Fyp= Pz{[aﬁalﬂGo + (0%, 1ug V¢ — (V- 0)0205(P + [v - V, 0205]¢°

=S (@A) ] + (0%, As]Adss — 0° LI (I, b)¢2}-

\ =1
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In the above calculation, we used (Z7). Similarly, applying the differential operator 9% to the
last equation in (73]), we have

(7.16) —pily - (O] — AP + (u- V))) + prbily - (v - V)@
+ paly - (Bidly — APy + (w-V)Ph) + pabhals - (v- V)P + al® = Fy g,

where

=0

N N
a=p2 (sz-Hé”_l(Gz,i g Vo) + Y pilpi — DHY " (wy — up - Vb)os; + 9)
i=0

N
<Z 2HY N (Gry+uy - V) —wr » 20(2i — H Dy ; — g) :

i=0
Fop :pl{(aﬁzl(m) — (O, L (H1))OP Hy) - Gy + [0°; 1 (HY)T, G4
+ug - Z g (HL), Vo) + (0715 (Hy) — (O, 1 g (H) O H) Vo)
—wy Z([aﬁ,%y’]@Hlll,j(Hl) +(0°0m, 11,5 (Hy) — (0,11, (H1))0" Hi) o 5)

J=0

([8 cul, ] + [0°;wy, wl])}

l\3|>i

- PZ{(aBl2(H2) — (0m,12(H2))07C) - G + (0% 12(H2) T, G

+uy - Z( 1o j(Ha), V] + (0%l j(Ha) — (Opylo,j(H2))0” Ha) Vo
— 07, D1ty Lo (H2) 2, Vb — (07 Dyl () — (07, L2, (H2))0 He) g, V)

+wzz  2,410m,12,5(Hz) + (870,12, (Ha) — (0,12, (H2))0” H2) 2. )

l\3|>i

+5([0% ug , ug] + [56;1027102])}.

In the above calculation, we used (7.9]) and the notation
l1(Hy)
l2(Ho)

and the notation for the symmetric commutator [0°;u,v] = 9% (uv) — (9°u)v — u(9°v). We can
rewrite (ZID) and (ZI6) in a matrix form as

(lho(H1),lig(Hy), ... ln (H))T,
(I2,0(H2),l21(Hs), ... lo n+(H2))T,

(7.17) A (007 — AU + (u - V)U) + o™ U7 = B,
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where

C/; Fos
U=|(9¢/|. Fs=|Fig]|,
b5 F 5
and
0 —plf palf

A ) o |,
—p2la @) O

a p1011F (v - V) pabald (v - V)
e ee) =Y amAd) o
A" = =1 .
(v-V)*(p2tals-) @) —Zal(P2A2al’)
=1
Here, we note that <7 is a skew-symmetric matrix and #"°¢ is symmetric in L?(R"). Con-
cerning the positivity of /"°4, we have the following lemma.

Lemma 7.4. Let ¢y and Cy be positive constants. Then, there exists C = C(co, Cp) > 0 such
that if a, Hy, Ho, and v satisfy

(718) {nauL + |(Hy, Ho)l| e + ]|z < Co,

Hyi(x) > cy, Ha(x)>co for xeR",

and the stability condition

P1P2

(7.19) a(z) — p1Ha(x)ag + poHy(x) o

lw(xz)]?>co>0 for xcR",

then for any U = (C, 1, d2)T, we have the equivalence
CH(C V1, Vo) |1z < (40, U) > < C|(C, Vb1, Vo)|72-
Proof. Introducing diagonal matrices D1(Hy) and Dy(Hs) by

Dl(Hl) = diag(17H127 H%) cee 7H12N)7
Dy(Hs) = diag(1, HY', HY? ..., HINY),

we have

where A; g and As o are constant matrices defined by

1 1
AL(] = <7> ) A2,0 = < > :

We have also
1-Dy(Hy)pr = U(Hy) - ¢, k=1,2.

38



Therefore,

(U, U) 2 = (aC, Q)2+ Y Y (e HiAr o DiOibr, DrOihr) 12
=1 h=1.2

+ 2 Z (pkeklk : (’U : V)¢ka C)L2

k=1,2

= Z Z (pk HQre.0Ar,0 D101 dre, Ao DkOibi) 1.2
I=1 k=1,2

+(al, )2+ Y {(peHronr(ly @ V) i, (1 @ V) ) 12
K=1.2

+ 2(pk9kv . (lk & V)T(i)k, é)LQ}
=: 1 + I,

where we used the identity (5.7). Since Q10 and Q2 are nonnegative and in view of
I > / {aé2 + > {peHrar|l ® V) Grl* — 2040k 0] | (1 © V)T¢k\’é’}}dw
" k=1,2
and the analysis in Section (.1l we can show the desired equivalence. O

Lemma 7.5. Let g, p1, p2, hi, he,co, My be positive constants and m an integer such that m >
5 + 1. There exist a positive time T and a positive constant C such that if initial data

(Cl0)> 1(0)> P2(0)) and bottom topography b satisfy
S0y Vo1,00)> Vb2,000)) Il 5m + |’(¢/1(o)7 ¢/2(0))HH’"+1 + [|b][yymr2.00 < Mo,
h1 — Co)(x) > 20,  h2 + (y(x) —b(x) > 29 for x€R",

the stability condition (TI9) with ¢y replaced by 2cy, and the compatibility conditions (1)), then
for any € € (0,1] the solution ((%, @7, @5) constructed in Lemmas[7.9 and[7.3 satisfies

sup_([[(C5(t), Vi o(1), V5.0 (t) I Fim + (&7, 3)7msr)

0<t<T
T
e /0 1 (1), V5 (8), V5 (6)) |2l < C.

Proof. Once again we simply write U = ((, ¢1,¢2)T in place of (¢5, ¢5,¢5)". We define an
energy function &, (t) by

Ent) = 3 {(Am0UW), 07T ()1 + (079 (1), O B2 }.

[B|<m

We assume that the solution ({(t), ¢1(t), ¢2(t)) satisfies (TI8]) and the stability condition (Z.I9)
for 0 <t < T. Then, the energy function &,(t) is equivalent to

En(t) = [[(C(t), Vo1,0(t), Vozo ) Fm + 191 (8), $5(E)) | Fms1-

Furthermore, we assume that

(7.20) Em(t) + E/Ot Em+1(T)dT < M,
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for 0 <t < T, where the constant M7 and the time T will be determined later. In the following
we simply write the constants depending only on (g, p1, p2, h1, ha, co, Co, Mp) by C7 and the
constants depending also on M; by Cs. They may change from line to line. Then, it holds that

CrYE; (1) < &(t) < CLE; (1)

for 7 =0,1,2,.... We are going to evaluate the evolution of the energy function &, (t). To this

end, we take the L2-inner product of (ZI7) with ;U —cAU” + (u - V)U” and use integration
by parts to get

1d

5 dt(dmOdUﬁ U2 +6Z (o UP, oUP) 2

=1

1 n
= 5 (00 AP U 12— (100, 40, 007) 12 — (U7, (- VIUP) 12
=1

+ (Fop,0°Go+ (u-V)(P) 2+ Y (Frp, 0°Gr+ (w- V)@ 12
k=12

Here, we see that

([8r, U7, U 2 = ((91a)¢7, ¢P) 12

+2>° prl[00, Ol (v - V)] @, ¢P) 2 +Z > o0 A) DL D)) 12

k=1,2 =1 k=1,2

([0, 40P, 0,U") 12 = ((91a)¢7, ¢P) 2
+ Z Pk{ (01, OklE (v - V)], ACP) 12 + (P, 101, 0L (v - V)]aszg)y}

k=1,2

+ 37 (9540087 0,060 12,

k=12 j=1

(AP0 (0 D)) 2 =~ (V- (@), )

= 3 o { (VW) bl (v V)@ 12 + (¢ [(w- V). 0l (0 V)] |
k=1,2

-3 > {(Aka@f, ((Dw) - V)}) 12 + %(((u : V>*Ak>al¢§,az¢£>m} :
k=12 1=1

so that for 1 < |8 < m we have

1d

2dt(dmodUﬁ UB L2 +EZ dmodalUB 8IUB)

=1
< Co(1+ €Emp1(t)?) + | Fosll i 10°Go + (- V)P g

+ 3 Bkl 2107 G + (w - V)@l 2
k=1,2

<O (1+5Em+1(t)%).
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Similar estimate can be obtained in the case |3| = 0 more directly. On the other hand, it follows

from (7.9]) that

SR N + (Ve VO = 307G ¢V < O
k=12
Therefore, we obtain

4
dt

N

Em(t) + EEm_H(t) < Oy (1 + eEmy1(t)

)

which yields
¢
E,(t) + E/ Epq1(r)dr < Cy + Cat.
0

Putting My, = 2C7 and taking T > 0 so that CoT < (4, we obtain by a continuity argument
that ((Z.20) holds for 0 <t <T.

It remains to show that ({(t), ¢1(t), ¢p2(t)) satisfies (TI8) and the stability condition (Z.I9))
for 0 <t < T. By the Sobolev embedding theorem, (7.7), and (7.9, we see that

(7.21) (¢ ) = oy@)] + Y- (IVor(@,t) = Vouo)(@)| + [} (. ) — b o)()])

k=12

<C; <”C(t) — oyl gm—1 + Z <Hv¢k(t) — Vi)l m—1 + 1y () — ¢§g(o)HHm1)>

k=1,2

t
<a /0 <||at<<f>||Hm1 + 37 (V0 mr + ||8t¢§f(7')”Hm1)>dT

k=1,2
t 1
<1 [ (G0 V610, 9G0)(P)ns + (GG (D am + B (7)} ) dr
0
<Oy (t+VEt),

which yields (7I8]), except for the estimate for a, by taking 7' > 0 sufficiently small. We now
turn to the stability condition (7I9). In order to evaluate d;a, we need to obtain estimates for
0,G), for k = 1,2. Differentiating (ZI0) with respect to ¢, we have

L1;(H1)0G1 = q1; for i=1,2,... N,
Loi(H2,0)0,Go = ga; for i=1,2,... N*
L10(H1)0:G1 + L20(H2,0)0,G2 =V - g3,
—p1ili(Hy) - 0:.Gy + pala(Hs) - ;G = gu,

where
g1 = [0, LLi(H)IG1 = 0, (f1i(C, d1)Go — efri(¢, 1)) for i=1,2,... N,
g2,i = _[8t7 i(Ha, b)]Gz — Oy (f2,i(C, P2,b)Go — € f2,i(C, p2,b)) for i=1,2,... ,N*
N N*
gs = 8t< Z VGLj + Z(ngVGQJ — ijgleg,ij))
=0 3=0

+ at (’UG(] + €f3(<7 ¢17 ¢27 b))7

(92 = 1[04, Li(H1) "G — p2[0h, 1o (H2) TG + O, F.
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Therefore, by Lemma with & = m — 2 we obtain

||(V8tG1,0,V@tGg,o)\|H7n4 + ||(Oy ’1,8tG’2)HHm71
< Ca(I(g1,92) | am-3 + 11(93, Vga) || gm—2)
< Cy (I(8eC, VOrh1,0, VOr2,0) | grm—1 + [|(Oed, D)l rm ) -

On the other hand, it follows from (7)) and (Z9) that

1(9¢¢, V1,0, VOrh,0) || srm—1 + |(Oeep], Bpeht)|| prm
< (Go, VG1,0, VGo0)| grm—1 + (G, GY) || zrm

+ & ([1(¢, Vo0, Voo o) lgmer + [[(7, 5) || gm+2)
<O <1 + aEmH(t)%) .
Thus,
HatCLHHmfl < 02 (H(atC7 vat¢l,07vat¢2707at llaatG,Q)HHmfl + ”(atd)/hatd)/Q)HHm)

<Gy (14 eBpia(t)})
so that .

la(z, ) — a(z,0)| < C / |9k m-rdr < Cs (14 VaT)

0

This together with (T2I)) yields (ZI8) and the stability condition (ZI9) by taking 7 > 0
sufficiently small. This completes the proof. O

Once we obtain this kind of uniform estimates, compactness arguments allow to pass to
the limit ¢ — 40 in the regularized problem (3]) and (T4]). Moreover, using the Bona—Smith
technique, we obtain the strong continuity in time of the solution and the continuity of the
flow map, and the corresponding strong continuity of the time derivatives proceeds from (7))
and (C9) with £ = 0. Thus, Theorem 2] follows.

8 Hamiltonian structure

In this section, we will show that the Kakinuma model (ZI4)-(2I0]) also enjoys a Hamiltonian
structure analogous to the one exhibited by T. B. Benjamin and T. J. Bridges [I] on the full
interfacial gravity waves. We remind again that the Kakinuma model can be written simply as

I\(Hy)0i( + L1 (Hy)p1 = 0,
(8.1) —l3(H2)04¢ + La(Ha,b)¢p2 = 0,
—p1li(Hy) - 01 + pala(Hy) - Orp2 = F,

where ¢1 = (¢10,¢1,1,---,018), P2 = (d20,021,--,P2n+)", U and Ly, for k = 1,2 are
defined by (G.3]) and F is defined by

82) F = {0 3 (0T mcl + (0:08)m0?) )

1
— e+ 5 (TR + (0.0}
Here, Y and ®5PP are approximate velocity potentials defined by (4.
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8.1 Hamiltonian

As was expected, the Hamiltonian would be the total energy. In terms of our variables (¢, ¢1, ¢2),
the total energy &K is given by

(8.3) EX(C, 1, o) — / K (¢, b, ho)da
R?’L

where the density of the energy e® = eX(¢, 1, ¢p2) is given by

h1 ¢
(8.4) € = / %m(\vcb?pp\? + (0. 07P)%)dz + / L oa(IVBIP 4 (0.35)?)
¢

hotb 2

1
+ 5(/72 - 01)9C2}dw

1 2(i+5)+1 3 . 4ij 2(z+]
Pl Z ( Z+j + 1H V¢l,z V¢1,] + 72(24_]) ) ¢1 z¢l,]>

N*
1 1 +pj+1 20i . pitp;
+5p2 ) HY ™ N ;- Vo j — HY ™ o iNVb - Vo ;
2p2 (pri-p]-#l 2 $2,i P25 ;i + 2 P2,i P25

i,7=0

bipP; pit+pj—1 2
+ —  _H 71+ |V|7)p2,i02, > +
DB (1 VB0,

By integration by parts, we also have

J

%(,02 — p1)g¢>.

EX(C 1, ¢2) = / § <%P1L1(H1)¢1 1+ %P2L2(H2,b)¢2 o + %(Pz - P1)9C2>dw

In view of the symmetry of the operators Lq(Hy) and Lo(Ha2,b), we can easily calculate the
variational derivatives of this energy functional and obtain

5 ER(C, 1, p2) = —
(8.5) 5, EX(C, p1,2) = prLi(Hi)p1,
5 E5(C, 1, h2) = 2L2(H2, b) .

Therefore, the Kakinuma model (81]) can be written as

0 prli(H)T = pala(Hy)T ¢ 5 EX(C, 1, ¢2)
(8.6) —p1li(H1) @ O O | @1 | = | 05, E5(C, b1, b2)
pglg(Hg) 0] 0] ¢2 5¢2£K(<7 ¢17 ¢2)

As we will see later, the canonical variables of the Kakinuma model are the surface elevation
¢ and ¢ given by

(8.7) ¢ = p2®.=¢ — p1 @I |.=¢ = pala(Ha) - P2 — pili(Hy) - 1,
which is the canonical variable for the full interfacial gravity waves found by T. B. Benjamin
and T. J. Bridges [I] with (@, ®2) replaced by (®7PP, ®5PP). Then, the compatibility condi-
tions (2I8)-(220) and (87) are written in the form

172'(H1)(,Zl)1 =0 for i= 1,2,... ,N,
Loi(Ha,b)po =0 for i=1,2,... ,N*,
L1,0(H1)p1 + L20(Ha, b)p2 = 0,

—pili(H1) - @1+ pola(Hz) - 2 = ¢

(8.8)
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Therefore, it follows from Lemma that once the canonical variables ((,¢) are given in an
appropriate class of functions, ¢ = (¢1.1,...,01.n8)T, ¢y = (d2.1,- .., d2n+)T, V10, Voo can
be determined uniquely. In other words, these variables depend on the canonical variables (¢, ¢)
and b, and furthermore they depend on ¢ linearly. Although the solution (¢1, ¢2) to the above
equations is not unique, we will denote the solution by

¢1 =5 (C? b)¢7 ¢2 = SQ(C? b)¢

This abbreviation causes no confusion in the following calculations. Since we will fix b, we
simply write S1(¢) and S2(¢) in place of S1((,b) and S2((,b) for simplicity. Now, we define the
Hamiltonian to the Kakinuma model by

(8.9) A, 0) = EX(C,81() 0, S2(0)9),

which is uniquely determined from (¢, ¢).

8.2 Hamilton’s canonical form

We proceed to show that the Kakinuma model (8] is equivalent to Hamilton’s canonical form
with the Hamiltonian defined by (8.9). In the following, we fix b € W">* with m > § + 1 and
put

Ut ={CeH™; ienén(hl —((x)) > 0 and iergn(hg + ((x) — b(x)) > 0},

which is an open set in H™. We also use the function space HF = {¢; Vo € H™ '}, For
Banach spaces 2" and %/, we denote by B(2"; %) the set of all linear and bounded operators
from 2 into . By Lemma [6.4] we see easily the following lemma.

Lemma 8.1. Let m be an integer such that m > 5 +1 and b € W™, For each ¢ € U}" and
fork=1,2,...,m, the linear operators

S1(¢): H* 3 ¢ — ¢y € H* x (HF)N,

So(C) : H* 3 ¢ s ¢y € H* x (HF)N",
where (@1, @2) is the solution to B8], are defined. Moreover, we have S1(¢) € B(HF; H* x
(HF)NY and So(¢) € B(H"; H* x (HF)N™).

Formally, v, = D¢Si(¢ )[¢]o, the Fréchet derivative of S},(¢)¢ with respect to ¢ applied to ¢
for k = 1,2 satisfy
L1;(Hy)py = Dy, L1,(Hy)[C]p1 for i=1,2,... N,
£2,i(H27b)1/J2 - _DH2£2,i(H27b)[C]¢2 fOI' 1= 1727”’7N*7
L1,0(H1)tb1 + L20(Ha, b)wp2 = Dpy L1,0(H1)[C]P1 — D, L2,0(Hz,b)[C] 2,
—pily(Hy) - Py + pala(Ha) - ho = — (p1(Om, Ui (Hy)) - @1 + p2(Om,la(Ha)) - ¢2)C
with ¢; = S;({)¢ for j = 1,2, where for i =1,..., N,
N

D, L1:(H) [y = (DHlLl,ij(Hl)[é] — HY' Dy, Ly o5 (H1)[{] — 2iH12i_1§L1,0j(H1)> P15,
=0

(8.10)

Dy, L (H) {1y = —V - (CH N1 ) + 46§ CH Vg,

and so on. By using these equations together with Lemma and standard arguments, we can
justify the Fréchet differentiability of Sj({) with respect to ¢ for k = 1,2. More precisely, we
have the following lemma.
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Lemma 8.2. Let m be an integer such that m > 5 + 1 and b € W™, Then, the maps
Um 5 ¢ 81(C) € BH" H* x (H*)N) and U™ 5 ¢+ 8o(C) € B(H"; H* x (H*)N") are
Fréchet differentiable for k =1,2,...,m, and 8IQ) holds.

We proceed to calculate the variational derivatives of the Hamiltonian ./#%((, ¢), which are
given by the following lemma.

Lemma 8.3. Let m be an integer such that m > 5 + 1 and b € W™, Then, the map
Ut x H!'> (C,¢) — HK((,¢) € R is Fréchet differentiable and the variational derivatives of
the Hamiltonian are
{5¢<%”K(C,¢) = —L10(H1)1,

S HK(C,0) = (6cEF)(C, 1, d2) + (L1,0(H1)d1) (p1(0m, 1) (H1) - @1 + p2(Om,la)(Ha) - ¢2),
where ¢ = Sk(C) for k=1,2.
Proof. Let us calculate Fréchet derivatives of the Hamiltonian J# K(¢, $). Let us consider first
UM x H? 3 (¢, ¢) — HR(C,¢). For any ¢ € H?, we see that
DyA™(C,9)[6] = (Dg, ) (¢, 81(C)¢, 82())[S1(C)6] + (D, ) (€, 81(C) b, S2())[S2(€) ]
(01 E )G, b1, $2), S1()h) 12 + (39, E5) (€, P1, P2), S2(O)9) 12
p1Li(H1)1, 81(C)0) 12 + (p2La(Ha, b) 2, 82(C)9) 2
prly(H) (L1,0(H1) 1), S1(C)d) 12 — (pala(Ha) (L1,0(H1) 1), S2(0)9) 12
Lig(Hy)$1, prli(Hy) - S1()¢ — pala(Hz) - S2(0)9) 12

= —(ﬁl,o(Hl)(ﬁla ¢)L2’

where we used (RBE) and Lemma The above calculations are also valid when (¢, (b) €
H' x H 1 provided we replace the L? inner products with the 27/~2 duality product where
2 =H'x (HYN or 2 = H' x (H')N" for the first lines, and 2" = H* for the last line. This
gives the first equation of the lemma.

Similarly, for any (¢, ¢) € U™ x H? and ¢ € H™ we see that

DeA(C,9)[C] = (DeEX) (G, 810, S2(C)B)[C] + (D, E5)(C, S1(), S2(¢) ) [De 1 () [¢ ]
+ (D, ) (¢, 81(0) ¢, S2(C)d) D¢ Sa(C)[¢] )
= ((0c8™) (¢, 1, 02), O 12 + (0, EX)(C, 1, $2), D S1(Q)[C] D) 12
+ ((04,6)(C, b1, 92), DeS2(Q)[C]9) 12

o~ o~ o~ o~

Here, we have

(6, E5)(C, 1, h2), DeS1(Q)[C]D) 12 + (38, EF)N(C, 1, h2), DeS2(C)[C]) 12

= (p1L1(H1)p1, D S1(Q)[C1p) 12 + (paLa(Hz, b)pa, D Sa(C)[C]H) 12

= (L1,0(H1)p1, p1li(H1) - DeS1(Q)[C]d — pala(Ha) - D S2(C)[C]D) 12

= (L1,0(H1)@1, (p1(Om, 1) (Hy) - @1 + p2(Omyla)(Hz) - ¢2)¢) 12
= ((L1,0(H1)$1)(p1 (0, 11) (H1) - 1 + p2(0p,12) (Ha) - 2),C) 12,

where we used the identity

p1li(Hy) - D¢ S1(C)[C]¢ — pala(Ha) - DeS2(C)[C]¢

= (p1(Om, 1) (Hy) - d1 + p2(0m,12)(Hz) - ¢p2) ¢,
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stemming from (8I0). Again, the above identities are still valid for ({,¢) € U™ x H' provided
we replace the L? inner products with suitable duality products. This concludes the proof of
the Fréchet differentiability, and the second equation of the lemma. O

Now, we are ready to show another main result in this paper.

Theorem 8.4. Let m be an integer such that m > 5 +1 and b € W™, Then, the Kakinuma
model [2I4)—(2ZI6]) is equivalent to Hamilton’s canonical equations

5K 5K
T 8t¢ = - )
op oC

with A% defined by B3) as long as ((-,t) € UM and ¢(-,t) € H'. More precisely, for any

regular solution (C, 1, ¢p2) to the Kakinuma model (ZI4)-@210), if we define ¢ by [B7), then
(¢, ¢) satisfies Hamilton’s canonical equations (8I1)). Conversely, for any regular solution ((, ¢)

to Hamilton’s canonical equations 8I1), if we define ¢p1 and o by ¢ = Sk(()¢ for k = 1,2,
then (¢, @1, ¢2) satisfies the Kakinuma model (Z14])—-214).

Proof. Suppose that (, ¢1,¢2) is a solution to the Kakinuma model (2I4)—(2I0). Then, it
satisfies (8.0)), and in particular

(8.11) ¢ =

(8.12) EM = —£170(H1)¢1.

Moreover, it follows from (871 and (84]) that

O1p = pala(Hz) - Opp2 — p1li(Hy) - Opp1 + (p2(Omyla(Hz)) - @2 + p1(Om, bi(H1)) - ¢1) OiC
= —(6:6")(C, p1h2) — (L1,0(H1) 1) (p1(Om 11 (HY)) - 1 + p2(Omyla(Ha)) - 2) -

These equations together with Lemma [B3] show that (¢, ¢) satisfies (811).

Conversely, suppose that (¢, ¢) satisfies Hamilton’s canonical equations (811]) and put ¢y =
Sk ()¢ for k =1,2. Then, it follows from (8II]) and Lemma B3] that we have ([8I2]). This fact
and Lemma Rl imply the equations

I1(H1)0¢ + L1 (Hy )1 =0,
—1y(H2)0,¢ + Lo(Ha, b)ps = 0.

We see also that

—p1l1(Hy) - Oyp1 + pala(Ha) - Oyp2 = 01 — (p1(Om, L1)(Hy) - 1 + p2(Omyla)(Hz) - ¢2) OiC
= 088 (¢, 1p2) = F,

where we used (B81I1), (812), Lemma B3 and [B35]). Therefore, (¢, ¢1, ¢2) satisfies (8], that is,
the Kakinuma model (214)-(214). O

9 Conservation laws

The Kakinuma model ([Z.I4)-(2I0) has conservative quantities: the excess of mass [g, (de and
the total energy &%(¢, @1, o) given by (83). Moreover, in the case of the flat bottom in the
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lower layer, the momentum given by

ME(C P1,p2) = // p1 VO PPdadz + // poVO5PPdadz
Q1(t) Qa(t)

= - CV(=p1li(Hy) - 1+ pala(H2) - ¢2)dx

= / (Vda

is also conserved for the Kakinuma model. Here, we give also the corresponding flux functions
to these conservative quantities.
We have two forms of conservation of mass by (ZI4]) and (ZI5]) with ¢ = 0, that is,

(9.1) o+ V- Z< 2 — 12j+1V¢1,j> =0,

(9.2) ¢+ V- Z <

Proposition 9.1. Any regular solution (, ¢1, ¢2) to the Kakinuma model (2Z14])~(2I6) satisfies
the conservation of energy

Pty gy 5 — ng’stg,ij) —0.
J

e +v - X =0,
where the energy density eX is defined by 84) and the corresponding flux fX is given by

=1 Z ( 3 _i_] n 1H12(i+j)+lv¢1,j> (O¢d1,4)

4,j=0

N*
! RIS Pj pitp;
i ——— _HYTPTIG 4 L HE iy Vb ) (9i).
. Z ( pi +p;+1 2 92,5 pi + 2 ®2,j ( t¢2,z)

ij=0 Pj
Proof. By using F' defined by ([82), we see that
ateK = —F&g(
2+ N . 2= .
+ 1 Z < T Ve VoLt 72(2. e LR PL L

D
+ sz+p]+1v J
p22{<pz+pj+l 025 Copit

H?*pf@,jw) VO boi
4,7=0

J
Pitp; piPj pi+p;—1
TR (R 5t L VP Ny O R (| AL PR W
7, + ] Z + ] - 1
= —Fo¢ — V- X+ p1L1(H1) 1 - 01 + p2La(Ha,b) o - O,
so that, by (&),

X + V- f5 = —FO, ¢+ p1Li(Hy)p1 - Orpr + paLa(Ha,b)pa - Dy
= (=F — pili(Hy) - 0sp1 + pala(Hz) - Osp2) 0iC
-0,

which is the desired identity. O
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Proposition 9.2. Suppose that the bottom in the lower layer is flat, that is, b= 0. Then, any

regular solution ((, @1, ¢p2) to the Kakinuma model (ZI4)—(2I6) satisfies the conservation of
momentum

om* +Vv.-FX =0,

where the momentum density mX and the corresponding fluz matriz FX5 are given by
m

m" = (Ve = (V(pola(Ha) - 2 — prli(Hy) - ¢1),
Foy=— (Cat(ﬂzlz(Hz) - o — prla(Hy) - 1) + ) 1d

j)+1
Y g 0 T,

,j= 0
N* 1 .
i+pi+
+ p1 ——HY PN gy @ Vo
iyzzopierjJrl i Z :

Proof. For [ =1,2,...,n, we see by (81]) that

0¢(CO19) — 01(COrp) = (0:C) (pala(H2) - Orp2 — prli(Hy) - O1p1)
— (01C) (p2l2(Hz) - Orpa — p1li(Hy) - Orpr)
= paLia(H2,0)2 - Oyp2 + p1 L1 (H1) b1 - O1p1 — (OiQ) F

_ . 2(i+j)+1 , _
S v plz< HJ +1H vm,z) A1,

N*
1 pitp;+1 >
+ § HY PG00 ) G b+ Ry,
P2 <pz+p] 1 ¢2i | O1d2,j 1

where F' is given by (8.2) and

2(i+j)+1 dij 20—
Ry =p1 Z < Z+j +1H Vori;- Vo, + 72(1—#]’) 1 o1 131<Z51,]>

i+pj+1 PiPj i+pj—1
+ p2 Z <p T+ 1 §+pJ+ V¢2,i . V@(Jh,j + #Héj e @271'61(;52’]')
? J

iS50 pi+pj—1
— (GO F
1 & 1 2(i+5)+1 4ij 2(i+5)—
=0 5/)1 = <mH1 Vo Vo, + m H; ¢1 z¢1,g>
1 Al 1 pitpi+1 pipj FPitPi—
—1-502 = <mH2 Vo Voo, + m H, ¢2 2¢2,]>
+ Rs.
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Here, we have

N
1 o e 2(ij—
Ry — n Z <H12( +J)V¢M Ve + 4sz12( I 1)¢1,i¢1,j) a¢
ij=0

N*
1 e pi—
— 52 (HY PV 6n Von +pipsHy 7 60,:00,) 0C = FOIC
i,j=0

= (p2 — p1)9Cai¢ = O <%(P2 — P1)9C2> ,

so that Ry = 9;eX. These identities yield the desired one. O
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