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A mathematical justification of the Isobe-Kakinuma model
for water waves with and without bottom topography

Tatsuo Iguchi

Abstract

We consider the Isobe-Kakinuma model for water waves in both cases of the flat and
the variable bottoms. The Isobe-Kakinuma model is a system of Euler-Lagrange equations
for an approximate Lagrangian which is derived from Luke’s Lagrangian for water waves by
approximating the velocity potential in the Lagrangian appropriately. The Isobe-Kakinuma
model consists of (N+1) second order and a first order partial differential equations, where N
is a nonnegative integer. We justify rigorously the Isobe-Kakinuma model as a higher order
shallow water approximation in the strongly nonlinear regime by giving an error estimate
between the solutions of the Isobe-Kakinuma model and of the full water wave problem in
terms of the small nondimensional parameter ¢, which is the ratio of the mean depth to the
typical wavelength. It turns out that the error is of order O(§*¥+2) in the case of the flat
bottom and of order O(5*N/21+2) in the case of variable bottoms.

1 Introduction

In this paper we consider the motion of a water filled in (n 4 1)-dimensional Euclidean space
together with the water surface. The water wave problem is mathematically formulated as a
free boundary problem for an irrotational flow of an inviscid and incompressible fluid under

the gravitational field. Let ¢ be the time, x = (x1,...,z,) the horizontal spatial coordinates,
and z the vertical spatial coordinate. We assume that the water surface and the bottom are
represented as z = n(z,t) and z = —h + b(z), respectively, where n = n(x,t) is the surface

elevation, h is the mean depth, and b = b(x) represents the bottom topography. As was shown
by J. C. Luke [I7], the water wave problem has a variational structure. His Lagrangian density
is of the form

n(,t)

(11) D%Luke(q)777) = /

<8t<1>(x, z,t) + 1|VX<I>(:17, 2,0 + gz> dz,
—h+b(z) 2

where ® = ®(z, 2,t) is the velocity potential, Vx = (V,0,) = (0zy,-..,04,,0:), and g is the
gravitational constant. He showed that the corresponding Fuler-Lagrange equation is exactly
the basic equations for water waves. Concerning the water wave problem, we refer to H. Lamb
[13], J. J. Stoker [22], and D. Lannes [15].

M. Isobe [8,[9] and T. Kakinuma [10, 11, 12] approximated the velocity potential ® in Luke’s
Lagrangian by

N
QP (z,2,8) = Y Wi(2;b)¢y(, 1),

i=0
where {¥;} is an appropriate function system in the vertical coordinate z and may depend on the
bottom topography b and (¢, ¢1,...,¢n) are unknown variables, and derived an approximate
Lagrangian density -Z***(¢g, @1, .., N, 1) = Lluke(P*?,n). The Isobe-Kakinuma model is the
corresponding Euler—Lagrange equation for the approximated Lagrangian. We have to choose
the function system {W;} carefully in order that the Isobe-Kakinuma model would be a good
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approximation for the full water wave problem. One of the choices is obtained by the bases of a
Taylor series of the velocity potential ®(x, z,t) with respect to the vertical spatial coordinate z
around the bottom. Such an expansion has been already used by J. Boussinesq [2] in the case
of the flat bottom. From this point of view, one of the natural choices of the function system is
given by

Wy(:b) = (z + h)% in the case of the flat bottom,
Sl (24 h —b(z))" in the case of the variable bottom.

Here we note that the later choice is valid also for the case of the flat bottom. However, it turns
out that the terms of odd degree do not play any important role in such a case so that the
former choice economizes the computational resources in the numerical computations. In this
paper, to treat the both cases at the same time, we adopt the approximation

N

(1.2) (2, 2,8) = Y (2 + b — b(x))P ¢i(x, 1),

1=0

where pg,p1,...,pN are nonnegative integers satisfying 0 = pg < p1 < --- < py. Then, the
corresponding Isobe-Kakinuma model has the form

7

N
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for ¢=0,1,...,N,

2 N 2
+ < ijpa'—lqu) } =0,
j=0

where H = H(z,t) = h+ n(z,t) — b(x) is the depth of the water. Here and in what follows we
use the notational convention 0/0 = 0. This is the Isobe-Kakinuma model that we are going to
consider in this paper. This system consists of (N + 1) evolution equations for 1 and only one
evolution equation for (N + 1) unknowns (¢g, ¢1,...,¢n), so that this is a overdetermined and
underdetermined composite system. For more details to this model, we refer R. Nemoto and T.
Iguchi [21].

One of the interesting features of the model is its linear dispersion relation. Let crx(§) and
ceww (€) be the phase speed of the plane wave solution related to the wave vector £ € R™ of the
linearized Isobe-Kakinuma model and the linearized water wave problem around the rest state
in the case of the flat bottom, respectively. Then, under the choice p; = 2i, (crx (€))? becomes
[2N/2N] Padé approximant of (cyw (€))%, More precisely, it holds that

‘(CWW(&))z B (CIK(€)>2
Vgh Vgh
with a positive constant C' depending only on N. Under the choice p; = i, we do not have such
a beautiful result as above, but we still have following nice estimate

'<CWL\/Q_}(1£)>2 a <CIK7\/£>2‘ < C(hle|)HIN/A+2,

al 1
> HPi0i6; + gn + 5{

\ j=0

N
D (HPIV 6 — piHP ;WD)
j=0

< C(hjg))*™




For the details, we refer to R. Nemoto and T. Iguchi [21I]. Since h|| is essentially the ratio of
the mean depth to the wave length, these estimates anticipate that the Isobe-Kakinuma model
would be an approximation to the full water wave problem with an error of order O(6*¥*2) in
the case of the flat bottom with the choice p; = 2i, and of order O(§*N/242) in the case of
variable bottoms with the choice p; = 7, where § is a nondimensional parameter defined as the
aspect ratio. In this paper, we will show that this is correct even for the nonlinear problem
with variable bottoms. In a particular case, that is, in the case N = 1 and p; = 2 with the flat
bottom, this was shown by T. Iguchi [7]. Therefore, this paper is a generalization of his results.

In order to compare this Isobe-Kakinuma model with the full water wave problem more
precisely in the shallow water regime, we need to rewrite (I3]) in an appropriate nondimensional
form. Let A be the typical wave length and introduce a nondimensional parameter ¢ by the
aspect ratio § = h/A, which measures the shallowness of the water. We rescale the independent
and the dependent variables by

A M gh
r=A¢, z=hz, t=—t, n=hn, o¢;= Mf

Vgh
Here we note that these rescaling of dependent variables are related to the strongly nonlinear
regime of the wave. Plugging these into (L3]) and dropping the tilde sign in the notation we
obtain the Isobe-Kakinuma model in the nondimensional form. It follows directly from the
equations that if the solution and its derivatives are uniformly bounded with respect to the
small parameter d, then ¢; is of order O(d) in the case where p; is an odd integer. Therefore, it
is more convenient to rescale ¢; again by

Pi-

¢ = P22,

where [p;/2] is the integer part of p;/2. Note that p; — 2[p;/2] = 0 if p; is even, = 1 if p; is odd.
Then, the Isobe-Kakinuma model in nondimensional form has the form

N
) . 1 . joh .
HPigm+ Y 520 [pg/2}){v, <7sz+pj+lv Y pgpitp; -Vb)
i JZ:% pitpj+1 % Pi +pj %
pi ey Dipj i+pi—1(5—
———HPItPIVY . Vo, — ——L— HPPiT (572 4 |Vb[? } =0
+pi+pj b; pitp—1 (677 + VD7) 9;
(1.4) for i=0,1,...,N,
N 11 2
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N 2
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where H = H(z,t) = 1+ n(x,t) + b(z). We consider the initial value problem to this Isobe-
Kakinuma model ([L4]) under the initial conditions

(15) (777(2507"'7(25]\[) :(7](0)7¢0(0)7“’7¢N(0)) at t=0.

Solvability of the initial value problem (I.4])-(LE5]) was first given by Y. Murakami and T. Iguchi
[20] in a particular case and then by R. Nemoto and T. Iguchi [21I] in the general case under
physically reasonable conditions on the initial data.



On the other hand, the initial value problem to the full water wave problem in Zakharov—
Craig—Sulem formulation in the nondimensional form is written as

8t77 - A(% ba 5)¢ =0,

(1.6) Lo oMn0b0)¢+Vn Vo)
00+ + 5Vl - g RIS Sl =0,
(1.7) (n,¢) = (Noy: ¢0))  at t=0,

where ¢ = ¢(x,t) is the trace of the velocity potential ® on the water surface, that is, ¢(z,t) =
®(x,n(x,t),t) and A(n,b,d) is the Dirichlet-to-Neumann map for Laplace’s equation. More
precisely, the linear operator A(n,b,) depending nonlinearly on the surface elevation 7, the
bottom topography b, and the parameter ¢ is defined by

(1'8) A(% b, 5)¢ = (5_2azq> - Vn- V(I))|z:77(m,t)y

where ® is a unique solution to the boundary value problem for Laplace’s equation
AP+ 572020 =0 in —1+b(x) <z<n(z,t),

(1.9) d=q on z=n(z,t),

6720, —Vb-V® =0 on z=—1+b(x).

For the details of this formulation to the water wave problem, we refer to V. E. Zakharov [23],
W. Craig and C. Sulem [3], and D. Lannes [I5]. In this paper we will give an error estimate
between the solutions of the initial value problems to the Isobe-Kakinuma model (L4)—(L5)
and to the full water wave problem (L.6)—(L7]) under appropriate conditions on the initial data.

There are huge literatures devoted to modelization for the full water wave problem and many
approximate models were proposed and analyzed, especially, in weekly nonlinear regimes. Even
in the strongly nonlinear regime, there are several model equations. Among them, the most
famous model is the shallow water equations, which is also called Saint-Venant equations. The
equations in the full water wave problem (L6) can be expanded with respect to 62 and the
shallow water equations are derived in the limit 4 — +0, so that the shallow water equations
are the approximation of the full water wave problem with an error O(§2). This approximation
of the equations leads to the approximation of the solution in the same order of the error as

‘nWW(x7t) - nsw(x7t)’ S/ 62

on some time interval independent of §, where nW'%W and n°"V are the solutions to the full water
wave problem and to the shallow water equations, respectively. The other famous model in
the strongly nonlinear regime is the Green—Naghdi equations, which are derived by introducing
the vertically averaged horizontal velocity field and by retaining the terms of order 62 in the
expansion of the equations. Therefore, the Green—Naghdi equations are the approximation of
the full water wave problem with an error O(6*). This approximation of the equations leads
again to the approximation of the solution in the same order of the error as

|77WW(1L"715) - nGN(x7t)| 5 54

on some time interval independent of 4, where 1N is a solution to the Green—Naghdi equations.
Concerning these and related results, we refer to Y. A. Li [I6], T. Iguchi [5, [6], B. Alvarez-
Samaniego and D. Lannes [I], and H. Fujiwara and T. Iguchi [4].

Compared to these approximations, the Isobe-Kakinuma model (L4]) is not the approxima-
tion of the equations so that it is not straight forward to derive a precise error estimate, even in
the formal level. To analyze the shallow water approximation, we will further restrict ourselves
to the following two cases:



(H1) p; =2i (i=0,1,...,N) with the flat bottom, that is, b(z) =0
(H2) p; =i (i =0,1,...,N) with general bottom topographies

We rewrite the approximation (L2]) in the nondimensional form as

N
(1.10) O (2, 2,0) = > XTI (21— b())Pigy (1),
=0

while as was shown by J. Boussinesq [2], in the case of the flat bottom (which corresponds to
the case (H1)) the velocity potential ® which satisfies the boundary value problem (L9) can be
expanded in a Taylor series as

= o (—=A)ipg(z,t
O(x,2,t) = ;52 (z 4 1)? %,

where ¢q is the trace of the velocity potential ® on the bottom. Although ¢; is not equal to

ﬁ(—A)igbo, we may regard (LI0) to an approximation with an error of order O(52V+2) in

the case (H1) and of order O(§2V/21%2) in the case (H2). Therefore, one may expect that the
Isobe-Kakinuma model would be an approximation with an error of these orders. However,
surprisingly we shall see in this paper that the precise error is much smaller than these orders
and is given by

§AN+2 in the case (H1)
111 () =™ (@, )] S 7
(1.11) [ (. t) = (2, 1) {54[]\’/2“2 in the case (H2),

as was expected by the analysis of linear dispersion relations, where n'® is the solution of the
Isobe-Kakinuma model. As mentioned before, in the case N = 1 and p; = 2 with flat bottom,
this error estimate was shown by T. Iguchi [7].

As another higher order shallow water approximation in the strongly nonlinear regime, ex-
tended Green-Naghdi equations were proposed by Y. Matsuno [I8, 19]. His 6>V model is an
approximation of the full water wave equations with an error of order §*V*+2 and contains
(2N + 1)th order derivative terms. As is well known, higher order derivative terms are trou-
blesome in a numerical computation. Moreover, it is not so easy to write down explicitly the
extended Green—Naghdi equations for large N. We remark also that until now there is no rig-
orous justification of his 62V model in the sense of approximation of the solutions as mentioned
above. Compared to this model, the Isobe-Kakinuma model does not contain any higher order
derivative terms. This is one of strong advantages of the Isobe-Kakinuma model.

The contents of this paper are as follows. In Section 2] we present our main results in this
paper, that is, an existence of the solution of the initial value problem to the Isobe-Kakinuma
model (L4)—(L5]) on some time interval independent of the parameter ¢ € (0, 1], the consistency
of the Isobe-Kakinuma model with the water wave equations ([.@]), and the rigorous justification
of the model by establishing an error estimate of the solutions such as (LII]). In Section B we
derive estimates for the time derivatives of the solution to (IL4]) and related partial differential
operators of elliptic type with particular care on the dependence on the parameter d. Since the
hypersurface t = 0 in the space-time R™ x R is characteristic for the Isobe-Kakinuma model,
these estimations are not straightforward. In Section [4 we prove the existence of the solution
to (L4)—(LEH) on some time interval independent of d. Here, we do not need the special choice
of the indices p;. In Section B, under the additional conditions (H1) or (H2) we prove uniform



boundedness of the solution to (L4]) and its derivatives. In Sections [6H8 we prove a consistency
of the Isobe—Kakinuma model with the water wave equations. One of the key elements for
obtaining the precise error estimates is to introduce a modified approximate velocity potential
5“’", which approximates the velocity potential ® for the full water wave problem with an error
of the order indicated in (I.II)). The approximation ®*** does not possess such a nice property.
In Section [ we derive an error estimate between the solutions to the Isobe—Kakinuma model
and to the water wave equations by using the stability of the water wave equations.
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2 Main results

Notation. We denote by W™P(R") the LP Sobolev space of order m on R"™. The norms of the
Sobolev space H™ = W™?2(R") and of a Banach space B are denoted by || - ||, and by || - ||z,
respectively. The L?norm and the L?-inner product are simply denoted by | - || and (-,-) 2,
respectively. We put 0y = 9/0t, 0; = 0/0x;, and 0, = 0/0z. [P,Q] = PQ — QP denotes the
commutator. We put J = (1 — A)Y/2 and Js = (1 — §2A)"/2. [a] denotes the integer part of the
real number a and a; V az = max{ai, az}. We denote the Kronecker delta by d;;, that is, 6;; =1
if i = j and d;; = 0 if ¢ # j. We fix ty > n/2, which satisfies t) — n/2 < 1 if necessary. For a
matrix A we denote by AT the transpose of A. For a vector ¢ = (¢g, ¢1,...,¢6n)" we denote
the last N components by ¢’ = (¢1,. .. ,(bN)T. We use the notational convention 0/0 = 0. We
denote by C(a1,as,...) a positive constant depending on aj,as,.... f < g means that there
exists a non-essential positive constant C' such that f < C'g holds.

To state our main results it is convenient to introduce rescaled variables ¢5 = (qﬁg, cen (b?V)T
by

(2.1) @) = §2wi=[pi/2) g,

fori =0,1,...,N. Then, the Isobe-Kakinuma model (I.4]) is written in these rescaled variables
as
(2.2)

( N

1

HPom + ) {V- <7Hpi+1’j+1v¢‘? — L pgpiteig) Vb)
U pitpi+1 7 pz+] 7

DL prieteigp.vgd — — PP pectei=1(572 4 |y 2 ¢5} —0
p+p] % - pit+p;—1 ( IVEF)e;
for i=0,1,...

N,
o )

N 2

(HPIV ¢S — p HP ' ¢IVD)

N
ST HPO 4+ {

\ j=0

=0

We denote the corresponding initial data by ¢‘($0) = (qﬁg(o), e ¢§V(o))T with

(2.3) ¢?(0) — 52(Pi—[pi/2])¢i(0)



for i = 0,1,...,N and put ¢%) = ((b‘l;(o),...,(b?wo))T, where @) = (¢0(0)7"'7¢N(0))T is the
initial data for the original variables ¢ = (¢, ...,¢n)" in (LH).

As explained in the previous section, the Isobe-Kakinuma model (2.2]) is a overdetermined
and underdetermined composite system and we have (N + 1) evolution equations for only one
unknown 7, so that the initial value problem (L4)—(LE]) is not solvable in general. In fact, if
the problem has a solution (7, ¢, ..., ¢n), then by eliminating the time derivative dyn from the
evolution equations we see that the solution has to satisfy the relations

N
1 Di .
V- HPitly ¢ — 2L fpi ‘?Vb>
Z (Ih"‘l % pj %

Hp
7=0
N
2.4 — HPitpritlyggd — L) pgpitp; 5Vb>
24 Z{ (pz+pj+1 95~ Z+ Dj ¢

DiDj 1 e
T Di +p] tp Vb V¢J Di +pj]_ 1];[102—"_10J 1(5 : * ’Vb’2)¢§}

for i = 1,..., N. Therefore, as a necessary condition the initial date (77(0), q’)(o)) and the bottom
topography b have to satisfy the relation (2.4]) for the existence of the solution.

Another important condition on the well-posedness of the Isobe-Kakinuma model is related
to a generalized Rayleigh—Taylor sign condition for water wave problem and states the positivity
of the function a defined by

N
(25) a=1+)Y pHY 0,0
j=1

N
u- Z(p HPTI 8 — pj(p; — 1) HPI %) Vb) + pr] — 1) HP2g0.
Jj=1 Jj=1
For the details of this function a, we refer to R. Nemoto and T. Iguchi [21].
The following theorem is one of the main results in this paper and asserts the existence of

the solution to the initial value problem (L4)—(LHl) on a time interval independent of the small
parameter ¢ with a uniform bounds of the solution (1, ¢°) in the rescaled variables.

Theorem 2.1 Let ¢y, My be positive constants and m an integer such that m > n/2+ 1. There
exist a time Ty > 0 and a constant M such that for any ¢ € (0,1] if the initial data (1), (b‘go))
and b satisfy the relation (Z4) and

26 {umm,w?o))nm 5718l + [Bllmsroe < Mo,

L4 nq)(x) = b(x) > co, a(x,0)>cy  for zeR,

then the initial value problem (L4)—([LE) has a unique solution (n,dg,...,dn) on the time in-
terval [0,T1]. Moreover, the solution satisfies the uniform bound:

1)l + 1V ()l + 5% ()l + 5 2(1¢% (8) llm—1
O lm—1 + 10:6° () lm + 6~ 0:0” ()llm—1 + 52101 (1) |2
1020 () m—2 + 107" ) lm-1 + 6107 % (t) -2 < M,

14+ n(z,t) —b(x) >co/2, alz,t)>co/2 for zeR™0<t<Th,

(2.7)



where ¢° = (@0, ..., (b?V)T are the rescaled variables defnied by (2.1)) and % = (49, .. ,(b‘];V)T.
Furthermore, if we assume in addition that (H1) or (H2), then we have the uniform bound:

165 () [lm—2j+1 < M in the case (H1),
195 (Ollm—21j+1)/2141 < M in the case (H2)

fori=1,...,N and 0 <t <1Tj.

We proceed to show that the Isobe-Kakinuma model (L4]) is consistent with the water wave
equations (LB) at order O(6*¥+2) in the case (H1) and at order O(6*N/2+2) in the case (H2).
In view of the facts that the unknown ¢ in Zakharov—Craig—Sulem formulation is the trace of
the velocity potential ® on the water surface and that the unknowns ¢ = (¢o,...,¢n)" for
Isobe-Kakinuma model appear in the approximation (LI0) of ®, these variables are related
approximately by the formula

N N
(2.8) ¢ = Z Hpi(zﬁ? = Z 52(pi_[Pi/2])Hpi¢i.

=0 i=0

Theorem 2.2 In addition to hypothesis of Theorem [21] we assume that (H1) or (H2) and that
m > 4AN+2 and m > n/2+2N+2 in the case (H1), m > 4[N/2|+2+dn1 and m > n/2+2[N/2]+2
in the case (H2). Let (n,¢0,...,0N) be the solution obtained in Theorem [21] and define ¢ by
238). Then, (n,¢) satisfy the water wave equations approximately as

atn - A(Tla b7 5)¢ =1,

(2.9) Loy 52 A:0.0)¢+ V- Vo)*
0 1+ 5|Volt — g D S SO e,
Here, (v1,v2) satisfy
(2.10) [(v1 (), 2 () a1y < CHNH2 in the case (H1),
' [(e1(2)s e2(E) lm—avyzg 1) < CEHVAF2Z i the case (H2),

where C' is a positive constant independent of § € (0,1] and t € [0,T1].

The above theorem concerns the approximation of the equations. Next, we will be concerned
with the approximation of the solution to give a rigorous justification of the Isobe-Kakinuma
model. Here we recall the existence theorem for the initial value problem to the water wave
equations (LO)—(LT) obtained by T. Iguchi [5] and B. Alvarez-Samaniego and D. Lannes [I].
See also D. Lannes [15].

Theorem 2.3 Let ¢y, My > 0 and m > n/2 + 1. There exist a time To > 0 and constants
C, 6+ > 0 such that for any 6 € (0, d2] if the initial data (0, P(0)) satisfy

70y lm+3+1/2 + [IVO(0) lm+3 < Mo,
L+ney(z) >co  for z€R",

then the initial value problem (LO)-([L7) has a unique solution (n, ) on the time interval [0, T3].
Moreover, the solution satisfies the uniform bound:

1) lm+3 + IV E@) lmr2 + 00 (E) [ m+2 + 10:p(E) [[ms2 < C,
1+ n(x,t) > c/2, for xeR" 0<t<T.



Remark 2.4 In the above theorem the constant d, is small. As in the case of Theorem 2.1] we
can reduce the restriction 0 < § < d; to 0 < § < 1, if we impose the sign condition a™WV(z,0) > ¢
on the initial data, where a"WV = 14 §20,Z 4 §%v - VZ with

Z = (1+8Vnl*)" (A(n, 0)¢ + Vi - Vo),

v=Vo¢—52ZVn.

In order that the solution to the Isobe-Kakinuma model (.3)—(L5) approximates the so-
lution to the water wave problem (LO)—(L7), we need to prepare the initial data ¢(($0) for the
Isobe-Kakinuma model appropriately in terms of the initial data 7y and ¢ for the water
wave equations. As a matter of fact, the necessary conditions (24)) and the approximate rela-
tion (2:8) between ¢ and ¢° determine uniquely the initial data ‘15((50) from (1(0), (o)), and b as
guaranteed by Lemma [B.4] in the Section [l Moreover, it follows from Lemma [4.4] in Section [4]
that ||a(-,0) —1||,,—1 < C¢ with a constant independent of §. Therefore, by taking d, sufficiently
small if necessary, we have a(z,0) > 1/2, so that the conditions (2.6]) in Theorem 2] will be
satisfied and we can construct the solution to the Isobe-Kakinuma model. The next theorem

gives a rigorous justification of the Isobe-Kakinuma model for the water wave problem as a
higher order shallow water approximation.

Theorem 2.5 Let cq, My be positive constants and m an integer such that m > n/2+1, suppose
that (H1) or (H2) holds, and put T, = min{Ty,T5}, where Ty and Ty are those in Theorems 2.1
and 23l Suppose also that 0 < § < 6« and the initial data (1), ¢(0)) and b satisfy

Im0)llm+an+s + Vo) lmt+an+7 < Mo in the case (H1),
(2.11) ”77(0)HW+4[N/2}+8 + |’V¢(O)Hm+4[N/2}+7 + ”bHWm+4[N/2]+8,oo < My in the case (H2),
L+ n@y(z) —b(z) > co for x € R™

Then, (Z4) and (Z8)) determine uniquely the initial data ¢((50) to the Isobe-Kakinuma model.
Let (WY, ¢"Y) be the solution to the initial value problem (LO)—~(LT)) obtained in Theorem [2.3
and (%, %) the solution to the initial value problem (22)-Z3) obtained in Theorem 21, and
define " by ([2.8)). Then, for any § € (0,d,] and t € [0,T,] we have

CyN+2 in the case (H1)
2.12 W) = () [tz + 8V () — @) lmae < ’
12) 110 7 Ollnz + 1670 — Dl {CW/QHQ .,

where C' is a positive constant independent of § and t.

Remark 2.6 The error estimate (2.12]) together with the Sobolev imbedding theorem implies
the pointwise error estimate ((ILIT).

We will give the proof of Theorems 2.1l 2.2 and 2.5in Sections dH5] BHS] and [ respectively.

3 Estimate of the time derivate and related operators

One of the difficulties for the analysis of the Isobe-Kakinuma model (I4) (equivalently (2.2]))
lies in the fact that the hypersurface ¢ = 0 in the space-time R"™ x R is characteristic for the
model. In fact, the evolution equation for ¢° = (qbg, e ,qb‘];\,)T is underdetermined so that we
cannot express the time derivative 8t¢5 in terms of the spatial derivatives directly from the



equation. Nevertheless, we can express it implicitly along with the calculations in R. Nemoto
and T. Iguchi [2I]. Since we need to trace carefully the dependence of the small parameter 9,
we outline them.

We introduce second order differential operators L;; = L;;(H,b,9) (i,j =0,1,...) depending
on the water depth H, the bottom topography b, and the parameter § by

(3.1) Lijihj = =V < Yy, - #Hp”pj%'vb)

pit+p;+1 Di + pj

i D PiDj i+pi—1/5—2 2
— L _HPITPIh . Vi + ——L_ [PiAPi—L(§72 4 |Vb|?)ep;.
i + pj I pi+pj—1 ( IVOI) Y5

Then, we have L}; = Lj;, where L}; is the adjoint operator of L;; in L?(R™). We introduce also
the functions v and w by

N N
(3.2) w=Y (H'V¢! — pHP '¢IVb), w=05"2) pH" "¢,
=0 i=1

Since u = (V®*P)|,_, and §?w = (9,9*?)|,—,, where " is the approximate velocity potential
defined by (I.I0), w and §%w represent approximately the horizontal and the vertical components
of the velocity field on the water surface, respectively. We note that both w and w would be
expected of order O(1). Then, the Isobe-Kakinuma model (I.4]) and the necessary conditions
[24]) can be written simply as

N
HP9m— Y Liy¢) =0  for i=0,1,...,N,

(3.3) N =0 ,
ZHpjatQS? +n+ §(|’U/|2 + 52102) =0
§=0
and
N
(3.4) > (Lij— HPLoj)¢§ =0 for i=1,...,N,
=0

respectively. In view of these equations we introduce also linear operators .&; = % (H,b,J)
(¢=0,1,...,N) depending on the water depth H, the bottom topography b, and the parameter
§, and acting on ¢ = (o, ...,on)" by

N N

(3.5) Lop=> HYg;,  Lp=)Y (Ly—H'Ly)p; for i=1,...,N,
j=0 §=0

and put

(3.6) Lo = (Lo, ..., Lno)".

Then, the necessary conditions (3.4)) have the simple form

(3.7) L@’ =0 for i=1,...,N.

10



We note that the operators % for i = 1,..., N can be written explicitly as

N
1 1
3.8 Lip=> - — HPAPitt A,
(9 ’ j:O{ <pi+pj+1 pj+1> &

bj by i+Dj
(B B greniy (o, 00
(wm pj) (0 Vb)

bi i+p; bip;j i+pj—1(5—2 2
— ———HP"PiVb -V + ——L—HPFPi7 (572 4 |V }

and that they do not include the term VH. Therefore, differentiating (B8.7)) with respect to the
time t and using the first equation in (3.3 with ¢ = 0 to eliminate dyn, we obtain

(3.9) Lo =F  for i=1,....N,
where
P N

_ AP &0
@10) () ) 3 e
fori=1,...,N. We note that F; does not contain any time derivatives. Then, it follows from
(B3) and the second equation in (B3] that
(3.11) L0,¢° =F,

where F = (Fp,..., Fx)" and
1
(3.12) Fy=—n— 5(\uy? + 6%w?).

Therefore, the time derivative of ¢6 can be represented implicitly in terms of the spatial deriva-
tives by 8,¢° = £~ 'F.
To investigate the operator .# !, assuming F' to be a given function we consider the equation

(3.13) Yo =F.

Let ¢ be a solution of this equation. It follows from the first component of ([B.I3]) that

N

(3.14) o = Fp — ZHijDj-
=1

Plugging this into the other components of [B.I3]) we obtain
(3.15) PZ'(,O/:FZ'—(LZ'()—HMLOQ)FQ for i= 1,...,N,

where ¢’ = (¢1,...,on)T and P; = P;j(H,b,8) (j = 1,...,N) are second order differential
operators defined by

N
(3.16) Py = Z{(Lij — HP Loj)pj — (Lio — HP" Loo) (H ;) }.
=1

We further introduce the operator Py’ = (Pi¢/, ..., Py¢’)T. Since L}; = Lji, we see easily that
P is symmetric in L?(R"). Moreover, we have the following lemma.

11



Lemma 3.1 Let ¢y, c; be positive constants. There exists a positive constant C = C(cg,c1)
depending only on ¢y and ¢ such that if H,Vb € L*(R"™) satisfy H(z) > ¢o and |Vb(z)| < ¢1,
then for any ¢ € (0, 1] we have

(P, @)z 2 CTHIIVE'|* +872l¢)1%).
Proof. Introducing ¢y = — z;vzl HPip;, we have
N

(Pe', @2 = > (Lijpj, 0i)r2
i,j=0

H 2 N 2
= / da;/ { 4672 <Zp,~zpi_1<p,~> }dz,
mJo i=0

which gives the desired estimate. For the details, we refer to R. Nemoto and T. Iguchi [21]. O

N
> (Vs — pi? T i V)
1=0

Once we obtain such a coercive estimate, by the standard theory of elliptic partial differential
equations, we can obtain the following lemma.

Lemma 3.2 Let co, M be positive constants and m an integer such that m > n/2 + 1. There
exists a positive constant C = C(cy, M, m) such that if n and b satisfy

m + [[b][yrm.e < M,
(317) { [l + Nellwme <

co < H(z) =1+n(z) —bx) for zeR™,
then for k=0,+1,...,£(m — 1) and 6 € (0,1] we have
(3.18) | TP G || < C8*| TG .

Remark 3.3 For the estimation to the time derivate 8t¢5, it is sufficient to show the above
estimate (B.I8]) in the Sobolev space with nonnegative indices. However, the estimate with
negative indices plays an important role in deriving an error estimate between the solutions to
the Isobe-Kakinuma model and to the full water wave problem.

Proof. Put ¢’ = P71G’. Noting that ||V¢'||>+672||¢’||? is equivalent to §~2||J5¢’||? uniformly
with respect to ¢ € (0, 1], we see by Lemma [B.T] that

175¢'|I* < 0% (P’ )2 = 8%(G, @) 2 < 8% 5 G| 5

which yields the estimate ([B.I8]) in the case k = 0.
Let 1 < k < m —1 and « be a multi-index such that || < k. Applying the differential
operator 9 to the equation Py’ = G’, we have Pd%p' = 0°G’ — [0%, P]¢’, so that

1750%@'|| < 8* (175 0G|l + |1J5 0%, Ple'll)-

We evaluate the commutator [0%, P] by writing down explicitly the operator P. Let ty > n/2
and remember the standard commutator estimate

u al,00 ||V _
|Haa7u]v”§{u ”W\ \ ” ”\a| 15

Hu”\a|vto+1”v”\a|—l-

12



By expanding the commutator [0% ulv = 9%(uv) — ud®v, evaluating each terms separately,
and using the calculus inequalities [[uv|[x < [[wlljkjveo lulle and fluv|lr < llullyyir.e|lv]lx for any
integers k, we also have [|[0% uv|| S |[ull|ajv, V]l and

u — v —
||[aa,u],UH_1 < H HW\&\ 1\/1’00” ||\a| 1
el —1vivee v lljag-1-

In the following, we use these calculus inequalities without any comment. We also note that
we need to handle a smooth function f(H) of H =1+ n —b. Under the conditions in (B.I7),
f(H) does not belong to H™ nor W in general. However, we can decompose it as f(H) =
f(1 —b) + fi(n,b)n with a smooth function fi, and the first term belongs to W™ and the
second one to H™. We will also use this fact without any comment. Noting

(3.19) Ol J5  Vul < lulls oI5 all < flull—1, (195 ull < ),
and using the above calculus inequalities, we see that
3151 10% Pl S 51V k-1 + 19 1—1 S 15" [Ir—1,

so that || Js¢' ||k S 62|75 'G ||k + || Js¢'||k—1, which yields the estimate (3.I8) for positive k by
induction on k.

The estimate for negative k£ comes from the standard duality argument. We note that the
operator P is symmetric in L?(R™) so is P~!. Let 1 < k' < m. Then, we see that

(JsP7 G F) 2| = |(J5 "G Js P s F ) 2| < |5 G || —pe || Js P~ TS5 F |
S NI G w5 (s F )l = 6115 G| a1 F |l
which gives || JsP71G’||_ < 6%||J5 'G’||_is. This gives the estimate (3.I8) for negative k. O

Thanks of Lemma [3:2] a unique existence of the solution ¢ to ([B.13)) is guaranteed in appro-
priate function spaces. Concerning estimates of the solution, we have the following lemma.

Lemma 3.4 Let co, M be positive constants and m an integer such that m > n/2 + 1. There
exists a positive constant C = C(co, M,m) such that if n and b satisfy the conditions in ([3.17)
and if ¢ is a solution of B.I3), then for k=0,%1,...,£(m —1) and 6 € (0,1] we have

520 {nwonk + 675! i < CUITFoll + 81175 F ),

lellisr < CUFoller1 + 0l T3 F k),

where F' = (Fy,...,Fy)T.
If, in addition, Fy = 0, then we have

(3:21) llle < CO*|| F'|x.
Proof. Since ¢’ satisfy ([B.I5), it follows from Lemma 3.2 that
N
15 le < 02115 'l + > 6175 " (Lio — HP Loo) Fol |-
i=1
Here, by writing down the operator Ly — HPi Lgg explicitly and noting ([B.I9]), we have

&% || I (Lio — HP' Loo) Follx S 6|V Follk,

13



so that || Js¢'||x < 62| J5 ' F'|lx + 0|V Fo|lx. Now, we estimate ¢g by using (B.I4) and obtain
IVeolle S IVEllk + 1|1 1lke1 S IIVFollk + 67| Js¢'||k- Therefore, we obtain the first estimate
in (320). Similarly, by (3I4) we also have ||ollss1 < |1 Follerr + 67 s’ |x- In view of
lullka1 < 071 ||Jsul|x, we obtain the second estimate in (320).

If Fy = 0, then it follows from the first estimate in [B.20) that ||@'|lx < ||[Js¢@|lx <

82| I F/ || < 02| F'||g. This together with (3.14) gives the estimate for ¢o. O

Now, we are ready to give an estimate for the time derivative 9;¢°. We introduce a mathe-
matical energy E,,(t) by

(3.22) En(t) = [In@®)|Z, + IV )17 + 6 210" (®)I2,
where ¢ = (¢9,...,¢%)".

Lemma 3.5 Let ¢y, M be positive constants and m an integer such that m > n/2+1. There ex-
ists a positive constant C' = C(co, M, m) such that if (1, ¢°) is a solution to the Isobe-Kakinuma

model ([22) satisfying

(3.23) Em (t) + [|bllwm+1.00 < M,
| co < H(z,t) =1+n(z,t) —blz) for z€R", 0<t<T,

then we have |0 (t)|12,_1 + [10:0° () |I2, + 672(10:0% (t)|12,_1 < CEp(t) for0 <t <T.

Proof. We remind that u and w were defined by (3.2), so that we easily have ||ul|?, +
8%||w||?, < Em(t). We remind also that d;¢° satisfies (BIT) where Fy and F' = (Fy,..., Fy)T
are defined by (B.I2]) and (BI0), respectively. By using the explicit expressions, we see that
HF()an + 02(|F'||2, < Ep(t). Therefore, applying the second estimate in Lemma [3.4] and noting
|75 ulls < |jullx we obtain [|9;¢°]|2, < [|Foli2, + 62|F'||2,_1 < Em(t). On the other hand,
applying the first estimate in LemmaBZI and noting ||ul|x < HJguH 1 we obtain §—2(|9;¢”||2
IVFE,_ +PIF2,, S
in 22) withi=0. O

mIN

< Ep,(t). The estimate for 9;n follows directly from the first equation

4 Uniform estimate of the solution 1

In this section we will prove the first half of Theorem 211, that is, the existence of the solution
on a time interval independent of § € (0, 1] and a uniform bound (2.6]) to the rescaled variables
(n, °) by using an energy method.

Let a be a multi-index satisfying 1 < |a] < m. Applying 0% to the Isobe-Kakinuma model
[22), after a tedious but straightforward calculation, we obtain

N
HP (0 +w-V)0™n) = Y Lij(0°¢5) = —fia for i=0,1,...,N,
(4.1) j=0

N
S THP((0y + - V) B)) + ad®n = fniia;
7=0

14



where

(4.2)  fia=[0% H"0m+ (V- (HP'u))0%n

N
1
+ Z{V - { <[a“, S HPH) (3“77)> v
= pi+pj+1

+ <[3a g, VOl - ijpi+pj_l(Vb)(aan)> ¢§-}

+ o, HP1avb) - Vgl — — PP __[ge geitni=1(572 4 |wp)? 5},
e et (572 + VB,
N
(4.3) Inita == (107 HP] = p HP 7 (0%) ) 00
j=1

- 1(aa(yu\?) —2u- %) — %52(8“(11)2) — 2wd%w)
—u Z{ (167, 17) = p; 71 (6%m) ) V!

— ([0, HP 71 (VB)] = (p; = DHP2(V0)(0%n) ) ¢4 |
—w- ipj([aa,mf—w ~(py — DHY(@"n) 6],

i=1

and a is related to a generalized Rayleigh—Taylor sign condition and is given by

N
(4.4) a=1+ ijHpj_latﬁb?

j—l
N
+u Z(p PTG — py(p; — DHP6V0) 1wy py(p — DH 6
Jj=1 j=1

We can rewrite (4.I]) in a matrix form as

(4. (5 o) arwwir ()« (5 %) (3)= ("),

where fo, = (foas---» fva)’s L= (Lijlo<ij<n, and
(4.6) l=1(H)=(H™,... H)T
Since Lj; = Lj;, the matrix operator L acting on ¢ = (o, ... ,on) T is symmetric in L2(R™).

Moreover, we have already shown the positivity of L in the proof of Lemma [B.1] that is, we have
the following lemma.

Lemma 4.1 Let ¢1,Cy be positive constants. There exists a positive constant C = C(c1,Cy)
such that if H,Vb € L®(R") satisfy Cy* < H(z) < Cy and |[Vb(x)| < c1, then for any § € (0,1]
we have

CHIVel? +6721¢'I1%) < (Lo, )2 < C(IVel? + 62 1¢'[1%)

where (P, = ((1017' e 7(10N)T'
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By making use of this nice structure of the equations, we derive an energy estimate which
leads uniform bound of the solution in the rescaled variables. Before carrying out the estimate,
we need to show that an appropriate norm of the right-hand side of (£5]) would be evaluated
by our energy function FE,,(t) uniformly with respect to § € (0,1]. However, it contains a
term 5_2[8",Hpi+pj_l]¢§-, which cannot be estimated directly because of the coefficient 2.
Nevertheless, thanks of the commutator we can gain a regularity of order one. Using this fact
and the necessary conditions (B.4]), we can handle such a term. We remind that the necessary
conditions can be written simply as ,,?i(ﬁ‘g =0for¢=1,...,N.

Lemma 4.2 Let co, M be positive constants and m an integer such that m > n/2 + 1. There
exists a positive constant C = C(cy, M, m) such that if n and b satisfy

— bllyyrmtt,e0 < M,
wn {Hnl! 1 [l <

co < H(x)=1+n(x)—0b(z) for zeR",

and if @ satisfies Ly = F; fori=1,...,N, then fork=0,£1,...,+(m—1) and § € (0,1] we
have
521 Ik < CUIVPllbr + 19 Irv1 + [F[15)-

Proof. In view of ([B.8]), we see that the equation .Zj¢ = F; is equivalent to

N 9 N
DiD;j . o .+1{ Di
4.8 P gpipy = N gpitl) HAp;
(48) ;pﬁrpj—l & 1+52beij% Gitpt D@+ 1)
DipPj Di
PP g (b + —P VbV }
(pi +j)p; (e5V) (pi +pj) v
62
7Hl_piFi
1 + 62|V

. . . ! PiPj
fori=1,...,N. Since N x N matrix A} = (pii-i-pj—l)lgi,jg]v

comes from standard calculus inequalities. O

is nonsingular, the desired estimate

Lemma 4.3 Let ¢y, M be positive constants and m an integer such that m > n/2+1. There ex-
ists a positive constant C' = C(co, M, m) such that if (1, ¢°) is a solution to the Isobe-Kakinuma
model ([22)) satisfying the conditions in [3.23)), then we have

{5—4<u¢5'<t>u$n_1 +[10:0% (1)]12,_5) < CEnl(t),
1 all? + | Fxs10l2 < CEm(?).

Proof. By Lemma B2 we have 67 2(|¢" ln—1 < [V’ [lm + 67 m < Em(H)/2. Let F’

~

(F1,...,FN)T be defined by BI0). Then, we have |F'|lm_1 < IV lm + 0 2]¢% |lm-1
En(t)Y2. Since 9;¢° satisfies (B1T)), by LemmasE2 and B35, we get 62|0:0% [l m—2 < |0¢¢° lm+
| F'|lm—2 < Em(t)/2. Therefore, we obtain the first estimate of the lemma. Note that we
also have [|0n|lm_1 + [[wllm + Ojwlm < En(t)/2. Thus, by using the standard commuta-

tor estimate and an estimate for a symmetric commutator [|0%(uv) — (0%u)v — u(0%v)|1 <
lulljafvio+1llVllja|vig+1, We obtain the second estimate of the lemma. O

A

In our energy estimate, we need to handle the time derivative d,a. Since the coefficient a
contains 9,¢”, we need to estimate the second order time derivative 8t2¢6'.
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Lemma 4.4 Let ¢y, M be positive constants and m an integer such that m > n/2+1. There ex-
ists a positive constant C = C(co, M, m) such that if (n, ¢°) is a solution to the Isobe-Kakinuma
model 2.2) satisfying the conditions in ([3.23]), then we have

107 () 17—z + 107 6° () [70—1 + 07|07 ()52 < CEm(2),

la — 117, + 672 lla = 1%y + [0rallf,y < CEn(?).

Proof. Differentiating the first equation in ([B.3]) (equivalently (22])) with ¢ = 0 with respect
to t, we have

N
0fn=">_ Lo;joid} — V- ((Om)u),
j=0

which together with Lemma B35 yields ||079]|2,_5 < Em(t). Note that the operator .# depends

on H but not on VH. Therefore, differentiating the second equation in ([8.3]) and the necessary
conditions .i”i(ﬁ‘g =0fori=1,...,N twice with respect to t, we have

L2 = Fy,

where Fy = (Fy1,...,Fn1)T, and

N
Fo1=—0m— (0m) ijHpj_l(?tqﬁ? —u- 0 — 52w8tw,
j=1
Fo = (i) (22260 — om)* (52 ) @ —200m) (=) 068
2,1 t E?H ) t 8H2 7 t 8H 7 t

for i = 1,...,N. Here, we note that (%)j % is also a second order differential operators
like .%;. Therefore, by Lemmas and B3] we have ||Qul?,_; + 0?||0w]?,_; < En(t) and
| Foa 1 + 1F2 s < En(t), where Fi = (Fi1,...,Fn1)T. Applying the both estimates in
Lemma B4, we obtain |07’ [m—1 + 61070 m—2 S [Foallm—1 + 6J5 ' Film—2 S Em(t), so
that the first estimate of the lemma is proved. In view of ([44]), the above estimates together

with Lemmas and [£3] yield the second estimate of the lemma. O

Now, we are ready to give a proof of the first half of Theorem 211 Since the existence
theorem has already been established by R. Nemoto and T. Iguchi [2I] in the function spaces,
it is sufficient to show (2.6]) for some time interval independent of 6 € (0, 1]. Moreover, in view
of Lemmas B.5] 4.3 and 43} it is sufficient to show that

(4.9) Em(t) < Ml, 00/2 < H(a;,t) < 2C0, 60/2 < a(m,t) < 2C0

forany x € R", 0 < ¢t < T, and 0 < § < 1, where Cy is chosen so that H(z,0) < Cj and
a(z,0) < Cp and the constant M; and the time 7' will be determined later. Note that by
Lemma [£.4] such a constant Cy exists under our assumption on the initial data and the bottom
topography. In the following we simply write the constants depending only on (cg, Cy, Moy, m)
by C7 and the constants depending also on M7 by Cs, which may change from line to line.

We remind that the solution satisfies (4.5)). In view of this symmetric form of the equations,
we introduce an energy function &, (t) by

Enlt) = Y {(a0%n(t),0%n(t)) 2 + (LO* G (1), *$° (1)) 2 .

laj<m
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Now, suppose that the solution satisfies (4.9). Then, by Lemma [£.1] we see that
(4.10) CTYEn(t) < &m(t) < CLEL(t)

for 0 <t <T. For 1 < |a| < m we take the L-inner product of [@3) with (9; +u-V)d*(n, $°)T
and use the symmetry of the operator L and integration by parts. For |a| = 0 we evaluate it
directly. Then, we obtain

d

(4.11)  —ém(t) = > {((3a)2*n,0°n) 12 + (00, L]0* ", 0¢°) 2}
|a|<m
+ > AV 0°n,0°n) 12 — 2(LO*¢°, (u - V)" @°) 2
1<|a|<m

+2(fN410s (O + - V)N 12 + 2(F o, (O +u- V) @) 2}
+2(an, On) e + 2(Lg°, 0 d°) 2.

To evaluate the term with the commutator [0, L], it is sufficient to see that

([0 Llp, p) 2 = Z/ (Oem){HYTPiV ;- Vi — pHP P~ 0V - Vi,
i,j=0"R"

— piHP P 0 Vb - Vi + pip HP P2 (672 4 | Vb ), 4,

which yields |([0;, L], @) 12| < [[Ve|2+072||e|/2. To evaluate the term (LO*@°, (u-V)d*¢p%) 2
we decompose the operator L into its principal term LP" = (ng )o<ij<n and the remainder part

low _ (711l
LoV = (Li(;‘w)OSi,jSNa where

1 . _ Dipj A
Lpr =V - < Hp1+p]+lv > + ) 2 L) sz+p] 1 B
ij P pi+pj+1 i pz’"‘pj_l v

Li%p; =V - HPHPi Vb HPHPivh .V
EE (pﬂrpg i > pﬂrpy i

plpj i+pi—1 2
+ PP peitei=l gp|2ep,.
pitpj—1 IVeFe;

We can evaluate the term (L1°W8a¢5, (uw- V)8a¢5) 12 directly by the Cauchy—Schwarz inequality,
whereas the term (LP'9%¢°, (u - V)0*¢?) 2 is evaluated by the expression

(Lpr¢ (u-V)p)L2

= Z /n{p +p] 1 <le+pj+1vg0j . [V,u . V](pl — §(V . (sz'f‘P]'i‘lu))v(pj . V(‘DZ>
1,7=0 v

1 __ DiD; RS
_ gy ) (g . (gPitpi—l 0; bd

where we used integration by parts. This yields |(LP*p, (u - V)p) 2| < [[Vell? + 672 ¢]?.
Concerning the terms with fy41 4, by Lemma 3 and ||ul|,, S En(t) we evaluate it as

~

|(fN+1,0: (O - V) D) 2| < ||fnstallill(OF +u- V)0 |1 < CoEp,(2).
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The term with f, and the last two terms in the right-hand side of (£II]) can be evaluated
directly by the Cauchy-Schwarz inequality. Therefore, in view of Lemmas [£3] and [£.4] we obtain
%é"m(t) < C98,,(t), which together with Gronwall’s inequality and the equivalence (4.10]) implies

Epn(t) < C1E,,(0)e“2t < Oy M2eC2t,

On the other hand, by the fundamental theorem of calculus, the Sobolev imbedding theorem,
and Lemmas and [£4] we have

|H(z,t) — H(z,0)| + |a(x,t) — a(z,0)| < Cat.

By taking into account these two inequalities, we define the positive constant M7 and the time
T so that My = 201 M2 and then T = C2_1 min{log 2, Cy,co/2}. Then, the above arguments
show that the solution in fact satisfy ([4.9]) for 0 < ¢ < T" uniformly in § € (0, 1].

5 Uniform estimate of the solution II

In this section we will prove the second half of Theorem 2], that is, the uniform bound (7)) to
the original variables (7, ¢) by using the uniform bound (2.06)) obtained in the previous section
and the necessary conditions (2.4]). To this end we have to use the advantage of our specific
choice of the indices p;, that is, p; = 2¢ in the case of the flat bottom and p; = 7 in the case with
general bottom topographies.

5.1 The case p;, = 2i with the flat bottom

Lemma 5.1 Choose p; = 2i (i = 0,1,...,N) and suppose that the bottom is flat. If ¢ =
(o, ...,on)T satisfies Lip =0 fori=1,...,N, then we have

1 »

for j=1,...,N, where the constant §; v is defined by (B.1)) below.
Proof. It follows from (48] with F; = 0 that

al 4ij N 4ij 52
2% _ _ %Ay
Z2(z’+j)—1H ¥ Z2(z’+j)—1< 2j(2j—1)H A%‘1>

j=1 j=1
2i
- SH*N Apy.
2N +i) + )N + 1) N
In view of this, we define constants ; y for j =1,2,..., N by
N . .
433 29
5.1 — BN =— ,
(5:1) Z2(i+])—1ﬁ]’N (2(N +14)+1)(2N + 1)

J=1

for i = 1,2,...,N. Since the matrix (Mﬁ%
1,2,...,N) are uniquely determined. Then, we obtain the desired identity. O

)i<ij<n is nonsingular, the constants f; ny (j =
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Lemma 5.2 Under the same hypothesis of Lemma 51, for any integer k we have

(@55 - o)l < 0P CUInlljepvikr2i-1)ve) I Vel kr2i—1
forj=1,...,N.

Proof. It follows from Lemma (51)) that |j¢;l[x < 6*|Vej—1llkr1 + SCUnll ki) Vo1,
so that

(@5, om)lk < PCUM i) IV (@i=15 - - -, on) et
< SOl kpvio) 1 (i=1s - - - o) |2

for j =1,..., N. Using this inductively, we obtain the desired estimate. O

Now, we will show the second half of Theorem 1] in the case (H1). Since ¢’ satisfies the
necessary conditions ([2.4]), we can apply Lemma with ¢ = ¢5 and kK = m — 25 + 1. Then,
under our hypothesis we have m—1 > n/2 and m > j > 1, so that |k|V |k+2(j—1)|Vig = m—1.
Therefore, we obtain

165 () lm—2j+1 < 87 Cn(®) 1)1V " (t)llms

which together with (2.6]) yields the desired estimate (27 in the case (H1).

5.2 The case p;, = with general bottom topographies

For simplify the description, we introduce a differential operator @ = Q(b) depending on the
bottom topography b by

(5.2) Q= V - (YVb) + Vb - Vip.

Lemma 5.3 Choose p; = i (i = 0,1,...,N). If ¢ = (¢o,...,0n)" satisfies Lip = 0 for
i=1,...,N, then we have
p1 = L{Vb Vo +nv-1HY (Apn_1 = NQ(b)pn) +m NHN+1A<PN}
1+(52‘Vb‘2 ’ El M
52 1 1
= - Api o+ =Q(b)p;_
%= T A 70

+ 9 N1 HY T (Apn—1 — NQ(b)pn) + ’Yj,NHN_j+2A<PN} for 7=2,...,N,

where the constant y; , is defined by ([B.3) below.
Proof. It follows from (48] with F; = 0 that

ZN g 5 N 1 1
Hipj = Hi|———— A¢;_ V- (0. 1 Vb
oiti—l 7 1+52|Vbl2{jz:;z'+j—1 ( iG—1) izt (@i )>
Ny 1
E — 2 HI[ZVb-Vei._
+j:1i+j_1 <ij Ve 1>
i N+1 ) Na2 A 16
- H Aon_1— N - HNT2ZA .
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In view of this, we define constants v, for j =1,2,...,N and k£ > 0 by

N
ij i
5.3 L = :
(5:3) jz::lerg—lw (k+i+1)(k+1)
for ¢ = 1,2,...,N. Since the matrix (iJrig—‘j—l)lﬁiJSN is nonsingular, the constants v;, (j =

1,2,...,N, k > 0) are uniquely determined. Then, we obtain the desired identity. O
Lemma 5.4 Under the same hypothesis of Lemma 5.3, for any integer k we have

1 (p2i—1,925,- -, on) |k
< STC(Inlljkpvis+2G—1)veos 1Bk savieszi-aie0 ) IV o llk2j—1 + 10 k+2;)
forj=1,...,[(N+1)/2], where ¢’ = (¢1,...,0n8)T.

Proof. We note that in view of (5.2 we have [|Qv|lx < [|VO|lywixiviktinee|¢]lk+1. It follows
from Lemma 53] that

(5.4) le1lli < B2C Ul kpvtos 10l iriavissiisn00 ) ([IV @0 lrg1 + |9 Ir42),
lejlle < 2C U kvios 1Bl viesiies ) IV @i —2llkr1 + [(@j-15 - - on) lks2)

for j =2,...,N, so that
1(p2j-15 %255 - Nk < SC Ml kpveos 1Bllywimsavieraisnee) | (025-3, P25-2, - - on)lk
for j = 2,...,N. Using this inductively, we obtain
[ (02i-1, 0255 - - oN)lk
< S2UVC (0l kv iks26—2)veos 1Bl iki+avins2i—sienoo ) (91592, - - s o8l krai-1)

for j = 2,...,N. Applying (5.4) with k replaced by k + 2(j — 1) to the last term in the above
inequality, we obtain the desired estimate. O

Now, we can show the second half of Theorem [2.1]in the case (H2). We apply Lemma 5.4 with
¢ =¢°and k = m—2j+1. Then, |k|V|k+2(j—1)|Vtog = m—1 and |k|+1V|k+2j—1|+1 = m+1
hold if and only if the integer j satisfies 1 < j < m. We remind our hypothesis m > [(N +1)/2].
Therefore, in the case of even N, we obtain

106351, 83 lm—2j-1 < 67 Cn(IV GGl + 6% 1) for j=1,...,N/2,

where Cy, = C(||n||m=1, ||b|[yym+1. ). In the case of odd N, we have

165, —1llm—2j-1 < 0¥ Con(IV DG lm + 107 [lms1)  for j=1,...,(N +1)/2,
1655 lm—2j-1 < ¥ Cu(IVGGllm + 19" 1) for j=1,...,(N+1)/2—-1

These estimates together with (2.6)) yield the desired estimate (Z7]) in the case (H2).
The proof of Theorem 2.1]1is complete.
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6 Consistency of the Isobe-Kakinuma model I

In this and the following two sections, we will prove Theorem Suppose that (7, ¢5) is a
solution of the Isobe-Kakinuma model (2:2]) and define ¢ by (2.8]), which is an approximation
of the trace of the velocity potential on the water surface. We will show that (1, ¢) satisfies
the water wave equations in Zakharov—Craig-Sulem formulation (LG) with an error of order
O(6*N+2) in the case (H1) and of order O(6*N/242) in the case (H2). Here, we remind that the
water wave equations in terms of the surface elevation n and the velocity potential ® have the
form

(6.1) AD+5729°0=0 in Q(t),

0P + %<|V<I>|2 + 5—2(az<1>)2) +7=0 on I(t),

(6.2)
O +Vn-Vo — 520,86 =0 on T(t),

(6.3) 6720, -Vn-V&=0 on X,

where Q(t), T'(t), and 3 denote the water region, the water surface, and the bottom, respectively.
Our strategy to show the desired consistency is to use an approximate velocity potential which
satisfy (6.1)—(6.3]) approximately.

We define an approximate velocity potential ®**" in the water region by ([LI0). Then, we
see that the second equation in (2.2)) is equivalent to

(6.4) 0,7 + %<|vq>app|2 + 5—2(az<1>aw)2) +n=0 on z=rnzt)

which is exactly the first equation in (6.2]), that is, Bernoulli’s law restricted on the water surface.
However, ®**P satisfies the other equations approximately with an error of order O(6?") in the
case (H1) and of order O(6%N/2) in the case (H2). These orders of the error are not sufficient
to show the desired result, so that we have to modify ®*** appropriately.

In the following arguments, the time t is arbitrarily fixed so that we omit it in the notation.
In (35)-(B:8) we defined operators L = (L, ..., Lne)T ,which act on (N +1) vector-valued
functions ¢ = (g, ..., on)T. We denote these operators by ZW) and %(N) fori=0,1,...,N.
We assume that 7, ¢, ¢° = (49, ...,8%), and b are given so that

(6.5) I = NP =0 for i=1,...,N,
and that
66) {nnum IVl + Bl < M,
H(zx) =14+n(x) —b(x) >cy for ze€R",
where m is an integer satisfying m > n/2 + 1. Now, we define (}5 = (58, 5‘{, - ,(E‘;NH)T by
(6.7) ZONEDG _ oy gCNIE _ for i=1,... 2N +2,

and then a modified approximate velocity potential Pavp by

2N+2

(6.8) O (z,z,t) = Y (2+1—b(@)Pidl(x,1).

=0
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We will show that n and Pere satisfy the water wave equations (G.I)—(63]) with an error of
desirable order.
To compare qb? with (;5;5» for j =0,1,..., N, we introduce a new function ¢? by
13 ) § 1) ) e .
(69) P :((10079017"'7(10N)T7 90]:¢]_¢j for ]:0717"'7N'

Then, we see that ¢ satisfies

(6.10) LN = R=(Ry,Ri,...,RN)",

where
2N+2 _ 2N+2 _

(6.11) Ry= Y H"¢},  Ri= Y (Lyj—H"Lg)¢) for i=1,2,...,N.
j=N+1 j=N+1

We decompose R; = Ry ; + 5_2R27Z-, where

2N+2 1 1
6.12 Ry, = _ _ Hpi+Pj+1A .
(612) H j:ZNH{ (pi +pj+1 pit 1> 7

Dj pj> +p;
4+ (L B gritrivy . (0. Vb
(pi+pj pj (73 V)

__ b HPPIVh - Ve, + Pibj 1Hpi+pj_1|vb|2(’0j}’

Pi +Dj Di +Dpj —
2N+2 Dip; B
6.13 Ry = — 2 pgpiteitlgd
( ) 2,2 . Z pl +p] o 1 ¢]
j=N+1

for i = 1,2,...,N. These decompositions lead a decomposition R = R; + 6 2R, where
R1 = (RQ, R171, e ,RLN)T and R2 = (0, R271, e ,RZN)T. Then, we have

(6.14) SN = R 4+ 672R,.

~5
By using equations (6.7) and (6.14)), we will evaluate ¢ and ¢°. We also note that the difference
between the two approximate velocity potentials ®*** and ®P? is represented as

N 2N 42
(6.15) O — o =D (21D + > (24 1-b)Pigl.
j=0 j=N+1

6.1 The case p; = 2i with the flat bottom

Lemma 6.1 Choose p; = 2i (i = 0,1,...,N) and suppose that b = 0 and that (n,$) satisfy
©56). For any j =1,2,...,2N + 2, if an integer k satisfies |k| < m and |k +2j —1| <m —1,
then we have o B

(65, @315 - - » Ponvga) Ik < CO%,

where C'= C(M,co,m, j, k, N) is a positive constant independent of 6 € (0,1].
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Proof. By Lemma [34] particularly, the first estimate in 3:20), we have ||[V@)||x + |6% |[e+1 <
~s
V|l S 1if |k| < m—1,s0that [V |ky2i—1 S 1if |k+2j—1] < m—1. On the other hand, it

~ ~ ~ . ~6
follows from Lemma [5.2] that ||(<;5§, gb?H, s 0k S0PV D kg1 if [k V]k+2(5 —1)] < m.
In view of |k +2(j — 1)| < |k +2j — 1| + 1, these two estimates give the desired one. O

Lemma 6.2 Choose p; = 2i (i = 0,1,...,N) and suppose that b = 0 and that (n,$) satisfy
©6). For any j =0,1,...,N + 1, if an integer k satisfies |k — 1|V |k|V]k+2j—1 <m—1,
then we have
1Mk + (DX 115 - » Bow2) ke < CO¥,
where C' = C(M, co,m, j, k, N) is a positive constant independent of 6 € (0,1].
Proof. It follows from Lemma [3.4] particularly, the second estimate in ([B.20) with k replaced
by k — 1 that [|[(ZLM) " F || < ||Follx + | F'||g—2 if |k — 1| < m — 1. Moreover, if Fy = 0, then
we can apply (32I) and obtain ||(ZLM)~LF||, < 82| F'|| if |k| < m — 1. Therefore, in view of
(614]) we obtain
eIk < (L) Rl + 6 2(1(LMN) 7 Ra
S Rolle + 1R lk—2 + [R e if |k — 1]V [k <m — 1.

Here, by the explicit form (EI1)-(6.I3) of Ry, R}, and R}, we see that
[Rollx + | R[x < C(Hnlhkmo)ll(@vﬂ’ e 7¢§VN+2)H1€7
HRll”k—2 < C(HWH|k—2\v|k—1\vto)”(¢(1sv+17 s 7¢3N+2)Hka
so that
[Roll + 1R k=2 + [ RSk S (SNt Sonia)lle i [k —2] v [k| < m.
On the other hand, if 0 < j < N + 1, then by Lemma [6.1] we have
1415+ Donsa) e < (D), Bopo)lli S 6%

if |[k| < m and |[k+2j—1| < m—1. These three estimates yield ||@% ||, < C6% if |[k—1|V|k| < m—1,
|k—2|V|k| <m, |k] <m,and [k+2j—1| < m—1. Since these last conditions on k are equivalent
to |k — 1|V |k| V |k +2j — 1] <m — 1, we obtain the desired result. O

Remark 6.3 Lemmas [6.1] and imply that (gz~5?v+1, e ,¢~52N+2) and (¢, ..., gp‘jsv) are both of
order O(62V*+2) if m is sufficiently large. In view of (G.I5), the difference between the two
approximate velocity potentials ®*** and ®** is of order O(52V+2).

We remind that ®*** was defined by (6.8]). In the case (H1), by direct calculation and Lemma
6.1 we see that

ADP 4 52929 = R in (Q,

(6.16) e = ¢ on T,
5720, = () on X,
where
2N+2 '
(6.17) R(z,z) = Y (24 1)¥rj(x)
j=0



and

ri(z) = (21 +2)(2) + DBr1an 2 HWV 2 HAG, L, for j=0,1,.. 2N +1,
A(ZSgN—iQ for j:2N+2,

Concerning the remainder term R, we have the following lemma.

Lemma 6.4 Choose p; = 2i (i = 0,1,...,N) and suppose that b = 0 and that (n,$) satisfy
©8). Foranyj=0,1,...,2N+2, if an integer k satisfies |k|V|k+2| < m and |k+2j+1] < m—1,
then we have

||(r0,r1, N 7T2N+2)Hk § 052],

where C' = C(M, co,m, j, k,N) is a positive constant independent of 6 € (0,1].

Proof. It is easy to see that |[(ro,71,...,72n12) [k S | dontallkre if |k < m. By Lemma

~

6.1 with k replaced by k + 2, we have ||goniollire < 6% if |k +2|V [k + 25+ 1| +1 < m for

~

j=0,1,...,2N + 2. Combining these estimates we obtain the desired one. O

Remark 6.5 Lemma [6.4] implies that the remainder term R is of order O(6*N*2) if m is suf-
ficiently large, so that the approximate velocity potential ®*° satisfies the continuity equation
(1) with an error of order O(§*N*2) while it satisfies the boundary condition (6.3) on the
bottom precisely in the case of the flat bottom.

6.2 The case p; = ¢ with general bottom topographies

Lemma 6.6 Choose p; =i (i = 0,1,...,N) and suppose that (n,¢) and b satisfy (6.6]). For
any j =1,2,..., N + 1, if an integer k satisfies |k| < m and |k + 2j — 1| < m — 1, then we have

10351, 9%, O3n 1, D) e < O,
where C'= C (M, co,m, j, k, N) is a positive constant independent of 6 € (0,1].

Proof. Asin the proof of Lemmal6.I] by Lemma[3.4l we have ||V<;~58||k+2j_1—|—||<;~56’||k+2j S Lif [k+
2j—1] < m—1. On the other hand, it follows from Lemma[5.4] that H((bgj_l, gbgj, e o)l S

52j(||V<;~58||k+2j_1 + ||gz~5‘5’||k+2j) if |k|V |k 4275 — 1| < m. These two estimates give the desired one.
O

Lemma 6.7 Choose p; =i (i = 0,1,...,N) and suppose that (n,¢) and b satisfy (6.6]). For
any j =0,1,...,[N/2] + 1, if an integer k satisfies |k — 1|V k| V [k +2j — 1| < m — 1, then we
have B B

101k + 1(SNs1s - - Bovyo) Ik < C6Y,

where C'= C(M,co,m, j, k,N) is a positive constant independent of 6 € (0,1].
Proof. As in the proof of Lemma[6.2] we have
1%k S I1Rollk + 1R llx—2 + [ Ro |l if [k —1]V |k| <m—1,

Here, by the explicit form (E.I1)-(6I3) of Ry, R}, and R}, we see that

[ Rollx + 1Rl < CUImllkvios 10l k.o (D1 - - - 7¢(2$~N+2)”k7 N
IR k=2 < CUmllk—apvir—1ivios Bl ir—2rirvie-1is1,00 (D% 415 - - s B np2) ks
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so that
[Rolle + 1R [lk—2 + [ Ro\le S (DX s1s-- - Dnaa)lle I [k =2V [k] < m.

(i) The case of even N =2N;y: if 0 < j < Ny +1=[N/2]+ 1, then by Lemma [6.1] we have

1(OX1s - Do)l = 103y 1)1+ Ddna2) e S (9951, -+, Bn i) Ik
<6H i |k VIE+2j -1+ 1< m.
(ii) The case of odd N =2N; —1: if 0 <j < Ny = [N/2] + 1, then by Lemma [6.I] we have

pe) 75 pes 75 pes ey
[(Ns1s- s Bonga)lle = [[(Danys - Do)l < (D21 - Pani2)lli

<6 i (k| VIE+25 -1+ 1< m.
Combining the above estimates, we obtain the desired result. O

Remark 6.8 Lemma [6.7] imply that (5%+1,...,$‘3N+2) and (@8,...,@‘;\,) are both of order
O(62IN/2142) if m s sufficiently large. In view of (6.15]), the difference between the two approxi-
mate velocity potentials ®* and ®**" is of order O(§2V/21+2).

In the case (H2), by Lemma [5.3] we see that the approximate velocity potential drv defined
by (6.8) satisfies

Ad*» 4 572925 = R in Q,
(6.18) PP = ¢ on T,
6720, — Vb VO™ =rp on X,
where
2N+2 '
(6.19) R(z,z) = Y (z+1—bx))r;(z)
j=0
and
(J+2)+ 1){7j+2,2N+1H2N+1_j(Aggjvv+1 — (2N +2)Q(0)PSy o)
ri(z) =4 ~ +7j+2,2Ni—2H2N+2_jA¢gN+2} for j=0,1,...,2N,
’ AqigN_H — (2N + 2)Q(b)¢3N+2 for j=2N +1,
A¢§N+2 for j=2N +2,

(6.20)  rp(z) = 71,2N+1H2N+2(A¢~53N+1 - (2N + 2)Q(b)<l~5gzv+2) + 71,2N+2H2N+3A¢~5§N+2-

Concerning the remainder term R and rp, we have the following lemma.

Lemma 6.9 Choose p; =i (i = 0,1,...,N) and suppose that (n,¢) and b satisfy (6.6]). For
any 7 =0,1,...,N + 1, if an integer k satisfies |k|V |k +2] <m and |k+2j+1] <m—1, then
we have ‘

(o, 71, - rans2) |k + Irsllk < C6%,

where C' = C (M, co,m, j, k, N) is a positive constant independent of 6 € (0,1].
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Proof. In view of |Q(0)v [l < C([|Vbllyyimivisiie) ]k, we see that |[(ro,r1,...,ran+2)llk +
el < H(?QNH,ES‘;NH)HkH if |k| V |k 4+ 1] < m. By Lemma [6.6] with %k replaced by k + 2,
we have [|(#9y,1, Pnio)llire S 0% if k+2[VI[k+2j+1+1<mfor j=01,...,N+1
Combining these estimates we obtain the desired one. O

Remark 6.10 Lemma 63 implies that the remainder term R and 7 are of order O(52V*2) if
m is sufficiently large, so that the approximate velocity potential PP satisfies the continuity
equation (G.I)) and the boundary condition (6.3)) on the bottom with an error of order O(52V+2).
We also note that 4[N/2] +2 < 2N + 2.

7 Consistency of the Isobe-Kakinuma model II

We proceed to show that n and Pere satisfy approximately the second condition in (6.2]), that
is, the kinematic boundary condition on the water surface. Since the solution (7, qb‘S) to the
Isobe-Kakinuma model satisfies

N
(7.1) 0 = Lo;} =0,
7=0

we need to compare (6~29,0*° — V- VEr)| 2=n With Z;V:o L0j¢§-. To estimate the difference
between them in Sobolev spaces, we will utilize fully the duality (H k)* = H~*, so that we will
evaluate the quantity

N
(7.2) I= (67208 — V- V&) = 3~ Loy, )12
j=0

for arbitrarily fixed 1. Regarding 1 as a function on the water surface, we extend it into the
water region by

2N+2

(7.3) U(z,2) = Y (241 —bx)P (),

5=0
where ¥’ = (43, .. ,¢3N+2)T is defined by
(7.4) ZONEDGE oy NG g g =1,... 2N +2.

This construction of ¥ from 1 is the same as that of ®** from ¢. See (6.7)~(6.8). By Green’s
formula, we have

((6720.9* = Vi - V&) .oy, ) g2 — (07209 — V- VEP) | 145, 90) 12
= / {V - (IVI*P) — 5720, (00, 9*)} dX

Q
— / (A — 572920 )W dX + / (VP . VU + §72(9,0%") (9, ¥)} dX.

Q Q

Since ®*** satisfies (6.16) in the case (H1) and (6.I8) in the case (H2), we obtain
(7.5) (6720, — Vi - V&) |,y ) 12
= (rp,d) 2 +/ RUdX + / (V&P . VU + §2(0,577)(0,¥)} dX
Q Q

= Il +I2+I37
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where rp = 0 in the case (H1). In view of (7.3]) and the definition of R, that is, (6.I7) in the
case (H1) and (6.19) in the case (H2), we have

- Eel 1 pi+pj+1 4
(7.6) I, = 2_: m(]{ g, 0) 1o
i,j=0
In view of (6.8) and (3], by direct calculation we see that
2aN+2
Iy= Y (Lijé}v))
i,j=0

~6
Here, we remind that ¢ and 1° were defined by (6.7) and (7)), respectively, so that we have

2N+2 . 2N+2 ~ 2N+2 ~
ST Hrg =0, > Lydl =Y HPLyd for 1<i<2N+2,
j=0 j=0 j=0

and similar relations hold for ¥°. Moreover, ¢° satisfies ([6.5)), so that we have also

N
> HPig) = ¢, ZLWS‘S ZH’”LOQS for 1<i<N.
=0

7=0

Using these relations and L;-kj = Lji, we can rewrite I3 as

2N+2 2N+2 2N +2 N
L= (&, L))z = > (65, HP L) 2 = Y (HP ¢S, Loi)) 12
1,j=0 i,j=0 i,j=0
2N+2 N 2N+2 N 2N+2
= Z (qb) LOZQX)Z Z Z Hp]¢]7L02¢2 = Z Z ¢], jlrl)[)z
=0 7=0 =0 7=0 =0
N 2N+2
= Z( zg%,ﬂl L2+Z Z 2]@5?,7;[)6
4,J=0 j=04i=N+1
Here, for the first term of the right-hand side we see that
N N N
> (Lijd5 ) e = Y (HP' Loj¢,vf) 2 = Y (Lojdl, HP'¥)
i,j=0 i,j=0 i,j=0
N N 2N+2
= (Lojé} )2 =Y > (Lojd), HP4)) 2,
j=0 j=0i=N+1
so that
N N 2N+2
(77)  Is—=> (Lojéd, )2 =Y > ((Lij — H” Loj)¢5, ¥ 2
j=0 j=0i=N+1
N 2N+2 N N 2N+2 N
=33 ((Lij — HPLoj)(¢5 — ), 902 + > > ((Lij — HLoj)e, 40 ) 2
j=0i=N+1 J=0i=N+1
N 2N+2 2N+2 2N+2 N
= Z Z ( g HpZLOJ 90]7¢2 L2 — Z Z ZJ - HpZLOJ)¢§7¢?)L2
j=0i=N+1 j=N+1i=N+1
=:I31 + I32,
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where ° = (cpg,...,gp‘;v)T was defined by (6.9). Summarizing the above calculations, the

quantity I defined by (2]) is decomposed as
I=1+ 1+ 131+ I35.

By using this expression, we will evaluate the quantity I in the following.

7.1 The case p;, = 2i with the flat bottom

Lemma 7.1 Choose p; = 2i (i = 0,1,...,N) and suppose that b = 0 and that (n,$) satisfy
©6). For any j =0,1,...,2N + 2, if an integer k satisfies |k + 2j| < m and |k + 1| <m —1,
then we have

103, 90415 - Uy 2) = ey < CO7|b]| i,

where C' = C(M, co,m, j, k, N) is a positive constant independent of 6 € (0,1].

Proof. By Lemma B4 particularly, the second estimate in ([3.20]) with k replaced by k — 1,
we have |9 < |||k if [k — 1] < m — 1. On the other hand, it follows from Lemma
that ||(¢?,1,Z)§+1, o W)k S 0 [0 ||kaas if [k V [k 4 2(j — 1)] < m. These two estimates give
15,0515+ 08k S 8% 9 ll2y if [K| V [k +2j — 1] + 1 < m. Replacing k with —(k + 2j),
we obtain the desired result. O

Lemma 7.2 Choose p; = 2i (i = 0,1,...,N) and suppose that b = 0 and that (n,$) and ¢°
satisfy (@H)—(6.6). For anyl=0,1,...,2N +1, if m > 1+ 1+ &1, then we have

N
1(5720.8%% — V- V87)] oy = 3 Loy sy < O,
j=0

where C = C(M,co,m,l,N) is a positive constant independent of § € (0,1] and &1 is the
Kronecker delta.

Proof. In the case [ = 0, we do not need to use the duality argument, and by direct evaluation
and Lemma we obtain the estimate of the lemma. Therefore, we will consider the case
1 <1 < 2N +1. By assumption we have I1 = 0, so that it is sufficient to evaluate I, I3, and
I3 5. It follows from (7.6]) that

11 S (ro, 1, - rana2) el 3F K[ < m.
Here, by Lemmas [6.4] and [7.]] we have

“(7‘0,7’1,...,7’2N+2)“k5(5% if ]k\\/]k+2\§m, ]k+2l+1\§m—l,
191k S 19— if |k <m, [k+1] <m—1,
so that |Ip| < 6% ||¢||— if |k|V|k+2| < m and [k+1|V|k+204+1| < m—1. Since these conditions

on k are equivalent to —m < k <m —2(1+ 1), if m > [+ 1, then we can take k = m — 2(l + 1)
and obtain

(7.8) L] S 61Ul n2+1))-

We proceed to evaluate I3 and I32. To this end, we note that in the case of the flat bottom
we have

I(Zs; — HP Loj)elli < CUInlligivee) (lellarz + 672 lelle).
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We decompose [ into a sum of two integers /1 and I5 satisfying 0 <[y < N4+ 1land 1<y <N.
It follows from (7)) that

5 2. 5 5 5 -
Is1] S (10° lksan42 + 6210 lhsar (WX s 15 - s N yo) Ity i [k + 20| < m.

Here, by Lemma with (k, j) replaced by (k + 201 + 2,12) and (k + 2l2,1l2 + 1)

10 lkran 4o S 622 if k420 + 1V [k + 20 +2|V [k +2(l + o) + 1] <m —1,
1% |krar, S 6%2%2 if |k4+2l — 1|V I|E+ 20|V I|E+2(1 +1) +1] <m —1,

~

and by Lemma [T with [ replaced by Iy
1410 - W) |y S O M-k i [k + 20 < m, [k+1] <m—1,

so that [I31] < 62|l g if |k + 1] V |k + 2l — 1| V |k +2(l1 +12) + 1] < m — 1. In the case
[ > 2, we can take [ > 1 so that these conditions on k is equivalent to —m < k <m — 2] — 2.
Therefore, if m > [+ 1, then we can take k = m —2(l+1). In the case | = 1, we have [; = 0 and
lo = 1 so that these conditions on k is equivalent to —m + 2 < k < m — 4. Therefore, if m > 3,
then we can take k = m — 4. In any case, if m > [+ 1 + §;1, then we obtain

(7.9) Is1] S 6%l m—241))-
Similarly, it follows from (7.7) that
30l S (10X 415- - > Ponvso) kv v2 + 021 (Shss - - Ddnpa) oty
XWX Ol ryony 1 [k 4 20| < m.
Here, by Lemma [6.1] with (k, j) replaced by (k + 2l; 4+ 2,12) and (k + 2l2,15 + 1)

1D 1> By o) llhran 2 S 02 i [k 420 +2] <m, k420 +1o) + 1| <m—1,
1A% s1s- - Do)l S 02242 if |k+2h] <m, [k+2(Li +1)+1] <m—1,

so that |I30] < 02 ||9||—k if [k + 20| V |k + 20 +2| <m and [k+ 1]V [E+2(l +12) + 1] <m— 1.
Since these conditions on k are equivalent to —m < k <m —2(l+ 1), if m > [+ 1, then we can
take k = m — 2(I 4 1) and obtain |I32| < 6% [¢)||_(m—2¢+1))- This together with (Z8) and (Z.9)
yields 1| < 0% 9]l - n-2041y), that is,

N
(57208 — V- V8*) [y = >~ Lojefv)se] < 8l —m-21)
§=0

for any 1. Therefore, by the duality (H™2(+1)* = g—(m=20+1)) we obtain the desired esti-
mate. g

Remark 7.3 Lemma implies that for the solution (7, ¢5) of the Isobe-Kakinuma model,
(n, ®*P?) satisfies the second condition in (6.2]) with an error of order O(5*V+2) if m is sufficiently
large.
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7.2 The case p; =1 with general bottom topographies
Lemma 7.4 Choose p; =i (i = 0,1,...,N) and suppose that (n,¢) and b satisfy (6.6]). For
any j =0,1,..., N + 1, if an integer k satisfies |k +2j| < m and |k + 1| < m — 1, then we have

”(T/fgj—p 1/133'7 VN1 W) =gy < OO 1] i,

where C = C(M, co,m, j,k,N) is a positive constant independent of § € (0,1] and we used a
notational convention v°, = 0. Particularly, for any j = 0,1,...,[N/2] + 1, if an integer k
satisfies |k + 2j] < m and |[k+ 1| < m — 1, then we have

(W1 VNg2s - Uongo) | (hrag) < CO ||| .

Proof. As in the proof of Lemma[Z1, we have ||¢°|| < |9 if |k — 1| < m—1. It follows from
Lemma B that [[(13,_1, 03, -, 3y s0)lk S 02 [0 ey I IRV o2 — )|V [k+2 — 1] < m.
These two estimates give ||(¢§j_1,¢§j, W)l S 0% Y] kgoy if [k| < moand |k 425 — 1] <
m — 1. Replacing k with —(k 4 2j) we obtain the desired result. The later part of the lemma
comes from the former one as in the proof of Lemma O

Lemma 7.5 Choose p; =i (i = 0,1,...,N) and suppose that (n,$) and b satisfy (6.5)—(6.6]).
For any1=0,1,...,2[N/2] + 1, if m > 1+ 1+ d;1, then we have

N
||(5_282q)app - Vn- Vq)app”z:n - Z L0j¢§‘|m—2(l+1)—5ll < 052l7
=0

where C = C(M,co,m,l,N) is a positive constant independent of § € (0,1] and 1 is the
Kronecker delta.

Proof. In the case I = 0, we do not need to use the duality argument, and by direct evaluation
and Lemma we obtain the estimate of the lemma. Therefore, we will consider the case
1 <1<2[N/2] + 1. It follows from (Z.5)—(7.6) that

1L+ 182) S (sl + 1m0 s - ranva2) [0 i [K] < m.
Here, in view of 2[N/2| +1 < N + 1 by Lemmas [6.9] and [.4] we have

HTB”k + ”(7’0,7‘1, - 7T2N+2)Hk SJ o2 if Vﬁ’ V Vﬁ +2’ <m, Vﬁ + 21 + 1’ <m-—1,
[ [ if [k[<m, [k+1]<m—1

Therefore, as in the proof of Lemma [[.2] we have |I1| + |I2] < 52l”¢H—(m—2(l+1))-
We proceed to evaluate I3 and I32. To this end, we note that

I(Zij = H? Log)¢lli < CUUnllixvees 1bllwisrsaviaisnse) (lellisz + 072 ll]lk)-

As before, we decompose [ into a sum of two integers [; and Iy satisfying 1 <3 < [N/2]+1 and
0 <ly <[N/2]. Tt follows from (7)) that

o) e — ey e
’I3‘ 5 {H((bN—i-la s =¢2N+2)”k+211+2 +0 2”(¢N+1= s =¢2N+2)”k+2l1

5 —2y 5 5
+ 1€ lo+an+2 + 021 leton HI W15 - - V3N 42) l— (o2
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if |k + 20| V |k + 201 + 1] < m. Here, by Lemma [6.7] with (k, j) replaced by (k + 2{; 4+ 2,13) and
(k4 2l2,15 + 1) we have

”(?(];\Hp o B k22 + 190 ko 42 S 622,
(SN s1s- - > DB liran + 1100 ko, S 6%2F2

if [k+20 —1|VI]k+20+2|V|k+2(1+12) + 1] <m —1. By Lemma [7.4] we have also
W1 Vvl oy S 80Nk i [k +20] <m, [k +1] <m— 1.

Therefore, we obtain |I3| < 62 (||| if |k+1|V|k+21; —1|V|k+201 +2|V|k+2(1; +1o)+1] < m—1.
In the case [ > 2, we can take o > 1 so that these conditions on k is equivalent to —m < k <
m — 2] — 2. Therefore, if m > [+ 1, then we can take k = m —2(l+1). In the case [ = 1, we have
Iy = 1 and [, = 0 so that these conditions on k is equivalent to —m < k < m — 5. Therefore,
if m > 3, then we can take &k = m — 5. In any case, we obtain |I3| < 52l||1/)\|_(m_2(l+1)_5“) if
m>1+140;.

Summarizing the above estimate, we obtain || < 52l||1/)\|_(m_2(l+1)_511) ifm>104+14 ;.
This implies the desired estimate. O

Remark 7.6 Lemma implies that for the solution (7, ¢5) of the Isobe-Kakinuma model,
(n, ®**?) satisfies the second condition in (6.2) with an error of order O(5*"N/2+2) if m is suffi-
ciently large.

8 Consistency of the Isobe-Kakinuma model III

In this section we will finish to prove Theorem [2.2] that is, a consistency of the Isobe-Kakinuma

model (L4) with the water wave equations (L6]) in Zakharov—Craig-Sulem formulation. To

this end, in view of (Z.I)) we need to correlate Z;V:o Lojqb? with A(n,b,0)¢, where A(n,b,d) is

the Dirichlet-to-Neumann map for Laplace’s equation defined by (L8)—(L9). We remind that

the modified approximate velocity potential PP gatisfies the boundary value problem (6.16]) or

[©IR) and that ¢ was defined by (28] from the solution (1, ¢°) to the Isobe Kakinuma model.
Let @ be the unique solution to the boundary value problem (9] and put

(8.1) s = P — PP,
Then, ¢ satisfies the boundary value problem

AP + 572020 = —R in Q,
(8.2) O =0 on I,
720,80 —Vb- VP = —rg on X,

where R and rp were defined by (6.17)) and 7 = 0 in the case (H1) and by (6.19)—(6.20) in the
case (H2). Applying the identity

n n
V- VV¥dz = / (A + §572920) dz
—1+b —1+b

- (5_262‘Ij - Vn- V\Ij)|z:n + (5_262‘Ij =V VU)|ee140
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to ¥ = @ and noting (L8], we obtain

- - U 1
(83)  (0720.%™ — Vi V&™®)|._, — A(n,b,0)p = V - / Vo dz + Rdz+rp
—1+b —1+b
=11 + 1+ Is.
In view of (6.17) and (6.19]), we have
aN42

4 I = —— HPity,

(84) ’ ;0 pri

Therefore, we can evaluate Iy and I3 directly by using the estimates obtained in Section 6l To
evaluate I; we will use an estimate for the boundary value problem (8.2) of elliptic type. To
this end, it is convenient to transform the problem (8.2]) in the water region (2 into a problem
in a simple domain Q¢ = R" x (0, 1) by using a diffeomorphism O(z, z) = (z,0(x, 2)) : Qo — Q,
which simply stretches the vertical direction, where 6(z, z) = n(z)(z + 1) + (1 — b(z))z. We put
Pres = P 0 0. Then, we have

0 ~ ~
(.5) h=v. [ (Ve - (0.5)70)dz,
—1

and the boundary value problem (8.2]) is transformed into

Vx -PVx®==—-R in -1<z<0,
(8.6) o= =0 on z=0,
e, -PVx®P==—-rg on z=-1,

where the coefficient matrix P is defined by

90\ [/ 00\ ' (E, 0 00\ 1\ T
P—det<a—x><a—x> (oT w)((a?) )’
e.=(0,...,0,1)T, and

~ 2N+2
(8.7) R=Ro®= ) (z+1)HPir;.
§=0

By applying the standard theory of elliptic partial differential equations to (8.6]), we obtain the
following lemma. For details, we refer to T. Iguchi [5, [6] and D. Lannes [14].

Lemma 8.1 Let ¢y, M be positive constant and m an integer such that m > n/2. There exists
a positive constant C' = C(co, M, m) such that if n and b satisfy

17l =+ [1bl[wrm.ee < M,
co < H(z) =1+n(z) —bx) for zeR™,

and ®* is a solution to ®H), then for k=0,1,...,m —1 and 0 € (0,1] we have

7598 12(0) + 67 1740:8™ 120y < OO Bll 2o + Irsle):
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We remind that we have assumed (6.6). Thanks of this lemma and (8.7), we see that

(8.8) 1lle S IT5720.9 1200y S 62(I(ro, 71, - - - ron+2) lesz + 7 5llk+2)

if 0 <k+2<m—1. In the above calculation, we used the Poincaré inequality.
Now, we suppose that (1, ¢?) is a solution to the Isobe-Kakinuma model (Z2) obtained in
Theorem 2.I] and define ¢ by (2.8)). Then, we put

T = 8t77 - A(nv b7 5)¢7

8.9 1
(8.9 t2:8t¢+77+§|v¢|2—5

2 (A(n,b,0)p + V- V)2
2(1 + 02|Vn|?)

We will evaluate these remainder terms vy and to in the following. To this end, we put also

3 = (5_28,2(5@1) - Vn- vgappﬂz:n —A(n,b,9)0,
N
(8.10) vy = (6720,9™ — Vn- V&™)|._, — > Lo;¢},
=0
ts = ((0720, — V- V)(®P — Q2PP))|,_,.

It follows from (83]), (84), and (B8] that
(8.11) lealle < 0% (ro,m1s -+ rani2)llkye + IrBllese) i 0<k+2<m—1.

We have evaluated t; in Lemmas and By direct calculation, we see that

N
5 =Y {p;H"" (67 + V- Vb)) — HPVn - Vi)
§=0
2N+2 _ _
= > ApHP TN+ Vi V)6 — HP V- V),
j=N+1
so that
(8.12) leslle S 620Nk + 1@ 415 - - > Sn2)llx)
1160 r + 11, Bvga)llir i K+ 1< m.

Therefore, we can evaluate t3, t4, and t5 by the results obtained in Sections BH7l so that it
is sufficient to express t; and vty in terms of these quantities. It is clear that v = v3 — ty.
Differentiating the identity ¢ = ®***|,_, with respect to ¢t and z, we have

{a@ — (0™ + (0.9")yn) | sy,

(8.13)
Vo = (VO + (0,0 )Vn)|ey.

Plugging these into (6.4) to eliminate (0;®*?)|,=, and (V®**)[,—, and using the first equation
in (89) to eliminate 9,7, we obtain

1
O+ 1+ 5|Vl
L.
= (0:0"") o=y (Ad + V1 - V6 + 1) = 5672(1 + 6% Vnf*) (9:0°77)? =

1 - a
= (0:0) |a=yt1 + 5 (0:0") o=y {2(Ad + V- Vo) — 572 (1 + 6% Vn[*)(9:0") o=y },
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where A = A(n,b,0). On the other hand, it follows from the definition of v3 and v5 that
(6720,®* — V- VO*P)|,_, = A + 3 + 15,
which together with the second equation in (8.13]) yields
(14 62| Vn?)(9:9) |,y = 2 (A + V- Vi + 13 + t5).
Therefore,

1
Op+ 1+ 5|Vl

(Ap+Vn-Vo+ (t3+15))(Ap+ V- Vo — (v3 +15))
2(1 +2|Vn[?)
(Ap+ V- Vo) — (t3 + 15)?
2(1 +82|Vn[?) ’

= (0,9%7)| .ty + 62

= (0,D°P)| .ty + 62

so that

T =13 — 1y,

= (0. D™P) oty — 22T
v = @2t = O S

Here, in view of (9,P*")|,—, = Zf\il piHP = ¢! = 52w, we have ||(0,P")|,—plm < 0.

8.1 The case p; = 2¢ with the flat bottom

It follows directly from Lemma [7.2 that [|vsl—av+1) S 6*V2 if m > 2(N +1). By (BII) and
Lemma [6.4] with (k, j) replaced by (k + 2,1 — 1), for I = 1,2,...,2N + 3 we have ||t < 6% if
0<k+2<m-1,|k+2|VI|k+4 <m,and |k+ 20+ 1| < m — 1. These conditions on k are
equivalent to —2 < k < m — 2(l + 1). Particularly, we have

[esllm—aven) S SANH2 i m > AN + 2,
[e3llm—2(vs1) S 52N if m > 2N,

so that
et lm—aviry SOV A m > AN 42,

By (812) and Lemma 6.2 with (k, j) replaced by (k, N +1) and (k+ 1, N) we have [|t5]|, < 62V
if |k|<m—1,|k—1|VI|k|VIk+2N+1] <m—1, and |k|V |k + 1|V |k+ 2N| <m — 1. These
conditions on k are equivalent to —m + 2 < k < m — 2(N + 1). Particularly, we have

esllm—oviny S 02 i m >N +2.
Therefore, if m > 4N +2 and m — 2(N + 1) > n/2, then
e2llm—ave1) S Ietlm—avs1) + 67 (esllm—avs1) + [85llm—zvi1))® S 64N,

so that we obtain the desired estimate in Theorem 2.2 in the case (H1).
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8.2 The case p; =1 with general bottom topographies

It follows directly from Lemma [T.5] that [[t4],,—a(n/2141) S SUN2IH2 if > 2([N/2] +1) + 1.
By (8I1) and Lemma [6.9] with (k,j) replaced by (k+ 2,0l — 1), for [ =1,2,..., N + 2 we have
leslle S6Hif0<k+2<m—1, |k+2|V|k+4| <m,and |k+20+1| < m— 1. These conditions
on k are equivalent to —2 < k < m — 2(l + 1). Particularly, we have

[esllm—aqvz 1) S SUV/AF2 0 m > 4[N/2] + 2,
[esllm_oqnvyz 1) S 6223 m > 2[N/2].
Here, we note that the later estimate in the case N = 1 comes from a direct evaluation. There-

fore,
et sy S SVEF2 i m > AIN/2) + 2 + S

By (812) and Lemmal6.7 with (k, j) replaced by (k, [N/2]+1) and (k+1,[N/2]) we have ||ts5|x <
SN |kl <m—1, |[k—1|V|k|V|k+2[N/2]+1| < m—1, and |k|V|k+1|V|k+2[N/2]| < m—1.
These conditions on k are equivalent to —m + 2 < k < m — 2([N/2] 4+ 1). Particularly, we have

o5 llm—2(v/2141) S SN i m > [N/2] + 2.

Therefore, if m > 4[N/2] + 2 + dn1 and m — 2([N/2] + 1) > n/2, then

[eallm—an/2+1) S etllmaqa/z1) + 62 Ulesllm—zn/z1) + 10 lmoavyzn)® S S22,

so that we obtain the desired estimate in Theorem 2.2 in the case (H2).
The proof of Theorem is complete.

9 Rigorous justification of the Isobe-Kakinuma model

In this section we will prove Theorem To this end we take advantage of the stability of the
water wave equations (LO), which is given by the following theorem. Although the statement
is not explicitly given in T. Iguchi [5], we can prove it in exactly the same way as the proof of
Theorem 2.3] so that we omit the proof. See also D. Lannes [15].

Theorem 9.1 In addition to hypothesis of Theorem we assume that (9P, ¢**P) satisfy the
equations
8t77app - A(T}app7 bv 5)¢app = flerr7
1 (A(napp b 5)¢app + Vnper . quapp)?
8, h*PP aPP 4 |/ H*PP 2 _ (52 () _ ferr
t¢ +T, + 2’ ¢ ‘ 2(1 +52|V77app|2) 2

on a time interval [0,T1], the initial condition (L), and the uniform bound:

17 ) llmss.1/2 + [V @)l < M,
1+napp(x7t)_b(x) 200/2 for zeR™ 0<t<T.

Let (W%, ¢o"W) be the solution obtained in Theorem [2.3 and put T, = min{Ty,T>}, where Ty is
that in Theorem [2.3. Then, we have

sup ([[9"Y(t) = 7 () |lmaz + [[6™Y (t) — 0P (1) [l mr2)
0<t<T,
< Cy sup (IF5 () llmsa + 180(8) 2 £5(8) [ ms2),
0<t<T,

where Ay(0) = A(0,0,0) and Cs is a positive constant independent of § € (0, d].
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Proof of Theorem Suppose that the hypotheses in Theorem are satisfied for the
initial data (1), qﬁ(o)) and the bottom topography b. We will construct the initial data ¢‘(50) =

((bg(o), ... 7¢§V(0))T as a unique solution to

fo(N)qb((go) = ¢(0)> %(N)(b‘go) =0 for i=1,...,N.

We note that the second relation is nothing but the necessary condition (24]) whereas the first
one corresponding the approximate relation (2.8]). By Lemma [3.4] with m replaced by m+4N +8
in the case (H1) and by m + 4[N/2] + 8 in the case (H2), we see that

IV @0y llm+an+7 + 67|90y lmran7 < C in the case (H1),
IV 00y lm-saiv/21+7 + 6~ 1600) lmainyzi47 < C i the case (H2),
where C' = C(co, My, m, N) does not depend on § € (0,1]. Then, by Lemma [£.4] we have

la(-,0) — 1||m+e < Co. Therefore, by Sobolev imbedding theorem a(x,0) > 1/2 for € R if
we take 0, sufficiently small, so that the initial data (n(o),qﬁ‘go)) satisfy the condition (2.6]) in

Theorem 2.1 is satisfied and the solution (7™, ¢°) to the Isobe-Kakinuma model exists on the

time interval [0, T3] satisfying
17" () ln+-an+7 + 1V @) lmran+7 + 69 (@) lmran+r < M in the case (H1),
17 () lmapvy21 47 + IV O)llmgapvyzer + 61 () lmsapvjzer < M in the case (H2),
1+ n"™(x,t) —b(x) > cp/2 for z€R™ 0<t<T).

Now, we define ¢'™ by (2.8]), that is, '™ = Zﬁo HPi qﬁg . Then, we also have

Vo™ ()llm+an+e  in the case (H1),
VO™ ()|l msain/2+6 in the case (H2).

Moreover, by Theorem 22l with m replaced by m+4N +7 in the case (H1) and by m+4[N/2]+7
in the case (H2), we see that (9™, ¢'™™) satisfy
8t771K _ A(nIK’ 5)¢IK — t17
1 (A(,’,}IK 5)¢IK + VUIK . V¢IK)2
IK IK IK |2 2 ’
- _5 —
8t¢ +77 + 2‘v¢ ‘ 2(1+52|V771K|2) To,

where (t1,t9) satisfy

[ (e1(2), t2 () lmrs < CHNF2 in the case (H1),
(e (), e2(t)) |z < COUN/Z+2in the case (H2),

Therefore, applying Theorem we obtain the desired estimate (2.12]). O
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